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Relative Uniform Convergence of Double Sequence of Positive Functions Defined by
Orlicz Function
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ABSTRACT: In this article, we introduce the notion of relative uniform convergence of double sequence of
positive functions defined by using Orlicz function. We also introduce different classes of relative uniform
convergent double sequence of functions and discuss their algebraic and topological properties.
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1. Introduction

The notion of convergence for double sequences was given by Pringsheim [16]. Some initial works on
double sequence spaces are found in Bromwich [2]. Later on the notion was investigated by Hardy [10],
Moricz [13], Tripathy and Sarma [20,22,24], and many others.

A double sequence (z,) is said to converge in Pringsheim’s sense if

lim .
Tnr = L, exists.
n,k — oo

The notion of regular convergence for double sequences was introduced by Hardy [10]. A double sequence
(zn) is said to converge regularly if it converges in the pringsheim’s sense and the following limits exist:

lim
ade el

kl_i:noo Tnk, = Ly, exists, for each n € N, and | " 2, = Py exists, for each k € N.

When L =L, = P, =0, for all n,k € N, we say that (x,x) is regularly null.

The notion of uniform convergence of a sequence of functions relative to a scale function was introduced
by E. H. Moore. Chittenden [3] gave the definition of relative uniform convergence of sequence of func-
tions, which is defined as follows.

Definition 1.1. (Chittenden [3]) A sequence (fy) of real, single-valued functions f, of a real variable
x, ranging over a compact subset D of real numbers, converges relatively uniformly on D in case there
exist functions g and o, defined on D, and for every € > 0, there exists an integer n, (dependent on €)
such that for every n > n, the inequality

| g(z) — fn(z) |< €| o(x) |, holds for every element x of D.
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The function o of the above definition is called a scale function.

The sequence (fy,) is said to converge uniformly relative to the scale function o.
The notion was further studied by [4,5,6,7,8,12] and many others.

An Orlicz function is a function M : [0,00) — [0, 00), which is continuous, non-decreasing and convex
with M (0) =0, M (z) > 0, for z > 0 and M (x) — oo, as x — 0.

An Orlicz function M (z) satisfies the Ag-condition if for every L > 1, there exists a constant K > 0 and
a positive number z such that M (Lx) < KLM (z).

If the convexity of Orlicz function is replaced by M (x +t) < M(z) + M (t), then this function is called
modulus function.

Remark 1.2. Let M be a convez function and M(0) = 0.Then, the inequality M (Az) < AM (z) holds
true, for all A\, with 0 < A < 1.

Using Orlicz function M (x), Lindenstrauss and Tzafriri [11] introduced the sequence space £y, defined
as following.

p

n=1

Iy = ZM<M> < 00, for some p > 0.

The space £); is a Banach space with the following norm and is called as Orlicz sequence space.

() =inf{p>0:iM(|x—p"|> < 1}.

Later on the notion was studied from different aspects by [1,9,14,15,17,18,19,21,23,25] and many others.

2. Definitions and preliminaries

In this section, we obtain the basic definitions which we shall use in establishing the main results of the
article.

Definition 2.1. A sequence space E is said to be solid or normal if (z,x) € E implies (ankxnr) € E,
for all (ank), with | ank |< 1, for all n,k € N.

Definition 2.2. A sequence space E is said to be monotone if it contains the canonical pre-images of all
its step spaces.

Remark 2.3. From the above notions, it follows that if a sequence space E is solid then, E is monotone.

Definition 2.4. A sequence space E is said to be symmetric if (zn) € E = (Trnr)) € E, for all
n,k € N x N, where w is a permutation of N, the set of natural numbers.

Definition 2.5. A sequence space E is said to be convergence free if (xnx) € E and xpr = 0 = ypp =
0, together with (ynik) € E, for alln,k € N.

Definition 2.6. A sequence space E is said to be a sequence algebra if (Tnk * yni) € E whenever ()
and (ynk) belongs to E, for all n,k € N.

Definition 2.7. A sequence of functions fnr, : D — R, of a real variable x, where D € R, defined by an
Orlicz function M is said to be relative uniform convergent on D, if there exist limiting function f(x)
and scale function o(x) defined on D, and for every € > 0, there exists an integer ng = no(e) such that
for alln,k > ng,

M M <e¢g, for some p >0, and for all x € D.
plo(z)|
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Remark 2.8. When f = 6, the zero function in the Definition 2.7, we get the definition of relative
uniform null sequence of functions defined by Orlicz function M.

Definition 2.9. A sequence of functions fnr : D — R, of a real variable x, where D € R, defined by
an Orlicz function M is said to be relatively uniformly Cauchy on D if there exists scale function o(x)
defined on D, and for every € > 0, there exists an integer ng = no(e) such that for allp > n > n, and
q Z k Z no,

M(mam—nmm

<e, for some p >0, and for all x € D.
plo(z)|

Definition 2.10. A sequence of functions fnr : D — R, of a real variable x, where D € R, defined by
an Orlicz function M is said to be regular relative uniform convergent on D if there exists function f(x)

and scale function o(x) defined on D, and for every € > 0, there exists an integer ng = no(e) such that
forallxz € D,

Monum—ﬂm

<eg, for some p >0, and for all n,k > ng;
plo(z)]

M( Pl (@)]

) <e, for some p >0 ; for each n € N and for all k > ny;

[fa(@) — g1 (a)
M( o @)

) <e¢g, for some p >0 ; for each k € N and for all n > ny.
Remark 2.11. When f = f,, = g = 0, the zero function in the Definition 2.10, we get the definition of
reqular relative uniform null sequence of functions defined by Orlicz function M.

Definition 2.12. A double sequence of functions (fni(x)) defined on a compact domain D C R is said
to be relatively uniformly bounded if there exists a positive integer G such that

| frk(2)| < Glo(z)|, for all x € D, for alln,k € N.
Throughout we denote 2lo (M, 1), 2co(M, 1), 2¢(M, 1), 2c8 (M, ru), 2c®(M,ru) as the class of rela-

tively uniformly bounded, relatively uniformly null, relatively uniformly convergent, regularly relatively
uniformly null, regularly relatively uniformly convergent double sequence of functions respectively.

We define ocf (M, ru) = 2c0(M,ru) N 2loo(M,7u); 2¢B(M,1u) = ac(M,1u) N 2loe (M, ru).

3. Main results

Theorem 3.1. The class of sequence of functions Z(M,ru) is linear, for Z = aco, 2¢, 2loo, 2cf,
B

QCR) 2Cy QCB'
Proof. Let (fur()), (gnk(z)) € 2loo(M,ru) and «, 5 be the scalars.

Since, (fok(z)) € 2loo(M,ru) there exist p; > 0 and scale function oy (x) on D such that for all z € D,

sup M( |fnk(x)| ) < oo, (31)

z€Din k=1 \ pylor(z)]

Similarly, for all x € D, there exist py > 0 and scale function o2(z) on D such that

sup |gnk ()|
M| ——F"% . 2
x € Din,k>1 <p2|02(x)| <00 (3:2)
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Without loss of generality we can consider the same scale function o(z) = max{c1(z), o2(x)} for (fnr(x))
and (gnk (x))

Let p3 = max(2|alpy, 2|8|ps). Then, for all x € D,

o] 1t (@) 18] lgns(=)]
M<%ww|>+M<%ww|>
”imwmm>+MQm@mJ'

o i su [(afnk(®)+Bgnk(x))] su [frr(2)] su |gnk (2]
This implies, weD;n}?k>1M< kp3|g(w"3’\ : ) < g;ED;nF,)k>1M<p1|;1(a:)|> + weD;n}?k>1M<pglfka>

< 00.

IA

g [ (@fur(@) + Bgni(2))]
pslo(z)]

IA

This imphesa (O‘fnk(x) + 691116(33)) S 2€oo (Ma T"U,).
Hence, 2lo (M, ru) is a linear space.

Similarly, we can prove for the rest of the classes of sequence of functions. O

Theorem 3.2. The class of sequence of functions Z(M,ru) is a normed space, for Z = sloo, 2cl, 2cf,
a2cl, 2cB normed by the following norm.

For all x € D,

mnuwmwfﬂﬁ{p>0: P M<_M@gﬁ_>§1} (33)

v # 0 ||z|| < Lin k=17 \ plla]] [|o(2)]|

Proof. Let (fur(x)) and (gni(x)) € 2loo(M, 7).
Evidently, ||(fnk (a:))||([,) =0= fnk(x) =0.
Let p = p; + py and p;, p, are non-negative since, p is non-negative.

Without loss of generality, considering the same scale function o(z) = max{oi(z),o2(z)} for (fnr(z))
and (gnk(z)), we have,

sup M<|fnk<x)|><ooand sup M<|gnk(x)|><oo.

x € Din,keN plo(x)] x€D;nkeN plo(x)]

Then, we have, for all x € D,
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Ny | sup (@) + gt @)
“<f”k(x”9”k(x””<">‘mf{p>0'xaée;nxnsm,kle( pllall Tlo(@)] )“}

Ny | sup (@) + gui @)

‘mf{p”’? 7 e 20l < L,k > 1M<<p1+p2>||x|| ||a<x>||> = 1}

. sup P [ fni (@)
= inf ,po >0 M +
{pl 27T a0l < Link > 1{pl+p2 <p1||x|| [lo ()]
P2y Mgnr(@)l] <1
ot rn \pallall Tlo @]
. sup [ fu (@)
<inflp, >0: M| —1E ) < b
{1 £ 0|l < 1im k> 1 <p1||x||||o<x>||

] sup || gnk ()|
inf< py >0: M| ———"
{ 2 z# 0|z < Link > 1 (ﬂzIIwII llo ()|

< [(Fnr(@)llo) + [[(gnr (@)l ()
For any scalar a > 0, [|(afur(2))||(s) = inf {p >0: z;é(?;llfclsllgl;n,kZlM(Wlﬁi)H) < 1}.

IN
—_

Let r = ﬁ, then,
Hmnwmm@=M{wwww:#&ﬁ&M@M(mﬁ%%)<1}

_ . . su fn =
[(efrr (@) (o) = |c| inf {r >0: $¢9;||fc||§pl§",k21M<%> < 1},

Hence proved. ([l

Theorem 3.3. Let (D, ||.||) be a complete normed space. Then, the class of sequence of functions
Z(M,ru) is complete, for Z = ol ock, a2cft, 2cB, 2cB.

Proof. Let (fi(z)) = (f!.(x)) be a relatively uniformly Cauchy double sequences of functions in
2loo (M, ru). Then, for a given € > 0, there exists ng € N such that for all x € D,

fir(@) = 2(2)]| o) < &, for all 4,5 > no.

We have, for all z € D,

. i _
inf{p>0: Sup M(Hf"k(x) "’“(x)”') < 1} <e, foralli,j >no.  (3.4)

z# O |lzll < Lin, k> 1 pllzll [lo ()|
= (fi (x)) defined by Orlicz function M is relatively uniformly Cauchy on D for each n,k € N.
= (f¢,(z)) defined by Orlicz function M is relatively uniformly convergent on D for each n,k € N.
Therefore,

hmﬂdﬁﬁﬂ>:mm)

i—oo \plo(z)
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on D, for each n,k € N.
From (3.4), for all i > ny, taking limit when j — oo, we get,

sup [ (@) = Fu (@)
x# 0|zl < 1yn k> 1 plll] flo ()]l

) <1, for some p > 0.

On taking infimum on p in the above expression by (3.4), we get, for all i > ny,

| sup £ @) = for(@)]
inf >0: M n <1, <eg, forallz € D.
{” z # 03l < Lk =1 ( pllel[ Tlo @)l

Hence, (f,(z) — fax(z)) € 2loo(M,ru), for all i > ng.
Since, olo (M, ru) is a linear space, for all ¢ > ng and for all z € D,
frr(@) = far(@) = (frr(@) = far(@)) € 2loo(M,Tu).
Hence, 2l (M, ru) is complete.
Similarly, we can prove for the rest of the cases. O

Result 3.1The class of sequence of functions Z(M,ru) is not monotone and hence, not solid, for Z =
¢ R _.R _.B _.B
2607 207 2400, QCOa 2C ) 2607 2C .

The result follows from the example below.

Example 3.4. Let M(x) = z, for all x € [0,00). Consider the double sequences of functions (fnx(z)),
fuk :[a,b] = R,a >0 and a < b;a,b € R defined by

nk
nk +x

fok(z) = , for alln,k € N.

Then, (fux(x)) € Z(M,ru), for Z = a¢, aloo, 2cf, 2cP.
Let (gni(x)) be the preimage of (fnr(x)) and defined by

gnk(x) E {f”k(x)’ fOT‘ n 1S even;

0, otherwise.
This implies7 (gnk(x)) ¢ Z(Mv TU), fOT Z = 26, 2€oo; QCR; QCB~
Hence, Z(M,ru) is not monotone and therefore, not solid, for Z = sc, 2loo, 2c®, 2cB.

Similarly, we can establish for the rest of the cases.

Result 3.2The class of sequence of functions Z(M,ru) is not symmetric, for Z = aco, 2¢, 2loo, 20%,

R B B
2C°7, 2Cy, 2C.

The result follows from the example below.

Example 3.5. Let M(x) = z, for all x € [0,00). Consider the double sequences of functions (fnr(x)),
fak : [a,b] = Rya >0 and a < b;a,b € R defined by

nkx

Il = S 1

for alln,k € N.
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This implies, (for(x)) € Z(M,ru), for Z = ¢, 2loo, 2c®, 2cB.

Let (gni(x)) be the rearranged double sequences of functions of (fnr(x)) defined by

nkzx . .
(z) = Py for k is even;
Ink = P " i
mikig 1y otherwise.

This implies, (gni(x)) & Z(M,ru), for Z = ¢, 2lso, 2cf, 2cB.
Hence, Z(M,ru) is not symmetric, for Z = oc, oloo, 2%, 2cB.

Similarly, we can establish for the rest of the cases.
Result 3.3 The class of sequence of functions Z(M,ru) is not convergence free, for Z = sco, 2¢, 2lco,
R_.R _.B __.B
2Cp,2C 7, 2Cy, 2C7.
The result follows from the following example.
Example 3.6. Consider fur : [a,1] = R, gnk : [a,1] = R,0 < a < 1;a € R and M(z) = 22, for all
z € [0,00) defined by
frk(x) = ﬁ, and gni(x) = ﬁ, for n is even;

= nktr - otherwise.
nk

Then, (fur(x)) € Z(M,ru) w.r.t the scale function o(x) = 25, for x € [a,1],0 < a < 1, for which

Z = ac0, 26, aloo, 2ctt, 2cf, 2B, ocP but, (gnr(x)) & Z(M,ru), for Z = aco, 2¢, 2loo, 20k, 2cft, ocB,
B

2C .

Hence, Z(M,ru) is not convergence free, for which Z = acq, 2¢,2000, gc{f, oc®, 26(1]3, 5B

Theorem 3.7. The class of sequence of functions Z (M, ru) is sequence algebra, for Z = scq, 2¢, 2beo, 2ct,
R _.B __.B
2C ) 260 9 2C" .

Proof. Let (fur()), (gnk(z)) € 2c(M,ru).
Then, for every € > 0 and for all z € D, there exists an integer n > ng such that

M<|fnk<x> — /(@)

< ¢, for some p; > 0.
piloi(2)]

Similarly, for all x € D,

(L@ = 9@ e gy > 0.
paloa(x)|

Without loss of generality, we can consider the same scale function o(z) = max{o1(z), o2(z)}, for (frnr(x))
and (gnk(z)).

Let pg = max{p,, py, p1-p2}-

By term wise addition and multiplication we can show that, for all z € D,

fo(2)-ga (@) — h(z)]
M( pslo(@)]

) <, for some p3 > 0.

Hence, o¢(M, ru) is sequence algebra.
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Similarly, we can establish for the rest of the cases.
The proof of the following theorem is a routine verification and hence omitted. O

Theorem 3.8. The inclusion relation Z(M,ru) C oo (M,ru) strictly holds, for Z = oclf, a2cft; 2cB,

QCB,

The inclusions are strict follows from the example below.

Example 3.9. Consider fni :[a,1] = R,0<a<1;a € R and M(z) =z, for all x € [0,00) defined by

frk(x) = ﬁ, for n, k both are odd and even;

=0, otherwise.

We get (for(z)) € 2loo(M,ru) w.r.t. the constant scale function o(x) = 1, for all x € [a,1] but,
(fak(z)) & Z(M,ru), for Z = ocff, 2c®, 28, 2cP.

In view of the Theorem 3.3 and Theorem 3.8, we formulate the following theorem without proof.

Theorem 3.10. The classes of sequence of functions 2cf (M, ru), 2c?(M,ru), o2 (M,ru), 2c(M,ru)
are nowhere dense subsets of oloo (M, 11).

Theorem 3.11. Let M, My be two Orlicz functions that satisfy the Ag-condition. Then,
1. Z(My,ru) C Z(M.My,ru),

2. Z(M,ru) N Z(My,mu) C Z(M + My, ru), for Z = aco, 26, 2loo, 2c%, acll, 2cB, 2cB.

Proof. (1) Let (fnr(x)) € 2€oo(M1,ru). Then, there exist p > 0 and a scale function o(x) such that for

all x € D,
Sy ('f”’“(x”) < . (3.5)

reDink>1 plo(x)]

Let 0 < ¢ < 1, and choose 0, with 0 < § < 1 such that M(x) < ¢, for 0 <z < 0.

Let, gnk(v) = M <|£|’1;((;E))|> and consider

M{(gni(2)) = M (gnr(x)) + M (gnk (),

where M (gnr(x)) is M (gnr(z)), when gni(z) < 8, and M (gni(x)) is M (gnr(z)), when
gnk(x) > 0.

By the Remark 1.2, for gni(z) <4,
M(gnk(x)) < M(l)gnk (QL‘) < M(2)gnk (QL‘) < M(3)gnk($) (36)

For gni(x) > 6, we have

gnk(x) < 5 5

Since M is an Orlicz function, it follows that

M (gni(2)) < M(l + 2g”’“T(x)> < %M(S) + %M(Lgnl’;(@),
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Since M satisfies As- condition, we have

M (gnk(z)) < %Kg"’“T(x)M(?)) + %KWT@M@) = KWT(%)M@).
Hence
M (gnr(x)) < max(1, K6 M (3))gnk (). (3.7)

From Equations (3.5), (3.6) and (3.7), we have,

(fnk(a:)) S QKOQ(M.Ml,TU).
ThuS, 2€OO(M1aru) g QZOO(M'MDTU)'

Similarly, other cases can be established.

(2) Suppose (fur(z)) € 2loo(M,ru)N 2loe (M7, ru). Then, there exist p > 0 and scale function o(z) such
that for all z € D,

sup M<|fnk<x>|> o g S M1<|fnk<x>|> e

r€Dink>1 plo(x)] reDink>1 plo(z)]

Then,

sup

[fur(2)] ) _ sup [k (2)]
xr € Din, k> 1(M+Ml)<p|a(x)| ) - x€Dink> 1M< plo(z)| )

sup |k (2)]
M
+x€D;n,k21 1<p|a(ac)|

< 0.

This implies, (for(2)) € 2l (M + My, ru).

Hence, oloo (M, 1u) N 2loo (M1, 1u) C oloo(M + My, 1u).
Similarly, the rest of the cases can be established.

Remark 3.12. In Theorem 3.11(1) Aa- condition is necessary because we cannot consider the inequality
gnk(x) < & without the Aq- condition and hence, we cannot obtain the result.

On taking M;(z) = x in Theorem 3.11(1), we get the following result. d

Corollary 3.13. Let M be an Orlicz function that satisfy the Ag-condition. Then,
Z(ru) € Z(M,ru), for Z = sco, 2¢, 2loo, 2¢7, 2cff, 2cf, 2cP.

4. Conclusions

In this article, we studied about the notion of relative uniform convergence of double sequences of functions
defined by using Orlicz function M w.r.t. a scale function o(x). We defined the classes of double sequences
of functions aco(M,7u), 2c(M,7u), 2lo(M,ru), 2cB(M,1u), 2cB(M,ru), 2cf(M,ru), 2c%(M,ru) and
studied their properties like solid, monotone, symmetric, convergence free, denseness, sequence algebra.
We have also investigated the properties of the above sequence spaces when As- condition is satisfied.
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