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On subharmonic solutions for second order difference equations with relativistic operator *

Adel DAOUAS and Ameni GUEFREJ

ABSTRACT: The purpose of this paper is to investigate the existence of subharmonic solutions of second-order
difference equations with relativistic operator. Our approach is variational and based on the use of the critical
point theory for convex, lower semi-continuous perturbations of C!-functionals due to A. Szulkin.
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1. Introduction

In this paper, we study the existence of subharmonic solutions for the following problem :
Alp(Au(n —1))] — a(n)u(n) + g(n,u(n)) = 0, n € Z, (1.1)

where a : Z — R is a positive and T-periodic function for some integer T' > 0, g : Z x R — R is T-periodic

T
N

the forward difference operator A is defined as Au(n — 1) = u(n) — u(n — 1).

in the first variable and continuous in the second one and ¢(z) = for all x €] — 1, 1[. Moreover,

We said that u : Z — R is a subharmonic solution of (1.1) if it is a periodic solution whose period is
multiple of T, i.e.
u(n +mT) =u(n), ¥n € Z.

Variational methods in the study of periodic and subharmonic solutions of Lagrangian and Hamilto-
nian systems of difference equations were first introduced in 2003 by Guo and Yu [7]. They proved the
existence of subharmonic solutions for the equation

A?u(n — 1)+ f(n,u(n)) =0, n<€Z,

through the use of Rabinowitz’s saddle point theorem. Since then, a large literature has been devoted to
this class of problems, we refer to the survey paper [1] for more references.

In recent years, problems involving the so-called relativistic operator : u — (¢(u’))’ and the corre-
sponding discrete version u(n) — A[p(Au(n — 1))] received special attention by the researchers. Espe-
cially, in 2015, the authors of [8] established a multiplicity result of periodic solutions for the following
pendulum-type differential system

—(p(u) = Vo F(t,u) + h(t), u(0) —u(T) =0 =u'(0) —u'(T), (1.2)
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where F : [0, T]xRY — Ris of class C! on RY | w;—periodic (w; > 0) with respect to each u; (i = 1, ..., N)
and h € LY([0,T],RY).

Concerning the discrete case and inspired by the corresponding approach for differential problems
studied in [8], J. Mawhin [11] investigated the existence of periodic solutions for the following difference
equation

Alp(Au(n —1))] = Vo F(n,u(n)) + h(n), u(n+T) = u(n), n € Z, (1.3)

under the following conditions:

(Hp) F is continuous, F(n,.) is differentiable on RY for all n € Z, V,, F is continuous and F(.,u) is
T-periodic for all u € RY,

(Hp) there are positive real numbers ws, ..., wy such that

F(n,us + w1, ..,uy +wy) = F(n,uq,...,un),

for all n € Z, u = (uy, ...,un) € RV,

(Hp) h:Z — RN h(n+T) = h(n) for all n € Z.

Notice that ¢ is only defined on ] — 1,1[, so the classical critical point theory cannot be applied. To
deal with this kind of problems, the main idea used in [8,11] consists to reduce the singular problems
(1.2) and (1.3) to a modified non-singular problems to which classical variational methods can be applied.
Precisely, they replaced ¢ by the following homeomorphism

¢o: RN — RN

= ifle|<R
T 2 x X b
——, if |z| > R,

V1= R?

where R € (0,1) and it turns out that T-periodic solutions of the modified problems coincide with those
of (1.2) and (1.3). Also, Coello et al. [5,6] used similar ideas to investigate positive solutions of some
problems involving the curvature operator in Minkowski space.

Recently the authors of [9] chose to deal with similar problems using a variational approach which relies
on a generalization of a result for smooth functionals to convex, lower semi-continuous perturbations of
C'-functionals presented by A.Szulkin in 1987 (for more details see [14]). They established a multiplicity
result of periodic solutions for problems involving Fisher-Kolmogorov nonlinearities of the type

—(¢(')" = Mu(l = [u|?), u(0) = u(T) = 0 =u/(0) — (T,
and respectively
—Alp(A(n —1))] = Au(n)(1 = |u(n)|?), u(n +T) = u(n), n € Z,
where g > 0 is fixed and A > 0 is a real parameter.

Motivated by the above works, the aim of this paper is to investigate the existence of subharmonic
solutions for (1.1) with various nonlinearities using the Szulkin’s critical point theorems. To the best of
our knowledge, no previous research has studied this problem.

Let the function a : Z — R satisfies:
(A) a(n) >0 and a(n+T) = a(n) for all n € Z.
Denote by a¢ and a; the minimum and the maximum of {a(n)} respectively. Moreover, let the function
G :7Z x R — R defined by

xT
G(n,x) = / g(n,s)ds, VneZ, VxeR.
0

Our main results are the following:
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Theorem 1.1 Assume that (A) and the following assumptions hold:

(G1) there exist 1 < B < 2 and ap > 0 such that
l9(n, )| < aole|’™", V(n,z) € Z xR
(G2) there exist ng € Z and constants p > 0 and 1 < & < 2 with
G(no,z) > plz|s, V|z| < 1.
Then, for all m € N, the problem (1.1) has at least one nontrivial mT-periodic solution.

In order to look for nonconstant solutions of problem (1.1), we have:

Corollary 1.1 Assume that (A), (G1) and (G2) hold. Moreover,

(G3) g(n,z) =a(n)x,VneZ, ifandonlyif x=0.
Then, for all m € N, problem (1.1) has at least one nonconstant mT-periodic solution.

Note that any T'—periodic solution is a fortiori mT —periodic one, thus an additional argument is required
to show that any of these solutions is indeed distinct. In this direction we have :

Theorem 1.2 Let m € N and k € N with 1 <k < mT. Assume that (A) and (G1) hold. If further
(G%) there exist p> 0 and 1 < & < 2 with
Gln, ) > plefe, Y(n,2) € Zx R, [a] < 1,

(G4) g(n,—x) = —g(n,x), Yz € R, Vn € Z.
Then problem (1.1) has at least k distinct pairs of nontrivial mT -periodic solutions.

Corollary 1.2 Under the assumptions of Theorem 1.2 and (G3), the problem (1.1) has at least k distinct
pairs of nonconstant mT -periodic solutions.

Example 1.1 As an example, we define, for a natural number T > 1 given, the following functions:

a(n) =1, 9(7%33):(24-008@ YV (n,xz) € Z x R.

) x
T7/lal
It is easy to see that all the assumptions (A), (G1) — (Ga) and (Gh) are satisfied with 3 =& = 3. Hence,
the conclusions of Theorem 1.1, Theorem 1.2, Corollary 1.1 and Corollary 1.2 hold true.

In what follows, we investigate another kind of nonlinearities including the super-quadratic and the
asymptotically quadratic cases.

Theorem 1.3 Assume that (A) and the following assumptions hold:
(Gs) there exist positive constants n < % and a1 < ag such that

lg(n, 2)| < aalz|, V(n,z) € Z xR, |z <,
(Ge) there exist constants o > 0 and d > £ such that
G(n,x) > d|z|*, V(n,z) € Z xR, |z| > 0.
Then, for all m € N, problem (1.1) has at least one nontrivial mT-periodic solution.

Corollary 1.3 Assume that (A),(G3),(Gs) and (Gs) hold. Then, for all m € N, problem (1.1) has at
least one nonconstant mT -periodic solution.
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Corollary 1.4 Under the assumptions (A), (Gs),(Gs) and

G(n,x)
li 9y
(Go) o] oo |2|2

the problem (1.1) has at least one nonconstant mT-periodic solution for all m € N.

= 400 uniformly in n € Z,

Example 1.2 To illustrate the results of the super-quadratic case, let, for T > 1, the following functions:

a(n) =1, g(n,z) = (2+ cos %)x‘”’, Y (n,z) € Z x R.

It is easy to see that g satisfies the assumptions (Gs),(Gs),(Gs) and (Gg). Hence, the conclusions of
Theorem 1.3, Corollary 1.3 and Corollary 1./ hold true.

2. Preliminary results

Firstly, we recall some topics in the frame of Szulkin’s critical point theory [14], which will be needed
in the sequel.

Let (Y,].]]) be a real Banach space and let I a function satisfying the following hypothesis
(H) I:Y — (—00,+00] be a functional of the type

[=F+, (2.1)
where F' € CY(Y,R) and ¢ : Y — (—o0, +0o0] is convex, lower semi-continuous and proper (i.e., D(1)) :=

{u €Y :¢ < +oo} #0).
A point u € Y is said to be a critical point of I if u € D(¢) and satisfies the inequality

(F'(u), 0 — ) +$(v) — $(w) >0 Vo € D(). (2.2
A sequence {u,} C D(v) is called a PS-sequence if I(u,) = ¢ € R and
(F'(un), v = un) +9(v) = ¢(un) 2 —enllv —unll, Vv e D),

where ¢,, — 0, as n — oo.
The functional I is said to satisfy the PS condition if any PS-sequence has a convergent subsequence in Y.

Let S = {u = {u(n)}u(n) € R, n € Z} be a vector space with au+ bv = {au(n)+bv(n)} for u,v € S
and a,b € R. In addition, for each fixed m € N let H,, be the set of all mT-periodic sequence, i.e.

Hy,={ueS :u(mT+n)=u(n),Vn € Z}.
Clearly, H,, is isomorphic to R™7". Hence it can be equipped with the following norms for ¢ > 1,

1
2

mT 3 mT
lullem = (Zu(n)|<> s Null = (Za(n)lu(n)|2> » Ntlloom = | max_Ju(n)], Yu € H.
n=1 n=1
Obviously, from assumption (A) we have
ag l[ullzm < llull < af [ullzm, Yu € Hy. (2.3)
So the norms ||.|| and ||.||2;m are equivalent independent of m. Also for each u € H,,, we set

mT

= LZu(n), U:=u—T.

mT
n=1
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Now, let the function
o: [-1,1] —R
r o 1—+1—2a2

It is easy to see that ® € C'(] — 1,1[) with ¢ = ® :] — 1,1[— R is strictly increasing and ¢(0) = 0.
Evidently, ® is strictly convex and ®(x) > 0 for each z € [—1,1]. Furthermore, an easy computation
exhibits that

1
?ﬂ2<®@)<uF,W%ﬂ—Lﬂ. (2.4)
Define the closed convex subset
L :={u € Hy; || Aullcom < 1}.
Also, let the even function ¥ : H,,, — (—o00, +0o0] be defined by
mT
Z@(Au(n)) ifuel,
U(u) =< n=1
+00 otherwise.

From [9], we know that ¥ is proper, convex and lower semi-continuous on H,,.

Now, define F': H,, — R by

Flu) = Z[%G(H)IU(H)IQ*G(H,U(n))]

n=1
1 mT
= §IIUH2 - G(n,u(n)).
n=1

Notice that F is of class C' on H,, and its derivative is given by

mT

(F'(u),v) = Za(n)u(n)v(n) —g(n,u(n))v(n), Yu,v € Hy,.

n=1
The energy functional J : H,,, — (—o0,400] associated to (1.1) will be defined by
J=U+F

and has the structure required by Szulkin’s critical point theory. Moreover, any solution u € H,, of
problem (1.1) is such that |Au(n)| < 1 for all n € Z.

Proposition 2.1 Assume that (A) holds. Then any critical point w € H,, of J is a solution of problem

(1.1).
Proof: From Lemmas 5 and 6 in [12] we know that for every | € H,,, the problem
Alp(Au(n — 1)) =u+1U(n), u(n) =un+mT), n€Z (2.5)

has a unique solution u; which is a solution of the following variational inequality

3 [@(Av(i)) — ®(Au(d)) + a(@ — ) + 1(3)(v(i) — u(i))] >0, Voe L. (2.6)

=1

Moreover, from Proposition 3.1 in [9] we know that v; is also the unique solution for (2.6).
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Now, let z be a critical point of J. By (2.2), for every v € L, one obtains

mT

S [#(a0) - @(A2(0) + (ali)z (i) — gli, =) (w(i) — =()] > 0.

i=1

So, it implies that for every v € L

- @(A0(@) — B(A(0) +Z(0(0) — 2(0)] + D |ali)z() — a(i. 2(0)) ] (v(0) ~ 2(1)) > 0.

Then, it yields that z is a solution of the variational inequality
mT
3 [@(Av(i)) —B(Az(0) + 2T — 7) + L) (v(i) — z(z’))] >0, e L,
i=1

such that for n € Z, I,(n) = a(n)z(n) — g(n,z(n)) — z € H,,. Consequently, this combined with the
uniqueness of the solution of (2.6) together with (2.5) yield
Alp(Az(n=1))] = Z+1(n)
a(n)z(n) — g(n, z(n)).
Hence z solves the problem (1.1). O

The following theorems presented in [14] are the main tools in order to prove our fundamental results.

Theorem 2.1 Let E be a real Banach space and I : E — (—o0, 00| satisfying (H) and the Palais-Smale
condition. Suppose that I is bounded from below, then

¢ = inf I(z)

zeFR
18 a critical value of I.
Let II be the collection of all symmetric subsets of E'\ {0} which are closed in E. We said that a nonempty

set A € II have genus k (denoted by v(A) = k) if k is the smallest integer such that with there is an odd
continuous mapping 7 : A — R¥\ {0}. If k& does not exist, v(A) = +oo.

Lemma 2.1 Let AcIl. If7: A— S*=1 (k — 1 dimension sphere in the Euclidean space RF) is an odd
homeomorphism. Then v(A) = k.

Let Q C 2F be the sub-collection of II consisting of all nonempty compact symmetric subsets of E,
considered with the Hausdorff-Pompeiu distance and let

Qi:=cd{AeQ:0¢ A ~(A) > i},
where cl is the closure in €.

Theorem 2.2 Let E be a real Banach space and I : E — (—o0,400] satisfying (H), the Palais-Smale
condition, I(0) =0 and F, ¢ are even. Define

;= inf supl(u).
o= foh ol

If —co < ¢; <0 fori=1,....k, then I has at least k distinct pairs of nontrivial critical points.

Theorem 2.3 Let E be a real Banach space and I : E — (—o0, +00] satisfying (H) and the Palais-Smale
condition. Suppose that 1(0) =0 and

(I1) there are constants p,a > 0 such that I |ap,> a,

(I2) there is an e € E'\ B, such that I(e) < 0.

Then I possesses a critical value ¢ > a given by

= inf I
¢= inf max (f(s)),

where

I'= {f € C([Ov ]-LE); f(O) =0, f(]-) - 6}'
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3. Sub-quadratic case

Proposition 3.1 Assume that (A) and (G1) hold. Then J satisfies the Palais-Smale condition.

Proof: Let {up}pen C L be a sequence with lim J(u,) =1y € R and €, — 0 as p — +o0 such that

p—+00
(F'(up), v — up) + W(v) — U(u,) = —epllv — upl, Yve L. (3.1)
As {J(up)}pen is convergent, there is My > 0 such that
|J(up)| < My, ¥ peN.

Moreover, using (G1), we get

)

|G(n,x)| = ‘/Ozg(n,s)ds

< Dgf, vz eR (3.2)
g
Hence, one gets for every u € H,,
mT
mT o
ZG(mu(n))‘ < el
n=1
mT g
< [l

By/ag”
From the fact that ¥ > 0, we obtain
MO 2 J(ul))7
1 mT
> §||up\|2 — ) "G(n,uy(n)),
n=1
mT o
Byvao”

Since 8 < 2, we can easily see that {u,}pen is bounded in H,, and hence it admits a convergent sub-
sequence. O

1
> Slhwl? = 225 |, ¥ p e N,

Proof of Theorem 1.1 Considering Proposition 3.1, the functional J satisfies (H) and the Palais-Smale
condition. In what follows, we prove that J is bounded from below. By using (3.2) and (2.3) it is easy

to check that
mT g

EN
Again, by 8 < 2, it is obvious that J(u) — 400 as |Ju|| — 400 and hence .J is bounded from below.

Now, using Theorem 2.1, we have ¢ = inf J(u) is a critical value of J which yields a critical point

ueH,,
u* € Hy,, with J(u*) =c.
Finally, it remains to show that u* # 0. Let uyg € H,, be such that

1
T(w) 2 5lull* - [ull?, ¥ u € Hy. (3.3)

19a Zf n = no,
uo(n) =
0, otherwise.
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By (G2) and (2.4), we can find 0 < ¥ < 1 small enough such that

J(ug) < U(ug)+ @02 — p*
< B(Aug(ng — 1)) + ®(Aug(ng)) + %192 — ¥
< |Aug(ng — 1)]? + [Aug(no)|* + %192 — p¢
< 2+ %)192 - po*
< 0.

Hence
c=Jw") = inf J(u) < J(ug) <0.

u€Hp,

From the definition of G and J, it is obvious that J(0) = 0, so, we conclude that u* is a non-trivial
critical point of J which yields, from Proposition 2.1, a non-trivial mT —periodic solution for problem

(1.1).

Note that if the periodic solution u* obtained above is constant then, from (1.1), we get
—a(n)u* +g(n,u*) =0, VneZ.
Hence, we have obviously Corollary 1.1 by (G3).

Proof of Theorem 1.2 From (G4) it is easy to see that J is even. Also the functional J satisfies
(H) and the Palais-Smale condition. In what follows, we shall use Theorem 2.2 to prove that J has k
distinct critical points for every 1 < k < m7T. For this purpose we have to prove that there is some
A, € Qp C 2Fm such that
sup J(u) < 0. (3.4)
u€EAg
Let ey, e, ...,emr be an orthonormal basis in the space H,, equipped with the Euclidean norm ||.||2,.
For £ € N such that 1 < k < mT, set

k
A ={u= Zajej caf 4 .. +af = p?l,
j=1

where 0 < p < As the mapping

1
ENG
D: A, — Sk—1
k
U — D(Zajej) = (%, vy %)

j=1

is an odd homeomorphism, we deduce, by Lemma 2.1, that v(Ax) = k and hence we get Ay € Q. Choose
k

U = Zajej € Ag. For each n =1,...,mT, one has

Jj=1

k k
[Au(n)] < D lajei(n+ 1)+ Jaje;(n)|
J=1 J=1

k
< 2) oy
j=1
k
1
< VR |y = 2pVk. (3.5)
j=1
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1
As p < —=, it is easy to check that ||Au/com < 1 and so u € L. Also we have

2k
k

mT
[ull3, =Y u(n)* =Y af = p* (3.6)
n=1

j=1

which implies that ||u]|com < p < 1. This combined with (G%) yield

mT mT
=3 G, u(m) < pYJu(n)l (37)
n=1 n=1

Consequently, by (2.3), (2.4), (3.6) and (3.7) one gets

) = lul?+ W)~ Y Gl uln)

mT
ay _
< S lullzn + > 1Au(n)* = pllullg,,
n=1

Since the norms ||.||¢m and ||.||2, are equivalent, there is § > 0 such that
a1 _
T <l + 1wl — o7,

a
< épQ +4p° — 5pp°.
As £ < 2, thus we can find 0 < p < 1 small enough such that J(u) < 0. Hence

¢, = inf supJ(u) <0
¥ Aegkueg ( ) ’

for every 1 < k < mT and the proof is complete.
4. Non-sub-quadratic nonlinearities

Proposition 4.1 Assume that (A) and (Gg) hold. Then J satisfies the Palais-Smale condition.

Proof: Let {u,}pen C L be a sequence with lim J(up) =11 € R and ¢, — 0 as p — +oo such that

p——+o0
(3.1) holds. Let
R, = max T{|G(n,:c) —d|z|?|; |z| < o}

1<n<m
By assumption (Gg), it is easy to see that
G(n,z) > djz|> — R,, ¥ (n,z) € Z x R. (4.1)
On the other hand, since {J(u,)}pen is convergent, there is M; > 0 such that
J(u) < My, WpeN.
Hence, from (2.4), (2.3) and (4.1), we get

My < J(up)

mT
1
< Ulup) + 5”“;0“2 — ) G(n,uy(n))
n=1

1
< ”Auz)Hgm + 5”“1)”2 - d”“p”%m +mTR,
ay
< gl + a3 — dllup 3, + 2mTR,
8 +
< (52— d)|fuyll3, + mTR,, VpeN.

2
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Thus

2M1 + 2mTRU

||’LLP||§TI’L< 2d787a1

As a result, from (2.3) one obtains

2M; 4+ 2mTR
2< 1 o )
ol < an (2220 )

Hence the sequence {u,}pen is bounded in H,, and therefore it contains a convergent subsequence. So
the functional J satisfies the Palais-Smale condition.

a

Proof of Theorem 1.3 First of all, considering Proposition 4.1, the functional J satisfies (H) and the
Palais-Smale condition. Next, we prove that J satisfies (I1) of Theorem 2.3. From (G5), we get

G(n,2)| < FHel?, Vn € Z, Jo] <.

Let u € H,,, be such that

[ull < Vaon.

Thus from using (2.3) and ||u/|com < ||]|2m, one obtains

1

el

||uHoom <

Then we get

lu(n)| < n, ¥n € Z.

Let p = n\/ag. Since n < 3 and (4.3) holds true, we get |Au(n)| < 27 < 1 and hence u € L.
Now, for every u € 0B, from (4.2) and (4.3), we have

mT

Ty = W)+ gl 3G um)
n=1

mT
1
> Sl = Y G, u(n)
n=1
1 (651
> Slul = i,

1 Qaq
> - 2 _ = 2
> llul? — gl

apg — 1
> 1o
2&0

Since oy < ag, then J satisfies (I;) of Theorem 2.3.

Finally, we show that .J satisfies (I2) of Theorem 2.3. Let A > o and e € H,, be such that

e(n) =\, Vn € Z.

From (Gg), one obtains

1 mT
J(e) = W(e)+ el - > G(n,e(n))

n=1
ai
< 3\\6H3m —dlle3
< (% — d)ymTA? 0.

(4.2)
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all assumptions of Theorem 2.3 are satisfied. Thus J admits a non-trivial critical value

(ap — aq)p?

m::J m) =
¢ (u ) 2@0

>0

which yields, from Proposition 2.1, a non-trivial mT —periodic solution w,, of problem (1.1).

The proofs of Corollary 1.3 and Corollary 1.4 are trivial.
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