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On Some Properties of JX -Topological Spaces

Ankur Sharmah and Debajit Hazarika

ABSTRACT: In this paper, we introduce the notion of JX -open set and show that the family of JX -open
sets in a topological space forms a topology. The category of JX-neighborhood spaces is introduced and
several properties are obtained thereafter. Moreover, we obtain a necessary and sufficient condition for the
coincidence of the notions “preserving JX-convergence” and “J*-continuity” for any mapping defined on X.
Several mappings that are defined on a topological space are shown to be coincident in an J¥X-sequential
space. The entire investigation is performed in the setting of J%-convergence which further extends the recent
developments [11,13,1].
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1. Introduction

The idea of sequential neighborhood and sequentially open set have been widely used in Point Set
Topology to obtain various results [12,13]. Lin [11] studied this concept in ideal topological spaces and
introduced an intermediate open set termed as Jg,-open set which sits in between open and J-open sets.
It is helpful for Jg,-open sets over J-open sets that the family of all J,,-open subsets in a topological
space forms a topology. For two ideals J C J, the notion of J-open implies J-open but the same has not
been achieved for J,,-open sets. Simple observation shows that for two ideals J, J with J C J, if a subset
in X is Jsp-open then it is also J-open. If the collections 7, 77, 77, represent the topologies generated by
the family of all open sets, J-open sets and J4,-open sets, then 7 C 79, C 79. Again, if the parent space
is a J-sequential space then the corresponding collections 7, 79, 79, coincide. Moreover, it is evident
that for a maximal ideal J, the terminologies J-open and Jg,-open coincide, i.e, 79, = 79. Further, if
J = Fin, then the notions, Jg,-open and J-open, merge with the concept of open sets. It is natural to
ask the following question.

Question 1.1. Can we obtain a necessary and sufficient condition for the coincidence of the collections
T, Ty and Tq,, t.e. T=Tqg, =Tg?

For a topological space and ideal J of w, the set of all natural numbers, it is clear that A is J,-open
set of X if and only if {n € w: z,, € A} € J* for each sequence {z,} in X with =, —7 =. The following
diagram represents the relations among several terminologies appeared in [11].

J-open — J-neighborhood

Jsn-neighborhood «— Jg,-open  — J-sequential neighborhood
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In this paper, the entire investigation is performed in the arena of 3*-convergence extending the recent
developments [11,13,1]. We introduce the notion of % -open set which sits in the hierarchy relation as
shown follows: open — JX -open — (K,-open, J%-open) — K-open set. Several operators for a subset of
a topological space are also discussed and it is also shown that the family of JX -open sets of a topological
space forms a topology (Theorem 2.13). The notion of J%-neighborhood space is defined and we discuss
several basic properties of it. If f is a function defined on a space X, then the space is an 7*-neighborhood
space if and only if every J*-continuous map defined on it, is an J% -continuous map (Theorem 3.13).
Moreover, we term a property of a topological space as “J*-compatibility” and show that a topological
space X satisfying above property gives a neccessary and sufficient condition for the coincidence of the
properties “preserving J*-convergence” and “J*-continuity” for any mapping defined on X (Theorem
3.11).

Now, we recall some of the results and definitions required to discuss the underlying theory of ideal
convergence. A proper ideal is a collection of subset of a set S’ (containing ¢ but not the whole set ) which
is closed under finite union and subset inclusion. The notions of J*-convergence and J-convergence, where
J is an ideal on w, were introduced in various spaces in [9,10,4]. One more notion, that is J7-convergence,
was also introduced in [5] which generalizes the above two modes of convergence. An equivalence between
“J-convergence and J*-convergence” was shown in [10,4] as well as a characterization of the ideals J and
K was obtained in [5] such that the notions J*-convergence and J-convergence coincide.

Definition 1.2. [5] A function (generalized sequence) f : S — X is I™-convergent [1] to an element
& € X if there is an M € J* such that the function g : S — X given by

f(s), seM
g(s) = (#)
3 s¢M
is M-convergent to &, where M is a convergence mode via ideal.
If M = K*, then f: S — X is said to be 3% -convergent [5] to an element £ € X. Also, if M = X,
then f: S — X is said to be J%-convergent [5] to an element ¢ € X.

Following results are mentioned in view of their application in the subsequent sections.

Lemma 1.3. [5, Lemma 3.5] If J and X are two ideals on a set S and f : S — X is a function such
that X —lim f = a, then 3% —lim f = a.

Proposition 1.4. [1, Proposition 2.1] Let X be a topological space and f : S — X be a function. Let
J, K be two ideals on S such that JU X is an ideal. Then

(i) f(s) =g+ a if and only if f(s) —@ux)- a-
(ii) f(s) —gx a implies f(s) —gux a.
2. Some results on JX -open sets

Let X be a topological space and P C X. Then P is an J-sequential neighborhood [11] of a point
in X if for every sequence J-converging to x is J-eventually contained in the set P and then, P is said to
be Jg,-open [11] in X if P is J-sequential neighborhood of each of its point. As a generalization of Lin’s
[11] study on Jg,-open sets, we introduce J% -open sets as follows:

Definition 2.1. Let P be a subset of a topological space X and let I, K be two ideals of w.

(a) A sequence a = {an} is said to be I-eventually in P if there exists an I-tail of {an} which eventually
belongs to P, i.e., {n € w:a, € P} €J*.

(b) P is said to be an I*-sequential neighborhood of a point a € X if every sequence which is -
convergent to a € P has an J-tail which is K-eventually in P, i.e., there is an M € J* such that
{neM:a, ¢ P} eX.
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(c) P is said to be an I%, -open set of X if P is an I -sequential neighborhood of each of its points.

We say that two ideals J and J on a set S satisfy the ideality condition if JU{J is a proper ideal [8], i.e
S#TUJ, forall I €J, J € J. Unless mentioned otherwise, we refer X as a topological space and assume
the ideality condition of the ideals J and X for J%-convergence to investigate the notion of % -open set.

Remark 2.2. For a topological space X and ideals I, K of w,

(i) If P is an 3% -sequential neighborhood of a € P then {n € w : a, € P} € X*, for any sequence {a,},
IX-convergent to a. So, it is clear that P is a K-sequential neighborhood of a € P.

(i) Meanwhile if K C I, then the converse of the above result is also true. Assume P C X and a
sequence {a,} in X with a, —x a. Then {n € w : a, € P} € X*. Since X C I, we have
{new:a, e Pt eI ie {nc€w:a, ¢ P} €J. Consider S={n € w: a, € P}, then for the
J-tail {an, tn,es, we have {n € S : a, € P} € K*.

Remark 2.2 suggests that the notions of K,-open set and J% -open set coincide, if X C J. We now
have the following question.

Question 2.3. Is there any relation between the notions of K, -open and IX -open, provided JUX is an
ideal ?

Lemma 2.4. [1] Let My, Mz be two convergence modes in a topological space X such that My -convergence
implies Ma-convergence. Then O C X is My-open implies that O is My -open.

Lemma 2.5. Consider the following conditions for O C X and for a sequence {a,} in X, provided the
ideals J and K satisfy the ideality condition.

(i) O is open in X.
(i) O is I -open in X .
(#ii) O is Ksp-open in X.
(iv) O is X-open in X.
(v) {n €w:a, €0} €X* withI* —lima, =a € O.
(vi) O is an I%-open in X.
(vii) {n € w: a, € O} ¢ X with I* —lima, =a € O.
(viit) O is (U K)gp-open in X.
(iz) O is IU XK-open in X.
(z) O is sequentially open in X.

Then the following implications hold.

Vlll

e m><
AN /

(ii) —— (vi) (vii)
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Proof. Some trivial proofs are ommited and the rest follows as given below.

(i) = (ii). Suppose O is open in X and the sequence a,, —gx a € X. There exists M € J* such that
{neM:a,¢ O} €X. That is {a,} has an J-tail {a, }nen which is K-eventually in O. Thus, O is an
J% -open set of X.

(ii) = (iii). Suppose that O is an J%X -open set of X. Consider a sequence {a,} such that a, —x
a € X. Then a, —gx a. So, there exists a set M € J* such that {n € M : a, ¢ O} € K. Therefore,
{neM:a, €0} eX* Again, {ne M :a, € O} C {n €w:a, €0}. Hence, {n cw:a, € O} € X*.
Thus, O is Ks,-open in X.

(iii) = (iv). It follows immediately by Lemma 2.1 of [11].

(iv) = (vii). It follows immediately by Lemma 3.6 of [13].

(vil) = (x). Since every convergent sequence in a topological space X is J*-convergent, so, by
definition, every JX-closed set in X is sequentially closed and therefore, every J*-open set in X is
sequentially open.

(i) = (viii) and (viii) = (ix). As J and X satisfy ideality condition, so, JU X is an ideal. So, by
Lemma 2.1 of [11], O is (JUX)sp-open in X. Thus, O is JU K-open in X.

(ix) = (vi) and (vi) = (vii). By above Lemma 2.4 and Corollary 2.4 of [2], results follows directly.
O

Lemma 2.6. Let X be a topological space. If a sequence {a,} in X is 3% -convergent to ¢ € X and a
sequence {by} is K-equivalent to {a,}, i.e., {n € w: an # by} € K, then {b,} is IX-convergent to ¢ € X.

Proof. Suppose that a, —qgx . Then there exists M € J* such that {a,}nen is K-convergent to &.
For any open set O containing &, {n € M : a, ¢ O} € K. Since {n € w : a, # b,} € K, therefore
{neM:b, ¢ O} € X. That is b, —gx &. O

Proposition 2.7. The following statements hold in a topological space X .

(i) If Y C X and P is JX, -open in X, then PNY is J% -open in the subspace Y. Similar result also
holds for 3% -open, I -closed and I%-closed subsets of X .

(ii) If Y is 3% -open in X and P is 3 -open (JX -open) in the subspace Y, P is 1% -open (JX -open) in
X.

(iii) If Y is 3% -closed in X and P is 3%-closed in'Y, then P is 3% -closed in X .
Proof. Let Y C X is a subspace of a topological space X and O C X.

(i) Let {a,} be an J*-convergent sequence in Y such that a, —gx a € Y and let P be an
open set in X containing a. Then there exists a set M € J* such that
{neM:a, ¢ P} € X. Again, {ne M :a, ¢ P} ={n€w:a, ¢ PNY} € K. There-
fore, the sequence {a,} in X has an J-tail which is K-convergent to a € P. Thus, the sequence
an —gx a € X.

Suppose that P is an J% -open subset of X. Let a,, —¢x a € PNY, then a, —5x a € X. So, there
exists M € J* such that {n e M :a, € P} ={n e M :a, € PNY} € X*. That is {a,} has an
J-tail which is K-eventually in P NY. Hence, PNY is an JX -open subset of Y.

Suppose that P is an J%-open subset of X and let {a,} be a sequence in Y which is J*-convergent
toa € PNY. Then, a, —g9x a € X. Then there exists M € J* such that {n € w: a, € P} ¢ K.
That implies {n € w:a, € PNY} ¢ K. So, by Lemma 2.5, PNY is an J*-open subset of Y.

(ii) Suppose that Y is JX -open in X. Consider a sequence {a,} in X such that a,, —gx a € P. Since
a €Y, we observe that {n € w:a, ¢ Y} € X. Now, for A ={n €w:a, ¢ Y}, consider a sequence
{bn} defined as b, = ay, if n € At and b, = a, otherwise. Since, {b,} is K-equivalent to {a,}, so,
by Lemma 2.6, b, —gx a € P.
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Again, if P is an J%-open subset of Y, that implies {n € w:a, € P} D {n € w: b, € P} ¢ X.
Hence, P is an J%-open subset of X.

Similarly, if P is an J% -open subset of Y, then {n € w: a, € P} D {n € w: b, € P} € X*. Thus,
P is an J% -open subset of X.

(iii) Suppose that Y is 3%-closed in X and P is 7®-closed in Y. Let {a,} be a sequence in P with
a, —gx a € X. Since, the set Y is an J*-closed subset of X, so a € Y. Again, P is an J%-closed
subset of Y, so, a € P. Hence, P is an J*-closed subset of X.

O

Now, for X = Fin, the notions of J*-sequential neighborhood of a point x, J%-open, J% -open set,
J%_closed and J% -closed set are termed as J*-sequential neighborhood of a point x, J*-open, J%, -open set,
J*-closed and J%,-closed set respectively. Again, the convergent modes 3% and (JUX)* are equivalent [1],
so the notions JX -sequential neighborhood and (J U X)*,-neighborhood of a point x coincides, provided

JUX is an ideal.

Remark 2.8. The notions of f]gﬁ:—open sets and (I3 U K)%, -open sets in a topological space coincide,
provided J U X is an ideal.

A significant difficulty in the theory of J-convergence is that the family of all J-open subsets
of a topological space may not form a topology. It actually corresponds to a “generalised topology”
(closed under arbitrary union but may fail to be closed under intersections). This inadequateness further
translates to the context of J*-open subsets in a topological space. But, if the ideal J is assumed to be
a maximal ideal, then the family of all the J9-open subsets of a topological space forms a topology ( [2],
Theorem 2.8 and 2.9). Here, we obtain that the family of all the J%X -open subsets in a topological space
forms a topology and hereby extend the result by Lin [11] for Js,-open sets. To establish that first let’s
discuss some notations and results that are used in the subsequent segments.

Lin et. al. introduced the concept of G-hull and G-kernel [12] for a given method G on a set X. In a
space X, the corresponding notions J-hull and J-kernel of a subset P is defined as the set [P]; = {z € X:
there exists a sequence {a,} in P with a,, =g a} and (P); = {a € X : there exists no sequence in X \ P
with a, —7 a} respectively.

The J%-hull and J*-kernel of a subset P C X are denoted by [P]yx and (P)sx respectively and are
defined as follows:

[Plyx = {a € X : there exists a sequence {a,} in P with a, —qx a}.
(P)yx = {a € X : there is no sequence {a,} in X \ P, I%*-converges to a}. (2.1)

It is easy to check from Lemma 1.3 that the set inequalities [P]x C [P]yx and (P)qx C (P)x hold.
Again, if the ideals J, K satisfy ideality condition, then Proposition 1.4 suggest that [Pljx C [Plsux
and (P)jux C (P)gx. Therefore, for two given ideals J, X on w, the Lemma 2.6 [11], Lemma 1.3 and
Proposition 1.4 lead to the following set inequality for a subset P in a topological space X.

P° C (P)gug( C (P)jx C (P)g( CcPcC [P]g( C [P]jx C [P]gug( CP. (22)

Again, by Theorem 3.5 [12], we observe that the result [P]ljx = X \ (X \ P)jx holds for a subset
P in a space X. On the other hand, two operators Jg,-interior and J,-closure were also introduced by
Lin [11] in a topological space. For P C X, the sets defined as (P)j,, = {a € X : P is J-sequential
neighborhood of a} and {a € X: if O is an J-sequential neighborhood of a, then O N P # ¢} respectively,
represents the Jg,-interior and J4,-closure of P in X.

In this segment, following the line of work [1], we study the operators J% -interior and J% -closure of
a subset P in a topological space X.
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Definition 2.9. Let X be a topological space and P C X. Let J, X be two ideals on w. Then, the
operators 3% -closure and I% -interior of P are defined as follows:

[Plyx ={a€ X : IfO is an 9% _sequential neighborhood of a , then O NP # ¢}.
(P)gx ={a€ X: Pisan 9% _sequential neighborhood of a}.

Again, we observe that a set P is an J% -closed subset in X if and only if P = [Plgx and also, a set
P is an J%,-open subset of X if and only if P = (P)yx .
For a given subset P in a topological space X, we have [Plgx = X\ (X\P)gx : consider, a € (X\P)gx ,
that means X \ P is an J%-sequential neighborhood of a. But (X \ P)NP = ¢, thus, a ¢ [Py . Therefore,
[Plyz € X \ (X \ P)gx . Conversely, let a ¢ [P]yx . Then there exists an 7 -sequential neighborhood of
a such that O N P = ¢. Therefore, O C X \ P ie. (X \ P) is an 7%-sequential neighborhood of a. So,
a€ (X\P)x = a¢ X\ (X\P)yx. Thus, X\ (X \ P)gx C [Plyx .
Lemma 2.10. Let X be a topological space and I, K be two ideals of w. Then, for P C X, we obtain
(Z') [P]gcsn - [P]jg{n and also? (P)jg(n - (P)gcsn'
(i) [Plgx C [Pl and also, (P)gx C (P)gx.
Proof. Consider P C X, where X is a topological space. Then

(i) This result follows from Lemma 2.5 and Remark 2.2.

(ii) Consider a € [P]yx, then there exists a sequence {a,} in P such that a, —jx a. Let O be an J*-
sequential neighborhood of a, then {n € w: a, € O} € X*. Again, {n € w: a, € O} C PNO(# ¢).
Hence, a € [Plyx .

Suppose that a € (P)jgcn, then P is an J%¥-sequential neighborhood of a. If possible, consider a
sequence {a,} in X \ P with a,, =gx a. But then {n € w: a,, € P} = ¢, which is a contradiction
to the fact that P is an J*-sequential neighborhood of a. Hence, a € (P)gx.

O

The following inequalities represent the hierarchy relation of different operators on a set P in the
topological space X.

P? C (P)gx C (P)x,, C(P)x C P C[Plx C(P)yx C[Plyx C[Plx., C P. (2.3)

From the Lemma 2.10(ii) and Inequality 2.3, we may now ask the following question:
Question 2.11. For P C X, what is the relation between the operators (P)qx and (P)x
topological space X ?

Lemma 2.12. Let X be a topological space and P, Q C X. Then (PNQ)gx = (P)yx N(Q)gx and also,
for a family of subsets (Px)xen in X, the result [Uycp Palgx = Uyea[Palox holds.

in an arbitrary

sn

Proof. Suppose that a € (PN Q)jgcn, then PN Q is an J*-sequential neighborhood of a. So, P and Q are
J%_sequential neighborhood of a, that means a € (P)gx N (Q)gx . Hence, (PN Q)gx C (P)gx N(Q)gx .

For converse part, assume that a € (P)yx N (Q)gx . So, it is clear that P, Q are J¥X_sequential neigh-
borhood of a. Then there exists My, My € J* such that the sets {n € My : a, ¢ P} € X and
{n e Ms:a, ¢ Q} € X. Consider M = M1NM; € J* such that the respective sets {n € M : a,, ¢ P} € X
and {n € M :a, ¢ Q} € XK. Again, {ne M :a, ¢ PNQ}={neM:a, ¢ Q}U{neM:a, ¢Q} cX.
Clearly, P N Q is an J*-sequential neighborhood of a. So, a € (P N Q)gx . Hence, (P)gx N (Q)gx C
(PN Q)gx, .

For [Usea Palsxz. = UxealPrlsx , suppose that a € [Uycp Palsx and O be an J*-sequential neigh-
borhood of a. Then O N (Uycp PA) # ¢ <= ONP\ # ¢, forsome A € A <= a € Uycp[Prlgx -
0
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Now, we state our main conclusion as following result.
Proposition 2.13. Let X be a topological space and J, K be two ideals. Then

(1) Arbitrary union of % -open subsets of X is IX -open.
(2) Finite intersection of J%, -open subsets of X is J%, -open.
Proof. Consider a topological space X and the ideals J, K on w.

(1) Let {Px}xea be a family of JX -open subsets in X. Then, using Lemma 2.12 and Equation 2.3, it
is easy to check that

(U P c (I Pox.. < U Po= U (P)sx < (| Pr)osc -

sn
AEA AEA AEA AEA AEA

Hence, (Uyep Pr)sx = Uxen Pr- Thus, (Uyep Pr)ox is an J%,-open subsets in X

(2) Let P, Q be two subset JX -open subsets in X. Then, by Lemma 2.12, (PN Q)gx = Pyx NQgx =
PN Q. Hence, PN Q is I% -open in X.

O

Remark 2.14. Let X be an ideal topological space (X, 7, I, K) where I and K be two ideals on w. Then

(i) The collection of subsets of X, we defined as

Tj&L:{PCXZP:(P)jK}

sn

is the % -open topology obtained from the topology T and the ideals J, K. Also, the space (X, ngcn)
is said to be an J%X -topological space.

(i) The space (X, Tqgx ) is the IX _sequential coreflection of X. In particular, if J = KX = Fin, then
(X, 79x ) coincides with sX [13], the sequential coreflection of X.

3. J¥X.neighborhood space and J*-compatible spaces

In general, the family of J%-open sets in a topological space X may not represent a sub-base for a
topology (Counter example if possible). But the collection Syx = {()i_, O; : O; is a 7*-open subset of
X}, serves as a sub-base for a topology, say Tgx. We say Tgx is the topology generated by all the 3%-open
sets in X.

By Lemma 2.5, the following set inequalities can be easily deduced.

TCngCnCTj( Tgx CTx

sn?

In the above inequalities, we may observe that the collections 74, and 74x are seemingly unrelatable
which is left open for further study.

Proposition 3.1. Let (X,7,3,K) be an ideal topological space and u be a finer topology of X such that
p contains each I%-open subset of X. Then, the following conditions are equivalent.

(i) (X,7) and (X, p) have the same J-convergent sequences,
(ii) w contains only the J% -open sets i.e. u = Tyx .

Assumption of one of the above implies that (X, i) is 3% -sequential space.
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Proof. (i) <= (ii). Suppose that both (X, 7) and (X, 1) have the same J*-convergent sequences. Then,
it is easy to check that (X,7) and (X, u) have the same J% -open subsets. We claim that p = Tyx .
Since the family x4 contains each J%-open subset of (X,7), so by Lemma 2.5, Ty C p. For the reverse
inequality, consider P € p, then by Lemma 2.5, P is an J% -open subset of (X ,lu). Therefore, P is an
J% -open subset of (X, 7) and thus, P € Ty .

Let us assume that u = 7 . Since, 7 C 7gx , so, if {an} be a sequence in X such that a, —gx a
in (X, 7gx ), then a,, —gx a in (X, 7). For converse result, assume that a, —jx a in (X, 7) and let
a € P € 7yx. Then P is an J*_sequential neighborhood of a. Therefore, there exists a subset M € J*
such that {n € w:a, ¢ P} € X. This implies a, —gx a in (X, 7gx ).

Consider that (X, 7) and (X, 1) have the same J*-convergent sequence. So, their corresponding J%-
open subsets are also same i.e. Tqx = pgx. By our assumption, 79x C g C pgx = Tgx le. b = fgux.
Thus, (X, i) is I¥-sequential. O

Definition 3.2. Let (X, 7,3,XK) be an ideal topological space. Then
(i) X is said to be an IX-neighborhood space if a subset P of X is 7% -open if and only if P = (P)gz .

(i) X is said to be possesses the property “J%-compatibility”, if any set P is open whenever it is J% -open

n X.

The term “J*-compatiblility” describes the ingenuity of the notions like J,-open and J% -open which
is inclined towards the notion of open sets by virtue of their definitions. In a space, coincidence of the
class of % -open subsets with the topology explains the compatibility of the space with the ideals J and
X.

Since, P = (.P)jgcn if and only if P is J% -open subset of X. In that way, X is an J%*-neighborhood
space if 7gx = 74x. Again, for a topological space (X, 7), if 7gx = 7, then X is an JX-sequential space.
Summarilyl7 we get that X is an J®-sequential space if and only if X is an JX-neighborhood space and
possesses the property “IJ*-compatibility”.

Lemma 3.3. Suppose that (X, T) is a topological space. Then

(i) X is an I -sequential space if and only if any I*-neighborhood of each point is a neighborhood of
the point in X.

(ii) X is an I -neighborhood space if and only if 7% -neighborhood of each point is an I%, -neighborhood
of the point in X.

Theorem 3.4. Every first countable space possesses the property “I*-compatibility”

Proof. Let X be a first countable topological space and P C X is not open in X. Then there exists
a € P such that each neighborhood of a has non empty intersection with X \ P. Consider a countable
basis {O; : i € w} of a. Then for each n € w choose a, € (X \ P)N (., O;). Then, the sequence {a,}
is K-convergent to a. That implies a,, —gx a. In essence, P is not J*-open in X. O
Proposition 3.5. Quotient spaces of a space possessing the property “J%
the same.

-compatibility” also possesses

Proof. Consider a quotient space (X/ ~,7,), where X/ ~ be the set of equivalence classes with the
equivalence relation ~ in the topological space X and the topology 7, comprises of the set P C X/ ~; P
is open if and only if ¢~!(P) is open in X where ¢ : X — X/ ~ is the projection mapping.

Suppose that P C X/ ~ is not open. Then ¢~!(P) is not open in X. Then, there exists a sequence
{a,} in X\ ¢ }(P), I®-converging to a € ¢~!(P). Since ¢ is continuous, {g(a,)} in Y'\ P is I*-convergent
to g(a) € P. Thus, P is not JX -open in (X, ~).

O
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Proposition 3.6. If X locally possesses the property of coincidence of I%,-open set with open set, then
X possesses the property “I*-compatibility”,

Proof. Suppose that X locally possesses the property of coincidence of J% -open set with open set. Then,
without loss of generality, for each x € X, there exists an open set V' containing x such that the subspace
topologies Tgx (1) and 7(y) in V' coincides. We claim that X possesses the property “J%_compatibility”.
Consider O is an J% -open subset of X and that way, O NV is J% -open set in V. So, O NV is open set
in V and therefore, O is open in X. Thus, X possesses the property “J*-compatibility”. ([
:4:]?(

Proposition 3.7. If a topological space X possesses the property -compatibility”, then the JX -open

subspaces of X also possesses the same.

Proof. Let Y be an JX -open subspace of a topological space X. Consider an J%X -open set O in Y, we
claim that O is open in Y. Then by Proposition 2.7(ii), O is 3% -open in X. Therefore, O is open in X
which implies O is open in Y. Thus, the J% -open and open sets coincides in the subspace Y. ([

Theorem 3.8. A topological space (X,7), (a) being I*-neighborhood space or (b) possessing
“JX _compatibility” are

(i) hereditary with respect to 1% -open (3% -closed) subspaces

(i) and preserved by disjoint topological sums.

Proof. (i) (a) Suppose that Y is 7®-open in X and Let P is 7®-open in Y. By Lemma 2.5, Y being an
JX —open subset in X, Proposition 2.7 implies that P is 7*-open in X. Further, P is an J¥ -open
subset of X. Thus, P = PNY is 3X -open in Y.

Let Y be J®-closed in X and let P be 3%-closed in Y. Then, by Proposition 2.7 P is 7%-closed in
X. Then, Lemma 2.5 suggest that P is JX -closed in X. Thus, by Proposition 2.7 P is J% -closed
inY.

(b) Suppose that Y be an 7*-open subspace of X and consider P be an JX -open in Y. Then, Y is
an J% _open subspace of X. So, by Proposition 2.13, P = PNY is JX -open in X. That implies P
is open in X. Hence, by Proposition 2.7, P = PNY is open in Y.

Consider that Y be J¥-closed in X and F be an %X -closed set in Y. Then, Y being an J% -closed
in X, by Proposition 2.7, we have F = FNY is JX -closed in X i.e. F is closed in X. But Y is
closed in X, that implies F = FNY is closed in Y.

(ii) Consider a family of topological spaces { X, }aer and X = Bpen Xa-

(a) Suppose that for each a € A, X, is an J%-neighborhood space. Let P be a J*-open subset
of X. Then by Proposition 2.7, P N X, is J®-open in X,, for each o € A. Then, PN X, is an
J% —open subset of X, for each a € A. Then, by the definition of topological sum and Proposition
2.13 (i), P = Uyea (P N X,) is an I, -open subset of X.
(b) Suppose that for each oo € A, X,, possesses property “JX-compatibility”. Let P be JX -open in
X. Then by Proposition 2.7, PN X, is JX -open in X, i.e PN X, is open in X, for each a € A.
Then P = J,c, (PN X,) is open in X.

O

The following result identifies the notion of J% -continuity and the property of preserving J*-conver-
gence as the same.

Theorem 3.9. Let X, Y be topological spaces with P C X and f: X — Y be a mapping. Then
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(i) f is I -continuous.
(ii) f=Y(P) is an I -closed subset in X whenever P is an %, -closed subset in Y.

(iii) F([Plyx) C [F(P)lys. , for cach P C X.
(iv) O is an J*-sequential neighborhood of b € Y and a € f~1(b). Then f=(O) is an I*-sequential
neighborhood of a € X .

(v) f preserves 3% -convergence of sequences.

Proof. (i) = (v). Consider, f is J% -continuous and a,, —5x a € X. Consider an open set P containing
f(a) in Y. Then P is ¥ -open in Y. According to our assumption, f~!(P) is JX -open in X. Then,
new:a, ¢ f1(P)} €Xie {ncw: f(a,) ¢ P} € X. Hence, the sequence {f(a,)} is -convergent
to f(a).

(v) = (iv). Suppose that f possesses the property of preserving J*-convergence. Let P be an
J%_sequential neighborhood of b € Y and a € f~!(b). Consider a sequence {a,}, J*-convergent to
a € f~Y(P). Then, the sequence f(a,) —gx f(a) € P. Now, {n€w:a, & f7}(P)}={ncw: f(an) ¢
P} € X. Therefore, f~(P) is an J%-sequential neighborhood of a in X.

(iv) = (iii). Let P C X and a € [P]yx C X. Let O be an J¥_sequential neighborhood of f(a) in
Y. By condition (iv), f~1(O) is an J*-sequential neighborhood of a in X and f~1(O) N P # ¢. Hence,
O N f(P) # ¢. Therefore, f(a) € [f(P)]gx .

(iii) = (ii). Let P be J%,-closed in Y. Then f([f~'(P)lyx) C [f(f ' (P))lsx C [Plgx, = P. In

sn

essence, [f~1(P)]yx C f~1(P)ie. fH(P)=[f"'(P)lgx . Thus, f~!(P) is an J%,-closed subset in X.

(ii) = (i). Let P is %X -open in Y. Then Y \ P is J¥ -closed in Y. f=1(Y \ P) is % -closed in X.
By condition (ii), X \ f~1(P) is 3¥ -closed in X. f~*(P) is JX -open subset in X. O

In the line of Lin’s [11] interpretation in the context of ideal convergence, we term the property of
preserving JX-convergence of a mapping as the JX -continuity of the map.

Theorem 3.10. [1, Theorem 3.11] Every continuous function possesses the property of preserving J%-
convergence.

Since continuous map possesses the property of preserving J*-convergence and also, if a map preserves
-convergence then it is 7-continuous [2]. Subsequently, a mapping f is continuous = J¥ -continuous
— J%¥_continuous.

jﬂ(

Theorem 3.11. The following are equivalent for any spaces X, Y and function f: X — Y.
(i) X possesses “I*-compatibility”.
(ii) f is continuous if and only if f preserves 3X-convergence of sequences.

Proof. Suppose that X possesses the property “IJ*-compatibility”. Then, by Theorem 3.10, f is continu-
ous implies that it preserves J%X-convergence. If possible, let f be not continuous. Then, there exists an
open set O C Y (i.e. JX -open) such that f~1(O) is not open in X. Since X possesses J%*-compatibility,
so f71(0) is not I%X -open in X. Then, there exists a sequence {a,} in X which is J®-converges to
be fFYO) and {n € w : a, ¢ f71O0)} ¢ K. Similarly, the sequence {f(a,)} in Y, we have that
{new: f(ay) ¢ O} ¢ X. But, O is I -open, therefore {f(a,)} is not IX-converges to f(b) € O.

Conversely, suppose that (X,7) does not possesses the property “J*-compatibility”. Consider the
family of all 7% -open sets as Ty5 . Then by Proposition 2.13, 75 forms a finer topology than 7. Consider
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the identity map iq : (X,7) = (X, 7x ) which is not continuous. Suppose {a,} is 7-convergent to b in
(X, 7). Since each open set in (X, 7gx ) is J% -open set in (X, 7). So, O contains a K-tail of {a,}, i.e.
{n€w:a, ¢ O} €X. Hence, {f(a,)} is 7¥-convergent to b in (X, 7gx ). This is a contradiction. Thus,
ujﬂ(

(X, T) possesses -compatibility”. O

Corollary 3.12. The following statements are equivalent for any spaces X, Y and function
f: X = Y, the space X possesses the property “J-compatibility” if and only if the notions of conti-
nuity of f coincides with the property of preserving J-convergence.

Theorem 3.13. A topological space X is an J*-neighborhood space if and only if every J%-continuous
map is IX -continuous.

Proof. Consider X to be an J%-neighborhood space. Let f : X — Y is 7%-continuous. Let O be I% -open
in Y i.e. O is J®-open in Y. Since f is J*-continuous, f~1(0) is 7*-open in X. By our consideration,
f71(0) is 3% -open in X.

For the converse, assume that X is not an J*-neighborhood space. Then there is an J*-open subset
O in X such that O is not J% -open. Let Y = ({a,b}, 7), where 7 comprises of the subsets ¢, {a}, Y and
{a} is open if and only if the set U is closed in X. Define a mapping ¢ : X — Y as ¢(z) =a forz € U
and g(z) = b for z € X \ U. We claim that ¢ is 7%-continuous. It is clear that inverse image of each
J%¥_open subset ¢, {a},Y are 7*-open in X. Now, if possible assume that {b} is 7-open in Y. Then {b}
must be open in Y, otherwise; if not there exists a sequence {b,} in Y with b, = a for each n such that
{b,} is convergent to b. Thus, y,, —rgx b. But then {n € w: b, € {b}} = ¢ € KX which is a contradiction
by Lemma 2.5. Thus, {b} is 7®-open in Y implies that {b} is open in Y. Hence, O is *-closed in X
or ¢~ 1({b}) = X \ O is ®-open in X. On the other hand, {a} is open = {a} is IX -open in Y. But
¢ '({a}) = O is not J% -open in X. O

From Theorem 3.9, Theorem 3.11 and Theorem 3.13, we summarise the following result.

Theorem 3.14. Let X, Y be topological spaces and [ be a function from X to Y. Then, X is an
I% _sequential space if and only if notions of continuity, 3%, -continuity and I -continuity coincide.

4. Conclusion and future scope

This article mainly focused on discussing the notion of JX -open sets and contemporary extensions of
several notions closely related to an open set in space. With suitable assumptions for ideals and for the
parent space, we have drawn some conclusions and marked some open problems for further study. It can
be interesting if a fresh convergence mode can be introduced via JX -open sets which correspond to a new
topology in the space. In the meantime, the idea of 3*-compatibility for spaces leads to an open query
of finding particular compatible ideals for specific topological spaces.
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