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Controllability and Optimal Control for Fractional Neutral Evolution Systems With
Caputo Derivative

Zoubida Ech-chaffani, Ahmed Aberqi, Touria Karite ∗

abstract: The purpose of this paper is to study the controllability of a class of fractional neutral evolution
equations involving Caputo fractional derivative of order q ∈]0, 1[. First, we prove the result with the help of
fractional calculus theory, semi-group theory and Banach fixed point theorem under some assumptions, then
we concentrate on the determination of a control achieving this kind of controllability with minimum energy.
An example is given to validate the obtained results.
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1. Introduction

In the past decades, the fractional evolution equations have attracted increasing interests and have
been used as a valuable tool to model various real-world dynamic systems [1,2,3,4]. There has been
a significant development in fractional evolution equations. For instance, the fundamental solutions of
fractional evolution equations in a Banach space are presented in [5,6] and the mild solutions of non-local
Cauchy problems for fractional evolution equation are obtained in [7], for more details on the investigation
of fractional evolution equations, we refer the reader to [8,9,10] and the references therein.

The recent researches show that fractional differential equations accurately and perfectly can be appli-
cable in many fields, such as, mathematical modelling of physical, engineering and biological phenomena,
and also have motivated several researchers to explore theoretical as well as practical aspects of the
subject.

In the last decade, many authors devoted their works to study the controllability for fractional dif-
ferential equations since the controllability notion has extensive industrial and biological applications
[11,12,13].

The concept of controllability has been extensively studied in the exact, approximate, complete and
relative sense. Generally, it aims to show the existence of a control function that steers the solution of the
system from its initial state to a final one, where the initial and final states may vary over the entire state
[10,14,15,16,17,18]. Recently, attention has been paid to establish sufficient conditions for the existence
and controllability of fractional differential equations (see for instance [19,20,21]).

Lions proposed the Hilbert space Uniqueness Method (HUM), as a tool for studying Hilbert spaces
of controllable states for a variety of linear partial differential equations, notably the wave equation [22].
In [23], Komornik developed a general and constructive approach to improve the usual estimates of the
exact controllability time. It was inspired by the estimation method set by Haraux [24]. Balachandran
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et al. [25] studied the controllability of fractional integro-differential systems in Banach spaces using
semigroup theory and the fixed point theorem. Sakthivel et al. [26] have proved the controllability of
nonlinear fractional systems by using the fixed point theorem. Mahmudov [27] derived the conditions of
Approximate controllability for fractional Sobolev-type evolution equations in Banach spaces. Fudong Ge
et al. [28] studied the regional controllability of the fractional order sub-diffusion systems with Caputo
fractional derivative. More recently, Yong Zhou et al [7] obtained a new set of sufficient conditions for
the exact controllability of a class of fractional systems by using contraction principle and the Shauder
fixed point theorem. For more works about controllability for fractional system, we refer the reader to
[29,30,31]. Inspired by the work of Yong Zhou, we study the controllability of a class of fractional neutral
evolution equations in Caputo sense using fractional calculus theory, semi-group theory and Banach
fixed point theorem under some assumptions, then we determine the optimal control achieving exact
controllability with minimum energy.

In this paper, we assume that X is a Banach space with the norm | · |. Let J = [0, T ] ⊂ R. Denote
C(J,X) to be the Banach space of continuous functions from J into X with the norm ∥x∥ = sup

t∈J
|x(t)|,

where x ∈ C(J,X).
Let a > 0 and C = C([−a, 0], X) be the space of continuous functions from [−a, 0] into X. For any
element z ∈ C, define the norm ∥z∥∞ = sup

v∈[−a,0]

|z(v)|.

The contribution of this paper is to study the exact controllability and the optimal control of a class of
fractional neutral evolution equations with non-local conditions:{

cDq
t [y(t)− h (t, yt)] = Ay(t) + f(t, yt) +Bu(t) t ∈ J = (0, T ],

y0(v) + (g(yt1), · · · , (ytn))(v) = φ(v), v ∈ [−a, 0], (1.1)

where CDq
t denotes Caputo fractional derivative of order q ∈ (0, 1), 0 < t1 < · · · < tn ≤ T , the final

time T > 0; the dynamic of system (1.1) A : D(A) ⊆ X → X is a closed linear operator with dense
domain D(A) and generates a compact and uniformly bounded C0 semi-group {T (t)}t≥0 on a Banach
space X. The control function u(·) is given in L2(0, T ;U); U is a reflexif Banach space. The control
operator B ∈ L(U,X) is a linear continuous bounded operator from U to X, i.e., there exists a positive
constant M1 with

|B| ≤ M1. (1.2)

f, h : [0, T ] × C → X and g : Cn → C are given functions satisfying some assumptions, φ ∈ C and define
yt by yt(v) = y(t+ v), for v ∈ [−a, 0].
In the case where y(0) = y0 and f = 0 the exact controllability and the optimal control problem of
(1.1) has been studied (see for instance [32]). The remaining of this paper is organized as follows: some
preliminary results are recalled in the next section, which will be used throughout this paper. In section
3, our main results on the controllability of system (1.1) are presented and proved and in section 4, the
existence of an optimal control is proven for a closed convex set of admissible controls. an example is
presented to illustrate our main results in the last section. And we end up by some conclusions and future
perspectives.

2. Preliminaries and Background Material

In this section, we state some definitions, notations and preliminary results about fractional calculus
needed to establish our main results.
Throughout this paper, let A be the infinitesimal generator of a compact and uniformly bounded C0

semi-group {T (t)}t≥0 of operators on X. Let 0 ∈ ρ(A), where ρ(A) is the resolvent set of A. Then for
0 ≤ η ≤ 1, it is possible to define the fractional power Aη as a closed linear operator on it’s domain
D(Aη). For a compact semi-group {T (t)}t≥0, the following properties will be used.

(i) There is a MT ≥ 1 such that

MT = sup
t≥0

|T (t)|, (2.1)
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(ii) for any η ∈ (0, 1], there is a positive constant Cη such that

|AηT (t)| ≤ Cη

tη
, 0 ≤ t ≤ T (2.2)

Some basic definitions and properties about fractional calculus theory are needed and used further in this
paper. For more details, see [32,33].

Definition 2.1 [33] The left-sided Caputo fractional derivative of order q > 0 of a function z ∈ L1([0, T ])
is

C
0 D

q
t z(t) =

1

Γ(n− q)

∫ t

0

(t− s)n−q−1 d
n

dsn
z(s)ds, (2.3)

where t ≥ 0, n− 1 < q < n, n ∈ N, and Γ(·) is the Euler gamma function.

Now, using the probability density function and its Laplace transform developed in [7] (see also [34,35]),
we can give the following definition of mild solutions to system (1.1).

Definition 2.2 [7] For t ∈]0, T ] and any given u ∈ U, a function y ∈ C(0, T ;X) is said to be a mild
solution of system (1.1), if

yu(t) = Sq(t) [φ(0)− (g(yt1 , · · · , ytn))(0)− h (0, y0)] + h (t, yt) +

∫ t

0

(t− s)q−1AKq(t− s)h (s, ys) ds

+

∫ t

0

(t− s)q−1Kq(t− s)f(s, ys)ds+

∫ t

0

(t− s)q−1Kq(t− s)Bu(s)ds t ∈ [0, T ].

Where Sq(·) and Kq(·) are called characteristic solution operators and given by

Sq(t) =

∫ ∞

0

ϕq(θ)T (tqθ) dθ and Kq(t) = q

∫ ∞

0

θϕq(θ)T (tqθ) dθ.

Here

ϕq(θ) =
1

q
θ−1− 1

qψq(θ
− 1

q ).

Note that ψq is a probability density function defined as

ψq(θ) =
1

π

∞∑
n=1

(−1)n−1θ−
qn−1 Γ(nq + 1)

n!
sin(nπq), θ ∈ (0,∞).

Furthere, we have ∫ ∞

0

ψq(θ)dθ = 1 and

∫ ∞

0

θλϕq(θ)dθ =
Γ(1 + λ)

Γ(1 + qλ)
, λ ∈ [0, 1].

The following properties of Sq(·) and Kq(·) will be used throughout this paper.

Lemma 2.1 [7].

1. For any t ≥ 0, Sq(t) and Kq(t) are linear bounded operators, i.e for any y ∈ X,

|Sq(t)y| ≤ MT |y| and |Kq(t)y| ≤
qMT

Γ(1 + q)
|y|,

where MT = sup
t≥0

|T (t)|.

2. For t > 0, Sq(t) and Kq(t) are all compact operators if, T (t) is compact.

Lemma 2.2 [7] For any y ∈ X, β ∈ (0, 1) and η ∈ (0, 1], we have

(i) AKq(t)y = A1−βKq(t)A
βy, 0 ≤ t ≤ T,

(ii) |AηKq(t)| ≤
qCη

tqη
Γ(2− η)

Γ(1 + q(1− η))
, 0 < t ≤ T.



4 Z. Ech-chaffani, A. Aberqi and T. Karite

3. Controllability Results

In this section, we will define the notion of exact controllability for system (1.1), and we will give the
necessary hypotheses to prove our main results cited in theorem (3.1).

Definition 3.1 [36] System (1.1) is said to be exactly controllable in X on [0, T ], if for any given initial
state y0 ∈ X and any given final state yd ∈ X, there exists a control u(·) ∈ L2(0, T ;U) such that the mild
solution y ∈ C(0, T ;X) of system (1.1) satisfies yu(T ) = yd.

In the next, we adopt the following assumptions.

• (A1): T (t) is a compact operator for every t > 0.

• (A2): h : [0, T ] × C(0, T ;X) → X is continuous function and there exists a constant β ∈]0, T [
and c1, c2 > 0 such that h ∈ D(Aβ). Moreover, for any z, y ∈ C(0, T ;X), t ∈ [0, T ], the function
Aβh(·, z) is strongly measurable and Aβh(t, ·) satisfies the Lipschitz condition.∣∣Aβh(t, z)−Aβh(t, y)

∣∣ ≤ c1∥z − y∥, (3.1)

and the inequality ∣∣Aβh(t, z)
∣∣ ≤ c2 (∥z∥+ 1) . (3.2)

• (A3): The function f : J ×X → X is continuous and there exists a constant Lf > 0 such that

|f(t, x)− f(t, y)| ≤ Lf∥x− y∥, for each t ∈ J and for all x, y ∈ X,

and Mf = sup
t∈J

|f(t, 0)|.

• (A4): There exists a constant L > 0 such that

∥g(xt1 , · · · , xtn)− g(yt1 , · · · , ytn)∥∞ ≤ L∥x− y∥ for x, y ∈ C([−a, T ], X).

• (A5): g is continuous and there exist positive constants L1, L
′
1 such that

∥g(xt1 , · · · , xtn)∥⋆ ≤ L1∥x∥+ L′
1, for all x ∈ C([−a, T ], X).

Let Hq : L2(J, U) → X be the linear operator defined by

Hqu =

∫ T

0

(T − s)q−1Kq(T − s)Bu(s)ds,

has a invertible operator H−1
q (see [37], [41]) which takes values in

(
L2(J, U)

/
kerHq

)
; and there exists

a positive constant M2 ≥ 0 such that∣∣H−1
q

∣∣
L

X,L2(J,U)

/
kerHq

 ≤ M2. (3.3)

For each positive constant k ≥ 0, let Bk = {x ∈ C(0, T ;X) : ∥x∥ ≤ k} which is clearly a bounded closed
and convex subset in C(0, T ;X).

Theorem 3.1 If (A1) − (A5) are satisfied, then the evolution system (1.1) is controllable in [0, T ] pro-
viding that[
MTL+ (MT + 1)c1|A−β |+ C1−βΓ(1 + β)

βΓ(1 + qβ)
T qβc1 +

MT

Γ(1 + q)
T qLf +

M1M2M

Γ(1 + q)
T q
[
MT (L+ c1|A−β |)

+ c1|A−β |+ C1−βΓ(1 + β)

βΓ(1 + qβ)
T qβc1 +

MT

Γ(1 + q)
T qLf

]]
< 1.
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Proof: For an arbitrary function y, we define the control uy(t) by

uy(t) = H−1
q

[
yd − Sq(T ) [φ(0)− (gyt1 , · · · , ytn))(0)− h (0, y0)]− h (T, yT )

−
∫ T

0

(T − s)q−1AKq(T − s)h (s, ys) ds−
∫ T

0

(T − s)q−1Kq(T − s)f (s, ys) ds
]
(t).

(3.4)

In the following, we will prove that, the operator G : C(J,X) → C(J,X) defined by

(Gy) (t) = Sq(t) [φ(0)− (g(yt1 , · · · , ytn))(0)− h (0, y0)] + h (t, yt) +

∫ t

0

(t− s)q−1AKq(t− s)h (s, ys) ds

+

∫ t

0

(t− s)q−1Kq(t− s)f (s, ys) ds+

∫ t

0

(t− s)q−1Kq(t− s)Buy(s)ds, t ∈ [0, T ]

has a fixed point y for the control uy that steers system (1.1) from the initial state y0 to yd in time T .
From (1.2), (3.3), we have

|Buy(t)| ≤ M1M2

(
|yd|+ |Sq(T )|

[
|φ(0)|+

∣∣g(yt1 , · · · , ytn)(0)∣∣+ ∣∣A−βAβh(0, y0)
∣∣]+ |A−βAβh(T, yT )|

+
∣∣∣ ∫ T

0

(T − s)q−1AKq(T − s)h(s, ys)ds
∣∣∣+ ∣∣∣ ∫ T

0

(T − s)q−1Kq(T − s)f(s, ys)ds
∣∣∣).

According to lemma (2.1) and (3.2), we have

|Buy(t)|M1M2

(
|yd|+MT

[
∥φ∥∞ + ∥g(yt1 , · · · , ytn)∥∞ +

(
∥y∥+ 1

)
c2|A−β |

]
+
(
∥y∥+ 1

)
c2|A−β |

+

∫ T

0

|(T − s)q−1A1−βKq(T − s)Aβh(s, ys)|ds+
∫ T

0

|(T − s)q−1Kq(T − s)[f(s, ys)− f(s, 0)]ds

+

∫ T

0

|(T − s)q−1Kq(T − s)f(s, 0)]|ds·

Bylemma (2.1), (ii) of lemma (2.2), and the condition (A4), it follows that

|Buy(t)| ≤ M1M2

(
|yd|+MT

[
∥φ∥∞ + L1∥y∥+ L′

1 +
(
∥y∥+ 1

)
c2|A−β|

]
+
(
∥y∥+ 1

)
c2|A−β |

+
qC1−βΓ(1 + β)

Γ(1 + qβ)
c2

(
∥y∥+ 1

)∫ T

0

(T − s)qβ−1ds+
qMT

Γ(1 + q)

∫ T

0

(T − s)q−1|f(s, ys)− f(s, 0)|ds

+
qMT

Γ(1 + q)

∫ T

0

(T − s)q−1|f(s, 0)|ds·

By using the condition (A3), we get

|Buy(t)| ≤ M1M2

(
|yd|+MT

[
∥φ∥∞ + L1∥y∥+ L′

1

]
+

(
MT + 1

)(
∥y∥+ 1

)
c2|A−β |

]
+

+
C1−βΓ(1 + β)

βΓ(1 + qβ)

(
∥y∥+ 1

)
c2T

qβ +
MT

Γ(1 + q)
T q
(
Lf∥y∥+Mf

))
.

Now, to prove that G has a unique fixed point on Bk, we will proceed in two steps.
Step I. Gy ∈ Bk whenever y ∈ Bk.
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For any fixed y ∈ Bk and 0 ≤ t ≤ T , we get that

|(Gy) (t)| ≤ |Sq(t)[φ(0)− (g(yt1 , · · · , ytn))(0)− h(0, y0)]|+ |h(t, yt)|+ |
∫ t

0

(t− s)q−1AKq(t− s)h(s, ys)ds|

|
∫ t

0

(t− s)q−1Kq(t− s)f(s, ys)ds|+ |
∫ t

0

(t− s)q−1Kq(t− s)Buy(s)ds|

≤ |Sq(t)|
[
|φ(0)|+

∣∣g(yt1 , · · · , ytn)(0)∣∣+ ∣∣A−βAβh(0, y0)
∣∣]+ |A−βAβh(t, yt)|

+

∫ t

0

|(t− s)q−1A1−βKq(t− s)Aβh(s, ys)|ds+
∫ t

0

(t− s)q−1Kq(t− s)|f(s, ys)− f(s, 0)|ds

+

∫ t

0

(t− s)q−1Kq(t− s)|f(s, 0)|ds+
∫ t

0

(t− s)q−1Kq(t− s)|Buy(s)|ds·

Lemma (2.1), (3.2), (ii) of lemma (2.2), the condition (A3) and the condition (A4), yield to

|G(t)| ≤ MT

[
∥φ∥∞ + L1k + L′

1 +
(
k + 1

)
c2|A−β |

]
+
(
k + 1

)
c2|A−β |

+
qC1−βΓ(1 + β)

Γ(1 + qβ)
c2

(
k + 1

)∫ T

0

(T − s)qβ−1ds+
qMT

Γ(1 + q)
Lfk

∫ T

0

(T − s)q−1ds

+
qMT

Γ(1 + q)
Mf

∫ T

0

(T − s)q−1ds+
qMT

Γ(1 + q)

∫ t

0

(t− s)q−1|Buy|ds.

However,

|Buy(t)| ≤ M1M2

(
|yd|+MT

[
∥φ∥∞ + L1∥y∥+ L′

1

]
+

(
MT + 1

)(
∥y∥+ 1

)
c2|A−β |

]
+

+
C1−βΓ(1 + β)

βΓ(1 + qβ)

(
∥y∥+ 1

)
c2T

qβ +
MT

Γ(1 + q)
T q
(
Lf∥y∥+Mf

))
.

As y ∈ Bk, we obtain

|Buy(t)| ≤ M1M2

(
|yd|+MT

[
∥φ∥∞ + L1k + L′

1

]
+

(
MT + 1

)(
k + 1

)
c2|A−β |

]
+

+
C1−βΓ(1 + β)

βΓ(1 + qβ)

(
k + 1

)
c2T

qβ +
MT

Γ(1 + q)
T q
(
Lfk +Mf

))
.

Let

C ′ = M1M2

(
|yd|+MT

[
∥φ∥∞ + L1k + L′

1

]
+

(
MT + 1

)(
k + 1

)
c2|A−β |

]
+
C1−βΓ(1 + β)

βΓ(1 + qβ)

(
k + 1

)
c2T

qβ +
MT

Γ(1 + q)
T q
(
Lfk +Mf

))
.

So

|(Gy) (t)| ≤ MT

[
∥φ∥∞ + L1k + L′

1 +
(
k + 1

)
c2|A−β |

]
+
(
k + 1

)
c2|A−β |

+
qC1−βΓ(1 + β)

Γ(1 + qβ)
c2

(
k + 1

)∫ T

0

(T − s)qβ−1ds+
qMT

Γ(1 + q)
Lfk

∫ T

0

(T − s)q−1ds

+
qMT

Γ(1 + q)
Mf

∫ T

0

(T − s)q−1ds+
qMT

Γ(1 + q)
C ′
∫ t

0

(t− s)q−1ds.

≤ MT

[
∥φ∥∞ + L1k + L′

1 +
(
k + 1

)
c2|A−β |

]
+
(
k + 1

)
c2|A−β |

+
C1−βΓ(1 + β)

βΓ(1 + qβ)
T qβc2

(
k + 1

)
+

MT

Γ(1 + q)
T qLfk +

MT

Γ(1 + q)
T qMf +

MT

Γ(1 + q)
T qC ′.
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For any fixed y ∈ Bk, 0 ≤ t ≤ T , and by choosing

k = MT

[
∥φ∥∞ + L1k + L′

1 +
(
k + 1

)
c2|A−β |

]
+
(
k + 1

)
c2|A−β |

+
C1−βΓ(1 + β)

βΓ(1 + qβ)
T qβc2

(
k + 1

)
+

MT

Γ(1 + q)
T qLfk +

MT

Γ(1 + q)
T qMf +

MT

Γ(1 + q)
T qC ′.

We get that (Gy) (t) ∈ Bk for all y ∈ Bk and 0 ≤ t ≤ T .
Step II. G is a contraction on Bk.
For any y, z ∈ Bk and 0 ≤ t ≤ T , according to (3.4), we have

|(Gy)(t)− (Gz)(t)| ≤
∣∣∣∣Sq(t)[(g(yt1 , · · · , ytn))(0)− (g(zt1 , · · · , ztn))(0)]

∣∣∣∣
+

∣∣∣∣Sq(t)[h(0, y0)− h(0, z0)]

∣∣∣∣+ ∣∣∣∣h(t, yt)− h(t, zt)

∣∣∣∣
+

∣∣∣∣ ∫ t

0

(t− s)q−1AKq(t− s)

(
h
(
s, y(s)

)
− h
(
s, z(s)

))∣∣∣∣ds
+

∣∣∣∣ ∫ t

0

(t− s)q−1Kq(t− s)[f(s, ys)− f(s, zs)]ds

∣∣∣∣
+

∣∣∣∣ ∫ t

0

(t− s)q−1Kq(t− s)BH−1
q

[
Sq(T )

[
(g(zt1 , · · · , ztn))(0)− (g(yt1 , · · · , ytn))(0)

]
+h(0, z0)− h(0, y0)

]
+ h(T, yT )− h(T, zT ) +

∫ T

0

(T − τ)q−1 ×AKq(T − τ)(
h
(
τ, y(τ)

)
− h
(
τ, z(τ)

))
dτ +

∫ T

0

(T − s)q−1Kq(T − τ)
[
f(τ, yτ )− f(τ, zτ )

]
dτ

]
(s)

∣∣∣∣ds.

In view of lemma (2.1), (i) of lemma (2.2) and (A3), we get

|(Gy)(t)− (Gz)(t)| ≤ MT ∥g(yt1 , · · · , ytn)− g(zt1 , · · · , ztn)∥∞ +MT |A−β |
∣∣∣Aβh(0, y0)−Aβh(0, z0)

∣∣∣
+ |A−β |

∣∣∣Aβh(t, yt)−Aβh(t, zt)
∣∣∣+ ∫ t

0

(t− s)q−1
∣∣∣A1−βKq(t− s)[Aβh(s, ys)−Aβh(s, zs)]

∣∣∣ds
+

qMT

Γ(1 + q)

∫ t

0

(t− s)q−1Lf∥y − z∥ds+ qM1M2M
Γ(1 + q)

∫ t

0

(t− s)q−1

[
MT

[
∥g(yt1 , · · · , ytn)

− g(zt1 , · · · , ztn)∥∞ + |A−β |
∣∣∣∣Aβh(0, z0)−Aβh(0, y0)

∣∣∣∣]+ |A−β ||Aβh(T, yT )−Aβh(T, zT )|

+

∫ T

0

(T − τ)q−1

∣∣∣∣A1−βKq(T − τ)
(
Aβh(τ, y(τ))−Aβh(τ, z(τ))

)∣∣∣∣
+

qMT

Γ(1 + q)

∫ T

0

(T − τ)q−1Lf∥y − z∥dτ

]
(s)ds.
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By (3.1), (ii) of lemma (2.2) and (A4), one has

|(Gy)(t) − (Gz)(t)| ≤ MTL∥y − z∥ + c1MT |A−β |∥y − z∥ + c1|A−β |∥y − z∥ +
qC1−βΓ(1 + β)

Γ(1 + qβ)

∫ t

0
(t− s)qβ−1c1∥y − z∥ds

+
MT

Γ(1 + q)
T qLf∥y − z∥ +

qM1M2M
Γ(1 + q)

∫ t

0
(t− s)q−1

[
MT

[
L + c1|A−β |

]
∥y − z∥ + c1|A−β |∥y − z∥

+
qC1−βΓ(1 + β)

Γ(1 + qβ)

∫ T

0
(T − τ)qβ−1c1∥y − z∥dτ +

MT

Γ(1 + q)
T qLf∥y − z∥

]
.

≤ MTL∥y − z∥ + (MT + 1)c1|A−β |∥y − z∥ +
C1−βΓ(1 + β)

βΓ(1 + qβ)
T qβc1∥y − z∥ +

MT

Γ(1 + q)
T qLf∥y − z∥

+
M1M2M
Γ(1 + q)

T q
[
MT

[
L + c1|A−β |

]
∥y − z∥ + c1|A−β |∥y − z∥ +

C1−βΓ(1 + β)

βΓ(1 + qβ)
T qβc1∥y − z∥

+
MT

Γ(1 + q)
T q  Lf∥y − z∥

]
≤

[
MTL + (MT + 1)c1|A−β | +

C1−βΓ(1 + β)

βΓ(1 + qβ)
T qβc1 +

MT

Γ(1 + q)
T qLf

+
M1M2M
Γ(1 + q)

T q
[
MT (L + c1|A−β |)

+ c1|A−β | +
C1−βΓ(1 + β)

βΓ(1 + qβ)
T qβc1 +

MT

Γ(1 + q)
T qLf

]]
∥y − z∥

And using theorem (3.1), we have[
MTL+ (MT + 1)c1|A−β |+ C1−βΓ(1 + β)

βΓ(1 + qβ)
T qβc1 +

MT

Γ(1 + q)
T qLf +

M1M2M
Γ(1 + q)

T q
[
MT (L+ c1|A−β |)

+ c1|A−β |+ C1−βΓ(1 + β)

βΓ(1 + qβ)
T qβc1 +

MT

Γ(1 + q)
T qLf

]]
< 1.

Which yields to
|(Gy)(t)− (Gz)(t)| < ∥y − z∥.

Hence G is a contraction on Bk. So the Banach fixed point theorem shows that G has a unique fixed
point y(·) in C(0, T ;X). A direct calculation shows that uy is the solution of the controllability problem
of system (1.1), which completes the proof. 2

4. Optimal Control Problem

The purpose in this section is to find the minimum energy control which steers system (1.1) from the
initial state y0 to a target state yd at the final time T . The existence of an optimal control is proven for
a closed convex set of admissible control.

Let Uad be the set of admissible controls defined by

Uad =
{
u ∈ L2 (0, T ;U) : yu(T ) = yd

}
.

For a desired state yd, the optimal control problem considered here consists in finding within Uad a control
that minimizes the following functional

J(u) =
β

2

∫ T

0

∥y(t)− yd∥2X dt+
ε

2

∫ T

0

|u(t)|2Udt,

where y is the mild solution of system (1.1), associated to u. ε and β are non-negative constants.
The section aims at solving the following minimization problem:{

inf J(u)
u ∈ Uad·

(4.1)

The following result shows the condition under which we get the control of minimum energy.
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Theorem 4.1 There exists u∗ ∈ Uad solution of problem (3.1) if,

1− c1
∣∣A−β

∣∣ > 0.

Proof: Since system (1.1) is exactly controllable, the set {J(u) | u ∈ Uad} is non-empty then it has a
non-negative infimum.

Let (up)p∈N be a minimizing sequence in Uad. Since |up|2 ≤ 2

ε
J(up) then (up)p∈N is bounded.

Then there exists a subsequence, still denoted (up)p∈N, such that

up ⇀ u∗.

Uad is closed and convex, then it is closed for the weak topology, which implies that u∗ ∈ Uad.
Let yp be the unique solution of system (1.1) associated to up, and y∗ be the unique solution of system
(1.1) associated to u∗, then

|yp(t) − y∗(t)| ≤
∣∣∣Sq(t)[g(ypt1 , · · · , y

p
tn

)(0) − g(y∗t1 , · · · , y
∗
tn

)(0)]
∣∣∣ +

∣∣Sq(t)[h(0, yp0) − h(0, y∗0)]
∣∣

+ |h (t, yp(t)) − h (t, y∗(t))| +

∣∣∣∣∫ t

0
(t− s)q−1AKq(t− s)[h (s, yp(s)) − h (s, y∗(s))]ds

∣∣∣∣
+

∣∣∣∣∫ t

0
(t− s)q−1Kq(t− s)[f(s, yp(s)) − f(s, y∗(s))]

∣∣∣∣ +

∣∣∣∣∫ t

0
(t− s)q−1Kq(t− s)B[up(s) − u∗(s)]ds

∣∣∣∣ t ∈ [0, T ]

≤ c1

∣∣∣A−β
∣∣∣ |yp(t) − y∗(t)| +

∫ t

0
(t− s)q−1

∣∣∣A1−βKq(t− s)[Aβh (s, yp(s)) −Aβh (s, y∗(s))]
∣∣∣ds

+

∣∣∣∣∫ t

0
(t− s)q−1Kq(t− s)B[up(s) − u∗(s)]ds

∣∣∣∣ t ∈ [0, T ].

(4.2)
According to lemmas (2.1) and (2.2) and (A4), we obtain that

|yp(t)− y∗(t)| ≤ MTL|yp(t)− y∗(t)|+MT c1|A−β ||yp(t)− y∗(t)|+ c1|A−β ||yp(t)− y∗(t)|

+
qC1−βΓ(1 + β)

Γ(1 + qβ)

∫ t

0

(t− s)qβ−1c1|yp(t)− y∗(t)|ds+ qMT

Γ(1 + q)

∫ t

0

(t− s)q−1Lf |yp(t)− y∗(t)|ds

+

∣∣∣∣∫ t

0

(t− s)q−1Kq(t− s)B[up(s)− u∗(s)]ds

∣∣∣∣
≤

(
MTL+MT c1|A−β |+ c1|A−β |

)
|yp(t)− y∗(t)|+

∫ t

0

(
qC1−βΓ(1 + β)

Γ(1 + qβ)
c1(t− s)qβ−1

+
qMT

Γ(1 + q)
Lf (t− s)q−1

)
|yp(s)− y∗(s)|ds+

∣∣∣∣∫ t

0

(t− s)q−1Kq(t− s)B[up(s)− u∗(s)]ds

∣∣∣∣ ·
Let set

K∗ = MTL+ (MT + 1)c1|A−β |·

Which yields to

(1−K∗) |yp(t)− y∗(t)| ≤ +q

∫ t

0

(
C1−βΓ(1 + β)

Γ(1 + qβ)
c1(t− s)qβ−1 +

MT

Γ(1 + q)
Lf (t− s)q−1

)
|yp(s)− y∗(s)|ds

+

∣∣∣∣∫ t

0

(t− s)q−1Kq(t− s)B[up(s)− u∗(s)]ds

∣∣∣∣ t ∈ [0, T ].

(4.3)

Let set K ′ =
1

1−K∗ . Then

|yp(t)− y∗(t)| ≤
∫ t

0

qK ′
(
C1−βΓ(1 + β)

Γ(1 + qβ)
c1(t− s)qβ−1 +

MT

Γ(1 + q)
Lf (t− s)q−1

)
|yp(s)− y∗(s)|ds

+K ′
∣∣∣∣∫ t

0

(t− s)q−1Kq(t− s)B[up(s)− u∗(s)]ds

∣∣∣∣ t ∈ [0, T ].

(4.4)
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Using the Gronwall lemma, we obtain

|yp(t)− y∗(t)| ≤ K′
∣∣∣∣∫ t

0

(t− s)q−1Kq(t− s)B[up(s)− u∗(s)]ds

∣∣∣∣ exp(K′ qΓ(1 + β)

Γ(1 + qβ)
C1−βc1

∫ t

0

(t− s)qβ−1ds

+K′ qMTLf

Γ(1 + q)

∫ t

0

(t− s)q−1ds

)
≤ K′

∣∣∣∣∫ t

0

(t− s)q−1Kq(t− s)B[up(s)− u∗(s)]ds

∣∣∣∣ exp(K′ Γ(1 + β)

βΓ(1 + qβ)
C1−βc1T

qβ

+K′ MTLf

Γ(1 + q)
T q

)
.

(4.5)
Now, by the weak convergence, up ⇀ u∗ in L2(0, T, U) and using lemma (2.1), we obtain∣∣∣∣∫ t

0

(t− s)q−1Kq(t− s)B[up(s)− u∗(s)]ds

∣∣∣∣ ≤ qM1MT

Γ(1 + q)

∫ t

0

(t− s)q−1 |up(s)− u∗(s)|L2(0,T,U) ds.

(4.6)
Which gives

yp → y∗ strongly in L2(0, T ;X).

Hence,

lim
n→∞

∫ T

0

∥yp(t)− yd∥2X dt =

∫ T

0

∥y(t)− yd∥2X dt.

Using the lower semi-continuity of norms, the weak convergence of (up)n gives

|u∗| ≤ lim
n→∞

inf |up| .

Therefore J(u∗) ≤ lim
n→∞

infJ(up), leading to J(u∗) = inf
u∈Uad

J(up). And this establishes the optimality of

u∗. 2

5. Example

Let X = (L2[0, π];R). As an application of theorem (3.1), we consider the following fractional
differential system of the form

cD
1/2
t

(
y(t, z)− h(t, yt)

)
= ∆y(t, z) + λsin(y(t, z)) +Bu(t, z) t ∈ [0, 1],

y(t, 0) = y(t, 1) = 0, t ∈ [0, 1],
y(v, z) + (g(yt1 , · · · , ytn))(v) = (φ(v))(z), v ∈ [−a, 0],

(5.1)

where cD
1/2
t is a Caputo fractional partial derivative, λ is a positive number, n is a positive integer,

0 < t0 < t1 < · · · < tn < 1, φ ∈ C([−a, 0], X), that is φ(v) ∈ X = L2([0, 1],R) and yt(v, z) = y(t+ v, z),
t ∈ [0, 1], v ∈ [−a, 0], the function h : [0, 1]× C → X is given by

h(t, yt)(x) =

∫ π

0

U(x, z)ut(v, z)dz.

Let

(Uhv
′)(x) =

∫ π

0

U(x, z)v′(z)dz, for v′ ∈ X, z ∈ [0, π].

The function g : Cn → C is given by

(g(yt1 , · · · , ytn))(v) =
n∑

i=0

Kgyti(v),
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where (Kgv
′)(x) =

∫ π

0

k(x, z)v′(z)dz and k(z, y) ∈ L2([0, 1]× [0, 1],R). The function g verify hypotheses

A4 and A5.
Let A : D(A) ⊆ X → X be defined by

Ax = −x′′,

with the domain

D(A) = {x(·) ∈ X;x, x′are absolutely continuous, x′′ ∈ X,x(0) = x(1) = 0}.

Clearly the operator A is self-adjoint, with compact resolvent and is the infinitesimal generator of an
analytic semi-group T (t). Furthermore, A has a discrete spectrum, the eigenvalues are λn = n2π2, n ∈ N,
with corresponding normalized eigenvectors en(z) =

√
2
π sin(nπz), {ei}

i=∞
i=1 form an orthonormal basis of

X. Then

Ax = −
n=∞∑
n=1

λn(x, en)en x ∈ D(A),

and

T (t)x(s) =

i=∞∑
i=1

exp(λit)(x, ei)ei(s) x ∈ X.

T (·) is a uniformly stable semi-group and ∥T (t)∥L2[0,π] ≤ exp(−t).
We use the following properties

(i) A− 1
2x =

∞∑
n=1

1

n
(x, en)en, ∥A

−1
2 ∥L2[0,π].

(ii) the operator A
1
2 is given by

A
1
2x =

∞∑
n=1

n(x, en)en

The space D(A
1
2 ) = {x(·) ∈ X,

∞∑
n=1

n(x, en)en ∈ X}.

Clearly (2.1), (2.2), and A1 are satisfied.
Moreover we assume that the following conditions hold

(a) The function U(x, z), x, z ∈ [0, π] is measurable and∫ π

0

∫ π

0

U2(x, z)dz <∞,

(b) The function ∂xU(x, z) is measurable, U(0, z) = U(π, z) = 0, and(∫ π

0

∫ π

0

(
∂xU(x, z)

)2
dzdx

)1/2

<∞.

Then (3.1) and (3.2) are satisfied.

The control operator B : U → X is defined by

Bu =

n=∞∑
n=1

λn(ū, en)en,

where

ū =

{
un, n = 1, 2, · · ·N
0, n = N + 1, N + 2, · · · ,
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We see that B is a bounded continuous operator with M1 = NλN .
for N ∈ N and H1/2 : L2([0, 1], U) → X as follows:

H1/2u =

∫ 1

0

(1− s)1/2P1/2(1− s)Bu(s)ds.

Then

H1/2 =

∫ 1

0

(1− s)1/2
1

2

∫ ∞

0

θϕ1/2(θ)T ((1− s)1/2θ)Bu(s)dθds

=

∫ 1

0

(1− s)1/2
1

2

∫ ∞

0

θϕ1/2(θ)

i=∞∑
i=1

exp(λi(1− s)1/2θ)(Bu, ei)ei(s)dθds

=

∫ 1

0

(1− s)1/2
∞∑
i=1

∫ ∞

0

1

2
θϕ1/2(θ)

∞∑
j=0

λi(1− s)1/2θ)j

j!
(u, ei)ei(s)dθds

=

∫ 1

0

(1− s)1/2
∞∑
i=1

∞∑
j=0

(λi(1− s)1/2)j

Γ

(
1

2
+

1

2
j

) (u, ei)ei(s)ds

=

∞∑
i=1

∞∑
j=0

∫ 1

0

λji

Γ

(
1

2
+

1

2
j

) (1− s)
1+j
2 (u, ei)ei(s)

=

∞∑
i=1

∞∑
j=0

2λji

Γ

(
1

2
+

1

2
j

)
(3 + j)

(u, ei)ei(s)·

Then the assumptions A1, A2, A3, A4 and A5 hold, then by Theorem (3.1) the system (5.1)is exactly

controllable. Furthermore if c1 <
1∣∣∣A− 1

2

∣∣∣ , where c1 is a Lipshitz constant of the operator h, we deduce

from theorem (4.1) the existence of an optimal control for (4.1).

Conclusion

In this paper, we have established the exact controllability and we have treated the control optimal
problem for a class of fractional neutral evolution equations with non-local conditions involving Caputo
fractional derivative of order q ∈]0, 1[. Our work can be extended to the case of enlarged controllability
using different fractional derivatives such as in the works of Karite et al [38,39,40], where the authors
resolved the minimum energy problem using RHUM and a penalization approaches. Many questions
remain open, this is the case of regional controllability and regional optimal control for this kind of
problem and impulsive linear/semilinear systems with/without delay.
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