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Some Common Fixed Point Results on (v, ¢)-contraction

M. C. Arya, N. Chandra and Mahesh C. Joshi

ABSTRACT: The aim of the paper is to obtain common fixed point theorems for (1, ¢)-contraction under the
generalized rational type condition in a complete metric space. Moreover, these theorems generalize recent
well known results in the literature.
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1. Introduction

In 1976, Jungck [9] initiated the notion of commutativity of mappings and established a common
fixed point theorem on a complete metric space. In 1982, Sessa [18] also introduced the concept of weak
commutativity by weakening the commutativity and obtained some interesting results on the existence
of common fixed points. Further, Jungck [10] generalized the weak commutativity by a new notion of
compatible mappings. However, in 1996, Jungck [11] again introduced a more generalized concept known
as weakly compatiblity, and defined as follows.

Definition 1.1 ([11]). Let f and g be self mappings of a set X. Then the pair {f, g} is said to be weakly
compatible if they commute on the set of coincidence points, i.e., fgr = gfx whenever fx = gx for some
reX.

On the other hand, generalizing Banach contraction condition, Boyd and Wong [5] defined a new class
of contractive condition which is generally known as ¢-contraction. Further Alber et al. [2] generalized
this concept by introducing weak ¢-contraction and established a fixed point theorem for the mapping
satisfying such type of contractive condition. By the way, a self mapping T' on a metric space (X, d) is
said to be weak ¢-contractive if there exists a function ¢ : [0, +00) — [0, +00) with ¢(0) = 0 and ¢(t) > 0
for all ¢t > 0, such that d(Tz, Ty) < d(x,y) — ¢(d(z,y)) for each z,y € X. Thereafter, Rhoades [15] again
generalized the result of Alber et al. [2] and obtained the following interesting theorem.

Theorem 1.2 ([15]). Let (X, d) be a complete metric space and T : X — X such that, for every z,y € X,

where ¢ : [0, +00) — [0, +00) is a continuous and non-decreasing function with ¢(0) =0 and ¢(t) > 0 for
allt > 0. Then T has a unique fized point.

Now, for further discussions, we consider following classes of functions:

(C1) @ ={¢]|¢:[0,+00) — [0,400) is lower semi continuous with ¢(¢) > 0 for all ¢ > 0 and ¢(0) = 0}.
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(Ca) U ={¢|9:]0,+00) — [0,400) is continuous and nondecreasing with 1(¢) = 0 if and only if t = 0}.

Moreover, in 2008, Dutta et al. [17] generalized the ¢-contraction by a new extended class contractive
mappings known as (1, ¢)-contraction and established the following result.

Theorem 1.3 ([17]). Let X be a complete metric space and T : X — X such that, for every x,y € X,
Y(d(Tx, Ty)) < P(d(z,y)) — ¢(d(z,y)), (1.2)
where ¢ € ®, 9 € U. Then T has a unique fixed point in X .

Furthermore, in 2015, Murty et al. [14] also obtained the following common fixed point theorem for
(1, ¢)-contraction which generalizes various results in the literature.

Theorem 1.4 ([14]). Suppose that A, B, S and T are self mappings of a complete metric space (X,d),
A(X) CT(X), B(X) C S(X), and the pairs {A, S} and {B,T} are weakly compatible. If, for every
x,y € X with x # vy,
P(d(Az, By)) < (M (z,y)) — ¢(N(z,y)), (1.3)
where ¥ € ¥, ¢ € ® such that ¢ is discontinuous at t = 0, and
d(Azx, Sx) + d(By,Ty) d(Sxz,By)+ d(Ax,Ty) }
2 ’ 2

M(x,y) = max {d(Sm, Ty),

and

N(z,y) = min { A(52.Ty). d(Az,Sz) + d(By,Ty) d(Sx, By) + d(Az, Ty) } .

2 ’ 2
Then A, B, S, and T have a unique common fixed point in X .

Moreover, during last three decades, a number of researchers have extended and weakened (v, ¢)-
contractive condition in different settings and obtained several common fixed point theorems for pairs of
mappings (see, [1,3,4,6,7,8,12,13,14,16,17,19] and references therein).

Now, we are in a position to state and prove our results which have been obtained for mappings
satisfying a generalized rational type condition under the weak compatibility and (1, ¢)-contraction in
complete metric spaces as follow.

2. Main Results

Theorem 2.1. Suppose that A, B, S and T are self mappings of a complete metric space (X, d), A(X) C
T(X), B(X) C S(X), and the pairs {A, S} and {B,T} are weakly compatible. If, for every z,y € X,

Y(d(Az, By)) < (Mi(z,y)) — o(Ni(z,y)), (2.1)
where ¥ € ¥, ¢ € ® such that ¢ is discontinuous att =0, and
Ml(xay) = max {d(vaTy)vd(AxaSx)ad(Bvay)v

(d(By, Sx) —;— d(Az, Ty)) ’ <d(Sx, Ax) ';‘d(Tyv By)) ’ (2.2)
1+ d(Az, Sz) 1 +d(By,Ty)

0.1 (L5 ) =59 (T gy )

and
Ni(z,y) = min{d(Sz,Ty),d(Az,Sz),d(By,Ty),

<d(By, Sz) + d(Ax, Ty)> (d(Sw, Az) +d(Ty, By)) (2.3)
2 ’ 2 ’ .
1+ d(Az, Sz) 1 +d(By, Ty)

d(By, Ty) <m> d(Az, Sx) (W) }

Then A, B, S, and T have a unique common fized point in X, whenever one of the range A(X), B(X),
S(X), T(X) is closed in X.
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Proof. Let xy be an arbitrary point in X. Since A(X) C T(X), we can choose an z; € X such that
yo = Axg = Txy. Similarly, since B(X) C S(X), there exists an zo € X such that y; = Bz = Suo.
Continuing in this way, we construct a sequence {y, }nen, in X, where Ny = NU {0} and N is a set of
natural numbers, such that yo, 11 = Az, = Txo,+1 and Yo, = BXop 1 = STopia.

We shall now show that {y, }nen, is a Cauchy sequence in X. If ya,, = yap,41 for some n € Ny, it is
obvious to say that {y, }nen, is a Cauchy sequence. So, we assume the case when ya,, # yan+1 for every
n € Ny. Then, by taking = x9,,y = zo,41 in (2.2) and (2.3), we have

M (29n, Tant1) = max {d(Sﬂfzn, Txont1), d(Axay, Say,), d(Brayy1, Tont1),
(d(BI’2n+1, S«an) + d(A$27La Tx2n+l)) (d(Sx2na AxQn) + d(T$2n+l7 Bm2n+l))
2 ’ 2 ’

1+ d(A:EQn, Sl’gn)
14 d(Szan, Txan41)

1+ d(31’2n+17T~1’2n+1)> }
14 d(Swon, Txops1)

d(Bxap+1, TT2n+1) ( ) ,d(Azay,, Sxay) (

= max {d(y2n7 y2n+l)a d(y2n+17 yZn)a d(y2n+27 y2n+1)a

d(Yan+2,Y2n) + d(Yon+1, Yont1) d(Yon, Yant1) + d(Y2n+1, Y2n+2)
2 b 2 b
1+ d(yan+1, yzn)) (1 + d(y2n+2, y2n+1)>
R YLE 2 s }
(Y2nt2, Y2nt1) (1+d(y2n,y2n+1) (Y2n+1,Y2n) T d(yom, yons1)
_ d(Yant2, Y2n)
= max  d(Y2n, Y2n+1): AY2n+1:Y2n) AY2nt+2: Y2n+1), d(Y2n+2, Yant1), — 5 )

<d(y2n7y2n+1) + d(y2n+17y2n+2)) (o sr, yom) (1 + d(y2n+27y2n+l)>}

2 1 + d(y2n7 y2n+1)
and
Ni(zan, T2n41) = min {d(5$2n,T$2n+1),d(A$2n7 Swon), d(Bont1, TTant1),
(d(Bx27L+lj SmZn) + d(Al'va TerH»l)) (d(Sl'Zru Ax2n) + d(Tm27L+l7 B{EQVH»I))
2 ’ 2 ’

1+ d(Al‘2n7 SIZn)
1 + d(SfL'Qna Tx27L+1)

1+d(Bx2n+17TI2n+1)> }

Axoy,, n
),d( Tan, ST2 )( ]_+d(Sx2n,T1'2n+l)

d(BI2n+1,TI2n+1) <

= min {d(yQ’ru y2n+1)7 d(yZ'rH»h y2n)7 d(y2n+27 y2n+l)7

(d(y2n+27 Yon) + d(Y2n+1, y2n+1)) (d(yzm Yont1) + d(Yan+1, y2n+2))
2 b 2 b

1+ d(y2nt1,y2n) 1+ d(y2n+2;Y2n+1)
d T 9 T (—h 7d 15 bl n p — }
(Wans2, Yans1) (1 + d(Y2n: Y2n+1) (Wan+1, yon) 1+ d(yan, y2n+1)

. d Yon+2,Y2n
= min {d(y2n7 y2n+1)7 d(y2n+17 y2n)7 d(y2n+27 y2n+1)7 d(y2n+27 y2n+1), (% s

(d(y2n7y2n+1) + d(y2n+1:y2n+2)> d(yoms1, yan) <1 + d(y2n+27y2n+l))}

2 1 + d(y2n> y2n+1)
Now, if M1(z2n, T2n+1) = d(Y2n+1, Y2n+2) then

Y(d(y2n+1,Y2n+2)) = P(d(Az2n, Broni1))
V(M1 (220, T2n+1)) — (N1 (20, T2n41))
= Y(d(y2n+1,Y2n+2)) — ¢(N1(T2n, T2n41))
< P(d(y2n+1,Y2n+2),

IN

which is a contradiction. Therefore d(yan+2, Yon+1) < d(y2n, Yan+1), and

1+ d(y2nq2, y2n+1))

d(Y2n+1, Yont2) < d(yzmy2n+1)< 15 d(yam, yomss)
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which implies

1+ d(y2ni2, Y2nt1)
d mny n S d ns n .
(Y2n, Y2 +1)< T rm— (Y2n> Y2n+1)

Hence, M1 (Z2n, Tant1) = d(Yon, Y2nt1) and Ni(xap,, Toni1) = %. Using (2.1), we have
P(d(Y2nt1,Y2ns2)) = P(d(Azan, Brani1))
< Y(My(22n, Tont1)) — (N1 (T2n, Tant1))
< Y(dY2n, Y2nt1)) — (N1 (22n, Tani1))- (2.4)

This implies ¥(d(yan,yan+1)) for all n € Ny, and the sequence is monotonically decreasing of non-
negative real numbers. Hence, there exists r > 0 such that lim, o d(yon,Y2ntr1) = r. Moreover,
limy, 400 (M1 (22n, ont+1)) = ¥(r). Now, taking upper limits on each side of (2.4) to obtain the
following inequality

lim sup ¥ (d(yan+1, yan+2)) < limsup ¥ (d(y2n+1, Y2n)) — limsup ¢(N1 (w20, T2n11))-

n—-+oo n—-+4oo n—-+oo

Thus, the lower semi continuity of ¢ gives

Y(r) < (r) — limsup ¢(N1(z2n, T2n+1))-

n—-+oo

Therefore, by the property of ¢, we get a contradiction. Hence, we have

lim d(y2n,y2nt1) = 0.

n—-+oo

Similarly, taking © = x9,+1 and y = za,42 in (2.1) and arguing as above, we have

lim d(y2n+1,Y2n+2) = 0.

n—-+o0o

Therefore, for all n € Ny, we have

lim d(ygn, y2n+1) =0. (25)

n—-+oo

Next, we prove that {y, }nen is a Cauchy sequence in X. For this, it is sufficient to show {y2, }nen is a
Cauchy sequence in X. To the contrary, suppose {ya, }nen is not a Cauchy sequence, then there exists
an € > 0 and the sequence of natural numbers {2my}, {2n;} with 2my, > 2n; > k such that

d(Y2my s Y2n,,) > € and d(Y2m,—2, Y2n, ) < €.
Using (2.5) and the inequality
€ < dWamys Yoni) < d(Yony s Y2me—2) + d(Y2me—1, Y2m,—2) + d(Y2m,, —1, Y2m,.)
we get

lim  d(y2m, , Yon, ) = €. (2.6)

k—-+o0

Also (2.5), (2.6) and the inequality, d(yom, , Y2n,) < d(Y2m,,, Y2mi+1) + AY2m,+1, Y2n,, ), vield

e < lim d(Yamu+1,Y2n,),
k—+o0
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and (2.5), (2.6) and the inequality, d(yam,+1,Y2n,) < d(Y2m,+1s Ymy) + AY2m,» Y2n, ), yield that
kli_{go d(Y2my+1, Yan,) < €.
Hence, we obtain

lim d(y2mk+17y2nk) =€ (27)

k— 400

In similar manner, it can be shown that

kgr-l{loo d(mek 9 yQTLk*l) - kl{r_"l:loo d(yQ’l’kalv y?nk+1) = €. (2'8)
Now, we find
Mi(xom,—1,%2n,—1) = max {d(Smmrthznkq), A(Azom, —1,5%2m, —1), d(Bxon, —1,TTon,—1),
d(Bxan,—1,STom, —1) + d(Axom, —1, TTon,—1)
2 b
(d(5$2mk1, Axom, —1) + d(T2on, —1, Bx2nk1))
2 b

1+dAxm — ,Sxm -
d(Bxanl’Tx2nk1)( ( 2mp—1 2my, 1))>7

1+ d(SZ‘ka_l, Txan—l
1+ d(Bzan, 1, Ta:znk—l)) }
1+ d(Smekfla Tx?nk,*l)

d(A$2mk—17 Smek—l) (

= max {d(mekJrla Yoy ) A(AT2m, —1, STom, —1), d(Brap, —1, TT2p, 1),
(d(Bxanla Sxomy—1) + d(Axopm, 1, Txanl))

2
(d(ngmkl, Azom,—1) + d(Txapn, —1, Brap, —1)

B )
1+ d(AZ‘ka_l, SZ‘ka_l))
1+d(S{E2mk,1,T£C2nk,1) ’
1+ d(Bwan, -1, Tank_l)) }
1+ d(S{Ekafl, Txgnk,l)

d(Bzan,—1, TTon, 1) (

d(A$2mk—17 Smek—l) (

and

d(Bxop,—1,5%am,—1) + d(Az2m,—1, TT2n,—1)
2
d(STomy—1,AZom, —1) + A(T22n,—1, Bxon, —1)
2
)
)

Ni(T2m),—1, T2n, —1) = min {d(szmrh Txon, 1), d(Axom, —1,STom, 1), d(Bxan, —1, T2on, 1),

1+ d(AZ‘ka_l, SZ‘ka_l

1+ d(S{Ekafl, Txgnk,1 )
1+ d(Bwxan, -1, Tank_l)) }
1 + d(S{Ekafl, Txgnk,l)

d(Bzan,—1, TTon, —1) (

d(A$2mk—17 Smek—l) (
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Zmin{d(mekH,yznk),d(Amek 1, S%om, 1), d(Bxap, —1, TTon, —1),

d(BZan 1, S%om, — 1) + d(A$2mk 1, T w0y, — 1
2
d(S$2mk 1, A$2mk 1) + d(TZ‘an 1 Bank 1
2
1+ d(Azam, 1, S72m 1>>
d(B Mg — aT N — — —
( ZTo 1 T2 1) (1 + d(Smek 1,Tx2nk 1)

1+ d(Bxan, -1, TT2n, —
d(AIEQm,cflaSiU?mk*l) ( ( - 1 : 1%) }

1+ d(SZ‘ka_l, Txan—l

Thus, using (2.2), (2.5), (2.6), (2.7) and (2.8), we have limy_, oo M1(Z2m,_,,T2n,_,) = € and
limy 400 N1(Z2m,_,s Tan,_,) = 0 Moreover, by taking © = oy, —1 and y = Tap,—1 in (2.1), we get

¢(d(y2mk7y2nk+1)) = w(d(AxQTnk—l7Bx2nk—l))
< P(Mi(z2m,_ 1 Ton, 1) — O(N1(T2my 1, Ton, )

Therefore, taking the limit as kK — 400, we get ¥(e) < ¥(e) — ¢(N1(x2m,_,,T2n, ,)), which is a con-
tradiction for € > 0 (due to discontinuity of ¢ at ¢ = 0). Hence {yan}nen is a Cauchy sequence in
X.

Thus, in both cases, it has been shown that {y, }nen, is a Cauchy sequence in X. Since X is complete,
it has a limit in X, say z. We shall now show that z is a common fixed point for mappings A and S. It
is clear that

lim yopy1 = lim Axg, = lim Txo,iq = 2,
n—-+oo n—-+oo n—-+4oo

and

lim yopyo = lim Bxo,i1 = lim Sxo,io = 2.
n—-+oo n—-+oo n—-+oo

Assuming that S(X) is closed, there exists a u € X such that z = Su. We claim that Au = z. If not,
then

Mi(u,zon41) = max{d(Su,Tx2n+1),d(Au,Su),d(Bx2n+1,Tx2n+1),

(d(BJZQTH_l, S’U,) + d(Au, TZ‘Qn_H)) (d(S’U,, Au) + d(T$2n+1, B$2n+1))
2 ’ 2 ’

1+ d(Au, Su 1+ d(Bropt1, Txop
d(3x2”+1’Tx2”+1)(1 +d(sgL Tzs L))’d(A“’S“)( 1 —|—(d(;u+71’x2 iJl))}

and

Ni(u,xon+1) = mil'l{d(SU,Tx2n+1),d(AU,SU),d(Bx2n+1,Tx2n+1),

(d(Bx2n+1, Su) + d(Au, Tx2n+1)) (d(Su, Au) + d(Txop41, Bx2n+1))
2 ’ 2 ’

1+ d(Au, Su 1+ d(Bzropy1, Txop
d(Bx2"+1’Tx2”+1)(1 +d(52 Ts il))’d(A“’S“)( 1—|—(d(8'2u+;’x2 il)ﬂ))}'

Taking the limit as n — +o00, we get

lim M;(u,x2n4+1) = d(Au,z) and  lim Ny (u, x2,41) = 0.

n—-+400 n—-+oo

Therefore, by (2.1), we have

Y(d(Au, Brani1)) < P(Mi(u, 22n41)) — ¢(N1(u, 22n41),
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which, taking the limit as n — 400, implies that
Y(d(Au, 2)) < P(d(Au, 2)) — ¢(N1(u, Tant1),

a contradiction for d(Au,z) > 0. Hence Au = z, and Au = Su = z. Since the mappings A and S are
weakly compatible, Az = ASu = SAu = Sz.
Next we claim that Az = z. If not, we find

Mi(z,x9n4+1) = max {d(Sz, Txony1),d(Az,S2),d(Bxont1, Tront1),
(d(Bx2n+1, SZ) + d(AZ, TxgnJrl)) (d(SZ, AZ) + d(TLCQnJrl, Bx2n+1))
2 ’ 2 ’
1+ d(AZ, SZ) 1+ d(B$2n+1, TZ‘Qn_H)
B 7 )T n b A ?
d(Bran 1, Tz +1)(1 + d(Sz,TxgnH)) d(Az Sz)( 1+d(Sz,Trant1) )}
and
Ni(z,22,4+1) = min {d(Sz, Txony1),d(Az,S2),d(Bxant1, Tront1),
(d(BﬂZ‘Qn_H, SZ) + d(AZ, Tx2n+1)) (d(SZ, AZ) + d(T$2n+1, B$2n+1))
2 ’ 2 ’

1+d(Az,Sz)
14+ d(Sz,Tx2n+1)

1+ d(Bzant1, TTont1) ) }

d(Bzapt1, Txop
(Bxopy1, Tz +1)( 14+d(Sz, T2ony1)

) ,d(Az,Sz) (
Taking the limit as n — +o00, we get

lim M;i(z,xon41) = d(Sz,2) = d(Az, 2).

n—4oo

Using (2.1), we have

Y(d(Az, Brant1)) < Y(Mi(z, 22n41)) — ¢(N1(2, T2n+1))

which, on taking limit as n — +oo, gives

P(d(Az, 2)) < (d(Az, 2)) — ¢(d(Az, 2)),

a contradiction for d(Az, z) > 0. Therefore Az = z.

Moreover, we show that z is a fixed point for mappings B and T'. Since A(X) C T'(X), there is some
v € X such that Az = Tv. Then Az = Tv = Sz = z. We claim that Bv = z. If not then by (2.1), we
have

¥(d(z, Bv)) = ¢(d(Az, Bv))
< ¢(M1(Z,U)) - ¢(N1(Z,U))
= ¢(d(BU,Z)),

a contradiction for d(Bwv, z) > 0, hence Bv = z. Thus Bv = Tv = z, and by the weak compatibility of
mappings B and T', we get Bz = BTv =TBv =Tz. If Bz # z then by (2.1), we have

¥(d(z, Bz)) = 4(d(Az, Bz))
< w(Ml(zaz))_qb(Nl(sz))
P(d(z,Tz)) = ¢(N1(2, 2)) = P(d(2, B2)) = 6(N1(z, 2)),
a contradiction for d(z, Bz) > 0. Hence Az = Bz = Sz = Tz = z. A similar analysis is also valid for

the case in which T'(X) is closed as well as for the cases in which A(X) or B(X) is closed. Also, the
uniqueness of the common fixed point z follows from (2.1). O
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Remark 2.2. Our Theorem 2.1 also generalizes the results in [3], [4], [7], [13], ([14], Theorem 1.4),
([17], Theorem 1.3), ([15], Theorem 1.2) and many others.

Now, we obtain some special cases of our Theorem 2.1 in the form of corollaries as follow.

Corollary 2.3. Suppose that A, B, S and T are self mappings of a complete metric space (X, d), A(X) C
T(X), B(X) C S(X), and the pairs {A, S} and {B,T} are weakly compatible. If, for every z,y € X,

Y(d(Azx, By)) < w<max{ (By,Ty)(M),d(Ax,Sx)(M),d(Sx,Ty)}>

1+d(Sx,Ty) 1+ d(Sx,Ty)
- (mm{ (By,Ty)(%),d(Ax,Sx)(%),d(Sx,Ty)}) ,

where ¢ € ®, 1) € W Then A, B, S, and T have a unique common fixed point in X, whenever one of the
range A(X), B(X),S(X),T(X) is closed in X.

Corollary 2.4. Suppose A,B,S and T are self mappings of a complete metric space (X,d), A(X) C
T(X), B(X) C S(X), and the pairs {A, S} and {B,T} are weakly compatible. If, for every z,y € X,

wtdar. 5y) < b (ma {aBy. 7o) (P g ) ) = o (min {amn o) (Fr5m70 )}
P(d(Az, By)) < <max{ (Az, Sx)(%) }) —¢ <min {d(Aa:, Sx)(%) }) )

where ¢ € ® and yp € V. Then A, B, S, and T have a unique common fized point in X, whenever one of
the range A(X), B(X),S(X),T(X) is closed in X.

Also, by taking S =T = I (identity mapping) in Theorem 2.1, we obtain the following.

Corollary 2.5. Let (X,d) be a complete metric space and let A, B : X — X be two mappings such that,
for every x,y € X,

wlaan ) < o (max a0 (5070 e} )

=0 (min {a(89) (557 e} )

or

Y(d(Az, By)) < w<max{d(x,Ax)(%?x”B£)),d(x7y)}>

- (mm{ (x,Ax)(%),d(m,y)}) ,

where ¢ € ® and 1y € . Then A and B have a unique common fized point in X .

However, if we assume A = B and S = T = I (identity mapping) in Theorem 2.1, we have the
following.

Corollary 2.6. Let (X,d) be a complete metric space and let A : X — X be a mapping such that, for
every x,y € X,

wlatany) < o (o fat an) (TGS e, ) (LA o} )
0 (min {aty 49) (T o o) (T2 e} ).
where ¢ € ® and Y € V. Then A has a unique fixed point in X.
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Hereto, we have obtained another result for mappings satisfying a generalized rational type condition
under the weak compatibility and (v, ¢)-weak contraction in complete metric spaces. This result also
generalizes many other results in the literature.

Theorem 2.7. Suppose that A, B, S and T are self mappings of a complete metric space (X, d), A(X) C
T(X), B(X) C S(X), and the pairs {A, S} and {B,T} are weakly compatible. If, for every z,y € X,

Y(d(Az, By)) < p(Mi(xz,y)) — ¢(Mi(z,y)), (2.9)

where v € ¥, ¢ € O such that ¢ is discontinuous at t = 0, and My (z,y) is defined by (2.2). Then A, B, S,
and T have a unique common fized point in X, whenever one of the range A(X), B(X),S(X),T(X) is
closed in X.

Proof. By property of function 1, we have ¢(Ny(z,y)) < ¢(Mi(x,y)), and therefore

Y(d(Az, By)) P(My(z,y)) — (M (z,y))
¢(M1(Z‘, y)) - ¢(N1 (33‘, y))

IN N

Hence, Theorem 2.1 completes the proof. O

Here, we give the following example for the vindication of our result (Theorem 2.1) on (v, ¢)-
contraction.

Example 2.8. Let X = {(1,1),(1,4),(4,1),(4,5),(5,4)} be endowed with metric d defined by

d((z1,22), (y1,92)) = |21 — y1| + |22 — ¥2l-
Suppose A, B, S, T : X — X are such that

B (1) ifx <o
A($1,$2) o B(ml’ZQ) o { (1,%2) fol > ZIo.
5(1‘1,1‘2) = T(l‘l,xg) = (xl,xg).
Choose ¥(t) = t and ¢(t) = ¢. Clearly, mappings A,B,S,T do not satisfy the condition (1.3) of
Theorem 1.4. To see this, at x = (4,5) and y = (5,4), we have d(Ax, By) =6, M (z,y) =4, N(z,y) = 2,
Mi(z,y) = 2 and Ni(z,y)) = 2. Then, ¢(d(Az, By)) < (M(z,y)) — ¢(N(z,y)) implies 6 < 4 — 3,
which is not possible. Hence the condition (1.3) is not salisfied. Howewver, the condition (2.1) of our

Theorem 2.1 is satisfied for all x,y € X and (1,1) is the only common fixed point. Moreover, it is clear
that A(X) CT(X),B(X) C S(X), and the pairs {A,S},{B,T} are weakly compatible.
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