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Three weak solutions for a class of fourth order p(x)-Kirchhoff type problem with

Leray-Lions operators
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abstract: In this work, we study the multiplicity of a weak solution for a fourth order p(x)-Kirchhoff
type problem involving the Leray-Lions type operators with no flux boundary condition. By using variational
approach and critical point theory, we determine an open interval of parameters for which our problem admits
at least three distinct weak solutions.
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1. Introduction

The purpose of the present paper is to study the following Kirchhoff type problem with no flux boundary
condition

(Pλ)





M(L(u))

(
∆(a(x, ∆u)) + b(x)|u|p(x)−2u

)
= λ

[
f(x, u) − g(x, u)

]
in Ω

u = constant, ∆u = 0 on ∂Ω,∫

∂Ω

∂

∂n
a(x, ∆u)ds = 0,

where Ω ⊂ R
N (N ≥ 2) is a bounded domain with a smooth boundary ∂Ω, λ is a positive parameter,

p(x) ∈ C+(Ω) =

{
h ∈ C(Ω) and h− = min

x∈Ω
h(x) > 1

}
is a log-Hölder continuous function, that is, there

exists C > 0 such that

|p(x) − p(y)| ≤
C

−log|x − y|
for all x, y ∈ Ω, with 0 < |x − y| ≤

1

2
.

The functions f, g : Ω × R → R will be specified later, b(x) is a weight function and a : Ω × R → R is
a Carathéodory function satisfying certain conditions which will be stated later on. The functional L is
defined by

L(u) =

∫

Ω

[
A(x, ∆u) +

b(x)

p(x)
|u|p(x)

]
dx. (1.1)

The research on Kirchhoff-type problems has aroused great interest over recent years because of their
applications to many fields. Indeed, this type of equation arise in various models of physical and biological
systems. Specifically, in [16], Kirchhoff has introduced the model given by the equation

ρ
∂2u

∂t2
−

(
P0

h
+

E

2L

∫ L

0

|
∂u

∂x
|2dx

)
∂2u

∂x2
= 0, (1.2)
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which extends the classical D’Alembert’s wave equation, by considering the effect of the changing in
the length of the string during the vibration. A distinct feature is that the (1.2) problem contains a

nonlocal coefficient P0

h
+ E

2L

∫ L

0
| ∂u

∂x
|2dx which depends on the average 1

2L

∫ L

0
| ∂u

∂x
|2dx. The parameters in

this equation have the following meanings: L is the length of the string, h is the area of the cross-section,
E is the Young modulus of the material, ρ is the mass density and P0 is the initial tension. After the
work by Lions [19], various equation of the Kirchhoff type have been studied in the case p-Laplacian
and p(x)-Laplacian operator (see [1,7,24]). Other authors have been interested in the Kirchhoff problems
governed by the p(x)-biharmonic operator (see for example [12,22,23]).

In this work, we are going to consider more general operators, namely, the Leray-Lions operators that
are bearing the names of the mathematicians who introduced them to the mathematical literature [18].
More precisely, we are interested in the Kirchhoff problems involving the operators

∆(a(u, ∆u)),

where a is a function which satisfies some suitable conditions. Boureanu in [4] is the first who treated
one class of fourth-order elliptic problem with variable exponent and Leray-Lions type operators. Kefi
et al. in [13,14] were interested in the problems that involve the latter kind of operators, where they
treated the following problems

∆(a(u, ∆u)) = λf(x, u) and ∆(a(u, ∆u)) = λV (x)|u|q(x)−2u,

with Navier boundary condition

u = ∆u = 0 on ∂Ω,

they showed the existence of at least three weak solutions by using the variational methods and by
applying a multiplicity Theorem of Bonanno and Marano [3].
Recently, Al-Shomrani et al. [15] have studied the following problem

(P )





∆(a(x, ∆u)) + b(x)|u|q(x)−2u = λ

(
V1(x)|u|l(x)−2u − V2(x)|u|β(x)−2u

)
in Ω

u = ∆u = 0 on ∂Ω,

where V1 and V2 are two functions satisfying
(H) There exist s1, s2 ∈ C(Ω), such that Vi ∈ Lsi(x)(Ω), (i = 1, 2) with V2 ≥ 0 ∈ Ω and V1 > 0 ∈ Ω0 ⊂⊂
Ω, with |Ω0| > 0,
with this latter hypothesis and by using variational methods the authors proved the existence of a weak
solution to problem (P ).

Inspired by the above mentioned papers, we discuss in this article the multiplicity of weak solutions
of the fourth order problem (Pλ) which combines the Kirchhoff function, the Leray-Lions type operators
and the no flux boundary condition.
Noting that our problem is different from the work [15] and, more importantly, our different strategy
gave us three weak solutions; moreover, we have another strong point which is the two weights functions
m and n change signs in Ω.

In the sequel, if h ∈ C+(Ω), we denote by h
′

(x) the conjugate exponent of h(x).
We assume that the function a satisfies:
(A1) a : Ω × R → R is a Carathéodory function and a(x, 0) = 0 for a.e. x ∈ Ω;
(A2) a satisfies the growth condition |a(x, t)| ≤ c0(d(x) + |t|p(x)−1) for a.e. x ∈ Ω and for all t ∈ R, for

some constant c0 > 0 and nonnegative function d(x) ∈ Lp
′

(x)(Ω) (where 1
p(x) + 1

p
′ (x)

= 1);

(A3) The monotonicity condition [a(x, s) − a(x, t)](s − t) ≥ 0 for a.e. x ∈ Ω and for all s, t ∈ R with
equality if and only if s = t;
(A4) There exists 0 < c1 < 3min{1, c0} such that

c1|t|p(x) ≤ a(x, t)t ≤ p(x)A(x, t) for a.e. x ∈ Ω and all t ∈ R,
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where c0 is the one from (A2) and A : Ω × R → R is the antiderivative of a, that is,

A(x, t) =

∫ t

0

a(x, s)ds.

This set of hypotheses is only natural when we think at the operators that can be obtained from it by

making the suitable choices. Indeed, for A(x, s) =
1

p(x)
|s|p(x) we deduce that a(x, s) = |s|p(x)−2s and for

s = ∆u we arrive to the p(·)-biharmonic operator

∆(a(x, ∆u)) = ∆(|∆u|p(x)−2∆u) = ∆2
p(x)u.

A second well-known example of operator arises when we choose

A(x, s) =
1

p(x)

[(
1 + |s|2

) p(x)
2

− 1

]
,

thus a(x, s) =
(

1 + |s|2
) p(x)−2

2

s and for s = ∆u we obtain the operator

∆(a(x, ∆u)) = ∆
((

1 + |∆u|2
) p(x)−2

2

∆u
)

.

Now we give the assumptions concerning the function M and the weight b:
(H1) M : R+ → R

+ is continuous and verifies

a1tα−1 ≤ M(t) for all t ≥ 0 where α > 1 and a1 > 0.

(H2) b ∈ L∞(Ω) and there exists b0 > 0 such that b(x) ≥ b0 for all x ∈ Ω.

The functions f, g : Ω × R → R are defined by :

f(x, t) =

{
m(x)|t|q1(x)−2t |t| ≥ 1

m(x)|t|r1(x)−2t |t| < 1,

and

g(x, t) =

{
n(x)|t|q2(x)−2t |t| ≥ 1

n(x)|t|r2(x)−2t |t| < 1,

such that the weights m, n and the variable exponents qi(x), ri(x)(i = 1, 2) check

(H3) m ∈ Lβ1(x)(Ω), where β1, q1, r1 ∈ C+(Ω) and
1

p∗
2(x)

+
1

β1(x)
<

1

r1(x)
<

1

q1(x)
for all x ∈ Ω, where

p∗
2(x) =





Np(x)

N − 2p(x)
if p(x) <

N

2
,

+∞ if p(x) ≥
N

2
.

(H4) n ∈ Lβ2(x)(Ω), where β2, q2, r2 ∈ C+(Ω) and
1

p∗
2(x)

+
1

β2(x)
<

1

r2(x)
<

1

q2(x)
for all x ∈ Ω.

(H5) There exists a ball Bη(x0) of centre x0 ∈ Ω and Radius η > 0 such that Bη(x0) ⊂⊂ Ω and m(x) > 0,
n(x) < 0 for a.e. x in Bη(x0).

Now, we give our main results.

Theorem 1.1. Assume hypotheses (A1)-(A4) and (H1)-(H5) are fulfilled, such that q+
1 < q+

2 < αp− <
αp+ < r−

1 < r−
2 .

Then there exist an open interval Λ ⊂ [0, δ] and a constant σ > 0 such that for all λ ∈ Λ problem (Pλ)
has at least three weak solutions whose norms are less than σ, where δ will given later one.

The remainder of this paper is arranged as follows: in Section 2, we review some basic knowledge of
the variable exponent Lebesgue and Sobolev spaces. In Section 3, we give the proof of our main result.
We denote by X

′

the dual of Banach space X and by 〈., .〉 the duality pairing between X
′

and X .
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2. Preliminaries

We recall the definitions of the variable exponent Lebesgue and Sobolev spaces and some of their
basic properties, but much more details can be found in the monograph by Rădulescu and Repovš [21]
and the references therein.
Let p(x) be a log-Hölder continuous with 1 < p− ≤ p+ < ∞.
We define the Lebesgue variable exponent space as

Lp(x)(Ω) =

{
u : Ω → R measurable function such that :

∫
Ω|u|p(x) dx < ∞

}
,

which is endowed with the following norm

|u|p(x)= inf

{
µ > 0 :

∫

Ω

∣∣∣∣
u(x)

µ

∣∣∣∣
p(x)

dx ≤ 1

}
.

(
Lp(x)(Ω), |·|p(x)

)
is a separable and reflexive Banach space, (see [17]).

The modular on the space Lp(x)(Ω) is the map ρ : Lp(x)(Ω) → R defined by

ρ(u) =

∫

Ω

|u(x)|p(x)dx for all u ∈ Lp(x)(Ω).

The next proposition states the relation between norms and the modular.

Proposition 2.1. (see [11], Theorem 1.3 and Theorem 1.4). For u ∈ Lp(x)(Ω) and (un) ⊂ Lp(x)(Ω), we
have

(i) |u|p(x) > 1 ⇒ |u|p
−

p(x) ≤ ρ(u) ≤ |u|p
+

p(x);

(ii) |u|p(x) < 1 ⇒ |u|p
+

p(x) ≤ ρ(u) ≤ |u|p
−

p(x);

(iii) |un|p(x) → 0(→ ∞) ⇔ ρ(un) → 0(→ ∞);

(iv) |un − u|p(x) → 0 ⇔ ρ(un − u) → 0.

From the previous proposition we get the Hölder type inequality.

Proposition 2.2. (see [17], Theorem 2.1). For any u ∈ Lp(x)(Ω) and v ∈ Lp
′

(x)(Ω), we have the Hölder
type inequality ∣∣∣∣

∫

Ω

u(x)v(x) dx

∣∣∣∣ ≤

(
1

p−
+

1

p′−

)
|u|p(x)|v|p′ (x) ≤ 2|u|p(x)|v|p′ (x),

where Lp
′

(x)(Ω) is a conjugate space of Lp(x)(Ω).

Similarly, if r1, r2, r3 ∈ C+(Ω) such that
1

r1(x)
+

1

r2(x)
+

1

r3(x)
= 1, then

∣∣∣∣
∫

Ω

u(x)v(x)w(x) dx

∣∣∣∣ ≤ 3|u|r1(x)|v|r2(x)|w|r3(x), (2.1)

for all u ∈ Lr1(x)(Ω), v ∈ Lr2(x)(Ω) and w ∈ Lr3(x)(Ω), (see [10], Proposition 2.5).

Theorem 2.3. ( [20], Theorem 2). Let h : Ω × R
M → R be a Carathéodory function which satisfies the

growth condition

|h(x, u)| ≤ c1(x) + c(x)
M∑

i=1

|ui|
p1(x)

p2(x) , x ∈ Ω , u ∈ R
M ,

where c1 ∈ Lp2(·)(Ω) and c is a non negative function with 1 ≤ c− ≤ c+ < ∞.
Then the Nemytsky operator Nh that maps an M-tuple of functions (u1, u2, · · · uM ) into

Nh(u1, u2, · · · , uM )(x) = h(x, u1(x), · · · , uM (x)) x ∈ Ω,

is well-defined, bounded and continuous from [Lp1(·)(Ω)]M into Lp2(·)(Ω).
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We also recall the following proposition, which will be needed later.

Proposition 2.4. (see [8], Lemma 2.1). Let p and q be measurable functions such that p ∈ L∞(Ω) and
1 < p(x)q(x) ≤ ∞, for a.e. x ∈ Ω. Let u ∈ Lq(x)(Ω) such that u 6= 0. Then

(i) |u|p(x)q(x) ≤ 1 ⇒ |u|p
+

p(x)q(x) ≤
∣∣|u|p(x)

∣∣
q(x)

≤ |u|p
−

p(x)q(x);

(ii) |u|p(x)q(x) ≥ 1 ⇒ |u|p
−

p(x)q(x) ≤
∣∣|u|p(x)

∣∣
q(x)

≤ |u|p
+

p(x)q(x).

In the sequel, we give the definition of the Sobolev spaces W k,p(x)(Ω) :

W k,p(x)(Ω) =
{

u ∈ Lp(x)(Ω) : Dαu ∈ Lp(x)(Ω), |α| ≤ k
}

,

where Dαu =
∂|α|u

∂xα1

1 ∂xα2

2 . . . ∂xαN

N

, with α = (α1, α2, . . . , αN ) is a multi-index such that |α| =
∑N

i=1 αi.

The space W k,p(x)(Ω) endowed with the norm

‖u‖W k,p(x)(Ω) =
∑

|α|≤k

|Dαu|p(x),

becomes a separable and reflexive Banach space. For more details we can see ( [17]). The log-Hölder
continuity of p(x) plays a decisive role in the following density results.

Theorem 2.5. (see ( [6], Section 6.5.3). Assume that Ω ⊂ R
N (N ≥ 2) is a bounded domain with

Lipschitz boundary and p(x) is log-Hölder continuous with 1 < p− ≤ p+ < ∞. Then C∞(Ω) is dense in
W k,p(x)(Ω).

Moreover, the following embedding theorem takes place.

Theorem 2.6. (see ( [6], Section 6) and ( [11], Theorem 2.3) ). Let us consider q ∈ C(Ω) such that
1 < q− ≤ q+ < ∞ and q(x) ≤ p∗

k(x) for all x ∈ Ω, where

p∗
k(x) =





Np(x)

N − kp(x)
if p(x) <

N

k
,

+∞ if p(x) ≥
N

k
,

for any x ∈ Ω and k ≥ 1. Then there is a continuous embedding

W k,p(x)(Ω) →֒ Lq(x)(Ω).

If we have q(x) < p∗
k(x) for all x ∈ Ω the embedding becomes compact.

We denote by W
1,p(x)
0 (Ω) the closure of C∞

0 (Ω) in W 1,p(x)(Ω).

Due to the log-Hölder continuity of the exponent p(x), the space W
1,p(x)
0 (Ω) coincides with

W
1,p(x)
0 (Ω) =

{
u ∈ W 1,p(x)(Ω) : u = 0 on ∂Ω

}
.

As a consequence of the Poincaré inequality, ‖u‖W 1,p(x)(Ω) and |∇u|p(x) are equivalent norms on

W
1,p(x)
0 (Ω). Therefore, for any u ∈ W

1,p(x)
0 (Ω) we can define an equivalent norm ‖u‖

W
1,p(x)
0 (Ω)

such

that
‖u‖

W
1,p(x)
0 (Ω)

= |∇u|p(x),

and which makes W
1,p(x)
0 (Ω) a separable and reflexive Banach space (see [11]).

The space W 2,p(x)(Ω) ∩ W
1,p(x)
0 (Ω) equipped with the norm

‖u‖
W 2,p(x)(Ω)∩W

1,p(x)
0 (Ω)

= ‖u‖W 2,p(x)(Ω) + ‖u‖
W

1,p(x)
0 (Ω)

= |u|p(x) + |∇u|p(x) +
∑

|α|=2

|Dαu|p(x)
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is a separable and reflexive Banach space.
Moreover, we know that ‖u‖

W 2,p(x)(Ω)∩W
1,p(x)
0 (Ω)

and |∆u|p(x) are equivalent norms on W 2,p(x)(Ω) ∩

W
1,p(x)
0 (Ω), (see [25], Theorem 4.4).

Let

‖u‖b = inf

{
ω > 0 :

∫

Ω

(∣∣∣∣
∆u(x)

ω

∣∣∣∣
p(x)

+ b(x)

∣∣∣∣
u(x)

ω

∣∣∣∣
p(x)
)

dx ≤ 1

}
,

where b(x) satisfies (H2), this norm represents a norm on both W 2,p(x)(Ω) and

W 2,p(x)(Ω) ∩ W
1,p(x)
0 (Ω) and it is equivalent to the usual norm defined here, (see [9], Remark 2.1). In

this work, we need to choose a variable exponent space that is appropriate for our study. Therefore, we
introduce the following space

V =
{

u ∈ W 2,p(x)(Ω) : u|∂Ω≡ constant
}

,

this space is a closed subspace of the separable and reflexive Banach space W 2,p(x)(Ω) equipped with the
usual norm, so

(
V, ‖ · ‖W 2,p(x)(Ω)

)
is a separable and reflexive Banach space (see [5], Theorem 4 ).

Thereafter, we consider the modular Φ : V → R defined by

Φ(u) =

∫

Ω

[
|∆u|p(x) + b(x)|u|p(x)

]
dx,

which verifies the following properties

Proposition 2.7. (See [5], Proposition 1). For u ∈ W 2,p(x)(Ω)and (un) ∈ W 2,p(x)(Ω), we have

(i) ‖u‖b < 1(= 1; > 1) ⇔ Φ(u) < 1(= 1; > 1);

(ii) ‖u‖b ≥ 1 ⇒ ‖u‖p−

b ≤ Φ(u) ≤ ‖u‖p+

b ;

(iii) ‖u‖b ≤ 1 ⇒ ‖u‖p+

b ≤ Φ(u) ≤ ‖u‖p−

b ;

(iv) ‖un‖b → 0(→ ∞) ⇔ Φ(un) → 0(→ ∞).

Proposition 2.8. (See [4], Proposition 3, 5 and Theorem 3.2 ). Let the functional L : V → R defined
in (1.1) by

L(u) =

∫

Ω

[
A(x, ∆u) +

b(x)

p(x)
|u|p(x)

]
dx.

Then we have

(i) The functional L is of class C1, with derivative defined by :

〈L′(u), h〉 =

∫

Ω

a(x, ∆u)∆hdx +

∫

Ω

b(x)|u|p(x)−2uhdx for all h ∈ V.

(ii) L is sequentially weakly lower semicontinuous, that is, for any u ∈ V and any subsequence (un) ⊂ V
such that un ⇀ u in V , there holds

L(u) ≤ lim inf
n→∞

L(un).

(iii) The mapping L′ : V → V ′ is of type (S+), that is, un ⇀ u and

lim sup
n→∞

〈L′(un), un − u〉 ≤ 0 imply that un −→ u.

The remark below of the embedding will be very useful for us in the following.

Remark 2.9. Assume that assumption (H3)-(H4) are fulfilled, then ri(x)β
′

i(x) < p∗
2(x), qi(x)β

′

i(x) <

p∗
2(x) and θi(x) =

βi(x)qi(x)

βi(x) − qi(x)
< p∗

2(x) (i = 1, 2) for all x ∈ Ω. Therefore, the embeddings V →֒

Lri(x)β
′

i(x)(Ω), V →֒ Lqi(x)β
′

i(x)(Ω) and V →֒ Lθi(x)(Ω) (i = 1, 2) are compact.
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3. Main result

In this part, we present the proof of Theorem 1.1. First, we introduce the definition of a weak solution to
our problem. Applying Green’s formula and taking into account the fact that V is a closed subspace of
(W 2,p(x)(Ω), ‖ · ‖W 2,p(x)(Ω)) together with the density result in Theorem 2.5 and the boundary conditions,
we arrive at the following formulation.

Definition 3.1. We say that the function u ∈ V is a weak solution of problem (Pλ) if and only if

M(L(u))

(∫

Ω

a(x, ∆u)∆hdx +

∫

Ω

b(x)|u|p(x)−2uhdx

)

=λ

[∫

Ω

f(x, u)hdx −

∫

Ω

g(x, u)hdx

]
, for all h ∈ V.

Consider the functional Jλ : V → R defined by

Jλ(u) = J1(u) − λJ2(u) + λJ3(u),

where

J1(u) = M̂(L(u)), J2(u) =

∫

Ω

F (x, u)dx and J3(u) =

∫

Ω

G(x, u)dx (3.1)

such that

M̂(t) =

∫ t

0

M(s)ds, F (x, t) =

∫ t

0

f(x, s)ds and G(x, t) =

∫ t

0

g(x, s)ds.

The proof of Theorem 1.1 requires the following results.

Lemma 3.2. The operators : u ∈ Lq1(x)(Ω) 7→ k(., u(.)) ∈ Lq
′

1(x)(Ω) and u ∈ Lβ
′

1(x)q1(x)(Ω) 7→

K(., u(.)) ∈ Lβ
′

1(x)(Ω) such that

k(x, u(x)) =

{
|u(x)|q1(x)−2u(x), |u(x)| ≥ 1
|u(x)|r1(x)−2u(x), |u(x)| < 1

and

K(x, u(x)) =





1

q1(x)
|u(x)|q1(x), |u(x)| ≥ 1

1

r1(x)
|u(x)|r1(x), |u(x)| < 1

are continuous.

Proof. we have k, K : Ω × R → R are Carathéodory functions and we can see that

|k(x, u(x))| ≤ |u(x)|q1(x)−1 = |u(x)|

q1(x)

q
′

1
(x)

and

|K(x, u(x))| ≤
1

q−
1

|u(x)|q1(x) =
1

q−
1

|u(x)|

β
′

1
(x)q1(x)

β
′

1
(x) .

Thus from Theorem 2.3, we conclude our proof. �

By procceding similarly to ( [23], Proposition 7), one can establish the following

Proposition 3.3. The function Jλ defined above is of class C1 in V and for every u, h ∈ V

〈J ′
λ(u), h〉 =M(L(u))

(∫

Ω

a(x, ∆u)∆hdx +

∫

Ω

b(x)|u|p(x)−2uhdx

)

− λ

[ ∫

Ω

f(x, u)hdx −

∫

Ω

g(x, u)hdx

]
.
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Now, we will state the theorem, which will be essential to establish the existence of the weak solution
for our main problem.

Theorem 3.4. ( [2], Theorem 2.1). Let X be a separable and reflexive real Banach space, and let I,
J : X → R be two continuously Gâteaux differentiable functionals. Assume that there exists x0 ∈ X such
that I(x0) = J(x0) = 0 and I(x) ≥ 0 for every x ∈ X and that there exist x1 ∈ X, r0 > 0 such that

(i) r0 < I(x1);

(ii) supI(x)<r0
J(x) < r0J(x1)/I(x1).

Further, put

δ =
γr0

r0
J(x1)
I(x1) − supI(x)<r0

J(x)
,

with γ > 1, and assume that the functional I − λJ is sequentially weakly lower semicontinuous, satisfies
the Palais-Smale condition and

(iii) lim‖x‖−→+∞(I(x) − λJ(x)) = +∞ for every λ ∈ [0, δ].

Then there exist an open interval Λ ⊆ [0, δ] and a positive real number σ such that, for every λ ∈ Λ, the
equation

I ′(x) − λJ ′(x) = 0,

admits at least three distinct solutions in X whose norms are less than σ.

Thereafter, to prove our main result we need the following lemmas

Lemma 3.5. The functional Jλis coercive, that is, Jλ(u) −→ ∞ as ‖ · ‖b −→ ∞.

Proof. Using the hypothesis (H1), the definitions of f, g and the fact that qi(x) < ri(x)(i = 1, 2), we have
for any u ∈ V with ‖u‖b ≥ 1

Jλ(u) ≥
a1

α
(L(u))α − λ

[∫

|u(x)|≥1

m(x)|u|q1(x)

q1(x)
dx +

∫

|u(x)|<1

m(x)|u|r1(x)

r1(x)
dx

]

+ λ

[∫

|u(x)|≥1

n(x)|u|q2(x)

q2(x)
dx +

∫

|u(x)|<1

n(x)|u|r2(x)

r2(x)
dx

]

≥
a1

α
(L(u))α − λ

[∫

|u(x)|≥1

|m(x)||u|q1(x)

q1(x)
dx +

∫

|u(x)|<1

|m(x)||u|r1(x)

r1(x)
dx

]

− λ

[∫

|u(x)|≥1

|n(x)||u|q2(x)

q2(x)
dx +

∫

|u(x)|<1

|n(x)||u|r2(x)

r2(x)
dx

]

≥
a1

α
(L(u))α −

λ

q−
1

[∫

Ω

|m(x)||u|q1(x)dx

]
−

λ

q−
2

[∫

Ω

|n(x)||u|q2(x)dx

]
.

Considering hypothesis (A4), (ii) in Proposition 2.7, the Hölder inequality, Proposition 2.4 and Remark
2.9, there exists c4, c5 > 0 such that

Jλ(u) ≥
a1 (min{1, c1})

α

α(p+)α
‖u‖αp−

b −
2λ

q−
1

|m|β1(x)

∣∣∣|u|q1(x)
∣∣∣
β

′

1(x)
−

2λ

q−
2

|n|β2(x)

∣∣∣|u|q2(x)
∣∣∣
β

′

2(x)

≥
a1 (min{1, c1})α

α(p+)α
‖u‖αp−

b −
2λ

q−
1

|m|β1(x)

(
|u|

q+
1

q1(x)β
′

1(x)
+ |u|

q−

1

q1(x)β
′

1(x)

)

−
2λ

q−
2

|n|β2(x)

(
|u|

q+
2

q2(x)β
′

2(x)
+ |u|

q−

2

q2(x)β
′

2(x)

)

≥
a1 (min{1, c1})α

α(p+)α
‖u‖αp−

b −
2λc4

q−
1

|m|β1(x)‖u‖
q+

1

b −
2λc5

q−
2

|n|β2(x)‖u‖
q+

2

b .

Since q+
1 < q+

2 < αp−, we deduce that Jλ is coercive. �
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Lemma 3.6. The functional Jλ verifies the Palais-Smale condition for every λ > 0, that is, any sequence
(un) ⊂ V which satisfies the properties

|Jλ(un)| ≤ c and J ′
λ(un) −→ 0 in V

′

as n −→ ∞, (3.2)

possesses a convergent subsequence in V .

Proof. Let (un) ⊂ V be a sequence verifying (3.2). Then by the fact that Jλ is coercive and by the first
relation in (3.2) we can see that (un) is bounded in V . Since V is a reflexive Banach space and a closed
subspace of W 2,p(x)(Ω).
Therefore, there exists a subsequence still denoted by (un) and u ∈ V such that

un ⇀ u in V as n −→ ∞, (3.3)

then
lim

n−→∞
〈J ′

λ(un), un − u〉 = 0.

So

lim
n−→∞

M(L(un))

(∫

Ω

[
a(x, ∆un)∆(un − u) + b(x)|un|p(x)−2un(un − u)

]
dx

)

−λ

∫

Ω

f(x, un)(un − u)dx + λ

∫

Ω

g(x, un)(un − u)dx = 0.

By (H3)-(H4), Hölder inequality (2.1) and Proposition 2.4 we have
∣∣∣∣
∫

Ω

f(x, un)(un − u)dx

∣∣∣∣ ≤

∣∣∣∣
∫

Ω

m(x)|un|q1(x)−2un(un − u)dx

∣∣∣∣

≤ 3|m|β1(x)

∣∣∣|un|q1(x)−1
∣∣∣
q

′

1(x)
|un − u|θ1(x)

≤ 3|m|β1(x)

[
|un|

q+
1 −1

q1(x) + |un|
q−

1 −1

q1(x)

]
|un − u|θ1(x),

and ∣∣∣∣
∫

Ω

g(x, un)(un − u)dx

∣∣∣∣ ≤

∣∣∣∣
∫

Ω

n(x)|un|q2(x)−2un(un − u)dx

∣∣∣∣

≤ 3|n|β2(x)

∣∣∣|un|q2(x)−1
∣∣∣
q

′

2(x)
|un − u|θ2(x)

≤ 3|n|β2(x)

[
|un|

q+
2 −1

q2(x) + |un|
q−

2 −1

q2(x)

]
|un − u|θ2(x),

due to embeddings in Remark 2.9, we get

lim
n−→∞

∫

Ω

f(x, un)(un − u)dx = 0 and lim
n−→∞

∫

Ω

g(x, un)(un − u)dx = 0.

Then, we arrive at

lim
n−→∞

M(L(un))

(∫

Ω

[
a(x, ∆un)∆(un − u) + b(x)|un|p(x)−2un(un − u)

]
dx

)
= 0.

On the other hand, by (H1), (A4) and Proposition 2.7, we have

∣∣∣∣M(L(un))

(∫

Ω

[
a(x, ∆un)∆(un − u) + b(x)|un|p(x)−2un(un − u)

]
dx

) ∣∣∣∣

≥

∣∣∣∣
a1(min{1, c1})α−1

(p+)α−1
min{‖un‖

(α−1)p+

b , ‖un‖
(α−1)p−

b }

∣∣∣∣

∣∣∣∣∣

∫

Ω

a(x, ∆un)∆(un − u)dx

+

∫

Ω

b(x)|un|p(x)−2un(un − u)dx

∣∣∣∣∣ ≥ 0.
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If ‖un‖b −→ 0 then (un) converge strongly to u = 0 in V and the proof is finished.
Otherwise ‖un‖b is bounded in V . Then

lim
n−→∞

∫

Ω

a(x, ∆un)∆(un − u)dx +

∫

Ω

b(x)|un|p(x)−2un(un − u)dx = 0.

As a conclusion, the weak convergence (3.3) and (iii) in Proposition 2.8 imply that un −→ u in V , then
we conclude that Jλ verifies the Palais-Smale condition. �

Lemma 3.7. The functional Jλ is (sequentially) weakly lower semicontinuous for every λ > 0.

Proof. We already know that L is weakly lower semicontinuous by (ii) in Proposition 2.8. Moreover, the

continuity and growth of M̂ allow us to deduce that J1 is weakly lower semicontinuous. It remains to
verify that this proprety is also true for J2 and J3.

Let (un) ⊂ V such that un ⇀ u in V. Due to Remark 2.9, un −→ u in Lβ
′

1(x)q1(x)(Ω) as n −→ ∞. By
using Lemma 3.2 and the Hölder inequality, we get

|J2(un) − J2(u)| ≤

∫

Ω

|F (x, un) − F (x, u)|dx

≤

∫

Ω

|m(x)||K(x, un(x)) − K(x, u(x))|dx

≤ 2|m|β1(x)|K(x, un(x)) − K(x, u(x))|β′

1(x) −→ 0, as n −→ ∞,

hence the functional J2 is weakly continuous in V . Similarly we can show that J3 is also weakly continuous.
So Jλ is sequentially weakly lower semicontinuous. �

Proof of Theorem 1.1. Given the ball Bη(x0) in hypothesis (H5), we can construct the following
C∞

c (Ω) function

ϕ(x) =

{
1 in B η

2
(x0)

0 in Ω \ Bη(x0).

Then, we have

∫

Ω

F (x, ϕ)dx −

∫

Ω

G(x, ϕ)dx

=

∫

Ω

m(x)

r1(x)
|ϕ(x)|r1(x)dx −

∫

Ω

n(x)

r2(x)
|ϕ(x)|r2(x)dx

=

∫

Ω\Bη (x0)

m(x)

r1(x)
|ϕ(x)|r1(x)dx +

∫

Bη(x0)\B η
2

(x0)

m(x)

r1(x)
|ϕ(x)|r1(x)dx

+

∫

B η
2

(x0)

m(x)

r1(x)
|ϕ(x)|r1(x)dx −

∫

Ω\Bη(x0)

n(x)

r2(x)
|ϕ(x)|r2(x)dx

−

∫

Bη(x0)

n(x)

r2(x)
|ϕ(x)|r2(x)dx

≥

∫

B η
2

(x0)

m(x)

r1(x)
|ϕ(x)|r1(x)dx ≥

1

r+
1

∫

B η
2

(x0)

m(x)dx.

So, it is easy to see that

ϕ ∈ V and

∫
Ω [F (x, ϕ) − G(x, ϕ)] dx

J1(ϕ)
> 0. (3.4)
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We take 0 < r0 <

{
a1 (min{1, c1})α

α(p+)α
, J1(ϕ)

}
and we notice that, whenever J1(u) < r0, we obtain by

(H1) and (A4) that

a1 (min{1, c1})
α

α(p+)α

(∫

Ω

[
|∆u|p(x) + b(x)|u|p(x)

]
dx

)α

< r0, (3.5)

then ∫

Ω

[
|∆u|p(x) + b(x)|u|p(x)

]
dx < 1,

and by (i) in Proposition 2.7, ‖u‖b < 1 which implies by (3.5) that

‖u‖b < (c6r0)
1

αp+ , (3.6)

where c6 > 0, on the other hand by definitions of f , g, and the fact that qi(x) < ri(x) for (i = 1, 2), we
get

∫

Ω

[
F (x, u) − G(x, u)

]
dx ≤

1

q−
1

∫

Ω

|m(x)||u|r1(x)dx +
1

q−
2

∫

Ω

|n(x)||u|r2(x)dx.

Then by using Hölder inequality and (3.6), there exist c7, c8 > 0 such that

∫

Ω

[
F (x, u) − G(x, u)

]
dx ≤ c7r

r
−

1
αp+

0 + c8r

r
−

2
αp+

0 .

We know that αp+ < r−
1 < r−

2 < p∗
2(x). Therefore, relation (3.4) allows us to choose r0 small enough to

have

supJ1(u)<r0

∫
Ω

[F (x, u) − G(x, u)] dx

r0
<

∫
Ω

[F (x, ϕ) − G(x, ϕ)] dx

J1(ϕ)
. (3.7)

Note that J1(u) ≥ 0 for all u ∈ V and

J1(0) =

∫

Ω

[
F (x, 0) − G(x, 0)

]
dx = 0.

Moreover, since

Jλ(u) = J1(u) − λ

∫

Ω

[
F (x, u) − G(x, u)

]
dx,

Lemma 3.5, Lemma 3.6 and Lemma 3.7 and relation (3.7) allow us to apply Theorem 3.4. Thus we obtain
the existence of a constant σ > 0 and an open interval Λ ⊆ [0, δ],
where

δ =
γr0

r0

∫
Ω

[F (x,ϕ)−G(x,ϕ)]dx

J1(ϕ) − supJ1(u)<r0

∫
Ω

[F (x, u) − G(x, u)] dx

with γ > 1, such that for all λ ∈ Λ problem (Pλ) admits at least three distinct weak solutions in V of
norms less than σ. This ends the proof of theorem 1.1. �
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