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ABSTRACT: In this paper, by using the Littlewood-Paley theory and the Fourier localization argument,
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1. Introduction

The incompressible fractional Navier-Stokes equations are given by

up + (—A)u+ (u.V)u+Vp=0 (t,z) € RT xR3
V-u =0, (1.1)
u(0,2) = ug(x) r € R3.

Where 3 < a < 1, (—=A)® is the Fourier multiplier with symbol | £ [**, the scalar function p denotes
the pressure, u(t,z) = (u1(t,x),ua(t, x),us(t, z)) denotes the unknown velocity vector and ug(z) is a
divergence free vector.

Regular solutions of several equations, such as magneto-hydrodynamics equations, Generalized Porous
Medium equations and Navier-Stokes equations are analytic; see, e.g., [2,11,28,30]. An important physical
interpretation has been given to the space analyticity radius in fluids dynamics. Foias and Temam [18]
proposed an effictive method for estimating the analyticity radius for the Navier-Stokes equations by
using Gevrey norms. The method is applicable to many other equations. While, this method is not
suitable for L? initial data due to the use of Fourier series expansions. In [35] Zoran and Igor introduced
a new method which bridges this difficulty and offers a simple estimate of the analyticity radius in terms
of the L? norm of the initial data. Recently, Azanzal, Allalou and Abbassi [9] obtained the existence
and uniqueness of analytic solution for the generalized Navier-Stokes equations in critical Fourier-Besov-
Morrey spaces. Inspired by Xiao [32] in the classical case o = 1, Li and Zhai [27] studied the problem

1
(1.1) in various critical Q—type sapces for a € (5, 1), in addition Yu and Zhai [33] obtained the well-

posedness for (1.1) in the critical spaces B(;%*”(R"). Deng and Yao [16] established the well-posedness

of (1.1) in Triebel-Lizorkin space Fy ', ;) , and ill-posedness in Fy ) (¢ > 2) when o € (1, 5).
The Cauchy problem (1.1) has been studied by El Baraka and Tomlilin in critical Fourier-Besov-Morrey
. 1-2aq4-3 4K
spaces S’N;’,jq Tty (R™) and they obtained the global well-posedness when the initial data are small,

recently, M. Z. Abidin and J. Chen [3] studied the problem (1.1) in Fourier-Besov-Morrey spaces with
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variable exponents S"Np( )(:( )”;) (R3) and they established the global well-posedness result for (1.1) with

small initial data belonging to EFpr( )i( )‘“EI) (R3).

For the classical case (o = 1), the existence of mild solutions and the regularity were established locally
in time and global for small initial data in various functional spaces. Leray [26] proved the existence
of global weak solution. Fujita and Kato [22] transformed the classical incompressible Navier-Stokes

equations into an integral equation and proved that it is locally well-posed in H*(R?) for s > % and

globally well posed in H?2(R3) with small initial data. Cannone [15] studied the local well-posedness
in Bp 0 (]R3) Koch and Tataru [24] established the well-posedness in BMO~!. Cui [10] obtained the

global existence in Besov type space fB;o{;ZT (R3) for 1 <g<ooand T >1-— mm{ —} The study of

classical Navier-stokes equations was continued by many authors in Fourier-Besov, Fourier-Besov-Morrey
and different spaces, see [19,25,13,23]. On the other hand, the ill-posedness has been proved by Bourgain
and Pavlovi [12] in the Besov space B

Before stating the main result of thls paper, we first recall the definitions of Morrey spaces, Besov-
Morrey spaces and Fourier-Besov-Morrey spaces and present some properties about these spaces. Our
result on Gevrey class regularity are stated in Section 3 and in the same section we obtain the needed
linear and nonlinear estimates and we prove the analyticity result. Throughout the paper, C' will denote
constants which can be different at different places. The notation z < y means that there exists a constant

1 1
¢ > 0 such that 2 < cy and p’ is the conjugate of p satisfiying — + — =1 for 1 < p < oo.
p p

2. Preliminaries

In this section, we introduce some basic properties of the Littlewood-Paley theory and variable expo-
nents Fourier-Besov-Morrey spaces and we recall an abstract fixed point lemma which will be useful to
prove our main result.

Co;lsider ¢ € S(R™) a radial positive function such that 0 < ¢ <1, supp(p) C {£¢ €R": 3 <[¢| < 8}
an

Y p(279¢) =1, forall £ #0.

JEZ
‘We denote .
0, (&) =0 (2778, ;)= D w8,
E<j—1
hz) =T p(x), g(z) =T "y(),
8y =T (e (0) =27 [ () fla =)y
and

> A =5 (0,300) =2 [ (@) fe - gy,

k<j—1

where A; = S; — S;_1 is a frequency projection to the annulus {|¢| ~ 27} and S; is a frequency to the
ball {[¢] S 27).

First, we present the definition of Lebesgue space with variable exponent.

Definition 2.1. ([6]) Let Py = Po(R™) denotes the set of all measurable functions p(-) : R™ — (0, oo)
such that

0 <p_ =ess inf p(z) , esssup p(z) =py < oo.
xeR? xER?

The Lebesgue space with variable exponent is defined by

n

LPO(R™) = {f :R" —» R s measumble,/ |f(2) PP de < oo} .
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It is a Banach space, equipped with the Luremburg-Nakano norm

Il = nt o> 05 [ (Lo <1}

Since, the space L) and L? does not have the same properties. So, we assume the following standard
conditions to ensure that the Hardy-Littlewood maximal operator M is bounded on LP()(R"):

Definition 2.2. [6] Let g : R™ — R.

(1) We say that g is locally log-Hélder continuous, g € C’llgf (R™), if there exists a constant ciog > 0 with
l9(0) = g(y)| € ——E— forall z,yeR"andz#y.
log (e + —‘z_y‘)

(2) We say that g is globally log-Hélder continuous, g € C'°8 (R™), if g € C’lls(% (R™) and there exists a
Joo € R and a constant co, > 0 with

Coo

—Joo| L ———— Il xeR"™

l9(2) = goo| < Tog(e + 2] for all @

(3) We write g € PLE(R™) if 0 < g~ < g(z) < gt < 0o with 1/g € C'°8(R™).
We now define Morrey spaces MZ((:)) with variable exponents.

Definition 2.3. ([5]) Let p(-), (-) € Po(R™) with 0 < p— < p(z) < k(x) < oo, the Morrey space with
variable exponents M;(:) = M;(:) (R™) is the set of all measurable functions on R™ such that

||f||M;(()> . Toe?gipr>0 HTW?W'JCXB($O7T)”LP(.) = o

where B (xg,1) is the open ball in R™ centered at xo with radius r > 0.
According to the definition of the LPC)-norm, ||f||MK(.> also has the following form
p(-)

: - : s S
ey = s i {A> 020,007 7 L0 <1

The following lemma will help us to obtain the spatial analyticity to Eq. (1.1).

Lemma 2.4. ([30]) Let X be a Banach space with norm ||-|| and B : X — X a bilinear operator, such
1

that for any x1,29 € X, ||B(x1, 22)|| < nllz1||||z2||, then for any y € X such that ||y| < ym the equation
n

x =y + B(z,x) has a solution x € X. In particular, the solution is such that ||z|| < 2||ly|| and it is the

only one such that ||z|| < —.
2n

Now, we define the mixed Morrey-squence spaces.

Definition 2.5. ([5]) Let p(-), q(-), k(:) € Po(R™) with p(-) < k(-), the mized Morrey-sequence space
lq(')(Mz((_'))) includes all sequences {f;}jez of measurable functions in R™ such that

plq(,)(M;E:)))(M{fj}jGZ) < oo for some p > 0. For {f;}; € lq(')(M;((:))), we define

. fi
H{fj}jeZqu<~)(M;(<_'))) = inf {/‘ >0, pm)(M:g_‘))) ({;J}jel <1p <oo,
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. PR TP £ X g )| .
where qu<-)(M~<~))({fj}jeZ) = E inf ¢ v >0, . dr <1
P() jez R™ ")/Q(m)
Notice that if g+ < 0o or gy < oo and p(x) > q(x) , then

Procr oy ({Fidiea) = > sup >0||(|Tm_mfi|XB(a:0,r))q(.)”L%'
rl iENy ToER™T '

Now, we recall the definition of Fourier-Besov spaces with variable exponents.

Definition 2.6. ([/]) Let s(-) € C'°9(R") and p(-), q(-) € Po(R™) N C°I(R") with 0 < p_ < p(-) < oo.

The homogeneous Fourier-Besov space with variable exponent EFB;(') is defined by the set of all

(),a(+)
f e Z'(R™) such that
HerfB;Eﬁ;,q(.) = [[{2750 0, £} lliae) (£ay < 00

The space Z'(R™) is the dual space of
Z(R™) = {f € S(R™) : (D’ £)(0) =0,V3 € N"}.

Definition 2.7. ([5]) Let () € C'°9(R") and p(-), q(-), K(-) € TO(R")ﬁClog(R”) with 0 < p_ < p(x) <
k(z) < o0. The homogeneous Besov-Morrey space with variable exponent NS¢ ()H( )a() is defined by the
set of all f € Z'(R™) such that

— IsCOAFL.
”f“NE; oy = {2 Agf}JGZ”lq(-)(M:((jg) < 00

Below, we present the Fourier-Besov-Morrey spaces with variable exponents.

Definition 2.8. ([3]) Let s(-) € C'°9(R™) and p(-), q(-), k() € Po(R™)NC?I(R™) with 0 < p_ < p(-) <
k() < oo. The homogeneous Fourier-Besov-Morrey space with variable exponent S"N;(('_) w()a() is defined
by the set of all f € Z'(R™) such that

Flasee o= 20 -l s, <
Definition 2.9. ([3]) Let s(-) € C’log(R”), (), q(), K(-) € Po(R™) N C9I(R™), such that p(-) < k(-),
T €1[0,00) and 1 < q, p < co. We define the Chemin-Lerner type homogeneous Fourier-Besov-Morrey

space with variable exponents LP([0,T); ?N;(()) (), ) by

£7(10,T); EFNp( V() = {f € Z'(R™); ”f”LP(OT) TN ) < OO} ’
with the norm 1
||f||Lp(0T) S"Nh() e, %HZJg( hp]f”ii"(()T) MK()
je

Proposition 2.10. ([3]) For Morrey spaces with variable exponents, the following inclusions are estab-
lished.

(1) (Holder inequality)([3]) Let p(-), p1(-), p2(-), &(-), w1(:), ra(:) € Po(R™), such that p(z) <

1 1 1 1 1
k(x), z) < ki(x), z) < Ko(x), = + and = + . Then there
( ) pl( ) 1( ) p2( ) 2( ) p(x) pl(x) p2(

x) plx)  ra(e) - Ra()

exists a constant C' depending only on p— and py such that

Hfg”jy[”“(') < C”f”M”“l(') ||gHM"‘2(')a
p() pr1(.) p2(.)
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k() #2()
holds for every f € Mp () and g e M .

(2) ([3]) Let po(), pr(), mo(), m1(), a(-) € Po, and so(), s1(-) € L% N CLo9(RR) with so(-) > 51(-).

1
Ifa and so(x) — ol = si(x) — 71y are locally log-Halder continuous, then
s0(+) s1(+)
po()mo()a 7 Now( s (.0
(3) ([5]) Forp(-) € C'I(R™) and § € L*(R™), assume ¥(x) = sup |0(y)| is integrable. Then

y¢B(0,|x|)
* 06 K n ,S r( n \II nYy,
||f ||MPE'))(R ) ||f||jv[p((_))(R )H ”Ll(R )
forall f € Mp(.)(]R”), where 0. = —0(=) and C depends only on n.
€ e

We wil use the following proposition to prove the main result.

Proposition 2. 11 ([o’/) Let I = (O T] s > 0, 1<, p, p1, pa, q <00, p(-), w(-), k()€
C'°8 NPy (R™), K() m()+ + - and%z%—kp(l). Then we have

K2()’ 'Y_’Yl

llabll -, N y Sllall ¢, 1M~1(>)||b||m2(13\r uma(ra)

+ ||b||Lw1(I Mm( ))”a”[‘w([ Ny p()r2(-).q )

Our purpose is to prove the analyticity of the solution obtained in the following proposition.

Proposition 2.12. ([3]) Let p(-), x(-) € C'°9(R™) N Py(R™) such that p(-) < k(-) < o0, 2 <a <1,

2 < p(t) < , 1 <y <ooandl < g < . There exists a small € such that if uy €
5 —4da 2a0 — 1
4—2a—
?Np()ﬂ( )"EI)(]R:}) satisfying Vug = 0 with |uo| 4 20— 5 < &, then the problem (1.1) admits a

p(-),x().q
unique small global solution u in the class

00 2a— I3 ~ 00 '%_20‘
u(t) € £([0, 00 )SFNP()H();))QQW([ )SFNQ/{()q )ﬁ[, ([OvOO)aSFNz,Zq )-

Moreover, let p1(-) € C'°8 (R™") NPy (R™),51(+) = % t o t4—2aand si(-) € € C'°8 (R™), if there ewists
¢ >0 such that 2 < p1(-) < ¢ < p(-), then we obtain that u € L7([0, c0), ?Ngl()

w().a)-
3. Gevrey class regularity

The analyticity of the solution is also an important subject studied by a lot of researchers, particularly
with regard to the Navier-Stokes equations. In this section, we will prove the analyticity for (1.1) in the
critical Fourier-Besov-Morrey spaces with variable exponents and the following theorem is our main result.

Theorem 3.1. Let p(-),x(:) € C'9(R™) N Py(R™) such that p(-) < k() < o0, 3 < a <1,

2 < p(t) < , 1 <y <00, 1 < g < . There exists a small €9 such that if ug €
5 — 4o 20 —1
20+ =2~
S"Np( )i( )”q( ' (R3) satisfying Vug = 0 with |[ug|| 1 say_a_ 2 < gg, then the solution obtained in Propo-
N P
p(),k()q
sition 2.12 is analytic in the sense that
e P - AP, PP (7] R
LOQ([O’OO)’?NP(),N(?Q )NLY([0,00), 9’NW ()a )NL>([0,00), S"N222q ) Np()h()q

Moreover, let p1(-) € C'°8 (R™") NPy (R™),51(+) = % - pf’(_) +4 —2a and s1(-) € C'°8 (R™), if there eists

¢ >0 such that 2 < p1(-) < ¢ < p(-), then we obtain that e¥V!IPI"u(t) € £7(]0, ), ?N;ii ; (),

where eVUPI" s q Fourier multiplier and e Vel defines its symbol.
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. 172oz+,,i
Remark 3.2. It is noted that the variable exponent Fourier-Besov-Morrey space S"Np(.) K(.)"q(‘) (R3) is
invariant under the scaling of (1.1). In fact, if u(t,z) is the solution of (1.1), then
ux(t, z) = N2 Tu(\2%%, \x)

is also a solution of the same problem and

[lu(0, z)|| rar A ~ [Jux(0, z)| zakAs
TNpymra - &) TNpynra - &)

Proof. (Proof of Theorem 3.1) To prove the analyticity of the solution, we will use Lemma 2.4.
We consider the Banach space

o) \ 1—2a+ﬁ ot \ QTQ+%_20‘ 0o (520
Y = {210, 00), TR0 5 TT) A £7([0, 00), TNt £ 2 1 £7([0, 00), FXG 52

We start with the integral equation

t
u(t,z) = e 8y — / e~ UIEXPY L (4@ w)dr
0
= H,(t)uo + B(u,u), (3.1)

where P = I'd — VA~!div is the Leray-Hopf projector, which is a pseudo differential operator of order 0.
Put U(t,z) = eVHPI"u(t, ). Using the integral equation (3.1), we get

Ult,z) = e\/lelaHa(t)uo + e\/ﬂD‘QB(u, u)
= H,(t)ug + B(u,u). (3.2)

Our goal is to show that the mapping ¢ : He (t)uo + B(u, ) admits a fixed point.
For the linear estimate, using the Fourier transform, multiplying by 2751 ¢, and taking L7 ([0, 00), M:l(('?))
-norm, we obtain

HQJSI(')@]‘H;(—t)\Uo’

")

< Hstm(pjef%|5|2aeﬁ|5|“f§|s|2a@0‘

w(+)
L'Y([O,oo),Mpl(.))
|2o¢

< szsm(pje—%m o

rR()
L7(0,00), M2 )

Where we used the inequality eV?I§I" 516" = e*%(\/f &> =12+ 4 < e2. Taking the (%-norm, and for
p1(-)< ¢ < p(*), we have

H-(Hu S < ngsl(') Pt 11
(| Ha(t) 0"m([o,oo),?Ng((,’m(,),q) = 7 0 £7([0,00). M5 ) ¢a
s . —3(c=p1() (22, 3_ _3 _
5” Z ||2J(4 2 C)SDJ"U’O”M'C‘(')HT cp1 () 2](—y+c pl(.))sijrk
k=0,+1
_ to2a(i+k)
e 32 || ep1 () ||€‘1
L7 ([0,00),Lc=P1())
A9y 3 .
< Z ”21(4 20 p<.))<pqu||MKE.;
ot
k=0,%1 2a
Sluoll 1 sar—p s

p’ ()
NP(')W(‘)JI
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where

—3(c=p1()) 2,3 2a(j+k
r~ ep1() 2](p+c —422eU*H

i)
p1(*) Pj4k€ 2

cp1 ()
L7 | [0,00),Le—P1()

) 2j(%_ﬁ) cpq (2)
inf /\>0:/ | Lkt T e dr < 1
L7(0,00)) S A B
. cpq () .
Sinf{)\>0:/ | Pitk |cfz}1(w> 273 dx < 1}
DY

< 00.

—3(c—p1()) .2 t 92a(j+k
r ETIO) 2Jpe_§2 a(j )

Therefore,
1 Ha 2 S ol i i

)“°||m([o,oo>,m;1‘(l)>
o p()ur()a

w(-),q

Also, if p = oo and p1(-) = p(-), we obtain

||Ha(t)U()|| _172a+% S uoll .1—2a+%’
LOO([O,OO),S"NP(_)YK(_;Q ) p(-),K,(-f,q
similarly, we get
HHa(t)uoHm([o,oomm?;i“) S ol 1-ao st
2, P(), ()
and
H,(tH)u 2045 S lu - :
|Ha® °||m<[o,oo>,&"N§iZg ) O||5"'l<.>21f§°,’3)
Then,

HHa(t)UJOHy <G ||u0|| 1=zt
QNN

Now, we recall an auxiliary lemma that will help us to estimate bilinear term.

Lemma 3.3. [31] Let 0 < s <t < 400 and 0 < a < 1. Then, the following inequality holds
1 1
tla|* =5t =) |a P —s |z —y | —s|y|*< 5
2 2
for any x,y € R3.
We have
t «@
B(u,v) = —/ VDl H,(t—7)PV - (u®v)dr,
0

we also notice that

1
B(U,V) = —/ VP H (t — 1)PV - (e VTIPI'U @ e VTIPI*V)dr.
0

(3.3)

(3.4)

(3.5)
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Using the Fourier transform, multiplying with 23‘51(»)%7 taking the L'Y([O,OO),M;('().))—HOI"IH and using
Lemma 3.3, one reaches

HQJ'81(~)¢JB(U7 V)’

5 ‘

t
<| 2j<sl<.>+1>%/ o -mlel*
0

S ‘

w(4)
L(0,00), M50 )

t —_—
2j<sl<~>+1>¢j/ VA =3 =TI =3 =) (T & V) dr
0

K ()
L’Y([O,OO),Mpl(.))

S (=) € HVEE —T(E=yl*+yl™) (7
/e (06 =) © V) gy e

t
2j(sl<.)+1)%/ e P [ (e —y 1) @ Viy, 7)dydr
0 R3

w(4)
£7(10,00), M50 )

t
2j<sl<~)+1>¢j/ eF DR (T2 V)dr
0

KOy
L7(10,00). M5 )

Taking /?—norm, applying Proposition 2.10 and Proposition 2.11, one obtains

t —_—
2j(51(')“)apje’%(t’”‘&'h U ®V)dr

L7([0,00), M55 )

1(') VA
< / O T T H(m)H dr
~ 0 6p1() M)
6—(5—4a)p1(") 5—da L7 (]0,00)) a
Sl / (5 ‘eo e~ B el TG 5y S
~ 6p1()
= G—20)p10)
U@ Vo dr [l (0,000 llea
4o¢6+1
e e L P
~ 7 6p1 ()
= G—20)p1()
12;(U @ V)llywer a7 || 27 (0,00)) [l s
TaT
< |[[[27 29 A (U @ V)| e 9%ai =512
< g 12T @ V)llyesc) L (000
Ao+ 1LY (]0,00)) ra
<||U 20,5 o4 ||V + ||V 20,5 o, ||U
N|| || ([000)7 27K+)gq2 || HLOQ([O’OO)’LQQS_l) || ||LW([ODO),N22’K:ELI2 || ||Loo([0’oo)7L2a 1)
<||lU 20,5 ., ||V o« HV 20,5 5, ||U B g
I ”m([ooo) gNQW +3q2 )” HLoo([ )?B ) I Hm([ )mxr2W iz )” ||L°°([0,oo),3"3§q2)
S 20,5 o4 V 200 + V 20,5 o, o .
11, s 82 W gm0 o W0 oo
Then, it follows
. o -
IBU @V s 0,00 330010 1=
||U|| 2a %72a || || 2a +||V|| 2a %72a || || 2 —2a
£7([0,00), 5N, 70 ) £>([0,00 )?qu ) £7([0,00), TN, (20T £2°([0,00),5N3 , -7
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Hence, if p(-) = p1(+) and v = oo, we get

|BUa V)| sas <
£22([0,00), ?Npmwfq())
U 205 o, ||V . |V 20,5 5, ||U o -
10, 524820 I sy IV st W0t
Similarly, we get
BU®V) o <
u ooy,
U 2a « 20 T v 2a a 20
| ||L"/([Ooo) szN:—qu )H ”Loo([o 00), N E 2 | ”L"f([Ooo) szN:—qu )H ||L°°([Ooo) gxE;
and
BU®V W <
IBOSVI .. 00 sz
U 20,5 o, ||V oe IV 20,5 o, ||U 2e -
| ||L“’([000)?N"’+)2q2)|| ”Loo([o 00), N E 2 | ||LW([ODO)CFN"’+)QQ2)H ”mo([ 00), FNE 2%
Finally,
[BU@V)|, < CallUlly [IV]ly - (3.6)

Then, by (3.3) and (3.6), one obtains

16y < | Haltyuolly + H | Halt =PV e U)ar

= ||I17a(t)u0||y +[|B(V @ V)HY
< Cl ||’U,0|| C1-2a4 3.) + 020'2.

Y

’(
Np(-)m(-iq
Taki ! f FR T ih
aking o < m or any up € p(-),5(),q W1
ag
[[uoll v < o
?N;( )2*:) 2 2maw(Cl, Cs)’

we get

o o
1oy < € 2max(C1, Ca) e 2max(Cy, Ca)

<a+a
2 2
<.

Then by using Lemma 2.4, we can show that the unique solution w, is analytic in the sense that

«@
”e\/ﬂD\ ul|

20,5 o > HU’OH 1-2 3
w+2 5 -2a . ato

7
o )HLN([ODO)?N22LI ) FN O

- 20ty
£2([0,00), N )NLY([0,00),FN, P().m()a

p(+),x(),q

From the above and by using an analogous argument as in the case of the space Y, we obtain
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