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ABSTRACT: In this paper, we introduce the concepts of IVF b- irresolute mappings and IVF b-irresolute open
mappings and in- vestigate some characterizations for them on the interval-valued fuzzy topological spaces.
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1. Introduction

The concept of a fuzzy subset was introduced and studied by L. A. Zadeh [6] in the year 1965. The
subsequent research activities in this area and related areas have found applications in many branches of
science and engineering. C. L. Chang [3] introduced and studied fuzzy topological spaces in 1968 as a
generalization of topological spaces. Many researchers like this concept and many others have contributed
to the development of fuzzy topological spaces. M. B. Gorzalczany [4] introduced the concept of interval-
valued fuzzy set which is a generalization of fuzzy sets. T. K. Mondal and S. K. Samantha [5] introduced
the topology of interval valued fuzzy sets. In this paper, we introduce the concepts of IVF b- irresolute
mappings and IVF b-irresolute open mappings and in- vestigate some characterizations for them on the
interval-valued fuzzy topological spaces.

2. Preliminaries

Let D[0,1] be the set of all closed subintervals of the unit interval [0,1]. The elements of D[0,1] are
generally denoted by capital letters M, N, ..., and note that M = [MT, MY], where M* and MY are the
lower and the upper end points respectively. Especially, we denote 0 = [0,0], 1 = [1,1], and a = [a, d]
for every a € (0,1). We also note that (i) (VM,N € D[0,1))(M = N & Mt = NL MY = NY). (ii)
(VM,N € D[0,1])(M C N & ML C Nt MY C NY). For every M € DI[0,1], the complement of
M, denoted by M€, is defined by M¢ =1 - M = [1 — MY, 1 — M%]. Let X be a nonempty set. A
mapping A : X — DJ0,1] is called an interval-valued fuzzy set (briefly, an IVF set) in X. For each
xr € X, A(z) is a closed interval whose lower and upper end points are denoted by A(z)l and A(z)Y,
respectively. For any [a,b] € DI0,1], the IVF set whose value is the interval [a,b] for all z € X is

denoted by [a,b]. In particular, for any a € [0, 1], the IVF set whose value is a = [a,a] for all x € X
is denoted by simply a. For a point p € X and for [a,b] € D[0,1] with b > 0, the IVF set which takes
the value [a,b] at p and O elsewhere in X is called an interval-valued fuzzy point (briefly, an IVF point)
and is denoted by [a,b],. In particular, if b = a, then it is also denoted by a,. Denote by IVF(X)
the set of all IVF sets in X. For every A,B € IVF(X), we define A = B & (Vz € X)([A(z)]F =
B@)) and [A@)Y = [B@)Y), A C B & (Yo € X)(A@)]" C [B@)]* and [A@)]" C [B@)).
The complement A¢ of A is defined by [A°(z)]F = 1 — [A(2)]Y and [A°(z)]Y = 1 — [A(z)]" for all
x € X. For a family of IVF sets {A; : i € A}, where A is an index set, the union G = ‘gA A; and

the intersection F' = o A; are defined by (Vo € X)([G(x)]* = sup|A;(z)]*, [G(z)]Y = sup[A;(z)]Y),
i ieA ieA
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(Vz € X)([G(z))t = jn/f\[Ai(x)]L, [G(z))Y = jn/fx[Ai(x)]U), respectively. Let f : X — Y be a mapping
€ 1€
and let A be an IVF set in X. Then the image of A under f, denoted by f(A), is defined as follows:

sup [A(@)]F f~1(y) # 0, sup [A(2)]7 f7H(y) # 0,
[FAWNE = v=i) FAWNT = v=f@ for all y €

0 otherwise, 0 otherwise.
Y. Let B be an IVF set in Y. Then the inverse image of B under f, denoted by f~!(B), is defined as
follows: (Yo € X)([f~1(B)(x)]" = [B(f(2))]*, [f~1(B)(x)]Y = [B(f(x))]").

Definition 2.1 [5] A family T of IVF sets in X is called an interval-valued fuzzy topology (briefly, IVF
topology) for X if it satisfies:

1. 0,1¢€¢,
2. ABetr=ANBer,

3 Aier,ieA= | A er.
1EA

Every member of 7 is called an IVF open set. An IVF set A in X is called an IVF closed set if the
complement of A is an IVF open set, that is, A° € 7. Moreover, (X, 7) is called an interval-valued fuzzy
topological space (briefly, IVF topological space).

Definition 2.2 [5] For an IVF set A in an IVF topological space (X,T), the IVF closure and the IVF
interior of A, denoted by CI(A), Int(A), respectively, are defined as C1(A) = N{B € IX : B is IVF closed
and A C B}, Int(A) = U{B € IX : B is IVF open and B C A}, respectively. Note that Int(A) is the
largest IVF open set which is contained in A, and that A is IVF open if and only if A = Int(A).

Definition 2.3 [1] An IVF set A of an IVF topological space (X,T) is said to be b-open if A C
Int(Cl(A)) U Cl(Int(A)).

The complement of an IVF b-open set is called an IVF b-closed set.

Definition 2.4 [1] For an IVF set A in an IVF topological space (X, T), we define the following
1. bCI(A) =n{B € I* : B is IVF b-closed and A C B},
2. bInt(A) = U{B € I* : B is IVF b-open and B C A}.

Definition 2.5 [2] A map f: (X,7) — (Y, 0) is said to be IVF b-continuous if for every IVF open set
AinY, f=Y(A) is IVF b-open in X.

3. Interval-valued fuzzy b-irresolute mappings

Definition 3.1 A map f : (X,7) — (Y,0) is said to be IVF b-irresolute if for every IVF b-open set A
inY, f~Y(A) is IVF b-open in X.

Proposition 3.1 Every IVF b-irresolute mapping is IVF b-continuous.

The converse of the above Proposition is not true as seen from the following example.

Example 3.1 Let A,B,C be IVF sets in I = [0,1] defined by

1 2 1
gI’gﬂs 2 2 quS%
A@) =4 a2t —5r+3] g<e<y
0—%.1‘-1—%] gsx<1
5 1 1 5
[ [Botio+l] o<z<
s ={ 110 EE
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Clx) = [;x,;] ,0<z<1

forallz € I. Then 7 ={0,A,C,1} and 0 = {0, A, 1} are IVF topologies for I. It is clear that B is an
IVF b-open set in (X, o) but not IVF b-open set in (X, 7). Hence the identity mapping f : (X, 7) = (X, 0)
is an IVF b-continuous but it is not IVF b-irresolute.

Theorem 3.1 For a map f: (X,7) = (Y,0), the following statements are equivalent:

f is IVF b-irresolute.

~

FY(B) is IVF b-closed for each IVF b-closed set B of Y .
F(CI(A)) CbCI(f(A)) for ecach A € IX.

bCL(f~1(B)) C f~L(bCL(B)) for each B € IY .
FH(bInt(B)) C bInt(f~1(B)) for each B e IY .

SR

Proof: (1) = (2): It is obvious.

(2) = (3): For any A € IX, since bCI(f(A)) is an IVF b-closed set in Y, by (2), f~1(bCl(f(A))) is IVF
b-closed and A C f~1(bCl(f(A))). Thus we have bCl(A) C bCI(f~ (f( ) C f7H(bCI(f(A))). Then
f(bCI(A)) C bCI(f(A)).

(3) = (4): For any B e IY, from (3), we have f(bCl(f~1(B))) C bCl(f(f~1(B))) C bCI(B). Hence
bCI(f(B)) C [ (bCU(B)).

(4) = (5): For any B e IV, from (4), it follows f~1(bInt(B)) =1—(f~1(bCl(1-B))) C 1-bCI(f~1(1—
B)) = bInt(f~(B)). Hence, we have f~*(bInt(B)) C bInt(f~1(B)).

(5) = (1): Let A be an IVF b-open set of Y. By (5), f ( )= f~1(bInt(A)) C bInt(f~1(A)). Hence
f~Y(A) is an IVF b-open set. Therefore, f is IVF b-irresolute. O

Theorem 3.2 A bijective map f : (X,7) — (Y,0) is IVF b-irresolute if and only if bInt(f(A)) C
f(bInt(A)) for each A € IX.

Proof: Suppose that f is IVF b-irresolute. For any A € IX, since f~(bInt(f(A))) is IVF b-open,
from Theorem 3.1 and injectivity, it follows f~!(bInt(f(A))) C bInt(f~(f(A))) = bInt(A). And from
surjectivity of f, bInt(f(A)) = f(f~1(bInt(f(A)))) C f(bInt(A)). For the converse, let B be an IVF b-
open set of Y. From the hypothesis and surjectivity of f, it follows f(bInt(f~1(B))) D bInt(f(f~1(B))) =
bInt(B) = B. Since f is injective, bInt(f~1(B)) D f~1(B). Then bInt(f~*(B)) = f~1(B). Hence f is
IVF b-irresolute. O

Theorem 3.3 For a map f: (X,7) — (Y,0), the following statements are equivalent:
1. f is IVF b-irresolute.
2. Cl(Int(f~4(B))) N Int(CL(f~1(B))) C bCI(f~1(B)) for any B € I" .
3. bInt(f~1(B)) C Int(CL(f~*(B))) U Cl(Int(f~*(B))) for any B € IY .
4. f(Cl(Int(A)) N Int(CL(A))) C bInt(f(A)) for every A e I*.

Proof: (1) = (2): Let B € IY. Then bCl(B) is an IVF b-closed set of Y. By (1), f~Y(bCLB)) is an IVF
b-closed set in X. Hence f~1(bCI(B)) 2 (Int(Cl(f~*(bC1(B)))) N Cl(Int(f~1(bCL(B))))) 2
Int(CL(f~1(B))) N Cl(Int(f~(B)))).

(2) = (3): Let B€IY. Then 1 —-B € IY. By (2),

JHOCN1 = B) 2 TaCI(f (1~ ) Clan( (1 5)
1= fI0mme(B) 2 1= (CllInt(f!(B)) UInt(Cl(f~(5))))
Fromis) T (e E) Ol )
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(3) = (4): Let A € IYV. Let us put B = f(A), then A C f~1(B). According to the assumption,
—(Int(Cl(1-A))UCl(Int(1-A)) C 1—(Int(C1(f*1(1—B)))UCl(Int(f* (1- B)))) 1—(f~1(bInt(1-B))).

Thus, Cl(Int(A)) N Int(C1(A)) C Cl(Int(f~1(B))) N Int(Cl(f~1(B))) € f~1(bCLB)). So f(Cl(Int(B)) N

Int(CL(f~1(B))) € f(f~(bCI(B))) € bCI(A) =bCI(f(A)).

(4) = (1): Let Bbe any IVF b-closed set of Y. So f(Cl(Int(f‘l(B)))ﬂInt(Cl( 1(B)))) C bInt(f(f~1(B)))

C bIne(B) = B, (Cl{Int(f~(B)) N Int(CI(F 1 {B))) € £~ (F(CllIne(f~1(B) 1 Int(CI(F~1(B)))) <

f~Y(B). Thus, f~1(B) is an IVF b-closed set of X; hence f is IVF b-irresolute. O

Theorem 3.4 If f: (X,7) — (Y,0) is IVF b-irresolute mapping, then f~1(B) C bInt(f~!(Int(C1(B)) U
Cl(Int(B)))) for each IVF b-open set B of Y.

Proof: Let B be an IVF b-open set of Y. Then f~1(B) C f~}(Int(Cl(B)) U Cl(Int(B))). Since f~(B)
is an an IVF b-open set of X, we have f~1(B) C bInt(f~!(Int(C1(B)) U Cl(Int(B)))). O

Definition 3.2 An IVF set A of an IVF topological space (X, T) is said to be an IVF b-neighbourhood
of an IVF point M, if there exists an IVF b-open set B of X such that M, € B C A.

Theorem 3.5 For a map f: (X,7) — (Y,0), the following statements are equivalent:
1. f is IVF b-irresolute,

2. for any IVF point © of X and any B is IVF b-open in' Y containing f(xs), there exists an IVF
b-open set A of X containing x such that A C f~*(B),

3. for any IVF point x, of X and any | is IVF b-open in'Y containing f(x.), there exists an IVF
b-open set A of X containing x,, such that f(A) C B,

4. For every IVF point M, in X and every IVF b-neighbourhood B of f(M,), f~Y(B) is an IVF
b-neighbourhood of M.

Proof: (1) = (2): Let f be IVF b-irresolute. Let z, be an IVF point of X and let B be IVF b-open in
Y containing f(z4). Then x, € f~1(B) = bInt(f~1(B)). The result follows for A = bInt(f~1(B)).

(2) = (3): It follows from the relation f(A) C f(f~1(B)) C B.

(3) = (1): Let B be IVF b-open in Y and let z, be an IVF point of X such that z, € f~*(B). Then
f(z) € B. According to the assumption, there exists an IVF b-open set A of X containing z, such
that f(A) C B. Then 7, € A C f71(f(A4)) C f~'(B) and 2, € A = bInt(A) C bInt(f~*(B). Since
Tq iS an arbitrary fuzzy point and f~!(B) is the union of all fuzzy points which belong in f~!(B),
F~YB) C bInt f~1(B). Hence f is fuzzy b-irresolute.

(3) = (4): Let M, be an IVF point in X and B be an IVF b-neighbourhood of f(M,). Then there exists
an IVF b-open set C of Y such that f(M,) € C C B. By (3), there exists an IVF b-open set A of X such
that M, € A and f(A) CC C B. Thus M, € AC f~1(f(A)) C f~1(C) C f~4(B), and so f~1(B) is an
IVF b-neighbourhood of M,.

(4) = (3): Let M, be an IVF point in X and B an IVF b-open set of Y with f(M,) € B. Then B is an IVF
b-neighbourhood of f(M,). By (4), there exists an IVF b-open set D of X such that M, € D C f~1(B).
Then f(M,) € f(D) C f(f~Y(B)) C B, and thus (3) is valid. O

Theorem 3.6 If f : (X,7) — (Y,0) and g : (Y,0) — (Z,n) are IVF b-irresolute mappings, then
of:(X,7) = (Z,n) is IVF an b-irresolute mapping.

Proof: Straightforward. O

Corollary 3.1 If f : (X,7) — (Y,0) is an IVF b-irresolute mapping and g : (Y,0) — (Z,n) is an IVF
b-continuous mapping, then go f : (X,7) = (Z,n) is an IVF b-irresolute mapping.
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Definition 3.3 An IVF set A of an IVF topological space (X, ) is said to be IVF b-compact if for every

IVF b-open cover A= {A; € IX :i € J} of A, there ezists Jo = {1,2,3,..n} C J such that A C Y A;.
1€Jo

Theorem 3.7 Let F: (X,7) = (Y,0) be an IVF b-irresolute mapping. If A is an IVF b-compact set in
X, then f(A) is IVF b-compact in Y.

Proof: Let {B; € IX : i € J} be an IVF b-open cover of f(A). Then {f~}(B;) : i € J} is an IVF
b-open cover of A in X. By the definition of IVF b-compactness, there exists Jo = {1,2,3,...n} C J such
that A C U f71(Bi). Then f(A) € f( U f71(B:) = U f(f71(Bi)) € U Bi. Then f(A) C U B;.

Hence f(A) is IVF b-compact in Y. O

Definition 3.4 A map f : (X,7) — (Y,0) is called an IVF b-irresolute open (resp. IVF b-irresolute
closed) mapping if for every IVF b-open (resp. IVF b-closed) set A in X, f(A) is IVF b-open (resp. IVF
b-closed) in Y.

Theorem 3.8 For a map f: (X,7) — (Y,0), the following are equivalent:
1. f is IVF b-irresolute open.
2. f(bInt(A)) C bInt(f(A)) for A€ IX.
3. bInt(f~Y(B)) C f~Y(bInt(B)) for B € IY.

4. For B€ IY and each IVF b-closed set A of X with f~1(B) C A, there exists an IVF b-closed set C
of Y such that B C C and f~1(C) C A.

Proof: (1) = (2): For A € IX, f(bInt(A))

flU{BeIX:BC ABisIVF b—openin X})

U{f(B) e IY : f(B) C f(A), f(B) is IVF b—open in Y}
WU eI¥:UCf(A),Uis IVF b—openinY € IX}
bInt(f(A)).

AN

(2) = (3): For B € I, from (2) it follows that f(bInt(f~1(B))) C bInt(f(f~1(B))) C bInt(B). Hence
bInt(f~1(B)) C f~1(bInt(B)).

(3)= (4): Let A be an IVF b-closed set of X with f~1(B) C Afor B€I¥. Since1-AC1— f~}B) =
f1(1-B),bInt(1-A) = 1-A C bInt(f~*(1-B)). By (3), 1-A C bInt(f~1(1-B)) C f~(bInt(1-B)).
Thus AD 1 — (f~HbInt(1 — B))) = f~ (1 —bInt(1 — B)) = f1(bCI(B)). Now set C = bCl(B). Then C
is an IVF b-closed set of Y such that B C C and f~1(C) C A.

(4) = (1): Let A be an IVF b-open set of X. Then f~1(1— f(A)=1-f"1(f(A)Ccl—-—Aand1-A
is IVF b-closed. By (4), there exists an IVF b-closed set C such that 1 — f(A) C C and f~1(C) c 1 - A.
It implies 1 — C C f(A) and f(A) C f(1 — f~3C)) = f(f~1(1 —C)) Cc 1 —C. Hence f(A) is an IVF
b-open set in Y. O

Theorem 3.9 A map f : (X,7) — (Y,o) is IVF b-irresolute open if and only if
f(bInt(A)) C Int(CI(f(A))) U Cl(Int(f(A)) for each A € IX.

Proof: Let A € I*. Then f(bInt(A)) is IVF b-open in Y. Hence f(bInt(A)) C Int(CI(f(bInt(A))) U
Cl(Int(f(bInt(A)) C Int(CIL(f(A))) U Cl(Int(f(A)). O

Theorem 3.10 A map f : (X,7) — (Y,0) satisfies f(Cl(Int(A)) U Int(Cl(A))) < Cl(Int(f(A))) U
Int(CI(f(A))) for each IVf b-open set A € IX, then f is IVF b-irresolute open.
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Proof: Let A be an IVF b-open set of X. Then A C Cl(Int(A)) U Int(Cl(A)). By assumption, f(A) C
F(Cl(Int(A))UInt(Cl(A))) C Cl(Int(f(A)))UInt(Cl(f(A))); hence f(A) is an IVF b-open set of Y. Hence
f is IVF b-irresolute open. O

Corollary 3.2 A bijective map f : (X,7) = (Y,0) is IVF b-irresolute open if and only if bCl(f(A)) C
F(bCI(A)) for each A € IX.

Theorem 3.11 A bijective map f : (X,7) — (Y,0) is IVF b-irresolute closed if and only if
FH(bCIA)) CbCI(f~1(A)) for each A€ IV .

Proof: It is similarly proved from Theorem 3.8. O

Theorem 3.12 If f : (X,7) — (Y,0) is an IVF b-irresolute open map, then for each
BeIY, f~1(Cl(Int(B)) N f~1(Int(CL(B)) C bCIL(f~1(B)).

Proof: Let B € IY. Then bCl(f~!(B)) be an IVF b-closed set in X. From Theorem 3.8 (4), it follows
that there exists an IVF b-closed set C of Y such that B C C and f~1(C) C bCIl(f~*(B))). Thus
f7HCUInt(B))) N f~H(Int(CY(B))) € f~H(Cl(Int(C)) N Int(CL(C))) € f~H(C) S bCU(f~H(B)). O

Theorem 3.13 If f : (X,7) — (Y,0) is a bijective map such that f~1(Cl(Int(B)) N f~(Int(C1(B)) C
bCI(f~1(B)) for each B € IV, then f is an IVF b-irresolute open map.

Proof: Let A be an IVF b-open set of X. Then from the given condition, f~!(Cl(Int(f(1 — A))) N
F~HInt(CI(f(1 — A))) C bCI(f~(f(1 - A)) = bCI - A) =1— A, and so Cl(Int(f(1 — A))) N
Int(C1(f(1—.A))) C f(1—.A), which shows that f(1—.A) is an IVF b-closed set of Y. Since f is bijective,
f(A) is an IVF b-open set of Y, hence f is an IVF b-iresolute open map. O

Theorem 3.14 Foa a mapping f : (X,7) = (Y, 0), the following statements are equivalent:
1. f is IVF b-irresolute closed.
2. bCl(f(A)) C f(bCI(A)) for each A € T*.
3. If f is bijective, then f=1(bCl(B)) CbCI(f~1(A)) for each B € IV .

Proof: (1) & (2): Let A € IX. Then bCI(A) is an IVF b-closed set in X. Since f is IVF b-closed,
f(bCI(A)) is IVF b-closed in Y. Since f(A) C f(bCI(A)), bCI(f(A)) C bCI(f(CI(A))) = f(bCI(A)).
Conversely, let A be an IVF b-closed set in X. Then bCI(A) = A and f(A) € IY. By (2), bCI(f(A)) C
f(bCLA)) = f(A). So we have, f(A) CbCl(fA)) C f(A) and hence f(A) = bCI(f(A)). Then f(A) is
IVF b-closed in Y; hence f is IVF b-irresolute closed.

(2) & (3): Let Be IY. Then f~1(B) € IX. Since f is on-to, b C1(B) = bCl(f(f~*(B)) C f(bCL(f~1(B))).
Since f is one-to-one, f~1(bCI(B)) C f~L(f(bCI(f~1(B)))) = bCI(f~1(B)). Conversely, let A € I*.
Then f(A) € IY. Since f is one-to-one, f~1(bCl(f(A))) C bCI(f~1f(A)) = bCI(A). Since f is on-to,
we have b Cl(f(A)) = f(f 1 (bCI(f(A)))) € f(bCI(A)). =

Theorem 3.15 A map f : (X,7) = (Y,0) is IVF b-irresolute closed if and only if Int(Cl(f(A))) N
Cl(Int(f(A)) € f(bCI(A)) for each A € IX.

Theorem 3.16 A map f : (X,7) — (Y,0) satisfies f(Cl(Int(A)) N Int(Cl(A))) < Cl(Int(f(A))) N
Int(C1(f(A))) for each IVF b-closed set A € IX, then f is IVF b-irresolute closed.

Theorem 3.17 For a bijective map f: (X, 7) — (Y,0), the following statements hold:

1. f is IVF b-irresolute open if, and only if it is IVF b-irresolute closed;
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2. f is IVF b-irresolute open (closed) if, and only if f=* is IVF b-irresolute.

Proof: (1). Clear.
(2). Tt follows from the relation (f~1)~1(A) = f(A) for each A € IX. O

Theorem 3.18 For a bijective map f : (X,7) = (Y, 0), the following statements are equivalent:
1. f is IVF b-irresolute closed.
2. f7H(bCUB)) CbCI(f~1(B)) for each B e IY.
3. f is IVF b-irresolute open.

4. 1 is IVF b-irresolute.

Proof: (1) < (2): For each B € IY, by (1) and Theorem 3.14 (2), we have f(bCl((f 1B))) 2
bCI(ff~1(B)) = bC1L(B). Since f is injective, b C1(f~1(B)) = f~H(f(bCL(f~1(B)))) D f~ (bCl( )). Con-
versly, from (2), put B = f(A) for each A € IX. Since f is injective, f~1(bCI(f(A))) C bCI(f~L(f(A))) =
bCl(A). Since f is surjective, bCI(f(A)) C f(bCl(A)). From Theorem 3.14 (2), f is IVF b-irresolute
closed.

(2) < (3): Clearly, it is proved from f~1(bCl(B)) C bCl(f~(B)) < f~'(1—bInt(1—B)) C 1 —bInt(1 —
f71B) & 1— 1 bInt(1 - B)) C1—bInt(f~1(1—-B)) < f~1(bInt(1 - B)) D bInt(f~1(1 — B)).

(2) & (4): Follows Theorem 3.17, it is trivial. 0

Theorem 3.19 A map f: (X, 7) = (Y, o) is IVF b-irresolute closed if, and only if for each fuzzy set B
of Y and each IVF b-open set .A f~Y(B) C A, there exists an IVF b-open set C such that B C C and
fHecA

Proof: Let B € IV and let A be IVF b-open such that f~!(B) C A. Then f(1— A) is IVF b-closed. We
put C =1— f(1 — A). Then C is IVF b-open, BC C and f~}(C) = f~'(1 — f(1 - A)) C f~1f(C)cC
Conversely, let A be IVF b-closed. Then 1 — A is IVF b-open and 1 — A D f~1(1 — f(A)). According to
the assumption there exists an IVF b-open set C such that 1 — f(A) C C and f~1(C) C 1 — A. Hence,
f(A) =1 —C is IVF b-closed. 0

The proof of the following Theorems are follows from Theorem 3.1, Theorem 3.8 and Theorem 3.9.

Theorem 3.20 A map f: (X,7) — (Y,7) is IVF b-irresolute closed and IVF b-irresolute if, and only if
F(bCL(A)) =bCL(f(A)) for each A € I**.

Theorem 3.21 A map [ : (X,7) = (Y,7) is IVF b-irresolute open and IVF b-irresolute if, and only if
F7HOCILA)) =bCLf(A)) for each A€ TV.

Theorem 3.22 A map f: (X,7) = (Y,7) is IVF b-irresolute open and IVF b-irresolute if, and only if
FL(bInt(A)) = bInt(f~1(A)) for each A€ IV .

Theorem 3.23 Let f : (X,7) — (Y,0) and g : (Y,0) — (Z,n) be mappings. Then the following
statements are true:

1. If f and g are IVF b-irresolute open (closed), then go f is IVF b-irresolute open (closed).

2. If go f is IVF b-irresolute and g is IVF b-irresolute open (closed) and injective, then f is IVF
b-irresolute.

3. If g o f is IVF b-irresolute open (closed) and g is IVF b-irresolute and injective, then f is IVF
b-irresolute open (closed).
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4. If go [ is IVF b-irresolute and f is IVF b-irresolute open (closed) and surjective, then g is IVF
b-irresolute.

5. If go f is IVF b-irresolute open (closed) and f is IVF b-irresolute and surjective, then g is IVF
b-irresolute open (closed).

Proof: Follows from the respective definitions. O

Definition 3.5 A bijective mapping f : (X,7) — (Y, 0) is called a IVF b-homeomorphism if both f and
f~Y are IVF b-irresolute.

Theorem 3.24 For a bijective map f : (X,7) = (Y, 0), the following statements are equivalent:
1. f is a IVF b-homeomorphism;
2. f~%is a IVF b-homeomorphism;
3. f and f~' are IVF b-irresolute open (closed);
4. [ is IVF b-irresolute continuous and IVF b-irresolute open (closed);
5. f(bCL(A)) = bCl(f(A)) for each A € IX;
6. f(bInt(A)) = bInt(f(A)) for each A € I*;
7. f7Y(bInt(B) = bInt(f~1(B)) for each B IY;

8. bCl(f~1(B)) = f~1(bCI(B)) for each B € IY.

Proof: (1) = (2): It follows immediately from the definition of an IVF b-homeomorphism and the
relation (f~! =f.

(2) = (3): It follows from Theorem 3.17.

(3) = (4): It follows from Theorem 3.17.

(4) = (5): Tt follows from Theorem 3.17 and Theorem 3.20.

(5) = (6): Let B € IY. Then f(bInt(B)) =1— (f(bCl(1 - B))) =1— (bCL(f(1 — B))) = bInt(f(B))

(6) = (7): Let B € IX. Accordmg to the assumption f(bInt(f Y(B))) = bInt(f(f~4(B))) = bInt(B)
Thus f~1(f(bInt(f~1(B))) = f~ (bInt(B)) Hence bInt(f~1(B)) = f~1(bInt(B)).

(7) = (8): Let A € IY. Then bCI(f1(A) =1~ (fHbInt(T - A)) =1~ (bInt(f~1(1 - A)) =
S BCIA)).

(8) = (1): It follows from Theorem 3.17 and Theorem 3.21. O
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