Bol. Soc. Paran. Mat. (3s.) v. 2024 (42) : 1-6.
©SPM ~ISSN-2175-1188 ON LINE ISSN-0037-8712 IN PRESS
SPM: www.spm.uem.br/bspm d0i:10.5269/bspm.62963

On Algebraic Independence of Some Continued Fractions

Sarra Ahallal and Ali Kacha

ABSTRACT: In the present paper, we prove the algebraic independence of a finite number of real continued
fractions that have partial quotients that increase rapidly. We then use a general Liouville criteria to justify
the algebraic independence of limits in some real series. We note that these results extend some work of
Bundschuh, and we use a new and simple method.
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1. Introduction

Many results in transcendental number theory are proved by constructing a sequence of sufficiently
good approximations (perhaps by rational numbers) or possibly a sequence of polynomials with integer
coeflicients that take small values at a number that we study.

So, in 1844, Liouville [8] has explicitly constructed the first example of transcendental numbers. We recall
that the transcendence of the continued fractions having partial quotients that increase rapidly have been
studied by several authors, such as W. W. Adams [1], P. Bundschuh [3], A. Durand [4], W. Lianxiang [7],
G. Nettler [10], T. Okano [11].

We also note that the transcendence of some power series with rational or integer coefficients or p-adic
numberss are given by some authors, see [6], [13].

Let A = [ag; a1, a2, -, an,...] and B = [by; b1, ba, - - -, by, ...] be two real continued fractions. In 1984,
P. Bundschuh [3] proved that A and B are algebraically independent if there exists a reel number r > 1
such that

r~Ya, >b, >a""} forall n>2.

n—1
In particular, the six numbers A, B, A+ B, and AB*! are transcendental.
Similarly, A. Kacha (see [5]) in 1993 has improved Bundschuh result by showing first that if « is a real
constant > 3 such that for all n > 2
r~tan, > b, > a2y, (1.1)

a—1

then for any non-constant polynomial P € Z[X] of total degree d < , P (A, B) is a transcendental

number.

To prove this result, he used the approximation theorem of Roth [12]. Then he has deduced the algebraic
independence of A and B if in the relation (1.1) the exponent of a,_; is an increasing sequence of real
numbers «,,_1 which tends to infinity. He also proved the transcendence of the six numbers A, B, A+ B,
and AB*! in his recent paper [2].

A first aim in the present note is to prove the algebraic independence of a finite family of real num-
bers which are defined by their continued fraction expansions. Our work also generalizes a work of
Bundschuh in [3] from two numbers to an arbitrary number of real numbers.

We use a general Liouville type algebraic independence criteria due to Adams [1]. We notice that our
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method is new and simple. The following theorem is a criterion of the algebraic independence over Q
that will be used for the case of continued fractions.

Theorem 1.1. [1]. Let 01,05, ...,0,, be m real numbers. Assume that we are given integers P, ;;Qy ; for
Jj=1,..,m such that lim,_ 1o Qn,j = +00. Assume that for 2 < j <m,

fim 109=1 = Prj-1/Qnj1l _
n—-+0oo |¢4j——lﬂhj/62nd|

0. (1.2)

Further assume that for all j, 1 < j < m and all positive integers d there is an ny = no(d) such that for
all n > ng,

0 < 0) = Poji/Qnjl < (Qu1Qn2--Qnj) . (1.3)

Then, 01,0, ...,0,, are algebraically independent.

A second aim of this paper is also to prove the algebraic independence of limits of some real series.

2. Algebraic independence of a family of continued fractions

We study the algebraic independence over Q of real numbers by using their expansions as continued
fractions. Let Aj, A, ..., A, be m real numbers (m > 2) which are defined by the simple continued
fractions

Aj = lagj;a1,5, 02,5, -]

a .
For all 1 < j <m and n > 0, denote the convergents of A; by _ap ") and
n,J
a
Pn,j
Anj = 1053015, ng] = 22
4n,j

Our first main result is.

Theorem 2.1. Let (ay ;) be as before, we suppose that there exist a real number r > 1, (5,) a real
sequence > 1 which tends to +o0o such that

rlan o1 > ang,  2<5<m,

(2.1)
Ont1,m > aﬁ"”l for all n>1.

Then Ay, As, ... A, are algebraically independent over Q.

Remark 2.2. For the proof of Theorem 2.1, we can assume that the sequence [3,, is increasing. Because
if it is not, we can take v,, = inf(B8,, p > n) which is increasing since f3,, tends to infinity. Further, the

Yn—1
n—1

n—1

hypothesis b, > a implies that b,, > ai':l .

In order to prove Theorem 2.1, we will first require a preliminary Lemma.
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Lemma 2.3. (i) For all 1 < j < m, we have
1 1

<|Aj = An;l <

2Gn,jqn+1,5 In,jln+1,5

i) If T Yan i—1 > an; for all j =2,....m and n > 1, then we get
J \J
Qn,jfl > r%qn,j > qn,j~

1) If ay, i > aﬁ’fl» or all n > 2, then for any € > 0 we obtain
5] n—1,j

s te
Ing < apny'
for all sufficiently large n.
Proof. (i) See [10].
(i7) We prove it as in Lemma 2 of Bundschuh [3].
(iii) We have
Gnj = Gnj Gn-15+ Gn—-2j < (@nj+1) gn-1;

< H (ap +1).
k=1
‘Which becomes
n 1 n
Gn,j < H (1 + —) Hak,j-
=1 Ui/ 2
However, for all £ > 1 we get

k-1
k1,5 > ai}j and ai; > 2 then ag,j > 281

Hence, there exists a positive real constant C'(5) such that

ﬁ <1+L> <ﬁ(1+2ﬁ%> < C(B)-

Finally, we obtain

k=1
I grtgzto T
1
< C(Bl) an]
Then, for any € > 0 we get
1
T 5171+6

for all sufficiently large n.

Proof of Theorem 2.1. (i) We will note bellow 5(n) = §,,. For the proof of Theorem 2.1, we need

only verify the hypotheses of Theorem 1.1. We have
1

|Aj—1 - An,j—1| < —
qn,jflanrl,jfl
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By using (i) and (ii) of Lemma 2.1, g,, j—1 > 7"/?q,, ; and < |A; — A, j|, the inequality above

2Gn,jqn+1,5
becomes
2 2
A1 — A, 1] < < A — A,
| j—1 n,j 1| Tn/QQn,an+1,j 7’"/2| J "7]|

So, we obtain
|[Aj—1 = Poj—1/@n,j—1| <2
|Aj = Pnj/Qn.jl /2

which tends to zero by hypothesis. To verify (1.3) of Theorem 1.1, we use

1 1
[Aj = Anjl < < :
qn,j4n+1,5 Ap+1,5

Remark 2.4. We recall that the hypotheses aypy1,m > ai:‘l and Gy j—1 > Gy ; for all 2 < j < m, one gets

On41,5 > aﬁj}, forall 1 <1< m.

From this remark, we deduce that

1 1
4 = Angl < - < ——570
an,l =1 CLn,l
By using (iii) of Lemma 2.1, for any £ > 0 one find
1
|Aj - A"7j| < Bi—1 5
J m(B1+e(B1—1)) " n

1=14n,l

for all sufficiently large n.

We then tend € to zero in the last inequality. On the other hand, one has lim,,, | /jnl—/;llﬂn = 400, then

61_1ﬁn > d. So, we get

mpB,

for all positive integers d there is an ng = no(d) such that for all n > ny we have

0< |A] — Pn,j/Qn,j| < (Qn71...Qn7j)_d.

which completes the proof of Theorem 2.1.

Example. Let

ag =byp =0, a1 =by =1,
2n)!
a2 =9, by =3, by = 3597 0 > 3
r=1,5

B,=02n—1)(n+1), n>1.

By applying Theorem 2.1, we deduce that the real numbers Aq, As, ..., A, are algebraically independent.



ALGEBRAIC INDEPENDENCE OF CONTINUED FRACTIONS 5
3. Algebraic independence of some series
Theorem 3.1. Let g1, ..., gm be m distinct integers > 2, such that gj—1 > 2g; for all2 < j <m, § a real

number > 0. Let
+oo
=2 9"
n=1

for all 1 < j < m, where ap41 = a}f‘; forn > 1 and a; = 3. Then, the real numbers 01,05, ...,0,, are
algebraically independent.

Proof. From the definition of 6}, it is clear that these series are convergent. In order to prove Theorem
3.1, it suffices to verify the hypotheses of Theorem 1.1. To this end, consider (Z" 1) = (> 9; ") a

sequence of rational approximations of #; which is expressed in reduced form. So we obtain ¢, ; = g;"

and
antr <1+ Z ak+1 fln+1>'

9j—1

pn,jfl
0;_y — Dmizl] —
dn,j—1

k=n-+1 J
Which yields
1 Pn,j—1 2
: 0,4 — I —_ . 3.1
;14{1 J Qn.j—1 g;n+1 ( )

We deduce from (2.3) that ; is a Liouville number, so it is a transcendental number. Therefore, (3.1)
and gj—1 > 2g; imply that

0., — Dn,j—1 2 - 1  Pny
! dn,j—1 (2gj)en+r " 20—l [T g,
It follows that . P .
J—1
Oj-1— 5|/ 10 = 5" | < 5oy
Qn,j—1 Qnj| 2041
which tends to zero. Since we have,
o Dnj -
J n )
Wil g
to verify (1.3) of Theorem 1.1, it suffices to prove that for all n > ng(d),
g?”“ > (g‘f"...g;")d. We can see that
C"f'n+1
lim ——— = 4o0.
S A
This equality is true since one has
(py11ng; _ 5 In g; _ 55(140)"" In g;
anIn(gi...g;) "In(g1...95) In(g1...95)’

which tends to infinity. Hence, for any positive integer d there exists an ng = ng(d) such that, for all
n > ng
In(g;™*") > dIn(gr...g;)*" = ln(g‘f"...g;")d.
Which yields
ani1

9"t > (gim i),

Finally, we obtain

2
(g1 g5t

Which completes the proof of Theorem 3.1. (]

Hj—@ <

qn,j
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