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Semi-Fuzzy Graphs
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abstract: In this paper, we introduce the relatively new notions of semi-fuzzy graph and balanced semi-
fuzzy graph. We study several operations on these graphs such as complement, union, join, composition, direct
product, semi-strong product and strong product. In addition, we provide some classes of balanced semi-fuzzy
graphs. Similar work is also done for Intuitionistic semi-fuzzy graphs.
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1. Introduction

Biggs [23] first introduced the notion of graphs in 1736. In the history of mathematics, the solution
given by Euler of the well-known Konigsberg bridge problem is considered to be the first theorem of graph
theory. This has now become a subject generally regarded as a branch of combinatorics. The theory of
graphs is an extremely useful tool for solving combinatorial problems in different areas such as geometry,
algebra, number theory, topology, operations research , optimization theory and computer science.

In 1965, Zadeh [46] suggested a framework to describe the uncertain phoneme in real life. Graph theory
has been witnessing an exponential growth in fuzzy graph theory. In 1975, Rosenfeld [40] considered
fuzzy relations on fuzzy sets and developed the theory of fuzzy graphs. During the same time Yeh and
Bang [45] have also introduced various connectedness concepts in fuzzy graphs. The theory of fuzzy sets
have been applied widely in areas like logic, information theory, pattern recognition, clustering, expert
systems, database theory, control theory, robotics, networks and nanotechnology, see [19,26,27,28,32].
Fuzzy set theory has emerged as a potential area of interdisciplinary research and fuzzy graph theory is
of recent interest.

There are many research papers on balanced fuzzy graphs that have been introduced by Al-Hawary
[9] were he studied some operations of fuzzy graphs, see for example [1,2,3,4,5,6,7,8,10,11]. In this paper,
we modify his definition of balanced Then we study some property of fuzzy graphs and its relation with
balanced property.

Atanassov [17] introduced the concept of intuitionistic fuzzy relations and intuitionistic fuzzy graphs
(IFGs). Articles [9,17,38] motivated us to analyze balanced IFGs and their properties. We modify
balanced IFGs notion to semi-IFGs and study their properties.

Next, we recall some definitions and results that will be needed throughout this paper.

Definition 1.1 [26] A fuzzy subset of a set V is a mapping σ : V → [0.1]. A fuzzy relation on σ is a
mapping µ : V × V → [0.1]. If µ and ω are fuzzy relations on σ, then µ ◦ ω(u,w) = Supv∈V {µ(u, v) ∧
ω(v, w)}.
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Definition 1.2 [40] A fuzzy graph G : (σ, µ) where σ is a fuzzy subset of V and µ is a fuzzy relation
on σ such that µ(x, y) ≤ σ(x) ∧ σ(y) for all x, y ∈ V, where ∧ stands for minimum. The underlying
crisp graph of G is denoted by G∗ : (σ∗, µ∗) where σ∗ = sup p(σ) = {x ∈ V : σ(x) > 0} and µ∗ =
sup p(µ) = {(x, y) ∈ V × V : µ(x, y) > 0}.H = (σ′, µ′) is a fuzzy subgraph of G if there exists X ⊆ V
such that, σ′ : X → [0, 1] is a fuzzy subset and µ′ : X × X → [0, 1] is a fuzzy relation on σ′ such that
µ(x, y) ≤ σ(x) ∧ σ(y) for all x, y ∈ X.

Definition 1.3 [22] A fuzzy graph G : (σ, µ) is strong if µ(x, y) = σ(x) ∧ σ(y) for all xy ∈ E A fuzzy
graph G : (σ, µ) is complete if µ(x, y) = σ(x) ∧ σ(y) for all x, y ∈ V.

It is clear that every complete fuzzy graph is strong.

Definition 1.4 [22] An isomorphism between two fuzzy graphs G1 : (σ1, µ1) and G2 : (σ2, µ2) is a
bijective h : V1 → V2 satisfying σ1(u) = σ2(h(u)) for all u ∈ V1 and µ1(u, v) = µ2(h(u), h(v)) for all
u, v ∈ V1. We write G1 ≃ G2. If G1 = G2, h is called an automorphism.

After the pioneering work of Rosenfeld [40] and Yeh Bang [45] in 1975, when some basic fuzzy graph
theoretic and applications have been indicated, several authors have been finding deeper results, and
fuzzy analogues of many other graph theoretic concepts have been studied . This include fuzzy trees
[25,42] , fuzzy line graphs [29] , operations on fuzzy graphs [30] , automorphism of fuzzy graphs [20,22]
, fuzzy interval graphs [24], cycles and cocyles of fuzzy graphs [31] and metric aspects in fuzzy graphs
[43].

Definition 1.5 [44] A complement of a fuzzy graph G : (σ, µ) is a fuzzy graph Ḡ : (σ̄, µ̄) where σ̄ = σ
and µ̄(u, v) = σ(u) ∧ σ(v)− µ(u, v) for all u, v ∈ V. If G ≃ Ḡ, we say G is self-complemetary.

Theorem 1.1 [44] a) Let G : (σ, µ) be a self-complemetary fuzzy graph. Then
∑

x,y∈V µ(x, y) =
(1/2)

∑
x,y∈V (σ(x) ∧ σ(y))

b) Let G : (σ, µ) be a fuzzy graph satisfying µ(x, y) = (1/2)(σ(x) ∧ σ(y)) for all x, y ∈ V.Then G is
self-complemetary.

Definition 1.6 [32] The union of two fuzzy graphs G1 : (σ1, µ1) with crisp graph G∗
1 : (V1, E1) and

G2 : (σ2, µ2) with crisp graph G∗
2 : (V2, E2),where we assume that V1 ∩ V2 = ∅, is defined to be the fuzzy

graph G1 ∪G2 : (σ1 ∪ σ2, µ1 ∪ µ2) where (σ1 ∪ σ2)(u, v) = σ1(u) if u ∈ V1 and (σ1 ∪ σ2)(u, v) = σ2(v) if
v ∈ V2 and (µ1 ∪ µ2)(uv) = µ1(uv) if uv ∈ E1 and (µ1 ∪ µ2)(uv) = µ2(uv) if uv ∈ E2.

The join G1 : (σ1, µ1) and G2 : (σ2, µ2) is G1 + G2 : (σ1 + σ2, µ1 + µ2) where (σ1 + σ2)(u, v) =
(σ1 ∪ σ2)(u, v) and (µ1 + µ2)(uv) = (µ1 ∪ µ2)(uv) if uv ∈ E1 ∪ E2 and (µ1 + µ2)(uv) = σ1(u) ∧ σ2(v) if
uv ∈ É where É is the set of arcs joining the nodes of V1 and V2.

Theorem 1.2 [32] Let G1 : (σ1, µ1) and G2 : (σ2, µ2) be two fuzzy graphs. Then
(1) G1 +G2 ≃ G1 ∪G2.
(2) G1 ∪G2 ≃ G1 +G2.

Definition 1.7 [32] The Cartesian product of two fuzzy graphs G1 : (σ1, µ1) with crisp graph G∗
1 :

(V1, E1) and G2 : (σ2, µ2) with crisp graph G∗
2 : (V2, E2),where we assume that V1 ∩V2 = ∅, is defined to

be the fuzzy graph G1×G2 : (σ1×σ2, µ1×µ2) where (σ1×σ2)(u, v) = σ1(u)∧σ2(v) for all u ∈ V1, v ∈ V2

and (µ1 × µ2)((u, u2)(v, v2)) = σ1(u) ∧ µ2(u2v2) if u ∈ V1.u2v2 ∈ E2 and (µ1 + µ2)((u1, w)(v1, w)) =
µ1(u1v1) ∧ σ2(w) if u1v1 ∈ E2 and w ∈ V2.

The Composition of G1 : (σ1, µ1) and G2 : (σ2, µ2) is defined to be the fuzzy graph G1 ◦ G2 : (σ1 ◦
σ2, µ1 ◦ µ2) where (σ1 ◦ σ2)(u, v) = σ1(u) ∧ σ2(v) for all u ∈ V1, v ∈ V2 and (µ1 ◦ µ2)((u, u2)(v, v2)) =
σ1(u) ∧ µ2(u2v2) if u ∈ V1.u2v2 ∈ E2, (µ1 ◦ µ2)((u1, w)(v1, w)) = µ1(u1v1) ∧ σ2(w) if u1v1 ∈ E2 and
w ∈ V2 and (µ1 ◦ µ2)((u1, u2)(v1, v2)) = µ1(u1v1) ∧ σ2(u2) ∧ σ2(v2) if u1v1 ∈ E2 and u2v2 ∈ E2.

Theorem 1.3 [44] a) If G is a strong fuzzy graph, then Ḡ is strong.
b) If G1 and G2 are two strong fuzzy graphs, then G1 ◦G2 is strong and G1 ◦G2 ≃ G1 ◦G2.



Semi-Fuzzy Graphs 3

Al-Hawary [9] introduced the concept of balanced fuzzy graphs and studied some operations of fuzzy
graphs. In this chapter, we modify the definition of density and thus the definition of balanced fuzzy
graphs . Some properties of self-complementary fuzzy graphs and the complement of fuzzy graphs and
the direct product, semi-strong product , strong product and composition of fuzzy graphs, that were
introduced in [33] , were studied. For more on the previous notions and the following ones , you can see
[33,34,35,36,40,44].

There are several papers written on balanced extension of graphs [41] which has tremendous appli-
cations in artificial intelligence , signal processing , robotics, computer networks and decision making.
First, we display some types of products of fuzzy graph, such like direct product, semi-strong product
and strong product of two fuzzy graphs , then we provide examples on it.

Definition 1.8 [9] The direct product of two fuzzy graphs G1 : (σ1, µ1) with crisp graph G∗
1 : (V1, E1)

and G2 : (σ2, µ2) with crisp graph G∗
2 : (V2, E2),where we assume that V1 ∩ V2 = ∅, is defined to be the

fuzzy graph G1 ⊓G2 : (σ1 ⊓ σ2, µ1 ⊓ µ2) with crisp graph G : (V1 × V2, E) where

E = {(u1, v1)(u2, v2) : (u1, u2) ∈ E1, (v1, v2) ∈ E2},

(σ1 ⊓ σ2)(u, v) = σ1(u) ∧ σ2(v), for all (u, v) ∈ V1 × V2 and (µ1 ⊓ µ2)((u1, v1)(u2, v2)) = µ1(u1,u2) ∧
µ2(v1, v2).

The semi-strong product of two fuzzy graphs G1 and G2 : (σ2, µ2) is defined to be the fuzzy graph
G1 ·G2 : (σ1 · σ2, µ1·µ2) with crisp graph G : (V1 × V2, E) where

E = {(u, v1)(u, v2) : u ∈ V1, (v1, v2) ∈ E2} ∪ {(u1, v1)(u2, v2) : (u1, u2) ∈ E1, (v1, v2) ∈ E2},

(σ1 · σ2)(u, v) = σ1(u) ∧ σ2(v), for all (u, v) ∈ V1 × V2, (µ1·µ2)((u, v1)(u, v2)) = σ1(u) ∧ µ2(v1, v2) and
(µ1·µ2)((u1, v1)(u2, v2)) = µ1(u1,u2) ∧ µ2(v1, v2).

The strong product of two fuzzy graphs G1 and G2 is defined to be the fuzzy graph G1⊗G2 : (σ1⊗σ2, µ⊗
µ2) with crisp graph G : (V1 × V2, E) where E = {(u, v1)(u, v2) : u ∈ V1, (v1, v2) ∈ E2} ∪ {(u1, w)(u2, w) :
w ∈ V2, (u1, u2) ∈ E1}∪{(u1, v1)(u2, v2) : (u1, u2) ∈ E1, (v1, v2) ∈ E2}, (σ1⊗σ2)(u, v) = σ1(u)∧σ2(v), for
all (u, v) ∈ V1 × V2, (µ1 ⊗ µ2)((u, v1)(u, v2)) = σ1(u) ∧ µ2(v1, v2), (µ1 ⊗ µ2)((u1, w)(u2, w)) = σ2(w) ∧
µ1(u1, u2) and (µ1 ⊗ µ2)((u1, v1)(u2, v2)) = µ1(u1,u2) ∧ µ2(v1, v2).

Theorem 1.4 [1]a) If G1 and G2 are strong fuzzy graphs, then G1 ⊓G2 is strong.
b) If G1 and G2 are complete fuzzy graphs, then G1 ⊓G2 is strong.
c) If G1 and G2 are strong fuzzy graphs, then G1.G2 is strong.
d) If G1 and G2 are complete fuzzy graphs, then G1.G2 is strong.
e) If G1 and G2 are strong fuzzy graphs, then G1 ⊗G2 is strong.
f) If G1 and G2 are complete fuzzy graphs, then G1 ⊗G2 is complete.
g) If G1 and G2 are complete fuzzy graphs, then G1 ⊗G2 ≍ G1 ⊗G2.

Definition 1.9 [17] An intuitionistic fuzzy graph (simply, IFG) is of the form G : (V,E) where
(i) V = {ν0, ν1, ......., νn} such that µ1:V → [0, 1] and γ1 : V → [0, 1], denotes the degree of membership

and non-membership of the element vi ∈ V, respectively and 0 ≤ µ1(νi) + γ1(νi) ≤ 1,∀ νi ∈ V, (i =
1, 2, ....., n),

(ii) E ⊆ V × V where µ2 : V × V → [0, 1] and γ2 : V × V → [0, 1] are such that and 0 ≤ µ2(νi, νj) +
γ2(νi, νj) ≤ 1, for every (νi, νj) ∈ E, (i, j = 1, 2, ...., n).

Definition 1.10 [17] The complement of an IFG, G : (V,E) is an IFG, Gc : (V c, Ec), where
(i) V c = V,
(ii) µc

1i = µ1i and γc
1i = γ1i, ∀i = 1, 2, ...., n,

(iii) µc
2ij =min(µ1i, µ1j)− µ2ij and γc

2ij =max(γ1i, γ1j)− γ2ij, ∀i, j = 1, 2, ..., n.
An IFG G is said to be complete IFG if µ2ij =min(µ1i, µ1j) and γ2ij =max(γ1i, γ1j), ∀νi, νj ∈ V.
An IFG G is said to be strong IFG if µ2ij =min(µ1i, µ1j) and γ2ij =max(γ1i, γ1j), ∀νi, νj ∈ E.
An IFG G is said to be regular IFG if all the vertices have the same closed neighborhood degree.
Let G1 : (V1, E1) and G2 : (V2, E2) be two IFG’s. An isomorphism between G1 and G2 (denoted

by G1 ≃ G2) is a bijective map h : V1 → V2 which satisfies µ1(νi) = µ́1(h(νi)), ν1(νi) = ν́1(h(νi)),
µ2(νi, νj) = µ́2(h(νi), h(νj)) and γ2(νi, νj) = γ́2(h(νi), h(νj)), ∀νi, υj ∈ V.
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2. Balanced semi-fuzzy graphs

We begin this Section by defining semi-fuzzy graph and the density of a semi-fuzzy graph and balanced
semi-fuzzy graphs .Then we show that any complete semi-fuzzy graph is balanced, but the converse needs
not be true.

Definition 2.1 A fuzzy graph G : (σ, µ) is a semi-fuzzy graph if
∑

x,y∈V σ(x) ∧ σ(y) < 1.

Definition 2.2 The Density of a semi-fuzzy graph G : (σ, µ) is

D′(G) =
2
∑

x,y∈V µ(xy)

(1−
∑

x,y∈V σ(x)∧σ(y))(
∑

x,y∈V σ(x)∧σ(y)) . A semi-fuzzy fuzzy graph G is balanced if D′(H) ≤ D′(G)

for every fuzzy non-empty subgraph H of G.

Theorem 2.1 Every complete semi-fuzzy graph is balanced.

Proof: Let G : (σ, µ) be a complete semi-fuzzy graph. Then
∑

x,y∈V µ(xy) =
∑

x,y∈V σ(x)∧ σ(y). Hence

D′(G) = 2∑
x,y∈V σ(x)∧σ(y) . If H = (VH , EH) is non-empty fuzzy subgraph of G, then to make H complete,

we might have to add some edges to it with weights as the minimum between the adjacent vertices. Let
us call it H ′ = (V ′

H , E′
H). Since H′ is complete , then D′(H ′) = 2∑

x,y∈VH
σ(x)∧σ(y) . Since EH ⊆ EH′ ,∑

x,y∈VH
µ(xy) ≤

∑
x,y∈VH′ µ(xy) and so D′(H ′) ≤

2
∑

x,y∈V
H′ µ(xy)

(1−
∑

x,y∈VH
σ(x)∧σ(y))(

∑
x,y∈VH

σ(x)∧σ(y)) = D′(H ′)

and since VH ⊆ VH′ , D′(H ′) ≤ D′(G). Hence D′(H) ≤ D′(H ′) ≤ D′(G) and therefore, G is balanced. 2

Theorem 2.2 Any complete semi-fuzzy graph G has density D′(G) > 2 .

Proof: Let G : (σ, µ) be complete semi-fuzzy graph. Then µ(x, y) = σ(x) ∧ σ(y) for all x, y ∈ V . So∑
x,y∈V µ(xy) ≤

∑
x,y∈V σ(x) ∧ σ(y). Thus D′(G) = 2∑

x,y∈V σ(x)∧σ(y) and since
∑

x,y∈V σ(x) ∧ σ(y) < 1,

1−
∑

x,y∈V σ(x) ∧ σ(y) < 1 and thus D′(G) > 2. 2

The covers of the above theorem need not be true.

Example 2.1 The semi-fuzzy graph G : (σ, µ) defined on two vertices a and b such that σ(a) = 0.5,
σ(b) = 0.8, σ(c) = 0.2 and µ(a, b) = 0.5 is a semi-fuzzy graph such that D′(G) > 2, but it is not complete.

Theorem 2.3 Every self-complementary semi-fuzzy graph has density more than or equal to 1.

Proof: Let G be self-complementary semi-fuzzy graph. Then D′(G) = 1
1−

∑
x,y∈V σ(x)∧σ(y) . Since∑

x,y∈V σ(x) ∧ σ(y) < 1, 1−
∑

x,y∈V σ(x) ∧ σ(y) < 1 and thus D′(G) > 1. 2

The converse of the above Theorem need not be true.

Example 2.2 The semi-fuzzy graph G : (σ, µ) defined on two vertices a, b and such that σ(a) = 0.1 =
σ(b), σ(c) = 0.05, µ(a, c) = µ(a, b) = 0.025 and µ(b, c) = 0.06 is a semi-fuzzy graph that has density more
than 1, but it is not self-complementary.

Theorem 2.4 Let G : (σ, µ) be semi-fuzzy graph such that µ(u, v) = σ(x)∧σ(y)
2 for all u, v ∈ V . Then

D′(G) > 1.

Proof: Let G : (σ, µ) be semi-fuzzy graph such that µ(u, v) = σ(x)∧σ(y)
2 for all u, v ∈ V . Then G is

self-complementary and thus by Theorem.2.3, D′(G) > 1. 2

Lemma 2.1 Let G1 and G2 be complete semi-fuzzy graphs. Then D′(Gi) ≤ D′(G1 ⊓ G2) for i − 1, 2
and

∑
u1,u2∈V1

σ1 ⊓ σ2((u1, u2), (v1, v2)) ≤
∑

u1,u2∈V1
σ1(u1) ∧ σ2(u2) if and only if D′(G1) = D′(G2) =

D′(G1 ⊓G2).
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Proof: Since G1 is complete,
∑

u1,u2∈V1
σ1(u1) ∧ σ2(u2) ≤

∑
u1,u2∈V1

µ1(u1, u2). So∑
u1,u2∈V1

µ1(u1,u2)∑
u1,u2∈V1

σ1(u1)∧σ2(u2)
= 1 and by last Theorem , we have

D′(Gi) =
2

1−
∑

u1,u2∈V1
σ1(u1) ∧ σ2(u2)

=
2

1−
∑

u1,u2∈V1
σ1(u1) ∧ σ2(u2)

(

∑
u1,u2∈V1

µ1(u1, u2)∑
u1,u2∈V1

σ1(u1) ∧ σ2(u2)

≥ 2

1−
∑

u1,u2∈V1
σ1(u1) ∧ σ2(u2)

(

∑
u1,u2∈V1

µ1(u1, u2) ∧ σ2(v1) ∧ σ2(v2)∑
u1,u2∈V1

σ1(u1) ∧ σ2(u2) ∧ σ2(v1) ∧ σ2(v2)
)

=
2

1−
∑

u1,u2∈V1
σ1(u1) ∧ σ2(u2)

(

∑
u1,u2∈V1

µ1(u1, u2) ∧ µ2(v1, v2)∑
u1,u2∈V1

σ1(u1) ∧ σ2(u2) ∧ σ2(v1) ∧ σ2(v2)
).

Since G2 is complete, D′(Gi) ≥ 2
1−

∑
u1,u2∈V1

σ1(u1)∧σ2(u2)
(
∑

u1,u2∈V1
µ1⊓µ2((u1,u2)(v1,v2))∑

u1,u2∈V1
σ1⊓σ2((u1,u2)(v1,v2))

). Now we multiply

both sides by
1−

∑
u1,u2∈V1

σ1(u1)∧σ2(u2)

1−
∑

u1,u2∈V1
σ1⊓σ2((u1,u2)(v1,v2))

, we get

1−
∑

u1,u2∈V1
σ1(u1) ∧ σ2(u2)

1−
∑

u1,u2∈V1
σ1 ⊓ σ2((u1, u2)(v1, v2))

D′(G1) ≥ D′(G1 ⊓G2)......(1)

Substitute D′(G1) in (1), we get
2
∑

u1,u2∈V1
µ1(u1,u2)

(1−
∑

u1,u2∈V1
σ1⊓σ2((u1,u2)(v1,v2)))(

∑
u1,u2∈V1

σ1(u1)∧σ2(u2))
≥ D′(G1 ⊓G2).

According to our condition,
∑

u1,u2∈V1
σ1 ⊓ σ2((u1, u2)(v1, v2)) ≤

∑
u1,u2∈V1

σ1(u1) ∧ σ2(u2). Hence
2
∑

u1,u2∈V1
µ1(u1,u2)

(1−
∑

u1,u2∈V1
σ1(u1)∧σ2(u2))(

∑
u1,u2∈V1

σ1(u1)∧σ2(u2))
≥ D′(G1 ⊓G2). Therefore D′(G1) ≥ D′(G1 ⊓G2). 2

Theorem 2.5 Let G1 and G2 be balanced complete semi-fuzzy graphs and∑
u1,u2∈V1

σ1 ⊓ σ2((u1, u2)(v1, v2)) ≤
∑

u1,u2∈Vi
σ1(ui) ∧ σ2(ui) for i = 1, 2. Then G1 ⊓G2 is balanced if

and only if D′(G1) = D′(G2) = D′(G1 ⊓G2).

Proof: If G1 ⊓ G2 is balanced, then D′(G1) ≤ D′(G1 ⊓ G2) for i = 1, 2, and by Lemma 2.1, D′(G1) =
D′(G2) = D′(G1 ⊓G2).

Conversely, if D′(G1) = D′(G2) = D′(G1 ⊓G2) and H is a fuzzy subgraph of G1 ⊓G2, then there are
semi-fuzzy subgraphs H1 of G1 and H2 of G2. As G1 and G2 are balanced and D′(G1) = D′(G1) =

n1

r1
,

then D′(H1) ≤ a1

b1
≤ n2

r1
and D′(H2) ≤ a2

b2
≤ n1

r1
. Thus a1r1 + a2r2 ≤ b1n1 + b2n1 and hence D′(H) ≤

a1+a2

b1+b2
≤ n1

r1
= D′(G1 ⊓G2). Therefore D′(G1 ⊓G2) is balanced. 2

By similar arguments to those in Lemma.2.1 and Theorem.2.5, we can prove the following result:

Theorem 2.6 Let G1 and G2 be balanced complete semi-fuzzy graphs with∑
u1,u2∈V1

σ1 ⊗ σ2((u1, u2)(v1, v2)) ≤
∑

u1,u2∈Vi
σ1(ui) ∧ σ2(ui) and

∑
u1,u2∈V1

σ1.σ2((u1, u2)(v1, v2)) ≤∑
u1,u2∈Vi

σ1(ui) ∧ σ2(ui) for i = 1, 2. Then
(1) G1 ⊗G2 is balanced if and only if D′(G1) = D′(G2) = D′(G1 ⊗G2).
(2) G1.G2 is balanced if and only if D′(G1) = D′(G2) = D′(G1.G2).

Theorem 2.7 Let G1 and G2 be isomorphic semi-fuzzy graphs. If G2 is balanced, then G1 is balanced.

Proof: Let h : V1 → V2 be a bijection such that σ1(x) = σ2(h(x)) and µ1(x, y) = µ2(h(x), h(y)), for
all σx, y ∈ V1. By Lemma 2.1,

∑
x∈Vi

σ1(x) =
∑

x∈V2
σ2(x) and

∑
x,y∈Vi

µ1(xy) =
∑

x,y∈V2
µ2(xy). If

H1 = (σ1, µ1) is a fuzzy subgraph of G1 with underlying set W , then H2 = (σ′
2, µ′2) is a fuzzy subgraph

of G2 with underlying set h(W ) where σ′
2(h(x)) = σ′

1(x) and µ2′(h(x), h(y)) = µ1′(x, y) for all x, y ∈ W .
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Since G2 is balanced , D′(H2) ≤ D′(G2) and so
2
∑

x,y∈W µ2′(h(x),h(y))
(1−

∑
x,y∈W σ′

2(h(x))∧σ′
2(h(x)))(

∑
x,y∈W σ′

2(h(x))∧σ′
2(h(x)))

≤
2
∑

x,y∈W µ2(h(x),h(y))

(1−
∑

x,y∈W σ2(h(x))∧σ2(h(x)))(
∑

x,y∈W σ2(h(x))∧σ2(h(x)))
. Thus

2
∑

x,y∈W µ1(h(x), h(y))

(1−
∑

x,y∈W σ′
2(h(x)) ∧ σ′

2(h(x)))(
∑

x,y∈W σ′
2(h(x)) ∧ σ′

2(h(x)))
≤

2
∑

x,y∈W µ2(h(x), h(y))

(1−
∑

x,y∈W σ2(h(x)) ∧ σ2(h(x)))(
∑

x,y∈W σ2(h(x)) ∧ σ2(h(x)))
≤ D′(G1)

and hence D′(H1) ≤ D′(G1).Therefore G1 is balanced. 2

3. Regular fuzzy graphs

In this section, we need to study the concept of balanced for several semi-fuzzy graphs types so we
introduce regular fuzzy graphs concept and then we study balanced semi-fuzzy graphs and its relation to
regular fuzzy graphs.

Definition 3.1 [36]Let G : (σ, µ) be a fuzzy graph on G∗ = (V,E).if dG(v) = k , for all v ∈ V . Then G
is said to be a regular -fuzzy graph of degree k or k-regular fuzzy graph .The total degree of vertex u ∈ V
is defined by tdG =

∑
u,v∈V µ(uv) + σ(u) = dG(u) + σ(u). If each vertex of G has the same total degree

k, then G is said to by a totally regular fuzzy graph of total degree k or k-totally regular fuzzy graph. σ
is called a constant function if σ(u) = σ(v), for all u ̸= v ∈ V . µ is called a constant function if µ(uv)
are equivalent for all u, v ∈ V .

Theorem 3.1 If G : (σ, µ) is an r-regular semi-fuzzy graph, then G has a density
D′(G) = pr

(1−
∑

x,y∈V σ(x)∧σ(y))(
∑

x,y∈V σ(x)∧σ(y)) , where p = |V |.

Proof: Since G is an r-regular semi-fuzzy graph, dG(v) = r for all v ∈ V. Thus
∑

v∈V dG(v) =

2
∑

u,v∈V µ(uv). Hence
∑

u,v∈V µ(uv) =
∑

v∈V r

2 = pr
2 and so

D′(G) = pr
(1−

∑
x,y∈V σ(x)∧σ(y))(

∑
x,y∈V σ(x)∧σ(y)) . 2

Theorem 3.2 If G : (σ, µ) is an r-totally regular semi-fuzzy graph, then G has a density D′(G) =
pr−

∑
x∈V σ(x)

(1−
∑

x,y∈V σ(x)∧σ(y))(
∑

x,y∈V σ(x)∧σ(y)) , where p = |V |.

Proof: Since G is an r-totally regular semi-fuzzy graph, tdG(v) = r for all v ∈ V. So
∑

v∈V r =∑
v∈V dG(v) +

∑
v∈V σ(v). Thus pr = 2

∑
u,v∈V µ(uv) +

∑
v∈V σ(v). Dividing both sides by

(1−
∑

x,y∈V σ(x) ∧ σ(y))(
∑

x,y∈V σ(x) ∧ σ(y)), we get
∑

u,v∈V µ(uv) =
∑

v∈V r

2 = pr
2 and so

pr
(1−

∑
x,y∈V σ(x)∧σ(y))(

∑
x,y∈V σ(x)∧σ(y)) =

2
∑

u,v∈V µ(uv)

(1−
∑

x,y∈V σ(x)∧σ(y))(
∑

x,y∈V σ(x)∧σ(y)) +∑
v∈V σ(v)

(1−
∑

x,y∈V σ(x)∧σ(y))(
∑

x,y∈V σ(x)∧σ(y)) . So

D′(G) = pr
(1−

∑
x,y∈V σ(x)∧σ(y))(

∑
x,y∈V σ(x)∧σ(y)) −

∑
v∈V σ(v)

(1−
∑

x,y∈V σ(x)∧σ(y))(
∑

x,y∈V σ(x)∧σ(y))

=
pr−

∑
x∈V σ(x)

(1−
∑

x,y∈V σ(x)∧σ(y))(
∑

x,y∈V σ(x)∧σ(y)) 2

In general, some operations on semi-fuzzy graphs do not preserve totally regular as we see next.

Example 3.1 Consider the semi-fuzzy graphs G1 and G2 defined as follows: σ1(v1) = 0.04, σ1(v2) =
0.08, σ1(v3) = 0.07, µ1(v1, v2) = 0.03, µ1(v1, v3) = 0.04, µ1(v2, v3) = 0, σ2(u1) = σ2(u2) = 0.01 and
µ2(u1, u2) = 0.01. Then both G1 and G2 are 0.11-totally regular, but G1 ⊓G2, G1.G2 and G1 ⊗G2 are
not.

Example 3.2 The fuzzy graph G on vertices a,b,c such that σ(a) = 0.2, σ(b) = σ(c) = 0.1 and µ(b, c) =
0.1 is an 0.2-totally regular semi-fuzzy graph, but not balanced.
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4. Balanced intuitionistic semi-fuzzy graphs

Next, we introduce and study properties of intuitionistic semi-fuzzy and emphasize the case when an
intuitionistic semi-fuzzy graph is balanced.

Definition 4.1 A fuzzy graph G : (σ, µ) is an intuitionistic semi-fuzzy graph if
∑

x,y∈V µ1(x)∧µ1(y) < 1
and

∑
x,y∈V v1(x) ∨ v1(y) < 1. It is denoted by ISFG.

Definition 4.2 The density of a ISFG G : (σ, µ) is

D′(G) = (D′
µ(G), D′

v(G)), where D′
µ(G) =

2
∑

u,v∈V µ2(uv)

(1−
∑

x,y∈V µ1(x)∧µ1(y))(
∑

x,y∈V µ1(x)∧µ1(y))
and

D′
v(G) =

2
∑

u,v∈V v2(uv)

(1−
∑

x,y∈V v1(x) ∧ v1(y))(
∑

x,y∈V v1(x) ∧ v1(y))

.

Definition 4.3 An ISFG G : (σ, µ) is balanced if D′(H) ≤ D′(G) for all subgraphs H. That is D′
µ(H) ≤

D′
µ(G) and D′

v(H) ≤ D′
v(G).

Theorem 4.1 Any complete ISFG has density D′(G) = (D′
µ(G), D′

v(G)) > (2, 2).

Proof: Let G : (σ, µ) be a complete ISFG. Then µ2(vivj) = µ1(vi)∧µ1(vj) and v2(vivj) = v1(vi)∨v1(vj).
So

∑
vi,vj∈V µ2(vivj) =

∑
vi,vj∈V µ1(vi)∧µ1(vj) and

∑
vi,vj∈V v2(vivj) =

∑
vi,vj∈V v1(vi)∨v1(vj) and thus

D′
µ(G) = 2

1−
∑

vi,vj∈V µ1(vi)∧µ1(vj)
and D′

v(G) = 2
1−

∑
vi,vj∈V v1(vi)∨v1(vj)

. Since both 1−
∑

vi,vj∈V µ1(vi) ∧
µ1(vj) and 1−

∑
vi,vj∈V v1(vi) ∨ v1(vj) is less than 1, D′(G) = (D′

µ(G), D′
v(G)) > (2, 2). 2

Theorem 4.2 Every complete ISFG is balanced.

Proof: Let G : (σ, µ) be a complete ISFG. Then D′
µ(G) = 2

1−
∑

vi,vj∈V µ1(vi)∧µ1(vj)
and D′

v(G) =

2
1−

∑
vi,vj∈V v1(vi)∨v1(vj)

. If H is non-empty fuzzy subgraph of G, then to make H complete , we might have

to add some edges to it with weights as the minimum and maximum between the adjacent vertices. Let’s

call H ′ = (VH , EH′). Since H′ is complete, now D′
µ(G)=

2
∑

vi,vj∈VH
µ2(vivj)

(1−
∑

vi,vj∈VH
µ1(vi)∧µ1(vj))(

∑
vi,vj∈VH

µ1(vi)∧µ1(vj))

and D′
v(G) =

2
∑

vi,vj∈VH
µv2(vivj)

(1−
∑

vi,vj∈VH
v1(vi)∨v1(vj))(

∑
vi,vj∈VH

v1(vi)∨v1(vj))
and since EH ⊆ EH′ , D′

µ(H) ≤ D′
µ(H

′)

and D′
v(H) ≤ D′

v(H
′). Since VH ⊆ VH′ , D′

µ(H
′) ≤ D′

µ(G) and D′
v(H

′) ≤ D′
v(G). 2

Corollary 4.1 Let G : (σ, µ) be a self-complementary SIFG . Then∑
vi,vj∈V µ2(vivj) =

∑
vi,vj∈V µ1(vi)∧µ1(vj)

2 and
∑

vi,vj∈V v2(vivj) =

∑
vi,vj∈V v1(vi)∧v1(vj)

2 .

Theorem 4.3 Every self-complementary ISFG has a density more than or equal to (1,1).

Proof: Let G be self-complementary ISFG. Then D′
µ(G) = 1

1−
∑

vi,vj∈V µ1(vi)∧µ1(vj)
and

D′
v(G) = 1

1−
∑

vi,vj∈V v1(vi)∧v1(vj)
. Since 1−

∑
vi,vj∈V µ1(vi)∧µ1(vj) < 1 and 1−

∑
vi,vj∈V v1(vi)∧v1(vj) <

1, D′
µ(G) > 1 and D′

v(G) > 1 and so D′(G) < (1, 1). 2

Lemma 4.1 Let G1 and G2 be complete ISFGs such that
∑

u1,u2∈V1,v1,v2∈V2
µ1 ⊓ µ′

1((u1, u2)(v1, v2)) ≤∑
u1,u2∈V1

µ1(u1) ∧ µ1(u2) and
∑

u1,u2∈V1,v1,v2∈V2
v1 ⊓ v′1((u1, u2)(v1, v2)) ≤

∑
u1,u2∈V1

v1(u1) ∧ v1(u2).
Then D′(Gi) ≤ D′(G1 ⊓G2) if and only if D′(G1) = D′(G2) = D′(G1 ⊓G2) for i = 1, 2.
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Proof: Since G1 is complete, D′
µ(G1) =

1
1−

∑
u1,u2∈V1

µ1(u1)∧µ1(u2)
andD′

v(G1)=
1

1−
∑

u1,u2∈V1
v1(u1)∧v1(u2)

.

Thus
∑

u1,u2∈V1
µ1(u1)∧µ1(u2)=

∑
u1,u2∈V1

µ2(u1u2) and
∑

u1,u2∈V1
v1(u1)∧v1(u2)=

∑
u1,u2∈V1

v2(u1u2).

So
∑

u1,u2∈V1
µ2(u1u2)∑

u1,u2∈V1
µ1(u1)∧µ1(u2)

=
∑

u1,u2∈V1
v2(u1u2)∑

u1,u2∈V1
v1(u1)∧v1(u2)

= 1 and hence

D′
µ(G1) =

2

1−
∑

u1,u2∈V1
µ1(u1) ∧ µ1(u2)

∑
u1,u2∈V1

µ2(u1u2)∑
u1,u2∈V1

µ1(u1) ∧ µ1(u2)

≥ 2

1−
∑

u1,u2∈V1
µ1(u1) ∧ µ1(u2)

∑
u1,u2∈V1,v1,v2∈V2

µ2(u1u2) ∧ µ′
1(v1) ∧ µ′

1(v2)∑
u1,u2∈V1,v1,v2∈V2

µ1(u1) ∧ µ1(u2) ∧ µ′
1(v1) ∧ µ′

1(v2)

=
2

1−
∑

u1,u2∈V1
µ1(u1) ∧ µ1(u2)

∑
u1,u2∈V1,v1,v2∈V2

µ2(u1u2) ∧ µ′
2(v1, v2)∑

u1,u2∈V1,v1,v2∈V2
µ1(u1) ∧ µ1(u2) ∧ µ′

1(v1) ∧ µ′
1(v2)

.

Similarly, since G2 is complete D′
µ(G2) ≥ 2

1−
∑

u1,u2∈V1
µ1(u1)∧µ1(u2)

∑
u1,u2∈V1,v1,v2∈V2

µ2⊓µ′
2((u1u2)(v1,v2))∑

u1,u2∈V1,v1,v2∈V2
µ1⊓µ′

1((u1u2)(v1,v2))
.

Now we multiply both sides by
1−

∑
u1,u2∈V1

µ1(u1)∧µ1(u2)

1−
∑

u1,u2∈V1,v1,v2∈V2
µ1⊓µ′

1((u1u2)(v1,v2))
to get

1−
∑

u1,u2∈V1
µ1(u1) ∧ µ1(u2)

1−
∑

u1,u2∈V1,v1,v2∈V2
µ1 ⊓ µ′

1((u1u2)(v1, v2))
D′

µ(G1) ≥ D′µ(G1 ⊓G2)

and as D′
µ(G1) =

2
∑

u1,u2∈V1
µ2(u1u2)

(1−
∑

u1,u2∈V1
µ1(u1)∧µ1(u2))(

∑
u1,u2∈V1

µ1(u1)∧µ1(u2))
, we have

2
∑

u1,u2∈V1
µ2(u1u2)

(1−
∑

u1,u2∈V1,v1,v2∈V2
µ1⊓µ′

1((u1u2)(v1,v2)))(
∑

u1,u2∈V1
µ1(u1)∧µ1(u2))

≥ D′µ(G1 ⊓G2). According to our condi-

tion
∑

u1,u2∈V1,v1,v2∈V2
µ1 ⊓ µ′

1((u1u2)(v1, v2)) ≤
∑

u1,u2∈V1
µ1(u1) ∧ µ1(u2) and so

2
∑

u1,u2∈V1
µ2(u1u2)

(1−
∑

u1,u2∈V1
µ1(u1)∧µ1(u2))(

∑
u1,u2∈V1

µ1(u1)∧µ1(u2))
≥ D′µ(G1 ⊓ G2). Thus D′µ(G1) ≥ D′µ(G1 ⊓ G2) and

similarly D′µ(G2) ≥ D′µ(G1 ⊓ G2). Similar arguments give D′v(G1) ≥ D′v(G1 ⊓ G2) and D′v(G2) ≥
D′v(G1 ⊓G2). Therefore, D′(G1) = D′(G2) = D′(G1 ⊓G2). 2

Theorem 4.4 Let G1 and G2 be balanced complete ISFGs such that∑
u1,u2∈V1,v1,v2∈V2

µ1 ⊓ µ′
1((u1, u2)(v1, v2)) ≤

∑
u1,u2∈V1

µ1(u1) ∧ µ1(u2) and∑
u1,u2∈V1,v1,v2∈V2

v1 ⊓ v′1((u1, u2)(v1, v2)) ≤
∑

u1,u2∈V1
v1(u1) ∧ v1(u2). Then G1 ⊓G2 is balanced if and

only if D′(G1) = D′(G2) = D′(G1 ⊓G2) for i = 1, 2.

Proof: If G1 ⊓ G2 is balanced, then D′(Gi) ≤ D′(G1 ⊓ G2) for i = 1, 2 and by the above Lemma
D′(G1) = D′(G2) = D′(G1 ⊓G2).

Conversely , if D′(G1) = D′(G2) = D′(G1 ⊓ G2) and H is an IFG subgraph of G1 ⊓ G2, then there
exist IFG subgraph H1 of G1 and H2 of G2. As G1 and G2 are balanced and D′

µ(G1) = D′
µ(G2) =

n1

r1
,

then D′
µ(H1) =

a1

b1
≤ n2

r1
and D′

µ(H2) =
a2

b2
≤ n1

r1
. Thus a1r1 + a2r2 ≤ b1n1 + b2n1 and hence D′

µ(H) ≤
a1+a2

b1+b2
≤ n1

r1
= D′µ(G1⊓G2). Similarly D′

v(H) ≤ D′v(G1⊓G2) and thus D′(H) ≤ D′(G1⊓G2). Therefore
G1 ⊓G2 is balanced. 2

We can prove the following result by similar arguments to those in the above Theorem:

Theorem 4.5 Let G1 and G2 be balanced complete ISFGs.
(a) If

∑
u1,u2∈V1,v1,v2∈V2

µ1 ⊗ µ′
1((u1, u2)(v1, v2)) ≤

∑
u1,u2∈V1

µ1(u1) ∧ µ1(u2) and∑
u1,u2∈V1,v1,v2∈V2

v1 ⊗ v′1((u1, u2)(v1, v2)) ≤
∑

u1,u2∈V1
v1(u1) ∧ v1(u2), then G1 ⊗G2 is balanced if and

only if D′(G1) = D′(G2) = D′(G1 ⊗G2) for i = 1, 2.
(b) If

∑
u1,u2∈V1,v1,v2∈V2

µ1.µ
′
1((u1, u2)(v1, v2)) ≤

∑
u1,u2∈V1

µ1(u1) ∧ µ1(u2) and∑
u1,u2∈V1,v1,v2∈V2

v1.v
′
1((u1, u2)(v1, v2)) ≤

∑
u1,u2∈V1

v1(u1) ∧ v1(u2), then G1.G2 is balanced if and only
if D′(G1) = D′(G2) = D′(G1.G2) for i = 1, 2.

We end this section by stating that balanced notion of IFGs is preserved under isomorphism. The
proof is easy and thus omitted.

Theorem 4.6 Let G1 and G2 be isomorphic ISFGs. If one of them is balanced, the the other is balanced.



Semi-Fuzzy Graphs 9

References

1. T. Al-Hawary, Characterizations of matroid via OFR-sets, Turkish Journal of Mathematics, 25(3), 445–455, (2001).

2. M. Akram, D. Saleem and T. Al-Hawary, Spherical fuzzy graphs with application to decision-making , Mathematical
and Computational Applications, 25(8), 1-32, (2020).

3. T. Al-Hawary, Density Results for Perfectly Regular and Perfectly Edge-regular fuzzy graphs, Journal of Discrete
Mathematical Sciences & Cryptography, 26(2), 521–528, (2023).

4. T. Al-Hawary and B. Horani, On Intuitionistic Product Fuzzy Graphs, Italian Journal of Pure and Applied Mathematics,
38, 113-126, (2017).

5. T. Al-Hawary, On Modular Flats and Pushouts of Matroids, Italian Journal of Pure and Applied Mathematics, 43 (1),
237-241, (2020).

6. T. Al-Hawary, β Greedoids, Matematicki Vesnik, 66(4), 343–350, (2014).

7. T. Al-Hawary, Complete Hamacher fuzzy graphs, Journal of Applied Mathematics and Informatics, 40(5-6), 1043–1052.
(2022).

8. T. Al-Hawary, Maximal Strong Product and Balanced Fuzzy Graphs, Journal of Applied Mathematics and Informatics,
41(5), 1145–1155, (2023).

9. T. Al-Hawary, Complete Fuzzy graph, International Journal of Mathematical Combinatorics, 4, 26-34, (2011).

10. T. Al-Hawary, Strong Modular Product and Complete Fuzzy Graphs, Italian Journal of Pure and Applied Mathematics,
(50), pp. 98–104, (2023).

11. R. V. Jaikumar, R. Sundareswaran, M. Shanmugapriya, S. Broumi, and T. Al-Hawary, Vulnerability parameters in
picture fuzzy soft graphs and their applications to locate a diagnosis center in cities, Journal of Fuzzy Extension and
Applications, 5(1), 86-99, (2024).

12. T. Al-Hawary, Anti product fuzzy graphs, International Journal of Applied Mathematics, 36(6), 747-756, (2023).

13. M. Akram and W.A. Dudek, Interval-valued fuzzy graphs, computers Mathematics and Applications, 61, 289-299,
(2011).

14. M. Akram and W .A. Dudek, Intuitionistic fuzzy hypergraphs with applications, Information Scinces, 218, 182-193,
(2013).

15. M. Akram and B. Davvaz, Strong intuitionistic fuzzy graphs, filomat, 26,177-196, (2012).

16. M. Akram, M.G. Karunambigai and O.K. Kalaivani, Some metric aspects of intuitionistic fuzzy graphs, World Applied
sciences Journal 17, 1789-1801, (2012).

17. K.T. Atanassov, Intuitionistic fuzzy sets: Theory and applications, Studies in fuzziness and soft computing, Heidelberg,
New York, Physical-Verl., (1999).

18. R. Balaknshnan and K. Ranganathan, A Text Book of Graph Theory , Springer, (2000).

19. C. Bezdek and S. K. Pal, Fuzzy Models for Pattern Recognition. IEEE Press, (1992).

20. P. Bhattacharya. Pattern Recognition Lett. 6, 297-302, (1987).

21. P. Bhattacharya and F. Suraweera. Pattern Recognition Lett. 12, 413-20, (1991).

22. K. R. Bhutani, On automorphism of fuzzy graphs, Pattern Recognition letter 9, 159-162, (1989).

23. Biggs, N.; Lloyd, E. and Wilson, R. (1986), Graph Theory, 1736-1936, Oxford University Press

24. W. L. Craine. Fuzzy Sets & Systems, 68, 181-93, (1994).

25. M. Delgado. J. L. Verdegay and M. A. Vila. European J. Operations Research 22, 243-49, (1985).

26. G. J. Klir. Bo Yuan, Fuzzy Sets and Fuzzy Logic : Theory and applications, PHI, (1997).

27. B. Kosko. Fuzzy Thinking : The New Science of Fuzzy Logic, Hyperion, New York, (1993).

28. F. A. Lootsma. Fuzzy Logic for Planning and Decision Making, Kluwer, (1997).

29. J. N. Mordexon. Pattern Recognition Lett. 14, 381-84, (1993).

30. J. N. Mordeson and C. S. Peng. Information Sciences. 79, 159-70, (1994).

31. J. N. Mordeson and P. S. Nair. Information Sciences. 90, 39-49, (1996).

32. J. N. Mordeson and P. S. Nair. Physica Verlag, (2000).

33. J. N. Mordeson and C. S. Peng, Operations on fuzzy graphs, Information Sciences 79, 381-384, (1994).

34. A. Nagoor Gani and J. Malarvizhi, Isomorphism on fuzzy graphs, Int. J. Comp. and Math. Sei. 2(4), 190-196, (2008).



10 T. Al-Hawary and M. Hashim

35. A. Nagoor Gani and J. Malarvizhi, Isomorphism properties on strong fuzzy graphs, Int. J. Algorithms, Comp. and
Math. 2(1), 39-47, (2009).

36. A.Nagoor Cani and K. Radhs, On regular fuzzy graphs, J. Physical Sciences 12, 33-40, (2008).

37. A .Nagoorgani and S. S. Begum, Degree, order and size in Intuitionistic fuzzy graphs, International Journal of Algorthms
, Computing and Mathematics, 3, 11-16, (2010).

38. R. Parvathi and M.G. Karunambigai, Intuitionistic fuzzy graphs, Computational Intelligence, Theory and applications,
139-150, (2006).

39. R. Parvathi, M. G. Karunambigai and K. Atanassov, Operations on intuitionistic fuzzy graphs, Proceedings of IEEE
International Conference Fuzzy Systems (FUZZ-IEEE), 1396-1401, (2009).

40. A. Rosenfeld and Fuzzy graphs. In fuzzy sets and their applications to Cognitive and Decision Processes. Zadeh L. A.,
Fu K. S., Shimura M., Eds. Acadmic Press. New York, 77-95, (1975).

41. A. Rucinski and A. Vince, The solution to an extremal problem on balanced extensions of graphs, J. of Graph Theory
17 417-431, (1993).

42. M. S. Sunitha and A. Vijaya Kumar. Information Sciences, 113, 293-300, (1999).

43. S. Sunitha and A. Vijaya Kumar. Some metric aspects of fuzzy graphs. In Proceedings of the Conference on Graph
Connections. Allied Publichers, 111-114, (1999).

44. M.S. Sunitha and A. V. Kumar, Complements of fuzzy graohs, Indian J. Pure Appl. Math. 33(9), 1451-1464, (2002).

45. R. T. Yeh and S. Y. Banh. Fuzzy relations, fuzzy graphs and teir applications to clustering analysis, In Fuzzy sets and
their Applications to Cognitive and Decision Processes. Zadeh. L. A., Fu K. S., Shimara. M. Eds. Academic Press. New
York. 125-49, (1975).

46. L. A. Zadeh, Fuzzy sets, Inform. Control. 8, 338-353, (1965).

Talal Al-Hawary,

Department of Mathematics,

Yarmouk University,

Jordan.

E-mail address: talalhawary@yahoo.com

and

Mohammed Hashim,

Department of Mathematics,

Irbid National University,

Jordan.

E-mail address: taylorsuccessor@yahoo.com


	Introduction
	Balanced semi-fuzzy graphs
	Regular fuzzy graphs
	Balanced intuitionistic semi-fuzzy graphs

