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ABSTRACT: In this paper, we introduce the relatively new notions of semi-fuzzy graph and balanced semi-
fuzzy graph. We study several operations on these graphs such as complement, union, join, composition, direct
product, semi-strong product and strong product. In addition, we provide some classes of balanced semi-fuzzy
graphs. Similar work is also done for Intuitionistic semi-fuzzy graphs.
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1. Introduction

Biggs [23] first introduced the notion of graphs in 1736. In the history of mathematics, the solution
given by Euler of the well-known Konigsberg bridge problem is considered to be the first theorem of graph
theory. This has now become a subject generally regarded as a branch of combinatorics. The theory of
graphs is an extremely useful tool for solving combinatorial problems in different areas such as geometry,
algebra, number theory, topology, operations research , optimization theory and computer science.

In 1965, Zadeh [46] suggested a framework to describe the uncertain phoneme in real life. Graph theory
has been witnessing an exponential growth in fuzzy graph theory. In 1975, Rosenfeld [40] considered
fuzzy relations on fuzzy sets and developed the theory of fuzzy graphs. During the same time Yeh and
Bang [45] have also introduced various connectedness concepts in fuzzy graphs. The theory of fuzzy sets
have been applied widely in areas like logic, information theory, pattern recognition, clustering, expert
systems, database theory, control theory, robotics, networks and nanotechnology, see [19,26,27,28,32].
Fuzzy set theory has emerged as a potential area of interdisciplinary research and fuzzy graph theory is
of recent interest.

There are many research papers on balanced fuzzy graphs that have been introduced by Al-Hawary
[9] were he studied some operations of fuzzy graphs, see for example [1,2,3,4,5,6,7,8,10,11]. In this paper,
we modify his definition of balanced Then we study some property of fuzzy graphs and its relation with
balanced property.

Atanassov [17] introduced the concept of intuitionistic fuzzy relations and intuitionistic fuzzy graphs
(IFGs). Articles [9,17,38] motivated us to analyze balanced IFGs and their properties. We modify
balanced IFGs notion to semi-IFGs and study their properties.

Next, we recall some definitions and results that will be needed throughout this paper.

Definition 1.1 [26] A fuzzy subset of a set V is a mapping o : V — [0.1]. A fuzzy relation on o is a
mapping p: V. x V = [0.1]. If p and w are fuzzy relations on o, then po w(u,w) = Supyey{p(u,v) A
w(v,w)}.
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Definition 1.2 [/0] A fuzzy graph G : (o, u) where o is a fuzzy subset of V and p is a fuzzy relation
on o such that u(x,y) < o(z) Ao(y) for all x,y € V, where A stands for minimum. The underlying
crisp graph of G is denoted by G* : (o*,u*) where o* = supp(o) = {x € V : o(z) > 0} and p* =
supp(p) = {(z,y) € V xV : pu(z,y) > 0}.H = (o', 1) is a fuzzy subgraph of G if there exists X CV
such that, o' : X — [0,1] is a fuzzy subset and 1/ : X x X — [0,1] is a fuzzy relation on o’ such that
wx,y) <o(x) Ao(y) for all z,y € X.

Definition 1.3 [22] A fuzzy graph G : (o, ) is strong if p(z,y) = o(x) Ao(y) for all zy € E A fuzzy
graph G : (o, 1) is complete if u(z,y) = o(x) Ao(y) for all x,y € V.

It is clear that every complete fuzzy graph is strong.

Definition 1.4 [22] An isomorphism between two fuzzy graphs Gi : (o1,p1) and Ga : (02, u2) is a
bijective h : Vi — Va satisfying o1(u) = o2(h(u)) for all w € Vi and p1(u,v) = po(h(u), h(v)) for all
u,v € V1. We write Gy ~ Ga. If G1 = Ga, h is called an automorphism.

After the pioneering work of Rosenfeld [40] and Yeh Bang [45] in 1975, when some basic fuzzy graph
theoretic and applications have been indicated, several authors have been finding deeper results, and
fuzzy analogues of many other graph theoretic concepts have been studied . This include fuzzy trees
[25,42] , fuzzy line graphs [29] , operations on fuzzy graphs [30] , automorphism of fuzzy graphs [20,22]
, fuzzy interval graphs [24], cycles and cocyles of fuzzy graphs [31] and metric aspects in fuzzy graphs
[43].

Definition 1.5 [/4] A complement of a fuzzy graph G : (o,p) is a fuzzy graph G : (5,[1) where 6 = o
and f(u,v) = o(u) Ao(v) — p(u,v) for allu,v € V. If G ~ G, we say G is self-complemetary.

Theorem 1.1 [}}] a) Let G : (o,p) be a self-complemetary fuzzy graph. Then 3, oy p(@,y) =
(1/2) 5, e (0(2) A o())

b) Let G : (o,u) be a fuzzy graph satisfying p(z,y) = (1/2)(o(z) A o(y)) for all x,y € V.Then G is
self-complemetary.

Definition 1.6 [32] The union of two fuzzy graphs Gy : (o1, p1) with crisp graph GT : (V1,E1) and
Gy : (09, u2) with crisp graph G : (Va, Es),where we assume that V1 NV = &, is defined to be the fuzzy
graph G1 U Gs : (01 Uog, 11 U pe) where (o1 Uog)(u,v) = o1(u) if u € Vi and (01 U o2)(u,v) = 02(v) if
v € Vy and (p1 U p2)(uwv) = py(uv) if uv € By and (u1 U p2)(uv) = pa(uv) if uv € Es.

The join Gy : (o1,p1) and Go : (02, pu2) is G1 + G2 : (01 + 02, 1 + p2) where (o1 + o2)(u,v) =
(01U 02)(u,v) and (p1 + p2)(uv) = (p1 U p2)(uv) if uv € E1 U By and (p1 + p2)(uv) = o1(u) A oa(v) if
uwv € E where E is the set of arcs joining the nodes of Vi and Va.

Theorem 1.2 [52] Let Gy : (01, j11) and Ga : (02, p2) be two fuzzy graphs. Then
(1) G1+ Gy Zﬁ U@.
(2) G1 UGQ ~ G1 +G2.

Definition 1.7 [32] The Cartesian product of two fuzzy graphs Gy : (o1, 1) with crisp graph G :
(Vi, E1) and Go : (09, p2) with crisp graph G : (Va, Ey),where we assume that Vi NVy = &, is defined to
be the fuzzy graph G1 X Ga : (01 X 09, 1 X p2) where (o1 X 02)(u,v) = o1(u) Aoz(v) for allu € Vi, v € Va
and (p1 X p2)((u,u2)(v,v2)) = o1(u) A pa(ugve) if u € Viiugue € Ea and (p1 + p2)((u1, w)(vi, w)) =
p1(uvr) A og(w) if ugvy € Ey and w € Va.

The Composition of Gy : (o1, 11) and Ga : (02, u2) is defined to be the fuzzy graph G1 o Gy : (01 0
09, 41 © la) where (o1 0 02)(u,v) = o1(u) A oa(v) for all u € Vi, v € Vo and (p1 o p2)((u, u2)(v,v2)) =
o1(u) A po(ugve) if u € Visugue € Ea, (1 o p2)((ur, w)(v1,w)) = p1(uivr) A oa(w) if uyvy € Es and
w € Vo and (,U,l OILLQ)((ul,UQ)(Ul,UQ)) = ,ul(ulvl) AN O'Q(’LLQ) A 02(’02) ’Lf u1v1 € By and ugvy € Fs.

Theorem 1.3 [//] a) If G is a strong fuzzy graph, then G is strong. -
b) If G1 and Go are two strong fuzzy graphs, then Gy o Ga is strong and G1 o Go ~ G 0 Gs.
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Al-Hawary [9] introduced the concept of balanced fuzzy graphs and studied some operations of fuzzy
graphs. In this chapter, we modify the definition of density and thus the definition of balanced fuzzy
graphs . Some properties of self-complementary fuzzy graphs and the complement of fuzzy graphs and
the direct product, semi-strong product , strong product and composition of fuzzy graphs, that were
introduced in [33] , were studied. For more on the previous notions and the following ones , you can see
[33,34,35,36,40,44].

There are several papers written on balanced extension of graphs [41] which has tremendous appli-
cations in artificial intelligence , signal processing , robotics, computer networks and decision making.
First, we display some types of products of fuzzy graph, such like direct product, semi-strong product
and strong product of two fuzzy graphs , then we provide examples on it.

Definition 1.8 [9] The direct product of two fuzzy graphs Gy : (o1, 1) with crisp graph G5 : (V1, Ey)
and Gy : (09, 1) with crisp graph G5 : (Va, Ey),where we assume that Vi NV = &, is defined to be the
fuzzy graph G1 M Ge : (01 M og, u1 M pe) with crisp graph G : (Vi x Va, E) where

FE = {(ul,vl)(u2,v2) : (Ul,UQ) S El, (1)1,1)2) S EQ},

(o1 Mog)(u,v) = o1(u) A o2(v), for all (u,v) € Vi x Vo and (p1 M p2)((ur, v1)(uz,v2)) = p1(ug,uz) A
p2(v1,v2).

The semi-strong product of two fuzzy graphs G1 and Gs : (02, ue) is defined to be the fuzzy graph
Gy -Gy : (01 - 09, p1.pu2) with crisp graph G : (Vy x Vi, E) where

E = {(u,v1)(u,v2) : uw € V1, (v1,v2) € Eo} U {(uy,v1)(uz,vs) : (ur,us) € Eq, (v1,v2) € Ea},

(01 - 02)(u,v) = o1(u) A o2(v), for all (u,v) € Vi x Va, (u1.p2)((u, v1)(u, v2)) = o1(u) A pe(vi,v2) and
(pa-p2) ((ur, v1)(ug, v2)) = p(ur,uz) A pz(vi, v2).

The strong product of two fuzzy graphs G1 and G4 is defined to be the fuzzy graph G1®Gs : (0102, u®
pa) with crisp graph G : (Vi X Vo, E) where E = {(u,v1)(u,v2) : u € Vi, (v1,v2) € Ea} U{(u1,w)(uz,w) :
w € Va, (ug,u2) € E1YU{(u1,v1)(ug,v2) : (u1,us) € E1, (v1,v2) € Ea}, (01 ®02)(u,v) = o1(u) Aoa(v), for
all (u,v) € Vi x Va, (1 ® pi2)((u, v1)(u, v2)) = o1(u) A p2(vi,v2), (k1 ® p2)((u1, w)(uz, w)) = o2(w) A
pa(ur,ug) and (1 @ pa)((u1,v1)(uz,ve)) = pa(ur uz) A pa(vi, va).

Theorem 1.4 [1]a) If G1 and G2 are strong fuzzy graphs, then G111 Gy is strong.
b) If G1 and Go are complete fuzzy graphs, then G1 M Ga is strong.
¢) If G1 and Gs are strong fuzzy graphs, then G1.Gs is strong.
d) If Gy and Gy are complete fuzzy graphs, then G1.Gs is strong.
e) If G1 and Go are strong fuzzy graphs, then G1 ® Go is strong.
f) If G1 and Go are complete fuzzy graphs, then G1 ® Ga is complete.
g) If G1 and Gy are complete fuzzy graphs, then G1 ® G2 < G ® Ga.

Definition 1.9 [17] An intuitionistic fuzzy graph (simply, IFG) is of the form G : (V, E) where

(1) V ={vo,v1, e ,Un} such that u,.V — [0,1] and v1 : V' — [0,1], denotes the degree of membership
and non-membership of the element v; € V, respectively and 0 < py(v;) + 1(v;) < 1V v, € V(i =
1,2,.....,n),

(it) ECV xV where o : VxV = [0,1] and v2 : V xV — [0, 1] are such that and 0 < ps(v;,v5) +
Ya(vi,v;) < 1, for every (vi,v;) € E, (1,5 = 1,2,....,n).

Definition 1.10 [17] The complement of an IFG, G : (V,E) is an IFG, G° : (V¢, E°), where

(i) Ve=V,

(it) p§; = pi and 7§, =y, Vi=1,2,...m,

(i11) ps;; =min(pi, pg) — peij and ¥s5,; =maz(y1i, 115) — V2ij, Vi, § = 1,2, ..., n.

An IFG G is said to be complete IFG if po;; =min(p,, pij) and vyai; =max(yii, v15), Yvi, v € V.

An IFG G is said to be strong IFG if poi; =min(ps, p1j) and Yai; =max(yi4, V15), Vi, v; € E.

An IFG G is said to be regular IFG if all the vertices have the same closed neighborhood degree.

Let Gy : (Vi,E1) and Gs : (Va, Es) be two IFG’s. An isomorphism between Gy and Gs (denoted
by G1 ~ Ga) is a bijective map h : Vi — Va which satisfies pu1(v;) = fn(h(v;)), vi(v;) = o1 (h(v;)),
p2(vi,v;) = fiz(h(vi), h(v;)) and y2(vi, vj) = J2(h(vi), h(v))), Yvi,v; € V.
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2. Balanced semi-fuzzy graphs

We begin this Section by defining semi-fuzzy graph and the density of a semi-fuzzy graph and balanced
semi-fuzzy graphs .Then we show that any complete semi-fuzzy graph is balanced, but the converse needs
not be true.

Definition 2.1 A fuzzy graph G : (o, p) is a semi-fuzzy graph if 3, oy o(z) ANo(y) < 1.

Definition 2.2 The Density of a semi-fuzzy graph G : (o, ) is

23, yev H(zy) . . .
D'(G) = S U(w)/\f;(;)‘)/(/ZjievJ(fr)/\ff(y))' A semi-fuzzy fuzzy graph G is balanced if DI(H) < Di(G)

for every fuzzy non-empty subgraph H of G.

Theorem 2.1 FEvery complete semi-fuzzy graph is balanced.
Proof: Let G : (o, ) be a complete semi-fuzzy graph. Then 3_, v plzy) =32, ey 0(x) No(y). Hence

DIG) = «—2 .

Zrn‘yEV U(I)/\U(y)
we might have to add some edges to it with weights as the minimum between the adjacent vertices. Let
us call it H = (V{;, EYy). Since H! is complete , then D'(H') Since Egy C Eg,

If H = (Vy, Ey) is non-empty fuzzy subgraph of G, then to make H complete,

_ 2

= S, @)
ZEH, v ,N(wy)

Zx,yGVH :U’(my) < Zz,yGVH/ M(-Ty) and so D/(HI) < (1721796VH a(a:)/\o(ey)l){(zzyyevH o(z)No(y)) = D/(H/)

and since Vg C Vi, D'(H') < DI(G). Hence D'(H) < D'(H') < DI(G) and therefore, G is balanced. O

Theorem 2.2 Any complete semi-fuzzy graph G has density DI(G) > 2 .

Proof: Let G : (o, 1) be complete semi-fuzzy graph. Then p(z,y) = o(x) A oly) for all x,y € V. So
S yer 1) < 3, ey 0(2) A (). Thus DIG) = 5o and since 3, ey o(x) A (y) < L
1-3, yevo@) Ao(y) <1 and thus DI(G) > 2. O

The covers of the above theorem need not be true.

Example 2.1 The semi-fuzzy graph G : (o, u) defined on two vertices a and b such that o(a) = 0.5,
o(b) = 0.8, o(c) = 0.2 and p(a,b) = 0.5 is a semi-fuzzy graph such that D/(G) > 2, but it is not complete.

Theorem 2.3 FEvery self-complementary semi-fuzzy graph has density more than or equal to 1.

Proof: Let G be self-complementary semi-fuzzy graph. Then DI(G) = =) Vla(:c)m(y). Since
z, Y€

Yoeyev @ No(y) <1, 1-=3  yo(@)Ao(y) <1 and thus DI(G) > 1. O

The converse of the above Theorem need not be true.

Example 2.2 The semi-fuzzy graph G : (o, u) defined on two vertices a,b and such that o(a) = 0.1 =
a(b),o(c) = 0.05, u(a,c) = p(a,b) = 0.025 and u(b, c) = 0.06 is a semi-fuzzy graph that has density more
than 1, but it is not self-complementary.

Theorem 2.4 Let G : (o, ) be semi-fuzzy graph such that p(u,v) = % for all u,v € V. Then
DiI(G) > 1.

Proof: Let G : (o,p) be semi-fuzzy graph such that p(u,v) = %‘T(y) for all u,v € V. Then G is
self-complementary and thus by Theorem.2.3, DI(G) > 1. O

Lemma 2.1 Let Gy and G2 be complete semi-fuzzy graphs. Then DI(G;) < DI(G1 M Gs) for i —1,2

and Zu1,u2€V1 o1 Moa((ur,usz), (vi,v2)) < Zul,uzevl o1(ur) A oa(ug) if and only if DI(G1) = DI(Gs) =
DG T1G).
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Proof: Since G is complete, >0, v, o1(ur) Aoz(u2) <32, ey, 1 (ur, uz). So
Z“l>“2€V1 /‘"1(“1»"2)
2w ugevy O1(u)Aoa(uz)

=1 and by last Theorem , we have

2
brG) = 1= S ey 01 (ur) A o (uz)
7 2 ( Dy umev M (U1, u2)
1= ey, 01(un) Aoa(u2) Yo ey, 01(un) A oa(ug)
- 2 ( Dy usevy B (U1, uz) Aoa(vi) Aoa(va)
- 1- Zul,uzevl o1(u1) A oa(ug) Zul’qu% o1(ur) A oa(ug) A oa(vr) A oa(vg)
_ 2 D s ugevy P (ur,u2) A pz (v, v2)
1= wev, 01 (w) Aoa(ug) (Zul,uQG\/l o1(ur) A oa(ug) A aa(vi) Aoa(ve)”

2 (Zul,u2€V1 p1Mpz((u1,u2)(v1,v2))
I=> " unevy O1(u)No2(u2) N 32, s evy o1Moa((ur,u2)(vi,v2))
1=320u ugevy 91 (u1)Ao2(u2)

both sides by =30, waev, 01103 ((uruz) (01,02))

Since G is complete, DI(G;) > ). Now we multiply

we get

1 - Zul,wevl Ul(ul) AN 0'2(’[1,2)

1= umev;, 01 M o2((ur, uz) (v, v2)) Di(G1) = DI(G1 1 Gy)......(1)

Substitute D/(G1) in (1), we get => 22wy unevy 11 u2) > DI(G1 M Gy).

ugugevy 102 ((u1,u2) (v1,02))) 2y, uyevy 01 (U1)Ao2(u2))

According to our condition, 2, . oy, 01 M o2((ur,u2)(vi,v2)) < 32, ey, 01(u1) A o2(u2). Hence

22y ugevy i uz) > DI(Gy M Gs). Therefore DI(G1) > DI(Gy M Gs). O

(A=2u, ugev, T1W)AT2(u2)) (X2, uyevy 01 (u1)AT2(u2))

Theorem 2.5 Let G1 and G be balanced complete semi-fuzzy graphs and
Zu17u2€vl o1 Moa((ur,u2)(vy,v2)) < Zul,uzeVi o1(u;) A oa(u;) fori=1,2. Then G MGy is balanced if
and only if DI(G1) = DI(G3) = DI(G1 M Ga).

Proof: If G; M G5 is balanced, then D/(G1) < D/(Gy M Gs) for i = 1,2, and by Lemma 2.1, D/(G) =
D/(GQ) = D/(Gl M GQ)

Conversely, if D/(G1) = Di(G2) = DI(G1 M G2) and H is a fuzzy subgraph of G MGy, then there are
semi-fuzzy subgraphs H; of G and Hs of G3. As G and G are balanced and D/(G1) = DI(G,) = %,
then D'(H;) < ‘“ < Z—f and D'(H,) < ‘;—; < :f—ll Thus a7 + agre < byng + bany and hence D'(H) <
Ziigj < :“ = D/(G1 M Gs). Therefore D/(G1 M Gs) is balanced. O

By similar arguments to those in Lemma.2.1 and Theorem.2.5, we can prove the following result:

Theorem 2.6 Let G1 and G5 be balanced complete semi-fuzzy graphs with
ZuhquVl o1 ® oa((ug,uz)(vy,v2)) < Zul,uze‘/i o1(u;) A oz(u;) and Zu1,u2€V1 o1.09((u1,uz)(v1,v2)) <
wyupevi O1(Ui) A oa(u;) fori=1,2. Then
(1) G1 ® Gy is balanced if and only if DI(G1) = DI(G2) = DI(G1 ® Gs).
(2) G1.Gs is balanced if and only if DI(G1) = DI(Gy) = DI(G1.G2).

Theorem 2.7 Let G1 and G be isomorphic semi-fuzzy graphs. If Go is balanced, then Gy is balanced.

Proof: Let h : V1 — V4 be a bijection such that o1(x) = oa2(h(x)) and py(z,y) = pa(h(z), h(y)), for

all oz,y € V1. By Lemma 2.1, 37 i, 01(z) = X oy, 02(z) and 35, oy pa(zy) = >0, ey, po(ay). If
Hy = (01, 111) is a fuzzy subgraph of G with underlying set W, then Ho = (05, /o) is a fuzzy subgraph
of G2 with underlying set h(W) where o4 (h(z)) = o (x) and uo/(h(x), h(y)) = pi/(z,y) for all z,y € W.
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2Ez,yEW #2/(h(r)vh(y)) <
ayew 02 (R(@) Ay (h(2) (X2, yew o2 (h(@) Aoy (h(2))) —

Thus

Since Gg is balanced , D/(Hs) < D/(G3) and so =)

2 ZT’L]EW HQ(h(:E)J-L(y))
(1=2"4 yew o2(h(x)) A2 (h(2)) (X, yew o2(h(z)) Aoz (h(z)))

2 Zg;,yew H1 (h(:l)), h(y))

5w o h(@) A o)) (s yow OB () AR
25, oy o), h(y)) ,
05w 02(h(@) A o)) (s o o) Aalh@)y) 2 V)
and hence D/(Hy) < D/(Gy).Therefore G is balanced. O

3. Regular fuzzy graphs

In this section, we need to study the concept of balanced for several semi-fuzzy graphs types so we
introduce regular fuzzy graphs concept and then we study balanced semi-fuzzy graphs and its relation to
regular fuzzy graphs.

Definition 3.1 [36]/Let G : (o, ) be a fuzzy graph on G* = (V, E).if dg(v) =k , for allv € V . Then G
is said to be a regular -fuzzy graph of degree k or k-regular fuzzy graph .The total degree of vertex uw € V
is defined by tdg = 3, ,cy p(uv) +o(u) = dg(u) + o(u). If each vertex of G has the same total degree
k, then G is said to by a totally regular fuzzy graph of total degree k or k-totally regular fuzzy graph. o
is called a constant function if o(u) = o(v), for allu #v € V . p is called a constant function if p(uv)
are equivalent for all u,v € V.

Theorem 3.1 If G : (o, ) is an r-regular semi-fuzzy graph, then G has a density

/ — pr —
D (G) - (1_Zw,y€V ‘T(w)/\a(y))(zx,yev @A)’ where p= |V|

Proof: Since G is an r-regular semi-fuzzy graph, dg(v) = r for all v € V. Thus ) ., dg(v) =
2>, eV p(uv). Hence >, vev p(uv) = Ev%v 2 and so

/ p
D'(G) = (=5 s S oy e @R O

Theorem 3.2 If G : (o,u) is an r-totally reqular semi-fuzzy graph, then G has a density D'(G) =
pr—>3,cv (@) _
TSy er RN, ey s Where p =1V

Proof: Since G is an r-totally regular semi-fuzzy graph, tdg(v) = r for all v € V. So > ., r =
dovey da(V) + 32,y o(v). Thus pr =237 oy p(uv) + 37 oy o(v). D1v1d1ng both sides by
(

(1= Y yev 0(@) A o)X, yev 0(@) Ao(y)), we get 3, ey pluv) = 225" = B and so
pr o 23 wey H(uv) n

(A=>2 yev o(@Ao (W)X, yev o@)Aa(y) = (1-3, ,ev o@)Ac() (X, yev o(@)A(y))

ZUEV U(v) SO
(A=>s yev o(@)Ao ()X, yev o(@)Aa(y))”
D(G) = pr _ Sy o(0)

=3 yev o@)Ac(W) (X, yev o@)No(y))  (A-3, ,ev o(@)Ad() (2, yev o(@)A(y))
pr— ZTEVU(I) O

T 0%, ev @AW, ey c@ AT (y))
In general, some operations on semi-fuzzy graphs do not preserve totally regular as we see next.

Example 3.1 Consider the semi-fuzzy graphs G; and Gs defined as follows: o1(v1) = 0.04,01(v2) =
0.08, o1(v3) = 0.07, p1(v1,v2) = 0.03, p1(v1,v3) = 0.04, 1 (v2,v3) = 0, o2(u1) = 02(uz) = 0.01 and
o (ur,ug) = 0.01. Then both G; and G2 are 0.11-totally regular, but G; M Ga, G1.G2 and G; ® G5 are
not.

Example 3.2 The fuzzy graph G on vertices a,b,c such that o(a) = 0.2,0(b) = o(c) = 0.1 and pu(b,c) =
0.1 is an 0.2-totally regular semi-fuzzy graph, but not balanced.



SEMI-Fuzzy GRAPHS 7

4. Balanced intuitionistic semi-fuzzy graphs

Next, we introduce and study properties of intuitionistic semi-fuzzy and emphasize the case when an
intuitionistic semi-fuzzy graph is balanced.

Definition 4.1 A fuzzy graph G : (o, 1) is an intuitionistic semi-fuzzy graph if 32, oy pa(z) Apa(y) < 1
and »2, ey v1(z) Voi(y) <1. It is denoted by ISFG.

Definition 4.2 The density of a ISFG G : (o, ) is

2>, ey pa(uv)
DI(G) = (D,(G), Dy(G)), where D), (G) = oy mmiam (s, oy m@rm @) 9

2 ZU,UGV V2 (’LLU)

D) = T 0@ A ) gy 0@ A0 )

W(G) =

Definition 4.3 An ISFG G : (0, ) is balanced if D'(H) < D'(G) for all subgraphs H. That is D, (H) <
D} (G) and D, (H) < D,(G).

Theorem 4.1 Any complete ISFG has density D'(G) = (D,,(G), D,,(G)) > (2,2).

Proof: Let G : (o, 1) be a complete ISFG. Then o (v;vj) = p1(v;) Apa (v;) and va(v;v5) = v1(v;) Vi (vy).
503 0, wev H2(vivg) =32, ey ma(vi) A (vj) and -, oy v2(vivy) = 32, ey v1(vi)Voi(v;) and thus
D, (G) = 2 y and D/ (G) = 5- Since both 1 — Do oyev P (Vi) A

2
=220 0yev H1 (Vi) A (v; 1=3 20, vyev v1(vi)Voi(v;

pa(vj) and 1 =37 -y v1(vi) V vi(v;) is less than 1, D'(G) = (D,,(G), Dy(G)) > (2,2). O

Theorem 4.2 FEvery complete ISFG is balanced.

Proof: Let G : (o,u) be a complete ISFG. Then D] (G) = and D) (G) =

2
1=3 0 vyev m(vi)Aua (vg)
. If H is non-empty fuzzy subgraph of G, then to make H complete , we might have

2
l_zui,vjev v1 (vi) Vo (vy)
to add some edges to it with weights as the minimum and maximum between the adjacent vertices. Let’s

Il H = (Vig, Eg). Since H/ i let D(G)= 20,0 evy #2(0i%)
ca = Vg, gy ). SInce 1718 complete, now L, (&) = (=220, vy evy #(0)ARL()) (2, v evy #1 (Vi) ARL(2;))
2300, 0 evy Hoz(Viv))
iV H

and Dy(G) = s SV )5,y cvgy sty a0 sinee By € Epr, D, (H) < Dy, (H')
and D,(H) < D,(H'). Since Vi C Vizr, DL,(H') < D,(G) and D),(H') < D}(G). 0

Corollary 4.1 Let G : (o, ) be a self-complementary SIFG . Then
Zv,’,'v» w1 (vi)Apa(vj) ZUNJ, v1 (v;)Avy (vj)
Z’Uiﬂ)jev //LQ(Uin) = iV EV 5 J and Zvi7vjev UQ(Ui’Uj) — i€V . J )

Theorem 4.3 Every self-complementary ISFG has a density more than or equal to (1,1).

. / _ 1
Proof: Let G be self-complementary ISFG. Then D), (G) = [ SR CALYIC and

D/ (G) = 1_2’%%6‘/1”1(W)Ml(vj). Since 1—=3_, eyt (vi)Apa(v;) <land 1—=37  p vi(vi)Avi(vs) <
1, D;,(G) > 1 and D (G) > 1 and so D'(G) < (1,1).

a

Lemma 4.1 Let G1 and G2 be complete ISFGs such that 3, . cvi o woev, B T (w1, u2)(v1,v2)) <

Dy umevy H1(u1) Apa(us) and 32, 0 cvn o ey, V1 M0 ((wn, u2) (1, 02)) <300 0 e, v1(ua) A vr(uz).
Then DI(G;) < DI(G1 M Gy) if and only if DI(G1) = DIG2) = DI(G1 M Gy) fori=1,2.
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Proof: Since Gy is complete, D), (G1) = L and D! (G1)=

1_Zu1.u2€V1 p1(ur)Ap(uz) 1_Zu1,u26V1 vy (u1)Avy (u2)
Thus }°, w,evy H1(u) A (u2) =3, v, 2(uiug) and 32, oy vi(un)Avi(uz) =32, ey, va(uiuz).

So Zzl:u;eujf:ll @21(;\1:12()“2) = Z%uz:‘f& (1;21()“ /\1:12(22) = 1 and hence
D, (G1) 2 s usev F2(tr2)
1= 2 waevy 1 (un) Apa(uz) Do, wpevs b1 (un) A ()
> 2 ZuhUQQVl,’Ul,’UQEVQ pa(ugug) A ph(vr) A ph(va)
= X ey M (ua) A g (U2) 3o, pevs o waevy Ha () A pa(ug) A (v1) A ph (v2)
= 2 D s s eV or oae vy H2(W1U2) A ph (01, v2)
- 1_ Dunumevy H () A (u2) 3o ey o mevs P (1) A g (uz) A p(01) A gy (v2)”
2 D) ugeVy vy ugevy H2Muh ((uruz)(vi,v2))

.. . . , S : '
Similarly, since G5 is complete DH(GQ) = 1300 ugevy M)A (U2) 300 o evy vg,vpevy MM ((U1uz)(v1,v2))

1= 0, ugevy M1 (u1)Apa(u2)
wq g €V vq uge vy H1ORY ((u1u2) (v1,02))

Now we multiply both sides by =) to get

L= > usevy a(un) A pa(uz)
1- Zul,ugévlﬂ;l,vze\/é H1 M lu’/l((ulu2)(v1’ UQ))

220 ugevy Ma2(uruz)

(A=20, ugevy Hr(u) AL (u2)) (30, upevy H1(u)Ap(uz)

wq,ug €V w2 (uruz) . .
I S —— le/1(1(u12u2)1(vl’vz)))(zulwev1 A 2 D1, (G1 M Gs). According to our condi-
tHon > -, uevi vy ey M1 TR ((wau2)(v1,v2)) <37, o evy pa(u1) A pa(uz) and so

2wy ugcvy M2(uiuz)

(I_Zul,u2evl Nl(ul)/\ll‘lé“Q))(Zul,uzevl Hl(ul)/\MI(UZ)) Z D/M(Gl I GQ) Thus D/M(Gl) Z D,M(Gl M Gg) and
similarly D7, (G2) > D1,(G1 M Gs). Similar arguments give D/,(G1) > D/,(G1 M G2) and D1, (Ga) >
D/U(Gl Il Gg) Therefore, D/(Gl) = D/(Gg) = D/(G1 1 Gg) O

D;(Gl) > D/M(Gl I Gg)

and as D), (G1) = 7, we have

Theorem 4.4 Let G and Gy be balanced complete ISFGs such that
D uneVionoaevy M T (w1, u2) (v, v2)) <320, cvy pa(wa) A pa(u2) and

w1 i€V on eV, V1 101 (w1, u2) (v1,02)) < 370, ey, vi(un) Avi(uz). Then Gi M Gs is balanced if and
only if DI(G1) = DI(G3) = DI(G1 M Gy) fori=1,2.

Proof: If Gy M G4 is balanced, then D/(G;) < DI(G1 M Gq) for i = 1,2 and by the above Lemma
D/(Gl) = D/(Gg) = D/(Gl [l GQ)

Conversely , if D/(G1) = DI(G2) = D/(G1 M G2) and H is an IFG subgraph of G M Ga, then there
exist IFG subgraph H; of G; and Hsy of G3. As G and G5 are balanced and D;(Gl) = DL(GQ) = :f—ll,
then D) (H,) = ‘;—11 < ’:—12 and Dy, (Hz) = g—; < %1 Thus a1 + azra < bing + bany and hence D), (H) <
% < = D1, (G1MGo). Similarly Dy (H) < D1,(G1MGs) and thus D'(H) < D/(G1MG2). Therefore
G4 M Gy is balanced. O

We can prove the following result by similar arguments to those in the above Theorem:

Theorem 4.5 Let G1 and G2 be balanced complete ISFGs.

(a) If 3, winevi oy ome vy H1 @ (w1, u2)(v1,02)) <30, 0 cyn pa(ua) A i (u2) and
B Vi ((ug, ug)(v1,v2)) < Zul,uzevl v1(u1) A vy (ug), then G @ Go is balanced if and
only if DI(G1) = DI(G3) = DI(G1 @ G3) fori=1,2.
() If 3y v vn me vy H1-11 (w1, u2) (v1,02)) <570,y pa(un) A pa(u2) and
D sV on eV, V1V (U1, u2) (v, 02)) <37, ey, vi(ur) Avi(uz), then G1.G2 is balanced if and only
Zf D/(G1) = D/(Gg) = D/(Gl.Gg) fO’I“i =1,2.

We end this section by stating that balanced notion of IFGs is preserved under isomorphism. The
proof is easy and thus omitted.

Theorem 4.6 Let G and G4 be isomorphic ISFGs. If one of them is balanced, the the other is balanced.
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