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A New Generalized Beta Function Associated with Statistical Distribution and Fractional
Kinetic Equation
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ABSTRACT: Several authors have extensively investigated beta function, hypergeometric function, and con-
fluent hypergeometric function, their extensions, and generalizations due to their several applications in many
areas of engineering, probability theory, and science. The main purpose of this paper is to present a new
generalization of the extended beta function, hypergeometric function, and confluent hypergeometric function
with the help of the m-parameter Mittag-Leffler function, as well as examine some important properties like
integral representations, differential formulas, and summation formulas. We also examine the generalized Ca-
puto fractional derivative operator with the help of the m-parameter Mittag-Leffler function and associated
properties using the generalized beta function. We define a new beta distribution involving the new generalized
beta function. The mean, variance, coefficient of variance, moment generating function, characteristic func-
tion, and cumulative distribution are derived. Further, we derive the solution of a fractional kinetic equation
involving generalized hypergeometric functions.

Key Words: Extended beta function, generalized m-parameter Mittag-Leffler function, statistical
distribution, Caputo fractional derivative operator, fractional Kinetic equation, Laplace transform.
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1. Introduction

Special functions are renowned for their significance and applications in several domains, especially
in engineering sciences, statistics, and mathematical physics like string theory, astronomy, etc. Several
generalizations and extensions of well-known special functions like the Bessel-Maitland function, the
Mittag-Leffler function, etc., have been investigated by numerous researchers ([1],[6], [7],[8],[23]). One of
the most well-known and valuable special function with various applications, classified as beta function,
was taken into consideration by many authors ([2],[4], [5], [15], [22]).

Fractional calculus has substantial applications in various branches of science, including control theory,
fluid mechanics, signal processing, and bioengineering. The fractional calculus, integral and differential
operators involving a variety of special functions have been utilized and shown to play a significant role in
various domains of applied mathematical analysis ([21],[25]). The Caputo fractional derivative operator
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also plays an essential role in fractional calculus due to its numerous scientific applications. We introduce
the novel generalization of the beta function and investigate its many properties and applications in
diverse fields, all of which are motivated by the prior literature. We start by recalling the classical
definitions. The classical beta function is defined as [20]

Blxix) = / pOL(1— eyl dr = % (L.1)

where R(x;), R(x3) > 0. The Gauss hypergeometric and confluent hypergeometric functions [20] are
defined as

2F1(X1aX2§X3§Z):Z%Z_Ta (1.2)
n=0 n ’

where |z| < 1, x1, X2, X3 € C; x3 #0,—1,—2, ... and

3

1¢1 X235 X35 % (13)

respectively, where x5, x5 € C and x5 # 0,—1,—2,... and (x), is the pochhammer symbol defined as
[20]’ for X 7& Oa _1a _2a

- L(x +n)
X+k—1);neNand (x), = —5—. 14
1;[ () T (1.4)
Rahman et al. [19] extended the beta function as follows:
A ! 1 —p
B = a1 -ty tE, | ) dt 1.
0 = [ 0000 B (s ) (15)

where R(x;) > 0,R(xy) > 0,R(p) > 0,R(cr) > 0,R(N\) > 0 and E, is the function defined by Mittag-
Leffler [17] as

o0 Zn
E.(z) = _ C,Rr 0. 1.6
&= ram e <G R > (16)
Orbay et al. [18] generalized the beta function by using the generalized 2-parameter Mittag-Leffler function
as follows: .
B”’ pa—l(1 —pe-lg, _ P \u 1.
(XlaX?) /0 ( ) ) <t)\(1 _t))\ ’ ( 7)

where RN(x;) > 0,R(x2) > 0,R(p) > 0,R(r) > 0,R(N\) > 0,R(a) > 0and E, , is the generalized
Mittag-Leffler function defined by (see [26])

z) = nz::o I‘(#n—kﬂ’ a, 7€ C,R(a) > 0,R(7) > 0. (1.8)

Clearly, for p =0and A = a = 7 = 1, then equation (1.7) reduces to classical beta function (1.1).
Further, Oraby et al.[18] generalized the hypergeometric and confluent hypergeometric functions using
the generalized beta function as follows:

> B2 Xy + 1, X3 — Xa) 2"
F2AX1X2iX312) = > (Xa)n— — (1.9)
’ PrAeAs nz:% ! B(x2, X3 — X2) n!

where R(A) > 0,R(a) > 0,R(7) > 0,R(x1) > 0,R(x3) > R(xy) > 0,R(p) >0 and |z| < 1 and

z (1.10)

p,A(X.X.Z)_ZBpA(Xz‘Fn ‘X3 — X2) 2"
T 27 A3 -
“ —~  Blxaxs—x2) n
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where R(A\) > 0, R(a) > 0, R(7) > 0, R(x3) > R(x3) > 0,R(p) > 0 and |z| < 1, with the following integral
representations:

1 ! —p
Fr - = [ petaopoeetioa)y B, (—P Y a (111
Mainsid) = groee [ e =0 e B (s ) e (L)

where £(A) > 0, R(a) > 0,R(7) > 0, R(x;) > 0,R(x3) > R(x2) > 0,R(p) >0 and |z| < 1 and

1 ! —p
D,A ) — Xo—1 Xaz—Xo—1 2zt
= tX27 (1 — t)Xs ™ X2 Eyr| ——— ) dt, 1.12
OM(XQ’XS’Z) B(x2, X3 — X2) /0 ( ) ‘ ' <t)‘(1—t)A> ( )

where (A) > 0, R(«) > 0, R(7) > 0, R(x3) > R(xy) >0, R(p) >0 and |z| < 1.
Agarwal et al. [1] defined the generalized m-parameter Mittag-Leffler function as follows:

(u v) ,ul vin ,u2 vom - - - (:ur)urn n
", 1.13
F Om'f‘T Bl)ﬁl’ﬂ"'(ﬁs)ﬁs’ﬂ ( )

where o, 7, 1;,vi, B, k; € C with min R{c, 7, j1;, v, B, %} >0fori=1...,rand j =1...s with r+s=
m-2, m be any positive integer and t is a complex variable.
The classical Caputo fractional derivative operator (see [13]) is defined as follows:

1 n—y—1d"

DUFEN = o [ o= 0" ) (1.14)

where n — 1 < R(y) <n,n € N.
Goyal et al.[10] introduced the extended Caputo fractional operator as follows:

DA = o | =07 B (ﬁ) L iy (1.15)

where min {R(a),R(7)} > 0,R(p) >0, n —1 < R(y) < n,n € N and E, , is the 2-parameter Mittag-
Leffler function.
2. Generalization of Beta function

In this section, a new generalization of beta function using generalized m-parameter Mittag-Leffler
function has been introduced.

Definition 2.1. The generalized form of the beta function is defined as
M) ' () —p
BQT;(;:H): (O x2) :/0 P (1 — )T lEaH‘r,(é K)s ( A1 — t)A) dt, (2.1)

where, o, T, w;, vi, B, k5 € C with min R(a, T, p;,vi, B, k5) > 0 fori=1,...r;5 =1,...,5, r+s= m-2,
where m be any positive integer and R(x,) > 0,R(x2) > 0, R(p) > 0, R(A ) > 0, and Eg‘:()g ) (t) is the
generalized m-parameter Mittag-Leffler function defined by Agarwal et al. [1].

Remark 2.2. For r=s=0, 7 = a = 1 = X and p=0, then equation (2.1) reduces to classical beta function
given by equation (1.1).

Remark 2.3. For r=s=0 and 7 = 1, equation (2.1) reduces to the extension of beta function given by
equation (1.5).

Remark 2.4. For r=s=0, equation (2.1) reduces to the further extension given by Oraby et al. [18]
defined by equation (1.7).
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3. Some properties of the generalized beta function

In this section, different integral representations and summation formulas of generalized beta function
are obtained.

Theorem 3.1 (Integral representation). Fach of the following integral representation holds true:

P (1) 7 5 2x,—1 2x2—1g p(:v)r —p
Ba‘r(ﬂ /{)S(XDXQ) 2/0 cos“ X170 sinX2~ eEaT(B ©)s (m) d9, (31)
P () o uX1—1 (0) —p(l 4 U)Q)\
B 6. (X1 Xa) = /0 Troar B o, \ =) v, (3.2)

b 2X
P (1) _ 1—x,— 1 1 p(psv)r —p(b—a)
Ba77—;(67n)5 (X17 X2) - (b — Cl) X1~ X2 /a (’U, — a)Xl (b U:)X2 Eoz (8K <m du, (33)

Proof. Substituting ¢ = cos?0, t = T4, and t = =2 in equation (2.1), we get equations (3.1) - (3.3)

respectively. O

Theorem 3.2. The following result holds true for BZ?%’;:))” (X1, X2):

l
B (s xa) Z( ) Bl 0+ mxa 1= ), (3.4)

[ € Np.

Proof. Using equation (2.1),we have
Xi(pv) ' () —p
sV ) —1 2214
Ba (8, ,.;)S(Xp X2) = /0 (1 —t) =" k) 73(B,K) s (t’\(l _ t)A) di-+

1
pa—1(1 _ gy g _ P \u
/0 ( ) a,7;(B,K)s t)\(]_ _ t))\ ’

A (v A () V)r
B (31 Xa) = BENET () 4 1,x0) + BENEY (3 X0 + 1),

again applying the same argument to each of two terms, we get

b v)r P v)r A ()
BN (31, X) = BENE (6 4 2,X0) + 2BE N (3 4+ 1, X + 1) 4+ BRI (xy xg + 2),

proceeding in the same manner, using induction on n, we get the desired result. O

Theorem 3.3. The following result holds true for BP’A;(“’”)T(Xl, X2):

avT§(IByH)s
A5 (1) e . A5 (1,
BN (31— Z n, PN (v 4 1), (3.5)
n=0

Proof.

—

PoA; (150 - _ x1—1 Xo (151 —p
LHS = By s (xa, 1 X2)—/0t1 (1=t~ QEM,(m)g( (1—t)’\> .

Using (1 —¢) %2 = S2°°  Qauyn jy < 1,

n=0 n!

(v — s w4
BZT%A (x1:1 = x2) /0 £ 12 X2" Q“T()BK%( (1—t)>‘) dt.
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Now, interchanging the order of integration and summation, we get

1
tXlJrnflE(IhV)r —P dt.
/0 a,7;(B,k)s t)\(l _ t)A

Using equation (2.1), we get the desired result. O

i) = (X2)n
By ol = xa) =3 =5
n=0 :

Theorem 3.4. The following result holds true for Bz’k;(“’”)r(xl, X2):

T3(ByK)s
A5 (pv) e A5 (1) r
Bi;"';Egvn))s (Xl’ X2) = Z Biy"’?igy/{))s (Xl + ", X2 + 1) (36)
n=0

Proof.

1
_ ppN(py)r _ x1—=1/1 _ p\xa—1 (0)r —-Pp
LHS = Ba,T;(B,H)S(Xl’XQ) = /0 (1 — )X Ea,r;(ﬁ,n)s (ﬁ(l — t)A) dt.

Using (1 — )27t = (1 — )2 3% 4" |t] < 1,
1 oo
DA (1) _ X1—1(1 _ 1\x n (psv)r —p
Baﬂ—;(ﬁ,,{)s(leXQ) - A t (1 t) 2 nzzot EO(,T;(B,H)S (tA(l _ t))\) dt.

Now, interchanging the order of integration and summation

oo 1
DA (k) _ +n—1 (1sv)r -p
Ba,T;(B,H)S(Xqu) = Z_;)/o X (1- t)XQEa,T;(ﬁ,H)S (t’\(l _ t)A) dt.
Using equation (2.1), we get the desired result. O

4. Generalized hypergeometric and confluent hypergeometric functions

In this section, we introduce a new generalization of hypergeometric and confluent hypergeometric
function using our newly defined beta function.

Definition 4.1. The generalization of hypergeometric function with the help of newly defined beta func-
tion involving m-parameter Mittag-Leffler function is

00 p7>\;(u7l/)r(
) : X2+n,X3_X2)w"

FPNE (i) = 3 (g D
a,75(B.r)s X1 nz::() " B(x2: X3 — X2) n!

, (4.1)

where o, T, u;, Vi, B, k55 € C with min R(a, T, p;,vi, B, k5) > 0 fori =1,...r5 = 1,...,5 r+s= m-2,
where m be any positive integer and R(x3) > R(xz) > 0,R(p) > 0, R(\) > 0 and |w| < 1.

Definition 4.2. The generalization of confluent hypergeometric function using our newly defined beta
Sfunction involving m-parameter Mittag-Leffler function is

oo BP,A;(H,V)r (X + N, Ys — X ) "

M) ori(Br)e X2 T 76 X3 — Xo) w
O (Xai X33 w) = —, (4.2)
i) A nzzo B(x2, X3 — X2) n!

where o, T, ji;,vi, B, k5 € C with min R(a, 7, p;, vi, By, k5) > 0 fori=1,...m5 = 1,...,5 r+s= m-2,
where m be any positive integer and R(x3) > R(xz) > 0,R(p) > 0, R(\) > 0 and |w| < 1.

Remark 4.3. For r=s=0, equations (4.1) and (4.2) reduces to Gauss hypergeometric function and con-
fluent hypergeometric function defined by Oraby et al. [18] given by equations (1.9) and (1.10) respectively.



6 S. PANWAR, P. RA1 AND R. M. PANDEY

4.1. Integral representation

Theorem 4.4. The following integral representation for the generalized hypergeometric function holds
true:

Fp,A.,(u,u)r Y15 Xo} X5 W) = —/ X1 —)Xs=Xa—1(1 — 0 —xlE(w’f)r <7) dt,
P () B /. (1—t) ( ) cri(Bm)e \ N1 = )

where o, T, p;, vi, By, k5 € C with min R(a, 7, p;,vi, By, 65) >0 fori=1,...r;5=1,...,s and R(x3) >
R(x2) > 0,R(p) > 0,R(A) >0 and |w| < 1.

Proof. From equation (4.1) and equation (2.1), we have

o0 1
R Ovasai) = Y- e e [t s
o i(B)e VAL A2 A3 HZZO B(x2, X3 — x2) Jo
(g, ) —P (,w)n
“Bari(po). (t)‘(l - t)/\) a4
using > 7 (Xl)’;lﬂ = (1 — tw)™X1, we get the desired result. O

Theorem 4.5. The following integral representation for the generalized confluent hypergeometric function
holds true:

1

A (V) 1 -1 —Xo—1 wt p(1sv)r —-p

(bi sl (Xas Xz w) = —/ e (1 —t)Xs™Xem R T <7) dt, (4.4)
Ti(BK)s A2 A3 B(X2, X3 — X2) Jo TiBm)s \ A (1 — t)

where o, T, p;, vi, B, k55 € C with min R(a, 7, p;,vi, B4,55) >0 fori=1,...rj=1,...,5 and R(x3) >
R(x5) > 0,R(p) > 0,R(A) >0 and |w| < 1.

Proof. From equation (4.2) and equation (2.1), we have

o0 1

A5 (1) 7 1 +n—1 —xy—1

o (X15 X2i X3i W) = 5————— / Xt (] — )XaTXe
Ti(Bm)s B(X2, X3 — X2) T;) 0

(V) r —p w_n
XEa,r;(B,n)s (t*(l — t)A> ] dt.
(tw)"

using ZZO:() = ev!, we get the desired result. O

Theorem 4.6. The following integral representations for the generalized hypergeometric function hold

true:
. 1 e
FON 0 () X X W) = / a2 (1 +a)amXs
(!,T»(B;H)s 1 2 3 B(XQ) X3 — X2) 0 (4 5)
5 —n(1 22 )
x(1+ a(l —w)) BV (M) e
10y bl s a[
PN (1,0 A 2 H X219 gin2Xs—2x2—1p
a,7;(B,k)s (X17X27X33w) - B(X X3 — X ) o cos sin
2:X3 ~ X2 (4.6)
o 29\ —X (1,0) 7 b
*(1 —weos™0) 1 By 75 1, <0052)‘98in2)‘0> 9,
— )X —x: ¢
P (1,0 oy (e—u) e I N e
Fa,‘l’;(ﬁvn)s (Xla X23 X37w) - B(X27X3 — XQ) " (CL u) 2 (C a‘) 3 2 (4 7)

(e — u)2
X((¢c—u)— (a— u)w)_’“E(“’V)'” (—( p( ) )A) da,

ami(Bm)s \ (o —u)Mc —a
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Proof. Substituting t= 14, t=cos*§ and ¢t = 2= in equation (4.3), we get equations (4.5) - (4.7)

respectively. O

Theorem 4.7. The following integral representations for the generalized confluent hypergeometric func-
tion hold true:

v ]. > _ _ _wa
G (o g W) = / a2~ (1 +a) XoeTre
LTy K B , _
(X2) X3 XQ() | i (48)
1)y
XEa ,73(ByK) s <T) da,
P u)( ) 2 T/ 2y —1 2y5—2X5—1 29
qba’T l;* X5 X33 W) = / cos“X27 10 gin“XsTX2T ) WCO8
(Bom)a 12 A3 B(X2, X3 — X2)
(4.9)
(sv)r -p
“Eoritpon. <6052A98in2)‘0) a9,
— 17X3 ¢ w(a—u)
S Coiin) = D [ (=t e — apome ()
s B(XQ)XS_XQ) u
. (4.10)
g (_zple—w)™ N
aTi(B:k)s \ (a — u)*(c — a) '
Proof. Substituting t= =, t=cos*¢ and t = 4= i ion (4.4), we get equations (4.8) - (4.10)
respectively. O

4.2. Differentiation formula

Theorem 4.8. The following differentiation formula for the generalized hypergeometric and confluent
hypergeometric functions hold true:

d" Fp,A;(u,u)r

(X1)n(X2)n s (u,
A iy O Xas Xas w)} = #F(ST B (0 1 X+ s X+ w), (4.11)
and ()
As () X2)n As(p,v)r
dw" Lo N (X3 Xgi W)} = (xz) PN (X + 13 xg + 13 ). (4.12)

Proof. Differentiating equation (4.1) with respect to w, we have

[e%e] Dy A (/"/7 ) _
{ FON 0 (0 X xgiw)} = Y Bm(ﬁ .00 10X 7 Xa) wr
7(Bm)s — B(x2, X3 — X2) (n—1)!

replacing n by n+1, and using B(xs, X3 — X2) = );—EB(XQ +1,x3 — X2), we have

0o BPJ%(P‘J’)T( +n-+1 — ) n
o (x1)(x2) o, 7i(B,m)s X2 X3 — X2 w
(X1 X5 xgiw)} = X1+ 1)y
2 RN G = 3 D S v A L )
5 sV )r X X A5 ()
{ (Z,ZT,((Z,{? (X1 X2i Xz W)} = 0a)lxs) Q)FS,T;((ZJ.;?S(Xi+1,X2+1;X3+1§w)a (4.13)

(x3)

again differentiating equation (4.13) with respect to w, we get

B,
] DN (X1 X X3 W

) F D)X 1) e,
N AT I

continue this n times, we get the required result (4.11).
We can prove our result (4.12) in a similar way. O

(X142, x2 + 25 x3 + 25 w),
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5. Generalization of Caputo Fractional Derivative Operator

In this section, we define the generalization of Caputo fractional derivative operator with the help
of m-parameter Mittag-Leffler function and investigate its properties using our new generalized beta
function.

Definition 5.1. The generalized Caputo fractional derivative is defined as

. 1 z o —pz? dn
DY P () _ / _pry-1 gl — )| —f(t)dt 5.1
s (2)] L(n—y) Jo =9 ai(Bm)s \ A (2 — t)A FTEARK (5:1)
where o, 7, p;, vi, B;, k; € C with min (o, 7, p;, vi, By, k5) >0 fori=1,...r;5 =1,...,s with r+s= m-

2, m be any positive integer andn—1 < R(y) < n,n € N and E((X“Tygg ) (t) is the generalized m-parameter
Mittag-Leffler function.

Remark 5.2. For A = 1, r=s=0, we get the extended Caputo fractional derivative operator given by
equation (1.15).

Theorem 5.3. Consider n —1 < R(y) < n,n € Nand R(y) < R(a). Then

DA (1)
YDA (V) [z] = I'(a+1) Bam(ﬂm)s (@a-n+1n-y)
z,0,75(B,K) s F(a—y+ 1) B(a—n+1,n—y)

247, (5.2)

Proof. From the definition of generalized Caputo fractional Derivative Operator (5.1), we have

. 1 Z _pZQA dm
Dy7p7)\7(/“"/7u)'f' a] _ / —t n—y— 1E(M l/) ta dt
z,0,7;(B,K) s [Z ] I"(n _ y) 0 (Z ) a,7;(B,K)s t)\(z _ t))\ dtm

:[a(a—l)...(a—n+1)]/OZ(Z_t)n y—1p(r)r (Lmy\)ta_"dt.

I'(n—y) ami(Bim)s \ (A (7 — ¢

Fla+1) /z g1 () —pz? _
_ —_Hyry-lpwyr I cesmm— I O
TFla—n+1IT'(n—y) J (z=1) aTiBr)s \ $A (7 — t)A

On substituting t=xz , we get

yvp’)‘;(ltvu)r[ a] _ F(a + 1) 20~y
%,0,73(Bk)s INa—n+1T'(n—y)

1
a—n _ n—y—1 () —D
/0 7M1 —x) B B.rs (7;3)‘(1—:5))‘) dz,

using the definition of generalized beta function given by equation (2.1), we have

. F(CL + 1) A:
Dny;A»(H»V)r a) _ L0~y GPA; () 1. — 5.3
EORSCS L Il oy ey SSRGS AL (53)
using B(x,y) = Flffgisjy)), we get our desired result. O

Remark 5.4. Fora=0,1,...n— 1, then DVP X7 a) = o,

z,0,73(B,K) s

Theorem 5.5. Assume that f(z) is an analytic function in the disc |z| < § with the Taylor series
expansion f(z) =Y ,2biz'. Then

DYDY ( Zb DYPNE [, (5.4)

where n — 1 < R(y) < n,n € N.
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Proof. We have the definition of generalized Caputo fractional derivative operator (5.1), we have

), 1 z —p22A ar
DYPA () _ / _ ny-t gl — | —f(¢) dt.
z,0,7i(B,K)s [f(2)] T 9 Jo (2 ) a,7;(B,K)s (z _ t))‘ dim f(t)

(n—

Applying the Taylor series expansion of f, we have

Y05 (1) _ 1 : _ pan—y—1 () — bz
DEERUON = i [, -0 B, (m ) i (Zblt>

since this power series converges uniformly and the integral converges absolutely, changing the order of
integration and summation

z 2 n
Y5 (1 u)r Z ey 1 (), —pz d
DZ a,T7;(B,k) bl TL _ /0 (Z t) Ea,‘r;(ﬂ,n)s (tA(Z _ t)A dtm ( )dt’

using the definition of generalized Caputo fractional derivative Operator (5.1), we get the desired result.
O

Theorem 5.6. Assume that f(z) is an analytic function in disc |z| < 6 with the Taylor series f(z) =
Yoo bzt Then

A,
() BZT?&R) G+i-nn-y)

. I'(v)
DY) y—1 y—y—1 br) .
e, 2 F(2)] = Ty—y)~ Z ) B(y—n,n—y) Z5 (5.5)
where n — 1 < R(y) < n < R(y).
Proof. Using Theorem (5.5), we have
y,p,k;(uw)r 1 YP A (V) e [y +1—1
‘Dz7a77—;(57n) 2 f Z b Dz ,o,73(B,K) g[ 27 ]

Further, using Theorem (5.3), we have

(e’ ’Y + l Z’Y—H 1—y BPJ‘;(I%”% ('Y + l —n,n— y)

S D Ml e e I O N
using (a), = (Fa(z)"), we get
DI ) = st S BZ”?%Z brionnzvy
Ti(Bom)e (7 y) o B(y+1—n,n—y)
again using the identities B(a,b) = 29X and (a), = D) we get the desired result. O

T'(a+b) T(a) °

6. Applications
6.1. Statistical distribution

In an extensive analysis of generalised pdf and their statistical characteristics, special functions have
been crucial( see for details [9],[12],[14],[16]). In this section, we are describing new generalized beta
distribution as an application of our newly defined beta function.
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Definition 6.1. We define the following new beta distribution involving generalized Mittag-Leffler func-
tion as:

1 x1=1(1 _ $\xa—1 p(:¥)r ( —p ) :
) = d B G A=ty By . (maes ) HO<t<L,

0 otherwise

(6.1)

where o, T, j1;, Vi, B, k5 € C with min R, 7, i, vi, By, 65) > 0 fori =1,...r55 = 1,...,5 with r+s=
m-2, m be any positive integer and R(x,) > 0,R(x2) > 0, R(p) > 0,R(N\) > 0.

If n is any real number, then the n'” moment of the p.d.f f(t) for a random variable T is defined as

DN (1)
ny O(77;(57,{)5(Xl + 1, X2)
E(T ) - BPIA;(H’)V)T (62)
a77—;(57,{)5(X15 X2)
If n=1, then the mean of the distribution
A5 (V)
(T — BZJ;EZ,H))S(M +1,x3)
(1) = pJ;(/W)r(
a,7;(B,K)s Xl’XQ)
The variance of the beta distribution is given by
Var(T) = E(T?) - [B(T))?
() A () A ()
Var(T) — BI04 2,x0) BU Y (X1 Xa) =[BRS (3 + 1, x0))° 63
ar(T) = [Bp)\;(uw)r( )2 ' (6.3)
0477';(ﬁ7"'€)s X15 X2
The Coeflicient of variation of distribution is
DA (1,0 DA (1,0
oV - B g (X1 +2,X2) By 2 g (Xas Xa) _1q (6.4)
: O, . .
[BZ,T;?BL,R))S (Xl + 17 X2)]2
The moment generating function of our beta distribution is
Mr(y) =Y - E(I™)
n=0
1 = s (p,v), yn
Mr(y) = —— SO BN () (6.5)
BZ’T:EZZK)):(XDXQ) n=0 i) n!
The characteristic function of beta distribution
E(e™)=>" - B(T").
n=0 ’
, 1 N o (), i"y"
B(e) = SO B (xy + mxa) (6:6)
A5 (1) e avT;(ﬂV‘{)S 1 P A2
B§7T;§g7ﬁ))s (le XQ) n=0 n!
The cumulative distribution is given by
DA (152)
_ t7a77—;(57,{)5(X1a X2)
F(t) - P)\%(P«yl’)r . (67)

Ba77;(57,{)5 (Xla Xz)
with

t
A (psv) — — V)r —-p
By . (s xa) :/O T Uy B (yx(l —y)A) dy- (6.8)
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6.2. Fractional Kinetic Equation
In 2000, Haubold and Mathai [11] form a fractional differential equation defined as follows:

dM
% = —d(Mt) + q(Mt), (6.9)

where, M=M(t) is the rate of reaction, d=d(M) is the rate of destruction, q=q(M) the rate of production
and M, is the function defined by M;(t*) = M (t —t*),t* > 0.
Further, they considered a special case of (6.9), for spatial fluctuations and inhomogeneities in M(t)

quantities are neglected, is equation
dM

dt
with the condition that M;(t = 0) = M is the number density of species i at time t=0 and ¢; > 0. If we
drop the index i in (6.10) and integrate, we get the solution

— —c;My(t), (6.10)

M(t) — My = —c oD; ' M(t), (6.11)

here ¢ D; ! denotes the particular case of the Riemann-Liouville integral operator oD; *, which is defined

oDV f(t) = ﬁ / (t— )" f(s) ds. (6.12)

t > 0,R(w) > 0. After that, the generalization into arbitrary order of the standard Kinetic equation
(6.11) is given by Haubold and Mathai [11] as follows:

M(t) — My = —c¥ oD; " M(t), (6.13)

and solution of this equation is given as

_ - (_1)k w
M(t) = M, ;) m(ct) k (6.14)

In 2008, Saxena and Kalla [21] defined the fractional Kinetic equation as follows:
M(t) — Mof(t) = —c” oDy *M(t), (R(w) > 0) (6.15)

where M(t) represent the number density of a given species at time t, My is the number density of that
species at time t=0, c is a constant.
Applying laplace transform to equation (6.15), we get

1+cvgv

F S —wn
L{M(t); ¢} = My—\D <Z(—Cw)"q ) F(q), (6.16)
(n € Mo, |¢| < 1) and laplace transform [24] is given by

Fg) = L{M(t);q) = / e (1) dt, (R(g) > 0). (6.17)

0.2.1. Solutions of the Generalized Fractional Kinetic Equations. In this section, we investigated the
solution of the generalized fractional Kinetic equations involving the new generalized hypergeometric
function and confluent hypergeometric function.

Theorem 6.2. If a > 0,d > 0,w > 0; R(x3) > R(x2) > 0 and a,7,p,;,vi,8;,k; € C with min
%(a,T,ui,I/i,Bj,/ij) >0 fori=1,...r;5=1,...,s with r+s= m-2, m be any positive integer, then the
solution of the equation

A () w 4w w —w
M(t)—MOFST;((Z,HL(Xsz%X?;%d t) = —a" oD, " M(t) (6.18)



12 S. PANWAR, P. RA1 AND R. M. PANDEY

is given by the following formula

D A; (H,1)

,T; B H)s (X2 + n, X3 ) (dwtw) w pw
=M § r 1) B 1 (—a®t®). 6.19
0 (xa)n Bxs xo —xa) —L(wn + 1) Ewwn+1(-at") (6.19)

Proof. Laplace transform of Riemann-Liouville fractional Integral operator is given by following (see for
details [3],[24])

L{oD; " f(t);q} = ¢~ F(q), (6.20)

where F(q) is defined above in equation (6.17) and applying the laplace transform on equation (6.18)

L{M(t);q} = MoL{FL N0 (X1, X3 X3 d1"; ) — a” L{oD; " M(t); }, (6.21)
o] 2,5 (1s2)
o o8y, (Xa 15 X3 = Xa) (dwtw)" B
q:Mo/ e X1)n dt —a“q " M(q). 6.22
)= e ) ) ol w0

Interchanging the order of integration and summation

DN (1,1)

> B s, (X2 + 1, Xs — Xa) (dw)n [
w —w a,7;(B,K)s 2 3 2 ( ) —qtywn
M(q) +a“q " M(q) = M, X1)n /eqt dt, 6.23
( ) ( ) OZ( 1) B(X27X3_X2) n! 0 ( )
oo DA (1,1
w —w ari(Bok) s (X2 + 71, X3 — X2) (d¥)" T'(wn + 1)
M(q) +a"q~ " M(q) = Mo X1)n ;
( ) ( ) ngo( 1) B(XQvXS _ X2) nl qum—l-l
PA; (1) "(Xo + W\ oo l
a,7;(B,K)s X2 s X3 — X2) (d ) —(wn+1) |: q\—w
=Mo" (xy) T(wn+1){q - (—) . (6.24
OZ ! B(X2, X3 — X2) n! ( ) ; a ( )
taking laplace inverse of equation (6.24) and using L~=1{q~%;t} = tw;; (R(w) > 0),
BP,)\ (1, ”)T(XQ + 1, X3 — 2) (dw)n
“M(q)} = M, 2,75 (Bo5)s T(wn + 1
M(@)} = Mo Z B(x2, X3 — X2) e )
- (6.25)
L~ {Z(_l)lawlq—[w(n+l)+l]} ,
1=0
[e%e) BP7A;(H7U)T (X +n X3 — X ) w\n e} w(n+l)
a,7;(B,k)s N2 ' A3 2 (d ) 1wl t
M(t) = M X1)n T(wn + 1 ) LA L S
)= M) 0= S TR PO Voo ey
BP (HV)T(X +n,x —X) wpw\n o0 wpwl
ari(Bu), X2 T 1 X3 = Xa) (dWt?) 1 (@)
=My (xy) T(wn + 1 ) LN S A
OZ 1 Bl s~ xa) o T+ D\ 2O e,
which can be written as
> BEXE (3o + 1 X5 — Xa) (W)
M(t) =My Y (xy)p T8 22 3T ) i 1) B o1 (—a™t%). (6.26)

"0 B(x2: X3 — X2) n!

O
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Theorem 6.3. Ifa > 0,d > 0,w > 0,x9,x3 € C; R(x3) > R(x2) > 0 and a, 7, p;,vi, B;,k; € C with
min R(a, T, b, Vi, Bjs kj) >0 fori=1,...r;j=1,...,s, with r+s= m-2, m be any positive integer, then
the solution of the equation

M(E) = Mog?N )" (yi g ) = —a® oDy M(2) (6.27)

is given by the following formula

= BPJ;-(H?V)T(XQ + 1, X3 = Xa) (dWtw)n
M(t) — MO Z ’ 7(67 )s ( )

ne0 B(Xa: X3 — X2) n!

T(wn + 1) By wni1(—a®t™). (6.28)

Theorem 6.4. Ifd > 0,w > 0,x1, X2, x5 € C; R(x3) > R(x2) > 0 and a, 7, w;,vi, B, k5 € C with min
%(a,T,ui,Vi,Bj,/ij) >0 fori=1,...r;5=1,...,s5 with r+s= m-2, m be any positive integer, then the
solution of the equation

M) = MoF2 N (31, X3 X3 d21°) = —d oDy M (1) (6.29)

is given by the following formula

pJ\ (k1)

a 7i;(B,K)s (X2 + n, X3 — 2) (dwtw) w 4w
= M, E (x1) I'(wn + 1) Ey wnt1 (—dt?). 6.30
0 ! B(xa2, X3 — X2) n! ( ) +( ) ( )

Theorem 6.5. If d > 0,w > 0,x2,x3 € C; R(x3) > R(xa) > 0 and o, 7, p;,vi, B, k5 € C with min
%(a,r,ui,yi,ﬁj,/@j) >0 fori=1,...r;5=1,... s with r+s= m-2, m be any positive integer, then the
solution of the equation

M (t) — Moot ) (X3 xg1 d™t") = —d™ oDy M (t) (6.31)

is given by the following formula

0o BP)‘%(H»V)T

o8, X2 1 X5 = X2) (dwtw)n
M) = Moy~ ,
"0 (X2: X3 — X2) n:

T(wn + 1) Ewwnp1(—dPt?). (6.32)

Theorem 6.6. Ifd > 0,w > 0,x1, X2, x5 € C; R(x3) > R(x2) > 0 and a, 7, p;,vi, B, k5 € C with min
%(a,r,ui,yi,ﬁj,/@j) >0 fori=1,...7;5=1,..., s with r+s= m-2, m be any positive integer, then the
solution of the equation

M () = MoF2 N5 (31, Xai Xgi £) = —d™ o Dy M (1) (6.33)

is given by the following formula

o 2,5 (1) 7

B (X2 + 7, X3 — Xa2)
a,7;(B,K)s N2 » A3 2
M(t) =My > (X1)n (0.r) —
0 B(Xa: X3 — X2)

£ Bopi1 (—dVEY). (6.34)

Theorem 6.7. If d > 0,w > 0,x2,x3 € C; R(x3) > R(xz) > 0 and o, 7, p;,v4, B,k € C with min
%(a,T,ui,I/i,Bj,/ij) >0 fori=1,...r;5=1,...,s5 with r+s= m-2, m be any positive integer, then the
solution of the equation

M (t) = Mod? ) (x5 xg1 1) = —d™ o Dy M(t) (6.35)

is given by the following formula

0o IM(;H/)r

- M, Z a T,(,B K)

Similarly, we can prove all the theorems.

“(x2 + 1, x3 — X2)
B(x2,X3 — X2)

tnEw,n—i-l(_dwtw)- (636)
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7. Conclusion

In this paper, we introduce a generalization of the beta function with the help of a generalized m-
parameter Mittag-Leffler function. Firstly, we have derived some properties of our proposed beta function.
Further, we have generalized the hypergeometric function and confluent hypergeometric function using
our newly defined beta function and investigated some properties like integral representations and the
differential formula. We presented further generalization of the Caputo fractional derivative operator
using the m-parameter Mittag-Leffler function, and some of its properties have been discussed using the
new generalized beta function. As an application of our newly defined beta function, we have introduced
a new type of statistical distribution as well as examined several functions associated with it like mean,
variance, coefficient of variance, moment generating function, characteristic function, and cumulative
distribution. We investigated a further fractional generalization of the kinetic equation that involves a
hypergeometric function. The newly defined generalized beta function and other generalizations defined
in this paper will be applicable in various fields of science.
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