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On Cartesian Product of Sequence Spaces Related to Metric Space Defined by Orlicz
Functions

Rinku Dey∗ and Binod Chandra Tripathy

abstract: In this article we have introduced the Cartesian product sequence spaces ℓ∞ × ℓ∞(M,d),
c×c(M,d) and c0×c0(M,d) related to metric space (X, d) defined by the Orlicz function. We have established
different properties like solidity, completeness etc. and also we obtain some inclusion results involving the
spaces ℓ∞ × ℓ∞(M,d), c× c(M,d) and c0 × c0(M,d).
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1. Introduction

Throughout the article w×w, ℓ∞× ℓ∞, c× c and c0× c0 denote the spaces of all, bounded, convergent
and null Cartesian product sequences respectively with elements in X, where (X, d) denotes a metric
space and let θ be the zero element of X ×X.

An Orlicz function is a function M : [0,∞] → [0,∞], which is continuous, non-decreasing, convex
with M(0) = 0, M(x) > 0, for x > 0, and M(x) → ∞, x → ∞.

An Orlicz function is a function M is said to satisfy ∆2-condition for all values of K, if there exists
a constant K > 0, such that M(Kx) ≤ KM(x), for all K ≥ 0. The ∆2-condition is equivalent to
M(Lx) ≤ LM(x), for all x > 0 and for L > 1.

If the convexity of the Orlicz function is replaced by M(x + y) ≤ M(x) +M(y), then this function
is called as modulus function, introduced by Nakano [4] and later investigated by Ruckle [8], Maddox [3]
and others.

Remark 1.1 An Orlicz function satisfies the inequality M(λx) ≤ λM(x), for all λ with 0 < λ < 1.

2. Definitions and Background

Lindenstrauss and Tzafriri [2] used the notion of Orlicz function and introduced the sequence space

ℓM =

{
(xk) ∈ w :

∞∑
k=1

M

(
|xk|
ρ

)
< ∞, for someρ > 0

}
.

The space ℓM with the norm

||(xk)|| = inf

{
ρ > 0 :

∞∑
k=1

M

(
|xk|
ρ

)
≤ 1

}
,

∗ Corresponding author

Submitted March 25, 2022. Published June 17, 2022
2010 Mathematics Subject Classification: 40A05, 40A30, 40H05, 46E30, 46A45, 46B45.

1
Typeset by BSPMstyle.
© Soc. Paran. de Mat.

www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.63035


2 R. Dey and B. C. Tripathy

becomes a Banach space, which is called an Orlicz sequence space. The space ℓM is closely related to the
space ℓp, which is an Orlicz sequence space with M(x) = xp, for 1 ≤ p ≤ ∞.
Sequence spaces has been studied from different aspects in recent years, by Tripathy et al. [9], Different
classes of sequence spaces defined by Orlicz functions have been introduced and their properties have
been investigated by Et et al. [1], Nath and Tripathy [5,6,7], Tripathy et al. [10], Tripathy and Dutta [11],
Tripathy and Dutta [12], Tripathy and Gosawami [13], Tripathy and Mahanta [14,15] and many others.

Let (X, d) be a metric space. In this article we introduce the following Cartesian product sequence
spaces in a metric space (X, d).

ℓ∞ × ℓ∞(M,d) =

{
x = (xk, yk) ∈ w × w : sup

k
M

(
d((xk, yk), θ)

ρ

)
< ∞, for some ρ > 0

}
;

c× c(M,d) = {x = (xk, yk) ∈ w × w : M

(
d((xk, yk), (L,K))

ρ

)
→ 0, as k → ∞, for some ρ > 0

and L,K ∈ X};

c0 × c0(M,d) =

{
x = (xk, yk) ∈ w × w : M

(
d((xk, yk), θ)

ρ

)
→ 0, as k → ∞, for some ρ > 0

}
.

Definition 2.1 A sequence space E is said to be solid (or normal), if (αkxk) ∈ E, whenever (xk) ∈ E,
for all sequence (αk) of scalars such that |αk| ≤ 1, for all k ∈ N .

Definition 2.2 A sequence space is said to be symmetric, if (xk) ∈ E implies
(
xπ(k)

)
∈ E, where π(k)

is a permutation of the elements of N .

Definition 2.3 A sequence space E is said to be monotone, if E contains the canonical pre images of
all its step spaces.

Note. From the existing literature and the above definitions, it is clear that a class of sequences is solid
implies it is monotone.

3. Main Results

In this section we establish the results of this paper.

Theorem 3.1 The classes of sequences Z(M,d), for Z = ℓ∞ × ℓ∞, c× c, c0 × c0 are linear spaces.

Proof: We establish the result for the case ℓ∞×ℓ∞(M,d) and the other cases can be established following
similar techniques. Let, x1 = (xk, yk), x2 = (uk, vk) ∈ ℓ∞ × ℓ∞(M,d) . Then, we have,

sup
k

M

(
d((xk, yk), θ)

ρ1

)
< ∞, for some ρ1 > 0,

and

sup
k

M

(
d((uk, vk), θ)

ρ2

)
< ∞, for some ρ2 > 0.

Let, α, β ∈ C be scalar and ρ = max(2|α|ρ1, 2|β|ρ2). Then, we have

sup
k

M

(
αd((xk, yk), θ) + βd((uk, vk), θ)

ρ

)
≤ sup

k
M

(
αd((xk, yk), θ)

ρ
+

βd(uk, vk)

ρ

)
= sup

k
M

(
α
d((xk, yk), θ)

ρ
+ β

d((uk, vk), θ)

ρ

)
≤ 1

2
sup
k

M

(
d((xk, yk), θ)

ρ1

)
+

1

2
sup
k

M

(
d((uk, vk), θ)

ρ2

)
< ∞.
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⇒ (α(xk, yk) + β(uk, vk)) ∈ ℓ∞ × ℓ∞(M,d) .
i.e. (αx1 + βx2) ∈ ℓ∞ × ℓ∞(M,d) .
Thus, ℓ∞ × ℓ∞(M,d) is a linear space . 2

Theorem 3.2 The spaces Z(M,d), for Z = ℓ∞ × ℓ∞, c× c and c0 × c0 are normed spaces, normed by

f((xk, yk)) = inf

{
ρ > 0 : sup

k
M

(
d((xk, yk), θ)

ρ

)
≤ 1

}
.

Proof: Let (X, d) be a metric space. Let, λ be a scalar, then we have,

f(λ(xk, yk)) = inf

{
r > 0 : sup

k
M

(
d((λxk, λyk), θ)

ρ

)
≤ 1

}
= |λ|inf

{
ρ > 0 : sup

k
M

(
d((xk, yk), θ)

ρ

)
≤ 1

}
, where ρ =

r

|λ|
.

= |λ|f((xk, yk)).

Let, (xk, yk), (uk, vk) ∈ ℓ∞ × ℓ∞(M,d) .

Then, for some ρ1 > 0, ρ2 > 0, we have

f((xk, yk)) = inf

{
ρ1 > 0 : sup

k
M

(
d((xk, yk), θ)

ρ1

)
≤ 1

}
and

f((uk, vk)) = inf

{
ρ2 > 0 : sup

k
M

(
d((uk, vk), θ)

ρ2

)
≤ 1

}
.

Let, ρ = ρ1 + ρ2. Then we have,

supk M
(

d(xk,yk)+d(uk,vk)
ρ

)
≤ ρ1

ρ1+ρ2
supk M

(
d((xk,yk),θ)

ρ1

)
+ ρ2

ρ1+ρ2
supk M

(
d((uk,vk),θ)

ρ2

)
≤ 1.

Since, ρ1 > 0 and ρ2 > 0, so we have,

f((xk, yk) + (uk, vk)) = inf

{
ρ = ρ1 + ρ2 > 0 : sup

k
M

(
d((xk, yk), θ) + d((uk, vk), θ)

ρ

)
≤ 1

}
≤ inf

{
ρ1 > 0 : sup

k
M

(
d(xk, yk)

ρ1

)
≤ 1

}
+ inf

{
ρ2 > 0 : sup

k
M

(
d(uk, vk)

ρ2

)
≤ 1

}
= f((xk, yk)) + f((uk, vk)).

Hence, f is a semi-norm on Z(M,d), for Z = ℓ∞ × ℓ∞. Similarly, we can prove for Z = c× c and c0 × c0.
2

Proposition 3.1 The sequence space ℓ∞ × ℓ∞(M,d), is symmetric.

Proof: Let x = (xk, yk) ∈ ℓ∞ × ℓ∞(M,d). Then, for some ρ > 0, we have,

sup
k

M

(
q

(
d((xk, yk), θ)

ρ

))
< ∞.

Let, y = (uk, vk) be a arrangement of (xk, yk).Then we have, xi = upi and yi = vqi , for all i ∈ N . We
have,

sup
k

M

(
q

(
d((uk, vk), θ)

ρ

))
< ∞, for some ρ > 0

⇒ y = (uk, vk) ∈ ℓ∞ × ℓ∞(M,d) .
Hence, ℓ∞ × ℓ∞(M,d) is symmetric. 2
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Proposition 3.2 The classes of sequence Z(M,d), for Z = ℓ∞ × ℓ∞ and c0 × c0 are solid and hence are
monotone, but the class of sequences c× c(M,d) is neither solid nor monotone.

Proof: Let (αk) be a sequence of scalars such that |αk| ≤ 1, for all k ∈ N . Let, x = (xk, yk) ∈ Z(M, q).
The proof for Z = ℓ∞ × ℓ∞ and c0 × c0 are obvious in view of the following inequality,

M

(
q

(
d(αkxk, αkyk)

ρ

))
≤ M

(
q

(
d(xk, yk)

ρ

))
, for all k ∈ N.

The second part of the proof follows from the fact, ”a sequence space is solid implies is monotone”.
The class of sequences X = c×c(M,d), is neither solid nor monotone follows from the following example.

2

Example 3.1 Consider the Orlicz function M defined by
M(x) = |(x)|p, p ≥ 1, where the symbol ”|.|” represents the Euclidean distance from the origin.
and q(x) = supk |(xk, yk)|, for x = (xk, yk) ∈ c× c.
Define the sequence x = (xk, yk) by x = (xk, yk) = (1, 1), for all k ∈ N .
Consider the sequence (αk) of scalars defined by αk = (−1)k, for all k ∈ N .
Then,(xk, yk) ∈ Z(M,d), but (αk(xk, yk)) /∈ Z(M,d), for Z = c× c and (c× c)B .
Hence, the class of sequences c× c(M, q) is not solid.
Therefore, c× c(M, q) is not monotone.

Theorem 3.3 Let (X, d) be a complete metric space, then the spaces Z(M,d), for Z = ℓ∞ × ℓ∞, c × c
and c0 × c0 are complete metric spaces with respect to the metric f defined by

f((xk, yk), θ) = inf

{
ρ > 0 : sup

k

(
d((xk, yk), θ)

ρ

)
≤ 1

}
.

Proof: We prove the theorem for the space c× c(M,d) and the proof for the other cases can be estab-
lished following similar technique.
Let xi = (xi

k, y
i
k) be a Cauchy sequence in c× c(M,d). We have to show the followings:

(i) (xi
k, y

i
k) → (xk, yk), as i → ∞, for each k ∈ N

(ii) (xi, yi) → (x, y), as i → ∞, where limk→∞(xi
k, y

i
k) = (xi, yi), for each i ∈ N

(iii) (xk, yk) → (x, y) (relative to M).
Let ε > 0 be given. For a fixed x0 > 0, choose r > 0 such that

M
(
rx0

3

)
≥ 1 and n0 ∈ N be such that

f((xi
k, y

i
k)− (xj

k, y
j
k)) <

ε
rx0

, for all i, j ≥ n0.

By the definition of f we have,

sup
k

M

(
d((xi

k, y
i
k), (x

j
k, y

j
k))

f((xi
k, y

i
k)− (xj

k, y
j
k))

)
≤ 1 ≤ M

(
rx0

3

)
, for all i, j ≥ n0

⇒ M

(
d((xi

k, y
i
k), (x

j
k, y

j
k))

f((xi
k, y

i
k)− (xj

k, y
j
k))

)
≤ M

(
rx0

3

)
, for all i, j ≥ n0

⇒ (d((xi
k, y

i
k), (x

j
k, y

j
k))) <

rx0

3
.
ε

rx0

=
ε

3
, for all i, j ≥ n0. (3.1)
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Therefore, (xi
k, y

i
k) is a Cauchy sequence in X×X, for all k ∈ N . Since, X is complete, so there exists

(xk, yk) ∈ X ×X, such that

d(xi
k, y

i
k) → d(xk, yk), as k → ∞, for each k ∈ N .

⇒ xi
k → xk and ⇒ yik → yk, as k → ∞, for each k ∈ N .

⇒ (xi
k, y

i
k) → (xk, yk), as k → ∞, for each k ∈ N .

(i) We have,

lim
k→∞ (xi

k, y
i
k) = (xi, yi), for each i ∈ N .

⇒ lim
k→∞ xi

k = xi and
lim

k→∞ yik = yi, for each i ∈ N .

⇒ lim
k→∞ d(xi

k, y
i
k) = d(xi, yi).

Then, for each i ∈ N and for a given ε > 0,

M

(
d((xi

k, y
i
k), d(xi, yi))

r

)
≤ sup

k
M
( ε

3r

)
,

for all k ∈ N , for each i ∈ N and some r > 0,

⇒ d((xi
k, y

i
k), d(xi, yi)) <

ε

3
, (3.2)

for all k ∈ N , for each i ∈ N and by continuity of M .
Let, i, j ≥ n0 and k ∈ N .
Then we have,

d((xi, yi), (xj , yj))

≤ d((xi
k, y

i
k), (xi, yi)) + d((xi

k, y
i
k), (x

j
k, y

j
k)) + d((xj

k, y
j
k), (xj , yj))

< ε
3 + ε

3 + ε
3 = ε, by (1) and (2).

Hence, (xi, yi) is a Cauchy sequence in X ×X, which is complete.

Thus, (xi, yi) converges in X and let lim
i→∞ d(xi, yi) = d(x, y).

⇒ lim
i→∞ xi = x and lim

i→∞ yi = y.

⇒ lim
i→∞ (xi, yi) = (x, y).

(ii) For a given ε > 0, let i ≥ m0 and r > 0 be chosen such that M
(
ε
r

)
< ε1.

From (3.2) we have,
q(d(xi

k, y
i
k)− d(xi, yi)) <

ε
3 .

By (3.1) we have, q(d(xk, yk)− d(xi
k, y

i
k)) <

ε
3 , for all i ≥ m0.

Again by (3.2) we get, q(d(xi, yi)− d(x, y)) < ε
3 , for all i ≥ m0. Hence, for all i ≥ m0, we have

q(d(xk, yk)− d(x, y)) ≤ d((xk, yk), (x
i
k, y

i
k)) + d((xi

k, yk
i), (xi, yi)) + d((xi, yi), (x, y))

⇒ d((xk, yk), (x, y)) <
ε
3 + ε

3 + ε
3 = ε.

⇒ M
(

d((xk,yk),(x,y))
r

)
≤ M

(
ε
r

)
= ε1, for r > 0 and k ∈ N .

Therefore, M
(

d((xk,yk),d(x,y))
r

)
→ 0, as k → ∞, for some r > 0.

Hence, (xk, yk) ∈ c× c(M,d). Thus, c× c(M,d) is a complete semi-normed space. 2
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Theorem 3.4 Let M1 and M2 be two Orlicz functions. Then we have,

(i) Z(M2, q) ⊆ Z(M1 ◦M2, q).

(ii) Z(M1, q) ∩ Z(M2, q) ⊆ Z(M1 +M2, q),

for Z = ℓ∞ × ℓ∞, c× c and c0 × c0.

Proof: (i) We establish the inclusion relation for the case Z = c0 × c0, the other cases can be proved
following similar technique.

Let ε > 0 be given.

Since, M1 is continuous, so there exist δ > 0 such that M1(δ) = ε.

Let (xk, yk) ∈ c0 × c0(M2, d).

Therefore, M2

(
d((xk,yk),θ)

ρ

)
→ 0, as k → ∞, for some ρ > 0.

⇒ M2

(
d((xk,yk),θ)

ρ

)
< δ.

⇒ M1

(
M2

(
d((xk,yk),θ)

ρ

))
< M1(δ).

⇒ (M1 ◦M2)
(

d((xk,yk),θ)
ρ

)
< ε.

⇒ (M1 ◦M2)
(

d((xk,yk),θ)
ρ

)
→ 0, k → ∞, for some ρ > 0.

⇒ (xk, yk) ∈ c0 × c0(M1 ◦M2, d).

⇒ c0 × c0(M2, d) ⊆ c0 × c0(M1 ◦M2, d).

Hence, Z(M2, d) ⊆ Z(M1 ◦M2, d) for Z = c0 × c0, c× c, ℓ∞ × ℓ∞ .

(ii) We prove the result for the case Z = c× c.

The other cases can be established following similar technique.

Let, (xk, yk) ∈ c× c(M1, d) ∩ c× c(M2, d)

⇒ (xk, yk) ∈ c× c(M1, d) and (xk, yk) ∈ c× c(M2, d).

Let, ε > 0 be given. Then, we have

M1

(
d((xk,yk),(L,K))

ρ1

)
→ 0, for all k ∈ N , for some ρ1 > 0 and

M2

(
d((xk,yk),(L,K)

ρ2
)
)
→ 0, for all k ∈ N , for some ρ2 > 0

⇒ M1

(
d(xk,yk)−(L,K))

ρ1

)
< ε

2 , for all k ∈ N , for some ρ1 > 0 and

M2

(
q
(

d(xk,yk)−d(L,K)
ρ2

))
< ε

2 , for all k ∈ N , for some ρ2 > 0.

Let, ρ = max{ρ1, ρ2}.
Then, for k ∈ N and ρ > 0, we have,
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(M1 +M2)
(

d((xk,yk),(L,K))
ρ

)
≤ M1

(
d((xk,yk),(L,K))

ρ

)
+M2

(
d((xk,yk),(L,K))

ρ

)
< ε

2 + ε
2 = ε

⇒ (M1 +M2)
(

d((xk,yk),(L,K))
ρ

)
< ε.

⇒ (M1 +M2)
(

d((xk,yk),(L,K))
ρ

)
→ 0, for all k → ∞, for some ρ > 0

⇒ (xk, yk) ∈ c× c(M1 +M2, q)
Thus, c× c(M1, q) ∩ c× c(M2, q) ⊆ c× c(M1 +M2, q).
Hence, we have Z(M1, q) ∩ Z(M2, q) ⊆ Z(M1 +M2, q), for Z = c× c, c0 × c0, ℓ∞ × ℓ∞. 2

We state the following result without proof, which can be established using standard technique.

Theorem 3.5 Let M be an Orlicz function, (X, d) be a metric space, then Z(d) ⊆ Z(M,d), for Z =
ℓ∞ × ℓ∞, c× c and c0 × c0.

Conclusion. In this article we have introduced cartesian product of bounded, convergent and null carte-
sian product sequence spaces defined by Orlicz functions in cone metric spaces. We have investigated
their different algebraic and topological properties and established some inclusion results. The work done
can be applied for introducing new classes of sequences and studying their different properties.
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