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Renormalized solutions for some boundary value elliptic problem with L'— data in
generalized sobolev spaces

Rachid BOUZYANI, Badr EL HAJI* and Mostafa EL MOUMNI

ABSTRACT: The aim of this paper is to investigate an existence of renormalized solutions for some boundary
value elliptic problem of the form — div(a(z,u, Vu) + ®(z,u)) + g(z,u, Vu) = f in Q, in the framework of
Musielak-Orlicz spaces, where the term ® satisfies the natural growth condition, the function g has a natural
growth with respect to its third argument and without sign condition, no Asz-condition is assumed on the
Musielak function, and f € L'(Q).
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1. Introduction and Basic Hypothesis

In this note we give an existence result of renormalized solutions for strongly nonlinear boundary
value problem of the type:

A(u) — div (@(m,u)) +g(z,u,Vu)=f inQ

1.1
u=0 on 01, (1)

where  be a bounded domain of RV, N > 2, A(u) = —div(a(z,u, Vu)) is a Leray-Lions operator defined
from the space W L, () into its dual W= L(£2), with ¢ and % are two complementary Musielak-Orlicz
functions and where a is a function satisfying the following conditions:

a: QxR xRY — R¥ is a Carathéodory function. (1.2)
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There exist two Musielak-Orlicz functions ¢ and P such that P << ¢, a positive function d(z) €
E5(Q), a>0andk; > 0fori=1,---,4,such that fora.e. z € Qandalls € Rand all¢, ¢ € RN, £ £ ¢":

al, 5, )| < ks (d(x) + 77" (P (2, kals)) + 75 (¢ (2, ks l€))) ) (1.3)
(a(w,5,&) —a(x,s¢)(E—-¢) >0, (1.4)
a(,5,€)€ > ap(a, ¢]) + (. s)). (15)

Furthermore, let g : Q x R x RN — R be a Carathéodory function such that for a.e. x € Q for all s € R
and all £ € RV :

l9(2,5,6)| < h(x) + p(s)p(x, [£]), (1.6)

where p : RT — RT is a continuous positive function which belongs to L> (R) and h(z) € L'(Q). The
lower order term ® is a Carathéodory function satisfying, for a.e. x € Q and for all s € R, the following
condition:

(2, 5)| < e(2)P; p(x, aols]), (1.7)

where ¢(.) € L>(Q) such that |[c(.)|| 1) < % and 0 < ap < min (1,1). The right hand side of (1.1) is
assumed to satisfy

ferL(Q). (1.8)

In the paper [13], the authors were introduced the notion of renormalized solution in the sobolev
spaces, this concept have been used by the authors in [8] where they have studied the problem (1.1),
when the right hand side is in w—Lp (©) and in the case where the nonlinearity g depends only on x and
u, this work was then studied by Rakotoson in [32] when the right hand side is in L*(£2), and finally by
DalMaso et al. in [26] for the case in which the right hand side is general measure data.

However, on Orlicz-Sobolev spaces,the paper [5] investigate the problem (1.1) where the authors have
been considered that ®(z,u) = ®(u), and the function g depends only on = and u under the restriction that
the N-function is supposed satisfying the Ag-condition, On the other hand, in [3] the authors have been
treated the same problem for N-function not satisfying necessarily the As-condition and ®(z,u) = ®(u).

In the note [4], the authors prove the existence and uniqueness of a renormalized solution for a suitable
elliptic problem (1.1) in variable exponent Sobolev spaces, where a(z, u, Vu) = |[Vul|P®)=2Vu, =0, g =
0 and where f € L1(9Q).

In [7], the authors have shown an existence result for (1.1) in Musielak-Orlicz-Sobolev spaces, where
g =0 and ® = 0, and where the non-linearity g depends only on x and u. If g depends also on Vu, the
problem (1.1) has been solved in [25] where the authors supposed that ®(z,u) = ®(u).

Many papers deals with the existence and uniqueness solution of elliptic and parabolic problems under
different hypotheses, either in Sobolev spaces and in generalized Sobolev spaces (see [21,25,22,23,24,15,
16,17,18,19,9,11,10,20,14,12] for more details).

The paper is organized as follows: In section 2, we present some preliminary and knowledge. Section
3 contains some technical lemmas which will be nedded to prove our result. Section 4, is the object of
our main result and in section5 we prove an existence solution for the problem (1.1).

2. Some Preliminaries and Background

This part is devoted to the preliminary results and properties that concern Musielak-Orlicz spaces
(see [30]). Let © be an open subset of RY | a Musielak-Orlicz function ¢ is a real-valued function defined
in Q x R* such that
a) ¢(x,.) is an N-function for all x € Q (i.e. convex, nondecreasing, continuous, ¢(z,0) =0, ¢(z,t) > 0
for all ¢ > 0 and lim sup plet) _ 0 and lim inf plet) 00).

t—=0 zcQ t t—o00 z€Q t
b) ¢(.,t) is a measurable function for all ¢ > 0.
For a Musielak-Orlicz function ¢, let ¢, (t) = ¢(z,t) and let p, ! be the nonnegative reciprocal function
with respect to t, i.e. the function that satisfies

or (p(x, 1) = ¢ (,0, ' (1) = t.
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The Musielak-Orlicz function ¢ is said to satisfy the Ay -condition if for some k& > 0, and a nonnegative
function A, integrable in 2, we have

o(x,2t) < ko(x,t) + h(z) for all z € Q and ¢ > 0. (2.1)

When (2.1) holds only for ¢t > ¢y > 0, then ¢ is said to satisfy the Ag-condition near infinity. Let ¢ and
v be two Musielak-Orlicz functions, we say that ¢ dominate v and we write v < ¢, near infinity (resp.
globally) if there exist two positive constants ¢ and tg such that for a.e. x € Q:

y(z,t) < @(x,ct) for all t > tg, (resp. for all t > 0 i.e. tg =0).

We say that v grows essentially less rapidly than ¢ at 0 (resp. near infinity) and we write v << ¢ if
for every positive constant ¢ we have

lim (Sup W(x’Ct)) =0, (resp. lim (Sup Wu””) =0).

t=0 \zeq @(xat) =00 \ ze @(xat)

Remark 2.1 If v << ¢ near infinity, then Ve > 0 there exists a nonnegative integrable function A,
such that
Y(z,t) < @(x,et) + h(z) for all ¢ > 0 and for a.e. z € . (2.2)

For a Musielak-Orlicz function ¢ and a measurable function u : 2 — R, we define :
poat) = [ oo fu(o)]) da.

The set K,(Q2) = {u : @ — R measurable/ p, o(u) < oo} is called the Musielak-Orlicz class (or gener-

alized Orlicz class). The Musielak-Orlicz space (the generalized Orlicz spaces) L,(f2) is the vector space
generated by K, (1), that is, L, () is the smallest linear space containing the set K, (). Equivalently

L,(Q) = {u : 2 — R measurable/ p, o (%) < 00, for some A > O}

For a Musielak-Orlicz function ¢ we pose :

Pz, s) = jgg{st —p(z,t)},

@ is the Musielak-Orlicz function conjugate of ¢ in the sense of Young with respect to the variable s. In
the space L,(€2) we present the two norms:

Jullp,0 = inf {)\ > 0//Q<p <x |“(A"”)|) do < 1}

which is named the Luxemburg norm and the so-called Orlicz norm by:

lellpo = sup /Q fu(z)o(z)] de

llvllz<1

where @ is the Musielak-Orlicz function conjugate to . These two norms are equivalent (see [30]). The
closure in L, () of the bounded measurable functions with compact support in Q is denoted by E, (),
It is a separable space (see [30], Theorem 7.10).

We say that sequence of functions u,, € L,(Q2) is modular convergent to u € L, () if there exists a

constant A > 0 such that
I %) =0
Jmpea (757 ) =0

For any fixed m > 0 we note:

W™ L, (Q) = {u € L,(Q)/ Y]a| <m, D € LP(Q)}
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and

W™ E,(Q) = {u € E,(Q)/ Y]a| <m, D% € E¢(Q)}

where o = (a1, ..., q,) with nonnegative integers o, |a| = |aa| + ... + |an| and D%u denote the dis-
tributional derivatives. The space W™L, () is named the Musielak-Orlicz Sobolev space. Let for
u e W™L,(Q) :

Poalt) = Y. ppa(Du) and JullZg = inf {A>0/ 5,0 (5) <1}
la|<m

these functionals are a convex modular and a norm on W™L,(Q2), respectively, and the pair
(W™ L, (), ||||:Z}Q) is a Banach space if ¢ verifies the following hypothesis (see[30]):

There exist a constant ¢y > 0 such that ing2 oz, 1) > co. (2.3)
zE

The space WL, () can be identified to a subspace of the product H L,(Q) =1IIL,, this subspace
la|<m
is o (IIL,, I1E) closed.
The space W§"L,(€2) is defined as the o (ILL,,I1E5) closure of D(€2) in W™L,(£2), and the space
W E,(Q) as the closure of the Schwartz space D(2) in W™ L, ().
Let W§" L, (§2) be the o (ILL,, I1E5) closure of D(2) in W™ L, (€2).

The following spaces be used latter :

W L(Q) = {F e D(Q)/ f= > (=)D [ with fo € Lx(Q) ]

lo]<m

and
WmEHQ) = {f € D(@)) f= Y (~1)ID o with fu € E5(Q) }.

|| <m

We can say that a sequence of functions u, € W™L, () is modular convergent to u € W™ L,(Q) if there

exists k > 0 such that
lim 7o 2 —%) =0
n1—>ngo pw’ﬂ k e

We remember that
o(x,t) <tp Hp(x,t) < 2p(x,t)  forallt>0, ae x €. (2.4)
For ¢ and her conjugate function @, the following inequality is named the Young inequality (see [30]):
ts < o(x,t) +p(x,s), Vt,s>0, ae zell (2.5)

Which implies that
lulle.o < poa(u)+1 (2.6)

In L, (£2) we have the follwing relation

[ullo < ppalu)  if Jullgo >1 (2.7)

and
[ullg.0 = ppa(u) if flulleo <1 (2.8)

For two complementary Musielak-Orlicz functions ¢ and @, let u € L,(€2) and v € L(2), thus we have:

‘ /Q w(@)o(z) do

< lullg,olllv|llz0 ( the Holder inequality (see[30])) (2.9)
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3. Some Technical Lemmas
This section concern some technical lemmas that will be used in our main result.

Definition 3.1 We say that a Musielak function ¢ verifies the log-Holder continuity hypothesis on ) if
there exists A > 0 such that

A

log (ﬁ)

Lemma 3.1 [2] Let Q be a bounded Lipschitz domain in RN (N > 2) and let ¢ be a Musielak function
verifying the log-Hdélder continuity such that

(z,t
e(y,t)

S

<t

Vvt > 1 and Vx,y € Q with \x—y|§%

P(z,1) <cp  a.ein Q for some ¢y >0 (3.1)
Then D(R) is dense in L,(Q) and in Wi L,(Q) for the modular convergence.

Remark 3.1 Note that if lim;_, infeq @ = 00, then (3.1) holds (see [2]).
Proof : (see [2]).

Lemma 3.2 [2] (Poincare’s inequality: Integral form) Let Q be a bounded Lipschitz domain of R™ (N >
2) and let ¢ be a Musielak function satisfying the hypothesis of Lemma 3.1. Then there exists ,m > 0
and A > 0 depending only on  and ¢ such that

/ o(z, |v))de < 8+ 77/ o(x, \|Vo|)dx for all v € Wy L, (). (3.2)
Q Q

Corollary 3.1 [2] (Poincare’s inequality) Let Q be a bounded Lipchitz domain of RN (N > 2) and let ¢
be a Musielak function satisfying the same hypothesis of Lemma 3.2. Then there exists C > 0 such that

lolly < ClIVully Yo € Wy Ly ().

Lemma 3.3 ([31]) Let F : R — R be uniformly Lipschitzian, with F(0) = 0. Let ¢ be a Musielak-Orlicz
function and let w € Wi L,(Q). Then F(u) € Wi L, (S2).
Hawever, if the set D of discontinuity points of F' is finite, we obtain

OF (u) :{ F'(u) 2w a.e. in{zx € Q:u(zx) € D}

T

0 a.e. in{x€N:u(x)¢ D}

3%—

Lemma 3.4 [1] (Poincare’s inequality). Let o a Musielak-Orlicz function which satisfies the hypothesis
of Lemma 3.1, let p(z,t) decreases with respect of one of coordinate of x, then, that exists ¢ > 0 depends
only of Q such that

/ o(z,|v]) de < / p(z,c|Vol)dz  Vu € Wy L,(9).
Q Q
Lemma 3.5 [6] Let Q satisfies the segment property and suppose that uw € Wi L,(Q2). Then, there exists
a sequence (un,) C D(Q) such that
wy, — u for modular convergence in Wg L,(Q).
In addition to this, if u € W3 Ly(2) N L2(Q) then ||lun| . < (N +1)||ul|so-

Lemma 3.6 Suppose that (g,), g € L'(Q) such that
i) gn >0 a.e in Q,
i) gn — g a.e in §,
iii) / gn(z) de — / g(z) dz.
Q Q

Then g, — g strongly in L'(Q).
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Lemma 3.7 [7] If a sequence h,, € L,(§) converges in measure to a measurable function h and if hy,
remains bounded in L,(Y), then h € L,(Q) and h, — h for o (IIL,,I1E3).

Lemma 3.8 [7] Let v, v € L,(Q). If v, — v with respect to the modular convergence, then v, — v for
o (Ly(Q), L5(9)) -

Lemma 3.9 [27] If v < ¢ and u, — u for the modular convergence in L,(§2) then u, — u strongly in
E, ().

Lemma 3.10 (The Nemytskii Operator). Suppose that @ be an open subset of RY with finite measure
and let ¢ and ¢ be two Musielak Orlicz functions. Suppose that g : £ x RP — RY be a Carathéodory
function such that for a.e. x € Q and all s € RP :

l9(z, 5)| < e(x) + kg o (2, kals])

where k1 and ko are real positives constants and c(.) € Ey(Q2). Then the Nemytskis Operator N, defined
by Ng(u)(z) = g(x,u(x)) is continuous from

5 <EM(Q), é)p 1 {u € Lar(Q) - d (u, Far()) < /32}

into (Ly(2))? for the modular convergence. However if c(-) € E,(Q) and v << v then N, is strongly
2
continuous from P (EM(Q), é) to (E,(2))7.

4. Main Result

Before we state our main result let us giving the definition of a renormalized solution of (1.1).

Definition 4.1 A measurable function u : Q — R is named a renormalized solution of (1.1) if:

Ti(u) € WoL,(Q) and  a(w,u,Vu) € (Lg(Q))N, (4.1)
g(z,u,Vu) € L*(Q) and g(z,u, Vu)u € L*(Q), (4.2)
lim a(z,u, Vu)Vudr = 0, (4.3)

m=Ho0 JireQ: m<|u(z)|<m+1}

and Vh € C}(R) :
—div (a(x, u, Vu)h(u)) —div (@(z, u)h(u)) + 1 (u)®(x, u)Vu + g(z,u, Vu)h(u) (4.4)

= fh(u) + 1 (u)FVu in D'(Q).
Remark 4.1 Every term in equation (4.4) is meaningful in the distributional sense. Indeed, for
h € CLR) and u € WJL,(9), then h(u) € W'L,(Q) and for V in D(Q2) the function Vh(u) €
W3 Ly(Q). Since div (a(x, u, Vu)) € W1L5(Q), we have VV € D(Q):

<div (a(:z:,u,Vu))h(u) ; V> = <div (a(z,u,Vu)) ; Vh(u)>

D’(2),D(2) W—1L5(2),We Ly ()

Finally, ®(z, u)h(u) € (L2OQ)Y, ®(z, )l (1) € (L)Y, div (@(x,u)h(u)) € W1L+(Q) and
O (x,u)h'(u)Vu € L,(Q).
Our goal is to show the follwing main result

Theorem 4.1 If the hypothesis (1.2) — (1.8) are verified, the Problem (1.1) admit at least a renormalized
solution .
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5. Proof of Theorem 4.1
Throughout this note, let us define the truncation function T}:
Tk (s) = max(—k, min(k, s))
5.1. Step 1: Approximate problem

For n € N*, we have the approximations of f, ® and g. Let f,, be a sequence of L(§2) functions
that converge strongly to f in L'(Q2), and || fu|l.: < [|f]lz1. Let @, (z,s) = @ (z, T}, (s)) and gn(z,s,&) =
9(z,s,8)

1+ Lg(z,s,6)]
For fixed n > 1, it’s obvious to observe that

lgn (2, 5,6)| < |g(x,5,6)] and |g,(z,5,£)| < n ae. inQ, Vs eR, V&€ RY,
Then we consider the approximate equation (1.1) for n >1: wu, € W3 L, ()
—div (a (x, Un, Vun)) + div (<I>n (a:,un)) + gn (2, un, Vu,) = f,  inD'(Q). (5.1)

Since g, is bounded for any fixed n > 0, the approximate problem (5.1) admit at last one solution u,, €
Wi L, (S2) (see [28] ).

5.2. Step 2: A Priori Estimates

Choosing exp (G (uy,)) Tr(uy) as a test function in (5.1), where G(s) = / pc(z;) dr and o/ > 0, we get
0

/Qan(x,un,Vun)V<exp(G (un))Tk(un)> dx+/

&, (z,un)V ( exp (G (un)) T, (un) ) d
Q

+/ g(x, upn, Vuy) exp (G (uy)) Ty (uy,) dz (5.2)
Q

14 1
< e (L2 ) 100

By (1.7), Lemma 3.4 and Young inequality, one has:

/Q@n(:c,un)v<exp (G (un)) T (un)) da

e a0 [ i (0.10) p(02) 030 (G (1) T (1) da

+ /Q @ (2, |Vun) p (un) exp (G (un)) Tk (un) dm] (5.3)
le()l (@0 / (@ Jun]) exp (G (un)) da
Q

.

HleW) o) / o (&, [V Tk (n)]) exp (G () do.

<

However, we have

/ n (T, Up, Vuy) exp (G (un)) Tk (uy,) dz

1 (5.4)
< kexp (”””L ) Ihllsgoy + [ p)exp (G () [Fual) Ti (1) do

Thanks to (5.3), (5.4) and (1.5) one has

i/ (x,un) p (un) exp(G(un)) Tk (uy) dx (5.5)

o
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42 [ plua) exp(Gun)g (0, VT () T ()
Q
+/ a(x,upn, Vuy) exp (G (un)) V (Tk (uy)) dx
Q
< PO Loy [ oo funl) p ) 5 (6 (1)) T 1)
4 / o (@, [Vtn]) p (1) exp (G (1)) Ti (1) iz
+||C(')||L&(Q)GO/Q<P($, [un|) exp (G (Un)) X{jun|<k} dT
Hle() s~y /Q o (5, [V Tk (un)]) exp (G (un)) da

+ / p (tn) €xp (G (un)) ¢ (&, [Vttn]) T () dt
Q

ol
siesp (122 (1120 + o)
By using (1.5) in (5.5) we obtain

(1 - OZOZE/-)”L“)(Q)) /Q(p (z, [un]) p (un) exp (G (un) T (un) dx

+ [j, RELOD N 1} / p (1) exp (G (1) @ (2, [V ) Th () d
+ / a (z, Un, Vuy,) exp (G (un)) VT (uy,) dz
Q

< ||C(~)HLoc<mao/QsD(x, |un]) exp (G (un)) X{ju, <k} dx

el 2=y / o (&, [V Tk (1)) exp (G (t)) d + key

By choosing o’ such that o’ = — we get

[\ o)

a (T, U, Vuy) exp (G (un)) V (Ty (uy,)) dx

< ("“'“@) [aoa [ el exp (G )y

[e%

+a/gp(x,\VTk (un)|) exp (G (uy)) dz | + key,
Q

since apor < 1 and using (1.5) we get

[1 - ('c()”mﬂ /Qa(x,un,Vun)exp (G () V (Th (un)) da < ker,

(&%

we deduce
/ a (@, Up, Vuy,) exp (G (un)) V (Tk (uy)) dz < kd'e; = k Cy, (5.6)
Q

1 e
where — =1 — <m> By (1.5) and (5.6) we obtain
c o

/
kc'ep

/ng (x, [VTx (un)]) de < = kCj. (5.7)

(%
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Furthermore, by using Lemma 3.4, there exists A > 0 such that
/ o(z,v)dr < / o(z,\|Vv|)dz  for all v € Wy L, (9). (5.8)
Q Q
Taking v = | T} (u,)| in (5.8) and using (5.7) we can get

/Qcp (x,/l\ | T (un)|> dx < /Qcp(x, VT (un)]) de < Cok

which implies that

1 k
meas {|u,| >k} < —/ ® (x ) dx
infoca ¢ (2, 5) J(junl>k) A

o fye (5 me)
— | ol x,— |Tk (u,)| | dz
lanEQ ¥ (l’, ;) Q A | ( )|

Csk
infacEQ ¥ (l’, ;) ’

IN

IN

Vn,Vk > 0.

For any 8 > 0, one has
meas {|u, — Up| > B} < meas {|u,| > k} + meas {|u,,| > k} + meas {|Tx (u,) — Tk (um)| > B},
and so that

205k
infecq gp( )

By using (5.7) and Corollary 3.1, we deduce that (T} (uy,)) is bounded in WL, (2), then we can
suppose that T} (u,) is a cauchy sequence in measure in €.
Let € > 0, then by (5.9) and the fact that 2072’“) — 0 as k — 400, there exists some k(¢) > 0

nfzeo @(Ia \
such that

meas {|u, — U | > B} < + meas {|T} (un) — Tk (um)| > B}. (5.9)

meas {|un, — um| > B} <e, for all n,m > ng(k(e), 8).

Then (u,) is a cauchy sequence in measure, consequently, u,, converges almost everywhere to u.
Now, by using Lemma 4.4 of [29], we can have for all k£ > 0,
T (un) — Ti(u) weakly in Wy L,(Q) for o (IIL,, I1ES) strongly in E,(2) and a.e. in Q. (5.10)

5.3. Step 3: Boundedness of (a (z,un, Vuy,)), in (Lg(Q))N

n

Suppose that ¥ € (EW(Q))N such that
9]0 =1, we get

/Q {a (z, Tk (un), VTy (uy)) — a <x,Tk (tn,) :3)} {VTk (un) — ’9] dz > 0.

This implies that
/—a (x, Tk (un) , VTi (up)) ¥ dz (5.11)

< /Qa(a:,Tk (), VT () VT (1) dsc—/ﬂa (a:,Tk. (un),]i) (VTk () — /i) do

1
<Ky — / “ (x,Tk (wn), 2 ) VT, (un) do + / (x,Tk <un>7’9) 9 da.
Q ks ks
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By Young’s inequality and (5.7) we obtain

/Q a(z, Ty (un) , VI (uy)) 9 dx (5.12)

‘a (m,Tk (un) , k%)’
S kgkcl + 3]€1 (1 + kg)/ @ Z, dx
0 3k

+3k1k3/ o (z,|VTy (un)\)dx+3k1/ o(x,|9]) dz
Q Q

’a (m,Tk (un), k%)‘
< k3kCy + 3k1k3kCy + 3k1 + 3k (1 + kg) / o |z, 3% dzr
Q 1

By (1.3) and taking into account to the convexity of ¥ we obtain

’a (1:, Ty (un), k%)’
3kq

vl <

(7@, d(@)) + P (@, k2 | Ty (ua)]) + (a, 9])). (5.13)

wl

By using Remark 2.1 there exists h € L'(£2) such that
P (k2 | Ty (un)]) < P (2, kak) < (2, 1) + h(z)

then by integrating over €2 we conclude that

/Q¢ x, ’a (x’TkBZn) ' kl?')‘ dx (5.14)

< % (/ng(xm(x))d;v—&—/Qh(x)dx—k/ﬂgo(%l)dx—i-/ggo(x, |19|)dx> <,

where ¢}, is a constant depending on k, then V¢ € (E¢(Q))N with [|¥||,0 = 1 we have
/Qa (2, Tk (un) , VT (uy)) 9dx < ¢,
and thus [la (z, Ty (un) , VTk (un)) |l o < ¢, which implies that
(a (2, T (un) , VT (up)) )n is bounded in L(Q)V. (5.15)
5.4. Step 4: Renormalization identity for the approximate solutions
Consider the function Z,, (u,) = T1 (up, — T (uy,))” and by taking exp (—G (un)) Zpm, (uy,) as test

function in (5.1) we get

/ an (2, U, Vitn) V(exp(—G(un)) Zom (un)> da (5.16)
Q

+ /Q D, (z,uy) V(exp (=G (un)) Zm (un) ) dr + /an (2, Un, V) exp (=G (un)) Zm () dx

= / frnexp (=G (uy)) Zm (uy,) de.
Q
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By the same argument used in a priori estimates, we get

/ 0 (2, [V Zon (u)])
Q

< exp (’i“) C [/Q FuZom (1) dx+/9h(x)zm (un) dz |

wtere 1= [1- (1],

So as to pass to the limit in (5.17) as n — o0,
we can use the convergence of u,, and strongly convergence in L*(2) of f,,, we get

lim o (2, |VZn (uy)]) dx

n—-+o0o

Q
< exp <|p(L|,L1> C [/Q fZm(u)dx + /Q h(x)Zp, (u)dz |

11

(5.17)

(5.18)

Thanks to Lebesgue’s theorem and passing to the limit as m — 400, in every term of the previous

inequalities, we obtain

lim  lim <p(a:, \VZ,, (un)|) dz = 0.

m——+00 n—+00 Q

Using (1.7) and Young inequality, for n > m + 1 we have

/Q |Dy, (z,un) exp (=G (un)) VZy, (uy)| dz

< exp (”"”) / o @00 Toss () + [ (0,17 ().
a {=(m+1)<up<—m} Q

Thanks to Lebesgue’s theorem, and by convergence of u, we can have

lim dx
n——+oo Q

@, (ZIJ, un) exp (_G (un)) VZn, (un)

< exp <||P|L1) / o (z, 00 |[Tmt1(w)]) de + lim o (x,|VZny (u)]) dz|,
{=(m+1)<u—m} Q

o' n—-400

Passing to the limit in (5.21) as m — 400, we obtain

lim  lim D, (x,un) exp (=G (upn)) VZp, (uy) dz = 0.

m——+oo0 n—-+oo Q

and passing to the limit in (5.17), we get

lim lim an, (T, Un, Vg) Vu, dz = 0.
Mmoo nT oS i (mt1) <up <—m}

(5.19)

(5.20)

(5.21)

By the same way we take Z,, (u,) = T1 (t, — Tin (1)) and testing the equation (5.1) by the function

exp (G (un)) Zm (uy) and we obtain

lim lim an, (2, Un, V) Vu,dr = 0.
m—+00 n—+00 {m<u,<m+1}

Finally we get

m—=00 n—oo

lim lim sup/ a (z, tn, Vuy) Vu, de = 0.
{m<|un|<m+1}

(5.22)
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5.5. Step 5: Almost everywhere convergence of the gradients

Suppose v; € D(2) be a sequence such that v; — u in W L, () for the modular convergence. For
m > k, we define the function g,, by

1 if |s|<m
om(s)=¢ m+1—]s| if m<ls|<m+1
0 it |s|>m+1

We define €(n, n, j,m) all quantities (possibly different) such that

lim lim lim lim e(n,n,j,m)=0.
m—+0o0 j—+400 N—+00 n—+00

For fixed k > 0, let W = T, (Ty (un) — Tk (v;))" and Wi = T, (Ti(u) — Tk (v;))" . Multiplying the

approximating equation by exp (G (uy)) W],”j Om (up), we obtain

/Q an (2, Un, Vuy,) exp (G (uy)) VW;"ij (up,) dz (5.23)

+/ an (%, Un, Vitn) Vg exp (G (un)) Wi o), (uy) da
Q
- / D, (z,u,) exp (G (uy)) VW;”jgm (up) dx
Q
—/ D, (z,un) Vg, exp (G (uy)) W;L’jg;n (un) dx
Q

< / frexp (G (uy)) W#’jgm (up) dz + / h(z)exp (G (uy)) Wff’jgm (up) dx
Q Q
Remark that if n > m + 1, we obtain

Py, (2, un) exp (G (un)) 0m (un) = @ (2, Trnt1 (un)) exp (G (Trms1 (un))) 0m (Tms1 (un)) s

then ®,, (z, u,) exp (G (un)) 0m (uy,) is bounded in L(12), thus, by using the convergence of u,, and thank-
ing to Lebesgue’s theorem one has ®,, (z, uy) exp (G (un)) 0m (u,) converges to ®(z,u) exp(G(u))om (u)
with the modular convergence as n — +oo, then

D, (2, upn) exp (G (un)) 0m (un) — ®(z,u) exp(G(u))om (u) for o (IIL,,IIL,,) .

In the other hand for 0 < Ty (u,) — Tk (v;) < n then VW;W = V(Tk(un) — Tk(vj)) converges to
V(Tk(u) - Tk(vj)) weakly in (L¢(Q))N as n tends to +oo, then

Ererl D, (z,uy,) exp (G (up)) 0m (un) VW;‘J dr = / D(x,u)om(u) exp(G(u))VWg dz.

By using the modular convergence of Wg as j — +oo and letting p tends to infinity, we get
/ D, (2, Un) Om (un) exp (G (un)) VW[IL’j dx =€(n,j) for any m > 1. (5.24)
Q

Furthermore for n > m+1 > k, we get Vu, 0}, (un) = VI41 (un) a.e. in Q. By the almost every where
convergence of u,, we have exp (G (uy,)) Wi — exp(G(u))W} in L*°(2) weak- * and since the sequence
(P, (z, Tyg1 (un))),, converge strongly in F(€2) then

Cp (@, Tt (un)) exp (G (un)) Wy — @ (2, Tinge1 (u)) exp(G (u)) Wy
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converge strongly in Ex({2) as n — +o00. By virtue of VT,,,11 (uy,) = VTi,41(u) weakly in (LW(Q))N as

n — +o0o we have

lim D (2, Ty 1 (tn)) Vi @), () exp(G (un ) )W d: (5.25)
noEee Jim<un | <mt1)

:/ q)(x,u)Vuexp(G(u))Wg dx
{m<|u|<m+1}
with the modular convergence of Wg as j — +00, we obtain
/ D, (v, un) Vuno, (uy)exp (G (uy)) W,;L’j dx =¢(n,j) forany m>1 (5.26)
Q
Concerning the first term of (5.23) we have

/ an (T, U, Vi) 01, (Un) Vi exp (G (ug)) W dx (5.27)
Q

< 770/ an, (X, Up, Vig) Vi, dz
{m<|un|<m+1}

Using (5.22), we get
/ ap (T, U, Vuy) 00y () Vg, exp (G (uy,)) W,;L’jdx < e(n,m). (5.28)
Q

The weakly convergence of T}, (uy,) to T (v;) in WL, (Q) as n tends to 400, the bounded character of
om and W,?’j , we obtain

[ Bt ) ex0 (6 (1)) W o = el (5.20)
/ h(z)exp (G (up)) Wg”jgm (up) dz = e(n,n), (5.30)
Q
In the other hand we have
/ ap, (T, Un,y VUug) 0m (un) exp (G (uy)) VW,;LJ dxt (5.31)
Q

/ an, (2, Ty, (un) , VT (un)) 0m (un) exp (G (uy))
{lun | SEIN{O0LST, (un) =Tk (v;))<n}

X (VTy (up) — VI (v))) dx

- / an (2, Un, Vg 0m (Un) exp (G (un)) VI (v5) da.
{lun|>k}N{0< Tk (ur ) =Tk (v;))<n}

Since ap, (2, Ttn (Un) ; VIkiy (un)) is bounded in (Lg(Q))N, there exist some wy4, € (Lg(Q))N such
that a, (2, Tty (un) , VIigy (Un)) = @Witsy weakly in (Lg(Q))N . Thus:

/ ap (T, Un, V) 0m (un) exp (G (uy)) VT (vj) dz
{lun |>E}N{0< Ty (un) =Tk (v5))<n} (5.32)

= om (u) exp(G(w)) w4y VIx (v) dx + €(n),
{lu|>k}N{0< Ty (u) =Tk (v5))<n}

By letting j — 400, we get

/ om (u) exp(G(w)) VT (v;) Whtn dz (5.33)
{lu|>k}N{0< Ty (u) =T (v;))<n}
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= / 0m (u) exp(G(w)) VTk (v)wrynda + €(n, j)
{lul>k}}

=e(n, j).
Thanks to (5.24)-(5.33), one has

/ an (@, Ty (un) , VI (un)) 0m (un) exp (G (un)) (5.34)
{lunlik}m{OSTk (un)ka (UJ'))S'W}

X (VT (un) — VI (v5)) de < Cn+e(n, j,m).
Since exp (G (uy,)) > 1 and oy, (u,) =1 for |u,| < k then

/ an (z, Tk (un), VIk (un)) (V% (un) — VT (vy)) da (5.35)
{lun|<EIN{0<T) (un)—Tk(v;)<n}

< Cn+e(n, j,m).
Finally we show that,

/Q (a (2, T (un) , Vi (un)) — a (2, Ty (un) , VTk (1)) ) (VTk () — VTk(u)) da — 0. (5.36)

For s > 0, denoting by Q° = {x € Q: [VT}(u)| < s} and Q] = {x € Q: [VT} (v;)| < s} then by x* and
x; the characteristic functions of 2° and (27 respectively, letting 0 < 6 < 1, define

Oy = (a (2, T (un) , Vi (un)) — a (2, Ty (un) , VTk (1)) ) (VT,c () — VTk(u)>.

For s > 0, we have

0= /Q O, dr = /Q O X0 ()T (o) <} 02 + /Q O X Ti )T (1) >} AT

Concerning the first term of the right-side hand, by using the Holder inequality we obtain

5 1-6
/Q O kX0 ()~ T () <} AT < ( /Q ) 9n,kX{ong(un)—Tk(v»Sn}dx) ( / ) dff) (5.37)

)
<G </Q On ke X{0< Ty (un) ~Ti (v;) <1} dfﬂ) :

Concerning the second term of the right-side hand, thanking to the Holder inequality we get

s 1-§
/ 92,]€X{Tk(un)7Tk('Uj)>"]}dx S (/ Gn,k d$> / dCC 5 (5.38)
Qs Qs {Tx (un) =Tk (v;)>n}

since a (z, Tk, (un) , VT (uy)) is bounded in (Lg(Q))N , while VT, (u,,) is bounded in (LW(Q))N then
/Q @fhkx{Tk(un),Tk(va} dz < Comeas{z € Q: Ty, (up) — Tj (vj) > 77}1_5 (5.39)
We obtain

§
/Q @fhkda: < (\/g @'VMICX{OSTk(un)*Tk(vj)Sn} dJU) + Cy meas {JZ €Q:Ty (un) — T ('Uj) > 77}1—6
g )s
(5.40)
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On the other hand
/Q GnakX{OSTk(“n)_Tk(vj)Sn} dx

< / (a (2, T (un) , Vi (un)) — a (2, Ty (un) ,VTk(u)Xs))
{0< Ty (w) T (v;)<n}

X (VTk (upn) — VT (u)xs) dz.

For each s, r € RT with s > r one has
o< | (o (2. T () . VT3 (1) — a (2, Ty (), VT (w) )
OO ()~ Te0) <))

X (VT (un) — VIi(u)) da

(@ (@ Tk (wn) , VT () = @ (2, T (), VT4(w)) )
QsN{0<Tk (un)—Tk(v;)<n)}

X (VT (un) — VTg(u)) dx

-/ (a2 T () VT () — a2, T (), VT(w)xs) )
Q2N{0< Ty (un) =Tk (v;)<n}

X (VT (un) — VI (u)xs) dx

<[ (o (o, Tic(wn) , 9T () = @ (&, Ti (1) , VT ()X )
QN{0< Ty (un )Tk (v;)<n)}

X (VT (un) — VI (u)x?®) dx

/ (a (@, Ty (un) , VT (1)) — @ (2, T () , VT (05) x3) )
{O<Tk(un) Tk(vj <77}

X (VT (un) — VTk (vg) x5) da

+/ a(z, Ty (un), VT (uy)) (VTk (v3) X5 — VTk(u)Xs) dx
{0 T (un ) =Tk (v;) <0}

v
{0< Ty (un ) =Tk (vi)<n}

‘/ a (@, T (un) , VT (05) X5) VT (v5) x5) da
{0< T (un) =T (v;) <}

+/ a(z, Ty (un), VTe(u)x®) VI (u)x®) dx
{0<Tx (un) =T (v;)<n}

=hL+L+I3+ 14+ Is.
Now by passing to the limit in I; when n, j, u, and s — +o0o. one has

I, = / a (g;’ T} (Un) , VT, (un)) (ka (Un) - VT (Uj)) dz
{0< T, (un) =Tk (v;)<n}

_/ a(x,Tk (up), VT (un)> (VTk (vj) x; — VT (vj)) dx

{0<Ty (un)—Tr(v;)<n}

— a (x, Ty (un) , VI (v5) xj) (VTk (un) — VT (vj) X;) dx
{0< T (un) =Tk (v;)<n}

(a (2, Tk (un) , VT (v5) x3) — a (@, Tk (un) , VIk(w)x*)) VIk (uy) dx

15

(5.41)

(5.42)
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Thanks to (5.35), the first term of the right hand side in I, we get

/ a(z, Ty (un),, VIg (un)) (VIk (un) — VTi (v5)) do
{OSTk(un)_Tk(vj)Sn}

< O+ elnmegs) — [ a (@, Ty(u), 0) Ty (v;) da
{lu|>EN0< Ty (u) =Tk (v;)<n}

< Cn+ e(n,m, j).
Since a (z, Ty (uy) , VI (uy)) is bounded in (Lg(ﬂ))N7 there exist some twy, € (Lg(ﬂ))N such that (for
a subsequence still denoted by wu,):

a(z, Ty (up), VT (uy)) = wr  in (Lw(Q))N for o (IIL,,11E,)

By using in the fact
(VT (v;) X; — VT (v;)) X{0<Ty (un)~Ty (v;)<n} Strongly converges to

(VT (03) x5 = VT (03)) X{o<mi (0T (w)<ny 0 (B ()Y as n = 4oc.
The second term of the right hand side of I; tends to

/ a(a:, Tk (un) , VT (un) ) (VTk (v;) X; — VTk (vj)) dx
{0< T (wn)—Tr (v;)<n}

= / @i (VT (v) X5 — VT () dz + €(n).
{0<Tx (u) =Tk (v;)<n}

The third term of the right-hand side tends to

/ a (2, Ty (un), Vi (v5) X5) (VT (un) — VTx (v5) X5) dz
{0< T (un) =Tk (v;)<n}

= / a (2, T (u), VTi (v;) X5) (VIk(u) — VT (v;) X5) da + e(n),
{0< Ty (u) =Ty (v;)<n}

Letting j — 400 and g — +o00 of I, it possible to conclude that
I < Cn+e(n, j,s).

Concerning I, by letting n — 400, we obtain

I, — W (VTk (Uj) X; - ka(u)Xé) da.

{0<T (u) =Tk (v;)<n}
Since a (z, Tk (un) , VTk (up)) = @y, in (L;(Q))N , for o (IlL%, I1E,) while
(VT (v3) X5 = VTk(u)X*) X{o<T(w)~Taw<ny = (VT () X5 — VT(W)X®) X{0<Tx ()~ Ti(v;)<n}
strongly in (Ey, (Q))N Now, letting 5 — 400, and thanks to Lebesgue’s theorem, we obtain
I = €(n, j),
I3 = €(n, j),

I, = / a (2, To(w), VT3 (u) VT3 (u)de + c(n, j, 5,m),
{0<Ty (u)—Tx(v;)<n}

and

Is = a(z, Ty (u), VI (u)) VI (w)dz + e(n, j, s, m).

/{OSTk (u)=Ty(v;)<n}
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Consequently, we obtain

O kdz < CL(On + e(n,n,m))° + Ca(e(n, ).
s

Which leads to

/ (000 Tun), VT30 — (o Tu), VTR())) (589)
{T) (T (un)—Tx (v;)) >0}NQ"

(VT (1) — VTk(u))} " 4w = e(n).

By taking W,/ = T, (Tx (un) — Tk (v;))” and W = T, (Tj.(u) — Ty (v;))~ , then testing the approximat-
ing equation by exp (G (un,)) W7 om (uy) , we obtain

/ (o (@ T (un) , VT4 () = @ (@, T (un) , VT (w)) ) (5.44)
{T,) (Ty (un) =Ty (v;))<0}NQ"

X (VT (un) — VTk(u))r dz = €(n).

Thanks to (5.43) and (5.44) we have
/T [(a (@, Tp (un) s VT (un)) — a (2, T (un) , VTk(w))) (VTk (un) — VTk(u))r dz = €(n)

As a consequence, since 7 is arbitrary:

Vu, = Vu a.e. in Q, (5.45)

and Vk > 0, we get
a(z, T (un) ,, VI (uy)) — a(x, Ty (u), VTi(u)) weakly in (Lw(Q))N , (5.46)
o (2, [V T (un)]) = o (&, [VTx(w)]) strongly in L(%). (5.47)

5.6. Step 6: Equi-integrability of the non-linearities.

Defining go (un) = / ’ p(8)X{s>nyds and choosing exp (G (T} (un))) go (un) as a test in the approxi-

0
mate problem then by the same technique used in a priori estimates we can have

/ p (un) @ (x, Vuy,) dx (5.48)
{u" >h}

+oo 1
: (/h p<s>dw) P (”pa”) £z + 1)l )]

Since p € L*(R), we get

lim sup/ p (upn) @ (x, Vuy,) dr = 0. (5.49)
h—0 neN {un>h}

0
Similarly, Considering go (uy,) :/ p(8)X{s<—n} dr and choosing exp (G (T (un))) go (un) as a test in

Un
the approximate problem, then by the same technique used in a priori estimates we can get

lim sup/ p (un) ¢ (z, Vuy,) dx = 0. (5.50)
h—0neN {un<—h}
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As a consequence of (5.49) and (5.50), it follows that

lim sup/ p (un) ¢ (z,Vuy,) dz = 0. (5.51)
0 neN S {jun |>h)
Let D C Q then
/ p (un) ¢ (z, Vuy,) dx (5.52)
D
< max (p(x))/ ¢ (x, Vuy,) dw—i—/ p (up) @ (z, Vuy,) de.
{lun|<h} DN{|un|<h} DO{|un|>h}

It follows that p(un) (z, Vu,) is equi-integrable, then p(uy) @ (z, Vu,) converges to p(u)p(z, Vu)
strongly in L'(R). This proves that g, (z,un, Vu,) is equi-integrable, Consequently, by Vitali’s theo-
rem one has g(z,u, Vu) € L1(2), and

Gn (T, U, Vu,) — g(x,u, Vu)  strongly in L'(Q). (5.53)

5.7. Step 7: Renormalization identity for the solutions.

We show that The limit u of the solution w, of (5.1) satisfies:

lim a(z,u, Vu)Vudz = 0. (5.54)

M= Jim< u|<m+1}

For this, note that for any m > 0 we have

/ a(x, up, Vuy,) Vu, dz (5.55)
{m<|up|<m+1}

= /Qa (@, Un, V) (Vg1 (un) — VT, (uy)) de

= /Qa(x, Tont1 (un) , VTt (un) )VTm+1 (up) do — /

A a(a:, T () s VT (uy) )VTm (up) dx.

According to (5.46), (5.47) we can pass to the limit as n tends to infinity for fixed m and to obtain

lim a (x, Up, V) Vu, dx (5.56)

00 Jm< |un | <m+1}

= /Qa(x,Tm_H (u), V41 (u) )VTm+1 (u) de — /

Q

= / a(z,u, Vu)Vudr
{m<]u|<m+1}

By letting m tends to +o00 and by (5.22) prove that u satisfies (5.54).

a(w,Tm (u), VT, (u))VTm (u) dx.

5.8. Step 8: Passing to the limit
Let h € CL(R) and V € D(Q2). Using the test function h (u,,) V in (5.1) leads to

/ a (2, Un, V) Vu,h' (ug) Vdr + / a(x,up, Vu,) VVh (u,) dz
Q Q

+ /Q D, (z,un) V (B (up) V) dz + /Q Gn (T, Un, Vuy) b (uy,) Vdz (5.57)

:/fnh(un)de.
Q
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We shall pass to the limit in each term in (5.57), for this, we can see that since h and k' have a
compact support in h, there exists K > 0 such that supp(h) C [-K, K]. For n large enough, one has:

D, (x,t)h(t) = Dy, (z, T, () h(t) = D (z, Tk (t)) h(t)

O, (z, )0 (t) = @, (2, Tp(t)) W' (t) = ® (2, Tk (t)) W (t)
Let us start by the third integral of the left-hand side and the right hand-side of (5.57). Since h € C1(R)
and V € D(Q), then there exists two positive constant ¢; and ¢} such that ||k (Tk (un)) VV||, < ¢ and

|W (t) (T, (un) VVTk (un) loo < ¢4 Now since Tk (uy,) is bounded in Wi L, (€2), then there exists two
positive constant \g and A such that

/¢<x, |VTK<“n)|> dr < A,
o )

Using the convexity and monotonicity of ¢, for n large enough, we get

[ ( Y (h (Tk (1)) v>> N
! (T (un)) YV 4 1) (T () V [V T (1)
/Qap (:I:, ) dx

T )]
< / 4 <m atar Ty dx
Q

n

/
</(P(x’61> dx_i_cl)‘/(p(x’m{/\(lhl)l) dx
Q ,77 n Ja

AN
< 077 c1 Cl 4 where C’q,cl = e\, ﬂ dr < oo.
n Q n

Then the sequence {V (h (Tx (uy))V)} is bounded in (LW(Q))N , as a consequence, we deduce
h(un) V — h(u)V weakly in Wy L,(Q) for o (IIL,, [1E) . (5.58)
Moreover, since ® (x, Tk (un)) is bounded in Lz (€2), we have from Lemma 3.9

O (2, Tk (un)) = @ (2, Tk (u)) strongly in Ez(£2).

lim [ @, (z,un)V (h(uy)V)de = /Q S (2, Tr(u)) V(h(u)V)dz.

n—oo Q

Moreover we have

lim [ foh(u,)Vde= / fh(u)Vdz,
Q

o)
For the first integral of (5.57), while supp b’ C [—-K, K|, we get
B (un) Va (z,un, Vuy) Vu, = h' (uy,) Va (z, Tk (un) , VI (un)) VT (uy)  a.e. in Q.
The convergence of u,, to u, the bounded character of K’V (5.46) and (5.47) imply that
B (un) Va (z,un, Vi) Vu, — b (u)Va (z, T (u), VIk (u)) VTk (u) weakly in L*(Q).

The term A/ (u)Va (2, Tk (u), VIk (u)) VI (u) is identified with b/ (u)Va (z,u, Vu) Vu.

Now since h (u,) Va (, un, Vuy) = h(up) Va (2, Tk (uy) , VTk (uy,)) a.e. in Q, and using the strongly
convergence of h(u,)VV to h(uw)VV in (E, (@)Y, and using the weakly convergence of
a(z, Tk (un), VIg (un)) to a(z, Ti (u), VIk (1)) in (Ly (02 NN for o (IILy,1IE,) , then

lim [ a(x,un, Vu,) VVh (uy) / a(xz,u, Vu)VVh(u) dz
Q

n—oo Q
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The fact that i (u,) V converges to h(u)V weakly in L> () for o* (L>°, L) and (5.53) enable us to pass
to the limit in the fourth term of (5.57) to get

lim [ gn(x,upn, Vuy) h(uy) Vde = / g(z,u, Vu)h(u)V dx.

As a consequence of the above convergence results, we are in a position to pass to the limit as n tends to
+oo in (5.57) and to conclude that u satisfies (4.4).

6. Conclusion

In view of Step 1 to Step 8, we can deduce that u is a renormalized solution of the problem(1.1).
This completes the proof of Theorem 4.1.
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