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Some Innovations for Hardy-type Inequalities on Time Scales

Litfi Akin

ABSTRACT: In this article, we introduce some innovations for the validity of a generalized two-weighted
and variable exponent Hardy-type inequality on time scales via diamond—« integral. The corresponding
continuous case is given when T' = R. At the end of our study, some applications are added that prove the
validity of our main result for some continuous results that are well-known in the literature.
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1. Introduction

For the last fifty years, operators, dynamic integral equations have gained a very important place in
harmonic analysis and time scales. In [1] the discrete Hardy inequality was proved by G.H. Hardy.

() (2 5

m=1

where ¢ > 1,c € R and (b,,,) is a sequence of non-negative real numbers.
In [2] the classical Hardy inequality was proved by G.H. Hardy.

oo 1 s c C2 c oo
- T)dT | ds < “(s)ds
f; G o) ae= (555) oo
where g, g¢ are an integrable functions over non negative interval for ¢ > 1. Because of the important role
of this integral inequality in mathematical analysis, this inequality has been studied by many authors.

We recommend that the reader refer to the papers and books [3-11].
In [12] Muckenhoupt proved that the inequality

[ | gls)ds o "

holds if and only if the following conditions hold:

o 1/p x , 1/p’
D = sup (/ ot P dt) </ u(t) |7 dt> < o0,
x>0 x 0
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D < C < D(p)"? ()P, where 1/p+1/p' =1 for 1 < p < co.
In [13] Gurka proved that the inequality

b 1/q b 1/p
(/ | v(7) |qw(7')d7'> < Cu </ | /(7) |pu(7')d7'> (1.1)

holds for every v € AC(a,b) such that v(a) = 0 if and only if

b 1/q T , 1/Pl
Ky = sup </ w(x)dx) (/ ulP (x)dm) < 00,
a<t<b T a

and for the best possible constant C)y, the estimate Ky < Cyr < Ky (p)l/q(p')l/q/ was satisfied.
In [7, Theorem 2.57] the classical Wirtinger inequality is given by

/my v (1)dr < /:(v’(r))QdT (1.2)

for any v € C*([x,y]) with v(x) = v(y) = 0. We recommend that the reader refer to the papers [13-15].
In [16] Hinton and Lewis proved inequality (1.2) by using the Schwarz inequality that

b b 2 T
i/a UQ(T) | M'(7) | dr §/a (v/(T))2|]\Z\/j’((7'))|dT (1.3)

for any M € C*([a,b]) with M'(7) # 0,v € C?([a,b]), and v(a) = v(b) = 0.
In [17] Stepanov proved that for 1 < p <p’ < oo and 1 < ¢,

(/guj|u(7)|plv(T)dT>l/ﬂ < Cf(j€“>|u(@(7)|p1u(7)d7))1/p )

holds for all u,u°~! are integrable on [0, c0) and satisfies the condition u(0) = u/(0)) = ... = u{¢=1(0) = 0
if and only if the following conditions hold:

0o , 1/p T 1/q
sup (/ (z —7)le=bp v(ac)dx) (/ wl_q(x)da:> < 00,
0<T<00 T 0

00 1/p' T 1/q
sup (/ v(az)dz) (/ w9 (z)(z — T)(CI)qu) < 00.
0<7T<00 T 0

In [18] Kufner et al. interested inequality (1.4) when ¢ =t + n, and considered the inequality

(/OOO | w(r) [ U(T)d7>1/q <C </Ooo | wEm) (7)) |P U(T)d’]‘))l/p (15)

for any finite constant C' and ¢,n > 1 under the following conditions:

and

w(0) = w'(0)) = ... = w1 (0) =0

w(t)(oo) = w(tﬂ)(oo) =..= w(”"*l)(oo) =0
and they proved that inequality (1.5) holds if and only if

’

o) , 1/p T 1/q
K, := sup (/ u(z)z =P dm) (/ vl_q(x)x”qu) < o0,
0<T<00 T 0
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T , 1/p’ o0 1/q
Ky := sup (/ u(z)z'® da:) (/ vlq(z)z("l)qu) < 0.
0<r<oo \Jo T

For more details, we refer to the papers [17-21].

In recent years, the dynamic integral inequalities on time scales have been studied by many authors
[22-34]. Now let’s give some of these studies that will motivate us about the aim of this study. In [35]
Saker et al. proved that the inequality

(/Iy u(T) | /:(T) g(t)AL | At) " <C (/: gp(T)’U(T)AT>1/p (L6)
wim ([ o) ([ ) o

where K < C < k(p,p')K, and k(p,p') is defined by k(p,p') = (v + 0)/0)"/" (v + ¢)/p')*/? with
1<p<p <.

and

holds if and only if

The rest of the paper is organized as follows: In Section 2, we present some preliminaries about time scales
and variable exponent spaces which is the cornerstone of our main proof. In Section 3, we prove the main
result of this paper which is some necessary and sufficient conditions for the accuracy of a generalization
of the weighted and variable exponent Hardy-type inequality on time scales via diamond—« integral. At
the end of our study, some applications are added that prove the accuracy of our main result for some
continuous results that are well-known in the literature. In section 4, we give the conclusion.

2. Mathematical background and preliminaries

The development of the theory of time scales was initiated by Hilger [36] in 1988, since then many
authors have studied the theory of certain dynamic inequalities and differential equations on time scales.
A time scale T is a nonempty closed subset of R. Let [x,y] be an arbitrary closed interval on time scale
T. The time scale interval [z, y]r is denoted by [z,y] N T. We refer to the references [37-39] for more
details.

Definition 2.1 [37] The mappings o,p : T — T are defined by o(t) = infseT:s>t,
p(t) = supse€T:s>t fort € T. o(t) is forward jump operator and p(t) is backward jump opera-
tor, respectively. If o(t) > t, then t is right-scattered and if o(t) = t, then t is called right-dense. If
p(t) < t, then t is left-scattered and if p(t) =t, then t is called left-dense.

Definition 2.2 [37] Let two mappings p,v : T — R such that p(t) = o(t) — t,v(t) =t — p(t). The
mappings u(t) and v(t) are called graininess mappings. If T has a left-scattered maximum m, then
T* =T — m. Otherwise T* = T. In [37-39] T* is defined as follows

T T (psupT,supT), if supT < oo
o T, if supT =o0

and
T — T [infT,o(infT)], |infT |< o0
k= T, infT=—-o0

Assume that h: T — R is a function and let ¢ be right-dense.

i) If h is A—differentiable at point ¢(t € T*(t # minT)), then h is continuous at point ¢.

ii) If h is left continuous at point ¢ and ¢ is right-scattered, then h is A— differentiable at point ¢,
_ h7(t) = h(t)

A
D)
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iii) If h is A— differentiable at point ¢ and lim,_,; %, then

hA(t) = lim hit) = h(s)

s—t t—s
iv) If h is A— differentiable at point ¢, then h?(t) = h(t) + p(t)h>(t).
Remark 2.1 [39] If T = R, then h™(t) = h/(t), and if T = Z, then h®(t) reduces to Ah(t).

Definition 2.3 [38] If H : T — R is defined a A—antiderivative of h : T — R, then H® = h(t) holds
for allt,s € T and we define the A—integral of h by

Let us now give similar definitions for the V (nabla) operator.

Definition 2.4 [38] Let h: Ty, — R is called V— differentiable for allt € Ty,. If € > 0, then there exists
a neighborhood V' of t such that

| hp(t)) = h(s) = Y () (p(t) = s) [< e | p(t) — s |
forallseV.

Definition 2.5 [38] If H : T — R is called a V—antiderivative of h : T — R, then then we define

fors,teT.
Let f(t) be o, —differentiable on T for all o, t € T. Then, we define f°=(t) by

foot) = af2(t) = (L—a)fY(t)
for0<a<l1.
Proposition 2.1 [38] If f,h: T — R are oo—differentiable for all a,t € T, then
i) (f+h): T — R is oo— differentiable for t € T with

(f + )% () = fo(t) + B (2).
it) Let k € R, kf : T — R is oq—differentiable for a,t € T with

(kf)%(t) = kfo (1)
iit) f,h: T — R is oo— differentiable for all a,t € T with
(fR)°=(t) = [ (Dh(E) + af? ()R (1) + (1 — @) fP()RY (1)

Definition 2.6 [38] If f : T — R is oo —integrable for all a,b,t € T, then

/btf(ts)oa(S:/btf(d)A§+(1_a)/btf(5)v5

for0 < a<1.



SOME INNOVATIONS FOR HARDY-TYPE INEQUALITIES ON TIME SCALES

Definition 2.7 [40,41] If f € C,q(T,R), t € T* and f : T — R is oo —integrable, then

o(t)
/t F(7) o T = u(t)f(2).

In this work, we will assume that the functions in the theorems are non-negative, rd—continuous, and

integrable.

Theorem 2.1 [{2] (Fubini’s theorem) Let A and B be two time scales with0 < oo <1. Ifg: AXB — R

s oo —integrable function and we define the u, 0 functions

9(3):/Bg(s,t)<>a ), scA

M(S)Z/Ag(s,t) ou(s), teB,

then 1,0 are oo— integrable on A, B respectively and

/oas/g(s,t)oatz/oat/g(s,t)oas
A B B A

Lemma 2.1 43/ Ifk,t>1,0<o00<1 and

d
ma(y,d) = / (y— o) (d - 2) P og x

then
tdt’yk7 1

—7 < d)t <y 1dt
o1 =mdt<y

where 0 <z < o(z) < d < y.

Lemma 2.2 [/3] Ifk,t >1,0<o00 <1 and

maly.d) = [ (=2 a =) o

0
then .1
ky*d'— kb1
— < <
Tl 1_m2(y,d)k_yd

where 0 < z < o(z) <y < d.

Now let’s talk about the concept of variable exponent, which will help us to prove our main results and
has an important place in harmonic analysis. The idea of variable exponent LP() space was popularized
by Orlicz. Scientists in this field have extensively analyzed integral equations, integral operators, and
inequalities in variable exponent Lebesgue space LP(). Moreover, these works have been stimulated by
problems of elasticity, fluid dynamics, electrorheological fluids, and calculus of variations [44—54]. Inspired
by the relationships with non-standard growth and variation integrals associated with electrorheological

fluids and liquids design. [55 — 62].

The variable exponent Lebesgue space LP()(Q) denote space of measurable and integrable functions on

) such that for A > 0,
t
/ |&|p(t) dt < 0o
a A

with norm

1 fllpey.0 = inf{A >0 /

Q
where p(.) : @ — [1,00) a measurable function.
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3. Necessary and sufficient conditions for Hardy-type inequality

Now, we will state and prove our results, which demonstrate the accuracy of the generalized two-
weighted and variable exponent Hardy-type inequality on time scales. Before coming to the proof of our

results, we will use the following notations to help us

Kli

and
(o-1)

{ . u(0) = uee (0) = . = () =0
u®e " (00) = ule (00) = ... =u®> " " (00) =0

where ¢ = 0 + ¢, § and ¢ are nonnegative integers.

o0 1/q o(s) , , 1/p
sup (/ v(z)z0 Do, m) / w' P (2)2P on < 00,
s€[0,00)NT s 0

o(s) Ve , 1/
Ky := sup / v(x)z% oq (/ w' P (z)zETIP o, ac) < 00,
s€[0,00)NT 0 s

(3.1)

Theorem 3.1 Let 1l <p<qg<o0,0<00<1,¢>1,u€ Crg([0,00)NT, RT), and 6,9 are o, —integrable

and positive rd— continuous functions on [0,00) N T.

oo s () [T o]

holds for all u € Cﬁﬁ)([O, 00) NT, RT) if and only if K7 < oo and K < o0o.

Proof: We can write the (3.4) inequalities as follows:

{/OOO BT %S] N = <cf 1)C [/000 I(s) | g(s) [P oas} v

()

where u = Bg and g = u®> . Now, we will integer #, > 1 and take (Bg)(s) as the form

o(s) 0o
B = iy [, -0 [ -0 a00nt] oo

Set Cp.e = (6 —1)!(e — 1)!, then we have

CoclBa)o) = | " = a0 [ | =0, t} o

_ /00(5)(5 )@ [/;(t — ) Vg(t) on t+ /:O(t — ) Vg(t) o t} ou

(3.4)

_ /Oa(s)(s _ g0 U:(t — )EDg(t) o t} - /OS(S G U:o(t —2)EDg(t) o t} Oq .

By using Fubini’s theorem (2.1), we obtain

Coc(B9)(s) = | " g | (5= 20Dt~ )V o o ont

[Ta0 | =00 o] o,
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then

Co(Bg)(s) = (Ing)(s) + (Iag)(s) (3.7)
where o(s)

(Lig)(s) = / 0y (5, 1)g(t) 00 t (3.8)
and o(s)

(Ig)(s) = / da (5, 1)g () 0 1. (3.9)

Due to the inequality (2.3), the function in (3.8) is equivalent to the function foa(s) s0=1tg(t) oq t.
Replacing t°g(t) with g(t), s0=190)§(s) with §(s), s~ (s) with 9(s), and s°g(s) with g(s), we obtain

that
( s ( / " ) 0n t)q6<s> % ) " ( o) ( / " oDty o t>q o ) v
- (/OOO (/00(8) t°9(t) o t)qs("‘l)qd(s) O s> "
< () ([Tremmes) = (25) ([T romsmame )
= (25) ([Teroraee. ) = (25) ([Tawris e )"
Then

q

(0] 30m] < () ([om0ns)”.

Now, inequality (3.10) holds if and only if

1/p’
p/
= sup (/ 5 ) 0q T / Oq T
s€(0,00) < 0
) o(s) , 1/p'
= sup </ 8(s)a0= Do, 1‘) / (27 (x )(1_p ) On T
s€(0,00) s 0

1/p’

1/q o(s) , ,
= sup (/ 5(s)z0 Mo, x) / 2 (9(2) ) op x < o0
s€(0,00) 0

where 1/p + 1/p" = 1. Due to the inequality (2.5) the function in (3.9) is equivalent to the function
Iy s(0=Dteg(t)out. Replacing t=~1g(t) with G(t),s?90)§(s) with §(s),s(*=)P9(s) with 9(s), and s°~ 1, g(s)
with g(s), we obtain that

([ ([ r0er) 0 s>l/q = ([ e ent) oo 8)1@
= (/ooo (/:o =7 tg(t) 0q t)q 190 5(5) o 8) 1/q

< (25 ([Tromren) = (25) ([T oose-rsermamon )
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- (5) ([Tee s e @) = (5) ([aere o)
Then
([ gw0at) F6ens] < (=) ([Ta@erawen) . e

Now, inequality (3.11) holds if and only if

a(s) 1/q oo 1y 1/p’
Ky = sup / 0(x) 00 x </ (I()) LIPS o:)
s€(0,00) s s
o (s) Va oo (1—p)) 1y
= sup </ 5(x)xb o, x) (/ (x(l_s)pﬂ(x)) On x)
s€(0,00) s s

o(s) 1/q [} , , 1/p’
= sup / §(2)x% oy x (/ 2P (9(2) 7P o, x) < o0
s€(0,00) 0 s

Herewith, we demonstrated that conditions (3.1) and (3.2) are necessary and sufficient for the accuracy
of inequalities (3.10) and (3.11). Thus, we complete our proof. O

Remark 3.1 In Theorem (3.1), if we get T = R, ¢ > 1,1 < p < q < o0, and a = 1, then we obtain
weighted Hardy inequality as mentioned in [11,18]:

Corollary 3.1 Let 1 <p<g<oo,0<a<1l,c>1,0,e>1,mmn>0,uc Crg([0,00)NT,RT), and
u 18 0o —integrable on [0,00) NT.

[/000 s™ | u(s) |2 <>o¢3:| 5 < (cf 1)C [/OOO 5 | w2 (5) |P %S} e (3.12)

holds for all u if and only if

1/p'

o 1/q o(s) , ,
K;= sup (/ g tO-Da g a:) / g (=pP)ter’ o o < 00
s€[0,00)NT s 0

o(s) /4 o 1/p
Ky= sup / ™t o (/ g (=P)+ (=1’ Su 33) < 0.
s€[0,00)NT 0 s

Proof: If we take §(s) = s and 9J(s) = s™ in Theorem (3.1), we get the required result. Thus, we
complete our proof. g

and

Remark 3.2 In inequality (3.12) if we get T=R, c>1, m,n>0,1<p < g < oo, and a = 1, then we

obtain
) c c %) . 1/p
[/ s™ | u(s) |2 ds} < ( ) [/ s u(®e) (s) | ds}
0 1/q c—1 0

which holds if and only if

/

oo 1/q s , , 1/p
Ks = sup (/ mer(Gl)qd:r) (/ g—P)tep da:) < 00
s€[0,00) s 0
s 1/q ) 1/p’
Kg = sup (/ wm+9qu) (/ x"(l_p/)Jr(‘f_l)p,dx) < 0.
s€[0,00) 0 s

and
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Corollary 3.2 Let 1 <p < g<oo,0<a<1l,c>1,m>0,u€ Cy([0,00)NT,RT), and u is
oq—tntegrable on [0,00) NT with u(0) = u®=(c0) = 0.

o0 c c o0
/ s | y(s) P ogs < ( ) / s | u(s) [P ons (3.13)
0 c—1 0

holds for all function u if and only if

o Up [ po(s) / 1/p’
K;= sup (/ ™, x) / gt A=m) o g < 00
s 0

s€[0,00)NT
0o , 1/p’
(/ 2= o x) < 00.

Proof: If we take 0(s) = s 2P, J(s) = s™, a = = ¢ = 1 for p = ¢ in inequality (3.4), we obtain the
required result. Thus, we complete our proof. O

and
1/p

o(s)
Kg= sup / " P o, x
s€[0,00)NT 0

Remark 3.3 In inequality (3.13) if we get T = R, ¢ > 1, m > 0, 1 < p < o0, and o = 1 for some
u(0) = u/(00) = 0 then we obtain continuous weighted inequality as mentioned in [10].

4. Conclusion

In this study, we have determined some necessary and sufficient conditions to prove the accuracy of the
generalized two weighted and variable exponent Hardy-type inequality on time scales via ¢,— integral.
We have given some applications that confirm our results. Moreover, we plan to carry these studies to
the more general variable exponent grand Lebesgue spaces and create necessary and sufficient conditions
for this.
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