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ABSTRACT: The primary goal of this treatise is to introduce a new kind of generalized closed sets termed
as Lgys-closed sets in the light of fuzzy soft local function in a mixed fuzzy soft ideal topological space. We
also define the notion of fuzzy soft *-separated set. In addition, we procure the idea of fuzzy soft regularity,
normality and fuzzy soft compactness. We also study their behavior in terms of L s-closed sets.
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1. Introduction and preliminaries

The ever great scholar L. A Zadeh [29] introduced the concept of fuzzy set in 1965. By the use of
this notion of fuzzy sets, Chang [7] in 1968 and Lowen [13] in 1976 have introduced the theory of fuzzy
topology with different objectives. Molodtsov [18] in 1999, initiated the idea of soft sets for handling
uncertainties. He additionally carried out the soft set theory in operation research, game theory, theory
of probability, and so on. Since then many researchers have worked on soft sets.

Levine [12] presented the concept of a generalised closed set, established its basic characteristics,
and demonstrated some of its applications in general topological spaces. Generalized fuzzy closed set
concept and its applications in fuzzy topological spaces (fts, for short) were given by Balasubramanian
and Sundaram [2] in 1997. Different kind of generalized closed sets are being studied by different authors
in various environments, for instance [19,4,3,20].

The notion of soft topological spaces introduced and studied in [24]. Maji et al. [16] initiated the idea
of fuzzy soft sets. Indeed, a fuzzy soft set, where soft set is defined over the fuzzy set, is a combination of
fuzzy and soft sets. The topological structure of fuzzy soft sets was first developed in 2011 by Tanay et
al. [26]. In general topological spaces, the introduction of notion of ideal was given by Kuratowski [11]
and then further studied by [28] and so on in fuzzy topological spaces, it had been introduced by Sarkar
[23]. In fuzzy soft topological spaces (FSTSs), the fuzzy soft ideal was first introduced by Kandil et al.
[9] in 2016.

The idea of mixed fuzzy topology given by Das and Baishya [8] in 1995 and by Tripathy and Ray [27]
in 2012 in different ways and using these concepts, Borah and Hazarika [5] introduced mixed fuzzy soft
topological spaces. Further, the study involving the notion of mixed fuzzy soft ideal topology was given
by Borah and Hazarika [6].

The main objective of this present article is to introduce a new type of generalized closed set via
fuzzy soft local function in a mixed fuzzy soft ideal topological space (MFSITS). The collection of such
closed sets is found to contain the collection of all generalized fuzzy soft closed sets. As an application of
the said closed sets we consider some extended version of fuzzy soft regularity, normality and compactness.
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Before moving on to the main part, let’s provide some basic and preliminary concepts about the
prevailing definitions and results that play an important role in this study.

In this article, We denote initial universal set by X and the set of all possible parameters for X by F.

Definition 1.1 [22] Let A C E. A pair (F4, E), denoted by F4 is said to be a fuzzy soft set over X
if Fo: E — I is a mapping defined by Fa(e) = p§,,, where u$,, =0ife € E— Aand pg, #0if e € A,
where 0(z) = 0,Vz € X. By FS(X)g we mean the family of all fuzzy soft set over X.

Definition 1.2 [22] The complement of a fuzzy soft set (Fa, E) on (X, E) is a fuzzy soft set (F§, E),
denoted by F§, where Fjj : E — I is defined by pg. = 1if e € B~ Aand phe =1 - pf, if e € A,
where 1(z) = 1,Vz € X.

Definition 1.3 [26] A fuzzy soft set Fz over X is defined to be a null fuzzy soft set, denoted by 0p
if Fg(e) =0,Ve € E.

Definition 1.4 [26] A fuzzy soft set Fg over X is defined to be an absolute fuzzy soft set, denoted
by 1g if Fg(e) =1,Ve € E.

Definition 1.5 [22] Let Fa,Gp € F'S(X)g. Then Fy is fuzzy soft subset of G, denoted by FiCGp
if u%, (v) < pg, (2), Ve € B, Vo € X.

Theorem 1.6 [22] Let Fu,Gp € FS(X)g. The union of Fa, Gp over X is a fuzzy soft set He,
denoted by FaUGp and is defined as Hc(e) = g, = pg, U pg, for all e € E, where C' = AU B.

Definition 1.7 [22] Let Fu,Gp € FS(X)g. The intersection of Fu, Gp over X is a fuzzy soft set
He, denoted by FANGp and is defined as He(e) = Koo = 15, Npg,, for all e € B, where C'= AN B.

Definition 1.8 [21] Let (X,7) be an FSTS and F4 € FS(X)g. The fuzzy soft closure of Fj4 is
denoted by cl(F4), is the intersection of all fuzzy soft closed sets which contains Fg4.

Theorem 1.9 [21] Let (X,7) be an FSTS and Fy € FS(X)g. The fuzzy soft interior of Fju is
denoted by int(Fa), is the union of all fuzzy soft open sets which contained in Fj.

Definition 1.10 [14] Let Fy € FS(X)g. Then Fj4 is called a fuzzy soft point if there exist x € X
and e € E such that Fu(a) = z, and Fa(a) =0 for a € A — {a}. This is denoted by z¢ or e(F4). We
say that o, € Fa, iffore € Aand z € X, a < pfg, (2).

Definition 1.11 [14] A fuzzy soft point z¢, is called g-coincident with Fy € FS(X)g, denoted by
roqFa, if a + pg, (z) > 1 for some z € X.

Definition 1.12 [14] Let Fx,Gp € FS(X)g. Then F, is q-coincident with G, denoted by FaqGp,
if there exists » € X such that u% (7) +pg,(z) > 1. When Fa and G are not g-coincident, we denote
it by FaqGp.

Proposition 1.13 [25] Let F4,G4 € FS(X)g. Then FACG 4 if and only if F4qGS,.

Definition 1.14 [9] A collection of non-empty fuzzy soft sets I over X is called a fuzzy soft ideal on
X if the following conditions are met:

(i) If Fa,Gp € I, then F4UGp € T;
(ii) If F4 € I and GgCFa, then G € I.
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Definition 1.15 [5] Let (X, 71) and (X, 72) be two FSTSs. Consider the collection: 71(72) = {Fa €
FS(X)g : for any Gp € FS(X)g with FaqGp, then there exists Ho € T2 such that GpgHc and 71
closure, cl(Ho)CFa}. Then this family will form a topology and the topology generated by this is called
a mixed fuzzy soft topology.

Definition 1.16 [10] Let (X,7,1) be fuzzy soft ideal topological space and Fy € F'S(X)g. Then
Fi(l,r)or s =U{at € FS(X)g : FANGp ¢ I,YGp € 7(25)}.

Definition 1.17 [9] Let (X,7,1) be a fuzzy soft ideal topological space and Fa € FS(X)g.
Then the fuzzy soft local function F3(/,7) (or F) of Fa is the union of all fuzzy soft points zf,
such that if Gp € N(2§) and He € I, then there exist at least one + € X and e € E for which

b (@) + by () = 1> iy ().

Definition 1.18 [6] Let (X, 71(72)) be a mixed fuzzy soft topological space and let I be a fuzzy soft
ideal over X. Then (X, 71(72), 1) is called a mixed fuzzy soft ideal topological space (MFSITS).

Theorem 1.19 [6] Let (X, 71(72), 1) be an MFSITS. Let Ha, K4 € FS(X)g, then
(i) HACKA = HACKA’
(ii) H} = cl(HA)Ccl(HA)
(if) (H4)*CH,
(IV) (HAQKA) CHzﬁKz,
(v) (HAOK4)* = HAUK},
(vi) H? is fuzzy soft closed in X.

2. Main results

This particular section deals with the idea of generalized closed set in the light of local function in an
MFSITS and we emphasize that this approach is something different from the conventional directions.
Nonetheless, we introduce gfs-closed set in the sense of [2] to find the relationship among the newly
defined notion with the same in an MFSITS.

Definition 2.1 A fuzzy soft set H in an MFSITS X is called generalized fuzzy soft closed set (g fs-
closed, in short) if cl(H4) < Ua, whenever Hy < Uy and Uy is fuzzy soft open set in X. H, is called
generalized fuzzy soft open set (gfs-open, in short) if its complement, H is gfs-closed set.

The following example shows the existence of the above defined notion.

Example 2.2 Let X = {z,y} and F = A = {e1,es2}.

Let 71 = {0g, 1, Ha,Ka} and 79 = {Op, 15, Fa,Ga}, where Hy = {H(e1) = {(x,0.1),(y,0.2)},
Hies) = {(,03), (1,020, Ka = {K(e1) = {(2,0.8), (5,00}, K(ea) = {(2.0.6), (5, 0.0)}}, Fa =
{F(e1) = {(2,0.9), (y,0.8)}, F(e2) = {(,0.7), (y,0.8) }} Z}nd Ga ={G(e1) = {(2,0.2), (y,0.3)}, G(e2) =
{(x,0.4), (y,0.3)}}. Let us consider any fuzzy soft ideal I.

Then 71(72) = {0g, I, Fa,Ga} and consequently (X, 71(72), ) is an MFSITS.
Let Qa = {Q(e1) = {(2,0.7), (y,0.6)}, Q(e2) = {(x,0.5), (y,0.2)}}. Here, we claim that Q4 is g fs-closed.
As QaCF4 and cl(QA)CFa.

We now propose the definition of L, s-closed set in (X, 71(72), ) as follows.

Definition 2.3. Let X be an MFSITS. A fuzzy soft set Hy over X is called a generalized fuzzy
soft closed set with respect to a fuzzy soft local function (in short, L,ss-closed ) if H3CU4, whenever
H,CUy and Uy is fuzzy soft open set. H 4 is called a generalized fuzzy soft open set with respect to a
fuzzy soft local function (in short, Ly ss-open) if its complement, HG is Lgyys-closed set.
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Existence of such closed sets are very interesting in this domain and we illustrate the following as
ready reference.

Example 2.4. Let X = {z,y} and E = A = {e1, e2}.

Let Fy = {F(el) = {(x,l),(y,l)}, F(e2) = {(x’O'G)’(yvO'G)}}v Ga = {G(el) = {(LC,O),(y,O)},
G(e2) = {(IE, 0'%)’ (}/v 0'4)}}' L .

Let 71 = {OE, 1g, GA}, To = {OE, 1g, FA}. Then 71 (72) = {OE, 1~E; FA}.

Let Hy = {H(e1) = {(x,0), (y,0)}, H(e2) = {(2,0.5),(y,0.5)}} and I = {0p, K4} where K4 = {K(e1) =
{(a,0),(b,0)}, K(e2) = {(z,0.7), (y,0.7) } }.

Now, to compute H}, we consider the fuzzy soft point e1(Xa) = {(e1) = {(z,1),(y, 1)}, (e2) =

{(z,0), (y,0)}}. The open sets in 71 (72) containing e;(X4) are F4 and 1. Here, FANHA = Hy € I and
1~EﬁHA =Hy e I~
Which implies that e;(Xa) & H}.
Again, we consider the fuzzy point e2(X4) = {(e1) = {(z,0), (y,0)}, (e2) = {(z,1), (y,1)}} and the open
sets in 71(72) containing ey(H,) is 1 only. Clearly 1zNHy = Hu € I, and consequently we have
e2(Xa) ¢ HY. Then H # 1 as well as H} # O, so we have H% = {H(e1) = {(z,0), (y,0)}, H(e2) =
{(2,0.4), (y,0.4)}} , as H} is fuzzy soft closed in X. Consequently, we have HaCF4 implies H{C Fa.
Therefore, H 4 is an Lgy,-closed set in X.

Theorem 2.5. Every fuzzy soft closed as well as g fs-closed set in an MFSITS X is an Lgs,-closed.
Proof: Let H4 be generalized fuzzy soft closed set (gfs-closed) such that H4CUa, where Uy is fuzzy
soft open set. Then cl(H4)CUa and consequently H3CUpa(by Theorem 1.19(ii)) and therefore H 4 is
Lgs-closed.

Again, since every fuzzy soft closed set is g fs-closed and hence the theorem is completed.

However, the converses are not necessarily true. The following example demonstrates our claim.

Example 2.6. From the above Example 2.4, we have H4 is L s-closed set but not a g fs-closed set
and also not a fuzzy soft closed set, since cl(Ha) = 15 and HaCF4.

But in particular, if I = {Og}, then H% = cl(Ha),YHa € FS(X)g [9], and hence every L, s-closed
set is g fs-closed set.

Theorem 2.7. If Hy and K4 are two Lgys-closed sets in an MFSITS X, then H4UK 4 is also an
Ly rs-closed set therein.
Proof: Suppose H,UK 4CU 4, for some fuzzy soft open set Us. Then HaCU4 and K4CU4 and hence
H%CUx and K4 CUa, as Hy and K, are two Lgss-closed sets. Now, (HAUKj)* = HZOK*%CU 4(by
Theorem 1.19(v)). This shows that H4UK 4 is also Lgs-closed set.

It is pertinent to note that the arbitrary union of Ly,-closed sets may not be an L s-closed set. This
follows from the fact that in an MFSITS X if we consider I = {0z}, then H = cl(H4),YH4 € FS(X)g
[9] and the fuzzy soft closure of infinite unions may not be equal to the union of closures. However, even
the intersection of two L,fs-closed sets may not be an Lg,rs-closed set. To show this we consider the
following example.

Example 2.8. Let X = {z,y} and E = A = {e1,e2}.

Let Fy = {F(e1) = {(2,0.6), (v,0.6)}, F(e2) = {(x,0.3),(y,0.3)}}, Ga = {G(e1) = {(2,0.4), (y,0.4)},
G(e2) = {(z, O'Z)’ (yv 0.7)}}. o o

Let 71 = {OE,IE,GA}N, Tg = {OE,lE,FA}. Then 7'1(7'2) = {OE,lE,FA}.

We consider the ideal I = {0, K4} where K4 = {K(e1) = {(2,0), (y,0)}, K(e2) = {(,0.3), (y,0.3)} }.

Let Ha = {H(e1) = {(2,0.3), (y,0.3)}, H(e2) = {(2,0.9), (v,0.9)} }, Ka = {K(e1) = {(,0.7), (y,0.7)},
K(e2) = {(2,0.2),(y,0.2)}}. Then we have H} = 1g and K} = 1 and consequently H4 and K4 are
L rs-closed sets.
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Again, we have HaNK4 = {(e1) = {(,0.3),(y,0.3)}, (e2) = {(2,0.2),(y,0.2)}} and one can show
that (HaNK4)* = 15. Since here, HANK4CFa and (HANK4)*ZFa, which is showing that HoNK 4
is not an Lg¢,-closed.

Our concern is to find out that required condition with which an L s,-closed set becomes a g fs-closed
set. For the purpose, we define the following notion that is of interest in itself.

Definition 2.9. A fuzzy soft set Hy in an MFSITS X is said to be * dense-in-itself if HAQHZ.
Theorem 2.10. If H4 be an Lyys-closed set and * dense-in-itself in X, then it is g fs-closed set.

Proof: Let Us € 7(72) such that H4aCU4. We have HZQUA and {{AQH;}.~ Singe H is fuzzy
soft closed and cl (H ) is the smallest closed set containing Ha, we get HaCcl(Ha)CH3CU4 and hence
cl(Ha)CUpx. Therefore, Hy is gfs-closed set.

Definition 2.11. Let (X, 71(72), ) be an MFSITS. The fuzzy soft closure and interior operator of a
fuzzy soft set H4 in X is defined as cl*(H4) = HAUH?, Int*(Ha) = HaN(((H4)¢)*)¢ respectively.

Theorem 2.12. Let H4 be any Lgys-closed set and K4 be any fuzzy soft set in an MFSITS
(X,71(72), 1), then
(i) if HAQKAQHZ, then K4 is Lgys-closed set.
(i) if HACKCcl*(Hy), then K 4 is L, ss-closed set.
Proof: (i) Suppose K ACUy, for some fuzzy soft open set Uy. Then H4CU, and H4 being Ly ts-closed
set, H1CU4. Now KoCHY implies K3 C(H%)*CH}. Thus K CUy4. Therefore, K 4 is Lgss-closed set.
(ii) Suppose K4CVy, for some fuzzy soft open set V4. Then HoCVy and Hy being L, ps-closed set,
H3CVy4. Now KaCel*(Ha) = HaUHY, we have K3 C(HAUH?)*CH,CVy4. Thus K3CVy4 and conse-
quently K4 is Lgy,-closed set.

Corollary 2.13 If H 4 and K 4 are two fuzzy soft sets such that H 4 QKAQHZ and if H 4 is Lgfs-closed
set. Then both H4 and K 4 are gfs-closed set.
Proof. It follows from Theorem 2.12(i) and Theorem 2.10.

Theorem 2.14. A fuzzy soft set H4 is Lg¢s-open if and only if K 4ClInt*(H4) whenever K 4 is fuzzy
soft closed and K4 CHy.
Proof: Let H4 be Lyy-open set and K 4 is fuzzy soft closed set such that KACHy4. Then H¢§ is Lyys-
closed set and HGCKG. As HY is Lyss-closed and K§ is fuzzy soft open, we have (H)*CK¢ and then
cl*(H)CKG. Eventually, KaC(cl*(HS))¢ = Int*(Ha)(it can be proved easily by Definition 2.11 and
Theorem 1.19(v)).

Conversely, let Usy € 71(72) such that H EQU a. Then U§ is fuzzy soft closed and U f,QH 4 and by
the given condition, we have U§CInt*(H4). This implies cl*(HY) = (Int*(H4))°CU4 and from this we
have, (Hj)*QUA. Hence, H is Lyys-closed set and accordingly H 4 is Lgys-open set.

Theorem 2.15. If H4 and K4 are two Lg,y.-open sets, then HiNK 4 is Ly ts-open set.
Proof: Let Hy and K4 be two Lgys-open sets. Suppose that (HANK 2)°CU 4, for some fuzzy soft open
set Uy. Then HEOKEQUA. This implies HEQUA and K,ZQUA- Now, both H§ and K¢ being Lgfs-
closed sets, giving that (H$)*CUa, (K9)*CU4 and so, (HaNK4)¢)* = (H$)*0(K)*CUa(by Theorem
1.19(v)). This implies (HANK )¢ is Lgss-closed set and thus HANK 4 is Lgfs-open set.

Remark 2.16. In general union of two Lgrs-open sets is not an Lyys-open set. It can be easily
established in view of the Example 2.8 itself.

Theorem 2.17. If Int*(H,)CKACHa and if Hy is an Lg¢s-open set. Then K 4 is also an Lgrg-open
set.
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Proof: Let Ha be Lyss-open set and Int*(HA)CKACHy. Then (H)¢ is Lyyps-closed set and HGCKS
C(Int*(Ha))® = cl*(HG). By Theorem 2.12(ii), K is Lgyrs-closed set and so K 4 is Lgfs-open set.

We conclude this section by showing that condition under which union of two Lg4¢s-open sets is again
an Lgrs-open set.

We have seen that union of two L4 fs-open sets may not be an Lg4s-open set. However, if we consider
the pair H4 and K 4 as fuzzy soft Q-separated set in the sense of Abd El-Latif [1], the following holds true.

Proposition 2.18. If H4 and K4 are two Q-separated L,ss-open sets, then their union is an L f-
open set.
Proof. It can be easily established and hence omitted.

Now, to define separated set in this context of fuzzy soft local function we need the following prelim-
inary.

Definition 2.19. [17] In an ideal topological space (X, 7,I) two non-empty subsets H, K of X are
said to be *, separated if H*NK =HNK*=HNK = ¢.

Definition 2.20. Two non-zero fuzzy soft subsets Ha, K4 of an MFSITS (X, 7,(r2),I) are called
fuzzy soft *-separated if H{NK4 = HsNK% = HANK 4 = 0.

Using the above definition 2.20 of fuzzy soft *-separated set, the union of two L rs-open sets may not
be an Lgss-open set. Nevertheless, we searched that required condition under which the union of two
Lgrs-open sets will be again an Ly fs-open set.

Theorem 2.21. If Iy and G4 are two fuzzy soft *-separated L, rs-open sets in an MEFSITS X, then
F4UG4 is Lggs-open set if both Fy and G4 are x dense-in-itself in X.
Proof: Let both F)y and G 4 be fuzzy soft *-separated L ¢s-open sets as well as * dense-in-itself in X. Let
K be a fuzzy soft closed set such that K4C(FaUG4). Now, K4C(F40G 4) implies KANF5C(Fa0GA)
AF% = (FaNF3)0(GANGY) = FaU0g = Fa. Since K4NF} is fuzzy soft closed and K 4NF;CFa4 and by
the Theorem 2.14, we have K oNEF5CInt*(Fy4). Similarly, one can show that KaNG* CInt*(Ga).

Now, Ka = KaN(FA0GA)C(KANF;)O(KANGY) (by the given condition of dense-in-itself). This
implies that KaCInt*(Fa) OInt*(Fa4)CInt*(FaUGA) (it follows from Definition 2.11 and Theorem
1.19(iv),(v)) and then again by Theorem 2.14, FAUG 4 is an Lgfs-open set.

Corollary 2.22. If H4 and K4 are two L,ys-closed sets and if H and K¢§ are x-separated fuzzy
soft sets, then HoNK 4 is Lgs-closed set.

3. Some applications of L,¢.,-closed sets

In this section, we introduce generalized fuzzy soft regular, fuzzy soft normal spaces and generalized
fuzzy soft compactness in the light of L,s,-closed sets.

Definition 3.1 [15] An FSTS (X, 1) is said to be fuzzy soft regular if for every fuzzy soft point
e(Fa) and fuzzy soft closed set G4 not containing e(F4), there exist disjoint fuzzy soft open sets U and
V4 such that e(FA)gUA, GACVy.

Definition 3.2. Let X be an MFSITS. Then X is said to be Lg4¢s-regular if for any fuzzy soft point
e(Fa) and for each Lgys-closed set G4 in X with e(Fa)gG a, there exist fuzzy soft open sets Us and Va
such that e(Fa)CUa, GACV4 and UaqVa.

We now give some characterizations of L y,-regularity:
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Theorem 3.3. The followings are equivalent in an MFSITS X:
(a) X is Lggs-regular.
(b) For each Lgfs-closed set Fiy in X and for each fuzzy soft point e(QQa) with e(Qa)gF4, there exist
fuzzy soft open sets Ua and V4 such that e(G4)CUa, FaCVa and cl(Ua)gel(Va).
(c) For each fuzzy soft point e(Q4) in X and for each L,ss-open set Ua containing e(Q)4), there exists a
fuzzy soft open set V4 such that e(Q4)CVa Cel(Va)CUa.
Proof. (a) = (b): Let F4 be any Lyrs-closed set and e(Q4), any fuzzy soft point in X such that
e(Qa)gF4. Then by (a) there exist Wa, V4 € 71(72) such that e(Qa)CWa, FAaCVa and W4qVa. Then,
we have Wagcl(Va). Since cl(Va) is a fuzzy soft closed set, it is Lgrs-closed set. Again, since X is
Lygs-regular, so there exist G4, Ha € 71(72) such that e(Q4)CGa, cl(Va)ZH4 and GagH and thus
cl(Ga)qH 4.

Let Uy = WaNG 4, then both Ua,Va € 71(72) such that e(Qa)CUa, FACV4 and cl(Ua)gel(Va).
In fact, cl(Ua) = cl(WaNGA)Ccl(G4) and cl(G4) GHa, we have cl(Ua)gH 4 and as cl(V4)CH,, conse-
quently, we obtain cl/(Ua)q cl(Va).

(b) = (c): Let e(Qa) be any fuzzy soft point and Uy be any Lys-open set in X with e(Q4)CUa.
Then we have e(Q4)qU§. By the given condition (b), there exist Va, Wa € 71(72) such that e(Q4)CVa,
USCWa and cl(Va)gel(Wa). This gives e(Qa)CVa, WSCUA and cl(Va)gWa and again this implies
e(Qa)CVa, W§ < Ua and cl(Va)CWS. Thus, e(Qa)CVaCcl(VaA)CWSCUA.  Therefore, we get,
e(QA)CVaClcl(Va)CUa.

(¢) = (a): Let F4 be any Lyys-closed set and e(Q) 4) be any fuzzy soft point in X such that e(Qa)gFa.
Then e(Q4)CF. Since F§ is an Lyss-open set in X, by the condition (c), there exists V4 € 71(72) such
that e(Qa)CVaClcl(Va)CF$ and from this we get F4C(cl(V4))¢. Hence, e(Qa)CVa, FaC(cl(Va))¢ and
Vaq(cl(Va))©, eventually X is L,ye-regular.

Definition 3.4 [15] An FSTS (X, 7) is said to be fuzzy soft normal if for every pair of disjoint fuzzy
soft closed set F4 and G 4, there exist disjoint fuzzy soft open sets U, and V4 such that F4CUy4, G4CVa.

Definition 3.5. Let X be an MFSITS. Then X is said to be Lgy,-normal if for any two L, s,-closed
sets~FA, G4 in X with F4¢G 4, then there exist fuzzy soft open sets Us and V4 such that F4CUy,
GACV4 and UgqVa.

We now give some characterizations of L,y,-normality:

Theorem 3.6. The followings are equivalent in an MFSITS X:
(a) X is Lgps-normal.
(b) For any two Lgy¢s-closed sets Fu, G4 in X with F4qGa, there exist fuzzy soft open sets Uy and Vi
such that FACUa, G4CVa and cl(Ua)gcl(Va).
(c) For each Lgss-closed set F4 and for each Lgys-open set H, containing Fa, there exists a fuzzy soft
open set V4 such that FaCVaCcl(V4)CHy.

Proof. (a) = (b): Let Fy and G4 be two Lgys-closed sets in X with FagGa. Then by (a) there
exist Wa,Va € 71(72) such that FACW,4, G4CV4 and WaqVa. Then Fagcl(Va) and so Wagel(Vya).
Now ¢l(V4) being fuzzy soft closed, it is L,ys-closed set. Thus Fa and cl(Va) are two Lgys-closed sets in
X such that Fagcl(Va). Again, since X is Lg¢s-normal, there exist Ga, Ha € 71(72) such that FACGa4,
CZ(VA)QHA and GaqH 4. Thus Cl(GA)(jHA.

Let Uqy = WaNG 4, then Ug, V4 € 7'1(7'2), such that FAéUA, GAQVA and CZ(UA)QCZ(VA).

(b) = (c): Let Fa and H4 be any Lyss-closed and Ly ¢s-open set, respectively in X such that FaCH 4.
Then we have FuqH§ and H§ is Lgfs-closed set in X and hence by (b), there exist Ua,Va € 71(72)
such that FAaCU4, HGCVa and cl(Ua)gcl(Va). Now from HGCVaCcl(Vy), we have (cl(V4))¢)CHa and
cl(Ua)qel(Va) implies cl(Ua)C(cl(Va))*CHa. Thus, we have Uy € 71(72) such that Fiy < UaCcl(Ua)CHa,
and Uy is the required fuzzy soft open set.

(¢) = (a): Let Fa, Ga be two Lgys-closed sets with FagGa. Then F4CG4 and GY is Lgys-open set.
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By (c), there exists Us € 71(72) such that FAoCU4 Cel(Ua)CGS that is, FACU4, GaC(cl(U4))¢ and
Uaq(cl(Ua))°) and consequently X is L,fs-normal.

We now introduce Ly ss-compactness in an MFSITS (X, 74(72), I) as follows:

Definition 3.7. A collection {Uy, : i € A} of Lyrs-open sets in an MFSITS X is called Lgss-open
cover of a fuzzy soft set Fy if FyCU;cpUg,.

Definition 3.8. An MFSITS X is called L,s,-compact if every Lgrs,-open cover of X has a finite
subcover.

Definition 3.9. A fuzzy soft set Fl4 in an MFSITS X is called Ls-compact relative to X if for
every collection {U4, i€ A} of Lyys-open sets of X such that F4aCU;eaUs,, there exists a finite subset
A, of A such that FAgOieAO Ua,.

Theorem 3.10. Let F4 be an L,y -closed subset of an Lgys-compact space X. Then Fly is Lgye-
compact.
Proof: Let Fy be an L,ys-closed subset of X such that F,C \/ieA Uy,, where Uy,’s are Lgys-open sets
for each i € A. Then {Uy, : i € A}JU{F§} is an Lyss-open cover of X. Now, X being L,s-compact space,
there exists a finite subset Ag of A such that X = {Ua, : i € Ag}U{F§}. As F4 and F§ are disjoint, hence
we have Fiy C Vier Uy,. This shows that Iy is Lyys-compact relative to X and thus F4 is Lgys-compact.

Theorem 3.11. If F4 and G4 be two fuzzy soft subsets of an MFSITS X such that Fa is Lgfs-
compact and G4 is Lgys-closed in X. Then FoNG 4 is Lgys-compact.
Proof: Let {Ua, : i € A} be a Lyss-open cover of FANG4 in X and as G is Lgys-open set, {Ua, :
i € AJU{G4} is a Lygs-open cover of Fiu. Now F,4 being Ly¢s-compact, there exists a finite subset Ag
of A such that FAaC{Ua, : i € Ag}U{G%}. This implies that FANGAC{Ua, : i € Ag}. Thus FaNG 4 is
L, ts-compact.

Theorem 3.12. Every L,s,-closed subset F4 of a fuzzy soft compact space X is fuzzy soft compact
if F'4 is * dense-in-itself in X.
Proof: Let FAC(\/,c5 Ua,), where Uy, is fuzzy open, for each i € A. Then F3C(\/,c, Ua,), as Fy is
Lgyss-closed set in X. Since F; is fuzzy soft closed in X, it is fuzzy soft compact. Then F5C(\/, Ua,)
and consequently FACF% C(\/i_, Ua,). This establishes that Fj is fuzzy soft compact.

Theorem 3.13. Every L ys,-compact subset F4 of an Lgy.-regular space X is always an L s -closed
set.

Proof: Let F4 be a Lgys-compact set with F4CUy, where Uy € 71(72). Let e(G4) be any fuzzy
soft point in X such that e(G4)CU4. Since Uy is fuzzy soft open set, it is Lyys-open set. By Theo-
rem 3.3(c), Lyss-regularity of X implies that there exists fuzzy soft open set Vi, such that e(G4)CVa,
Ccl(Va,)CU4 and hence we have FaCU;jcpVa, Ccl(UieaVa,)CUa, for e(Ga) € Fa, and where each Vi,
is Ly rs-open sets (as Va, being fuzzy soft open set). Now, since F4 is an Ly rs-compact set, exists a finite
subset Ag of A such that FaCU;en, Va, Cel(Usen, Va,)CUa. Let Vo = Ujen, Va,, then Vy is fuzzy soft
open set and F4CV4Ccl(V4)CUa. Since cl(Fa) is the smallest fuzzy soft closed set and F3Ccl(Fa), we
get F3Ccl(Fa)Ccl(Va)CUx and so F;5CUy, this establishes that Fy is L ss-closed set.

Remark 3.14. Every fuzzy soft compact subset of an L, s -regular space X is always an L s -closed
set.
Proof. Using the above theorem 3.13, it can be proved the theorem easily and thus omitted.
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4. Conclusion

In this article, a new type of generalized closed sets is introduced, whose characteristics are different

up to some extent from the conventional ones. We have applied L,y -closed set to study few of the
separation axioms and fuzzy soft compactness also. We have traditionally found that a generalized closed
subset of a compact topological space is compact but in our context Lgs-closed subset of a fuzzy soft
compact space may not be a fuzzy soft compact in general. We emphasize that this traditional result
will come true under certain conditions contained in this report.
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