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ABSTRACT: In this paper, we investigate a Bresse-Timoshenko-type system with a distributed delay term and
second sound. Under suitable assumptions, we establish the global well-posedness of the initial and boundary
value problem by using the Faedo-Galerkin approximations and some energy estimates.
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1. Introduction

In engineering practice, questions about understanding the characteristics of natural vibrations of
such coupled systems occur when tackling problems involving the dynamics of composite mechanical
structures with various types of connections. When we talk about the combination of elements, the
behavior of which is defined by equations of various types, we are talking about non-classical problems
in mathematical physics. As a result of the difficulty in solving them, models of real structures are used
in practice, which are simplified by incorporating extra hypotheses and assumptions.

Let us mention some references to the mechanics of technical structures and non-classical problems
in mathematical physics [7],[8],[18],[19]. A new type of problem arises with the combination of the
Timoshenko system [22] and Bresse system or the curved beam [10]. The coupled system from which we
derive Bress-Timoshenko is derived from Elishakov [12] and combines D’Alembert’s principle of dynamic
equilibrium with Timoshenko’s hypothesis to produce the following coupled system

{ platt<p — R ((pa: =+ ¢)g; = 07 (1 1)

The Cattaneo’s law is one of the most well-known thermoelasticity laws, but it is unable to account
for some physical properties and cannot answer all questions; therefore, its applications are limited. This
leads us to consider coupling the fields of strain, temperature, and mass diffusion using the Gurtin-Pinkin
model. Only a few authors have studied the stabilization of the Bress-Timoshenko model.
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Manevich and Kolakowski [21] obtained the first contribution in that direction. where They analyzed
the dynamics of a Timoshenko model. in which,the damping mechanism is viscoelastic. More accurately,
they considered the dissipative system given by

{ p1ps — B (pr + ), — 1 (pp + ), = 0, 12)
—pathy — by + B (0 + ) — oy, + 1y (, +10), = 0.

Second, based on Elishakoff’s papers and collaborators and their studies on truncated versions for
classical Timoshenko equations [1], Almeida Junior and Ramos [2] proved that the total energy for
viscous damping acting on angle rotation of the simplified Timoshenko system given by

{ p1¢u — B (o, + ¢)x = 0, (1.3)
—P2Pttx — bwww + /6 ((pw =+ ¢) + M1¢t = 07 ’

There is a great difference in the model from a classical Timoshenko system, as it is consisted of
three derivatives: two with respect to time and one with respect to space. This happened because
the absence of the second spectrum, or nonphysical spectrum [1], [12], and its damage consequences
for wave propagation speeds [2]. The historical and mathematical observations can be found in other
works [1], [12]. The same results are accomplished for a dissipative truncated version, where the viscous
damping acts on vertical displacement

{ P1pe — B (9, + ¢)$ = 0, (1.4)
—P2Piy — by + B (0, +10) = 0. :

We indicate some related work, [14] in this work, Guesmia and Soufyane studied the well posedness
and proved the stability for the following system

{ P1P — k1 (80x+¢)m+)\190t+M1<Pt (z,t—71) =0, (1.5)
PoPrr — kathy, + k1 (0, + ) + Aoty + pgtpy (z,t —72) = 0.

In [6], the authors proved the well-posedness and establish uniform stability results for the following
linear Timoshenko system with a linear frictional damping and an internal distributed delay acting on
the transverse displacement

{ P10 — K Py + ), + 7100 + [ 7200 (2,8 = 5)ds = 0, (1.6)
ptht - b¢zz + K (‘pz + w) = 0.

In [5],the authors proved the well-posedness and established exponential stability results regardless of
the speeds of wave propagation for the following thermoelastic system of Timoshenko type with a linear
frictional damping and an internal distributed delay acting on the displacement equation

P1#1 — K (P, + ¢)z + ey F f:f po (8) oy (z,t —s)ds = 0,
ptht - bd}rr + K (sz + ¢) +00, = 0, (1 7)
p3lt + 4o + 01y, = 0, '
Tq + Bg+0, = 0.

In [15],they established the stability of the following Timoshenko-type system

P1¢s — K (9o + ), + 110y + [ 112 (8) @4 (2,1 — s)ds = 0,
pothyy — by + K (0, + ) + [y g (t—5) (a(2)1),), ds
g () b () f () + 60, = 0, (1.8)
p39t + kqx + (S'Q[th = 0,
Tq; + Bqg + kO, = 0.

In [3], Almeida Junior et al deemed two cases of dissipative systems for Bresse-Timoshenko-type
systems with constant delay cases. For the first one, the authors established the exponential decay for
the system given by

{ prow — B(pn + 1), + 110y + bapy (vt —7) =0, (1.9)
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For the second one, the authors also studied the exponential decay for the system given by

{ p1Pu — B (e, +1), =0, (1.10)
—P2Pttx — b¢rr + ﬁ (‘pr + w) + H1¥ + :Uth (Z‘, t— T) = Oa

The authors in [13] deemed two cases of dissipative systems for Bress-Timoshenko-type systems with
time-varying delay cases. For the first one, the authors proved the exponential decay for the system given
by

{ P11 — B(r + 1), + 11pr + piopy (x,t — 7 (1)) = 0, (111)

for the second one, the authors also established the exponential decay result for the system given by

P2Pits — WWup + B (Py + ) + 1y + Ho¥y (x,t —7(t)) = 0 .

In [11], They used the Faedo-Galerkin approximations and some energy estimates to establish the global
well-posedness of the initial and boundary value problem, and they proved the exponential decay of
dissipative systems for the following Bresse-Timoshenko-type systems with distributed delay, under ap-
propriate assumptions

||
o

{ prow — K (@ +0), + e + sz (p) 1 (x,t = p) dp (1.13)

— Pt — bUze + K (wr +v) = O.

See other works in [9],[23].

We escort the paper of [11] but in this present work we consider the following Bresse-Timoshenko
system of second sound with distrubted delay term,

Pl‘Ptt‘K(‘P1+¢) +H1<Pt+f71 po (8) @y (x,t —s)ds = 0, in (0,1) x (0,00),
—P2Pttx — b¢zz + K(‘Pm + ¢) +70 = 07 in (Oa 1) X (Oa OO),

P30t + Kqe + 79y, = 0, in (0,1) x (0,00),

Toqt + 0g + Kk, = 0,in (0,1) x (0, 00),

o(z,0) = <Po( )5 #e(@,0) = ¢y (2),9(2,0) = 9 (2), (1.14)
¥y(2,0) = 1y (), in (0,1),

9(x0)—90(),q( )—QO(x),

wt( €, ) (ZE t) (0 1) X (077—2) ) (07 1) X (0,00 )

©(0,t) = o(1,t) = ¥(0,t) = ¥(1,t) = q(0,1) = q(1,t) = 0(0,¢) = 6(1,t) = 0, Vt > 0,

where t € (0, 00) denotes the time variable and 2z € (0,1) is the space variable, the functions ¢ and 1 are
respectively, the transverse displacement of the solid elastic material and the rotation angle, the function
0 is the temperature difference, ¢ = ¢(t, x) € R is the heat flux, and py, ps, p3, 7, 7o, 9, K, f11, and K are
positive constants, p, : [71,72] = R is a bounded function satisfying

/ " iz ()] ds < o, (1.15)

T1

where 71 and 7o two real numbers satisfying 0 < 71 < 79, and we study exponential stability results and
the global well-posednes of a class of Bresse-Timoshenko system-type of second sound with distributed
delay term.

This article is organized as follows: In section 1, we introduce some transformations needed in our
work, In section 2, we use Faedo-Galerkin approximations to study the global well-posedness of the initial
and boundary value problems, and in section 3, we show the exponential decay of dissipative systems for
Bresse-Timoshenko-type second sound systems with distributed delay.
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2. Preliminaries

Let us introduce a new dependent variable

y(z,p,s,t) =@, (x,t—ps) in (0,1) x (0,1) x (71,72) x (0,00), (2.1)
then, we obtain
sy: (x,p,8,t) +y, (x, p,s5,t) = 0. (2.2)

Consequently, the problem (1.14) is equivalent to

prow — K (0p +0), + oy + [T 112 (s) y (2,1, 5) ds = 0, in (0,1) x (0,00),
_pQQPttr - bd}rr + K ((pr + d}) + Pyew = 07 il’l (O’ 1) X (O’ OO) )

P30t + kg + v, =0, in (0,1) x (0,00),

Toqr + 0q + kb, =0, in (0,1) x (0,00),

sy (x,p,8,t) +yp (x,p,8,t) =0, in (0,1) x (0,1) x (71,72) x (0,00),
syu (x, p,8,t) + ypi (x,p,5,t) =0, in (0,1) x (0,1) x (71,72) x (0,00), (2.3)
gp(x, 0) = %o (LC) ) th(x7 O) =¥ (x) ) "/}(x7 O) = 'QZJO (x)

,%(%0) :'@[}1 (x)v in (0 1)
9(x70):90(x)7 q(x 0)—Qo($)a in ( ’1)
@(0,t) = ¢(1,t) = (0,t) = ¥(1,1) = q(0,t) = q(1,t) = 6(0,t) = 6(1,1) = 0, V¢t > 0,
y(x,p,8,0) = fo(x,—ps), in (0,1) x (0,1) X (71,72) .

Let V(Q := (0,1) x (0,00)) and W (Q) be the set spaces defined respectively by

(%%97%9) p e L2 (R+,H2ﬂH01), Pt € L2 (R-i-le)v Pt S L2 (R+5H1)a
¢ €L2 (R+’H&)’ 1%15 €L2 (RJraLQ)v 97 qELz (RJr?H(]j )
V(Q) = 0:, g € L* (R4, L?), y € L? (R-HHl ((0,1)2 X (71,72))

yi € L2 (R+,H1 ((o, 1% x (7‘1,7‘2))) ,

and

W(Q) = {((p,w, 0,q,y) € V(Q) : limw; (T) =lims; (T) =limv, (T) = limr; (T) = limp, (T) = O} )

T—o0 T—o0 T—o0 T—o0 T—o0
Consider the system

P1 (P w) + K ((0p +9) s ua) + 11y (Y4, u)

+ (f:f o (8)y (2,1, 8) ds,u) =0,

P2 (Pres V) + b0 (Y, vz) + K ((0, + 1) ,0)

+7 (02, v) =0, (2.4)
3 (01, w) + (¢, w) + 7 (Y4, w) =0,
To (Qtaz) + 5 (qu) + :‘i(aw,Z) = 07

s (yt (x7p7s7t) ’¢) + (yp (x7p7s7t) a¢) =0,
S (ytt ({I?, P, S,t) ) (b) + (ypt (£C7p7 S7t) a¢) =0

where (., .)L2(Q) stands for the inner product in L? (Q), (¢,%, 6, q,y) is supposed to be a solution of the
system (2.3) and (u, v, w, z,9) € W(Q). Evaluation of the inner product in (2.4) and use of the Dirichlet
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conditions (2.3)g leads to

—p1 (4 Ut)L2(Q) —p1 (e (2,0),u(z, 0))L2(0,1) + K ((p, + ) 7ur)L2(Q)
=ty (s ue) 2y — # (¥ (2,0),u(2,0)) 20 1) + </

—p2 (¢4 th)L2(Q) = pa (¢ (2,0), vz (2, 0))L2(0,1) + by, Um)L2(Q)
TEK (o +¥),0) 12(g) + 7 (02,0) 12y = 0,
—p3 (0, wt)p2(q) — p3 (0 (2,0),w (2,0)) 12¢0,1) + (Ces W) r2(g) = 7 (Va W) 12
= (¢, (x,O),w(x,O))Lg(Oyl) =0,
=70 (4, 2) 2(g) = T0 (4 2) 200) +0(2) () + £ 0y 2) 12 = 0,
=5 (y(@,0,5.1),0) 12g) = (¥ (2,0,5,0),0(2,0,5,0)) 201) T Wp (T, 0,5,1),0) 12q) = 0,
—s(ye (2, p,8,1), ¢t)L2(Q) — 5yt (z,p,5,0), 9 (2,p, s, O))L2(071) + Wpt (x,p,5,1) ,¢) = 0.
(2.5)

T2

Mo (S)y(xalvs)d87u> = 0,
L2(Q)

1

Definition 2.1. functions (p,¢,0,q,y) € V(Q) are called a generalized solution of system (2.3) if it
satisfies (2.5) for each (u,v,w,z,$) € W(Q).

3. Well-posedness of problem
In this section, we will prove the global existence and the uniqueness of the generalized solution of

system (2.3) by using the classical Faedo-Galerkin method

Theorem 3.1. If ¢, € H} (0,1)NH (0,1), 0, € H' (0.1), o, qo. 60 € H3 (0,1), vy € L2 (0,1), fo €
o' ((0, 1)2 x (11,72) ), and f € H* ((0, 1)2 X (71,72)) , then there is at least one generalized solution
inV(Q) to system.(2.3).

By using Faedo-Galerkin approximations, we prove the global existence and the uniqueness of the
generalized solution of system (2.3) . for more detail, we refer to reader to see [4], [16], [13].

3.1. Approximate problem

let {u;}, {v;}, {w;}, {#;} be the Galerkin basis, For m > 1, let

L, = span{ui,ug,...;un},

Ty, = span{vi,ve,...,vn},

W = span {wy,wa, ..., wy},

K., = span{zi,z2,...,2n}, (3.1)

we define for 1 < j <n the sequence ¢; (z, p, s) by
¢, (2,0,5) = uj (), (3.2)

then, we can extend ¢; (z,0, s) by ¢, (, p, s) over L? ((0, 1)2 x (11, 72)) and denote Z"=span{¢q, ..., o, }-
Given initial data ¢, € H} (0,1) N H?(0,1), ¢, € H'(0,1), v, qo, 00 € H}(0,1), ¥, € L?(0,1),
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fo, fre H! ((0, 1)? x (7'1,7'2)) define the approximations

j=1
Y = D k(D)) (2),
j=1
O = 3 i (D (),
j=1
G = D ()7 (@),
j=1
j=1
where the constants £, (t), kjm (1), Ljm (t), fjm (t), and hjm, (t) are defined by the conditions
Em () = (Pt () a0
kﬂm (t) = (¢m7 ( ))L2(071) )
ljm (t) = (Hmawj ( ))L2(0,1) 5
fjm (t) = (QTIL?Z] ( ))L2(0,1) )
th (t) = (yTILv ¢] (xv P ))L2(O,1) ’

and can be determined from the relations

P1 ((Pmttvul) + K ((mew + 1bm) 7ul$) + H1 (d}mt?ul)

(S 12 () (2,1, 8) s, ) = 0,

P2 (gomttvvm) +b (¢mz7vl$) + K ((‘pmz + wm) 7Ul)

+7v (Gmr, Ul) =0,

P3 (emtvwl) + (qmwawl) +v (wmtszl) = O’

To (qmta Zl) + 0 (qmv Zl) +K (ema:a Zl) - Oa

S (ymt (x7p7 S) 9 (bl (x’ P, S)) + (y’mp (xa P, S) ) ¢l (x7p7 S)) = Oa
S (ymtt (Z‘, 12 8) 3 QSZ (xvpv S)) + (ympt (Z‘, 12 8) 5 Qsl (%Pv 8)) = Oa

substitution of (3.3) into (3.5) gives for [ =1,..,n
Jy i {1 (05 (@) w0 (@) + K& (8) s (@) i (2)

+Kkjm (8) v (2) wi () + i1k, (8) v (@) w (2)
+uy (z fn to (8) hjm (t) &; (z,p, 5 )ds} dr =0,
(

Jy 51 { P& ()15 (@) via () + Bhijm (8) iz (2) 012 ()
TR &y (8) iz (2) 10 (2) + Kl (1)1 (2) w1 (2)
ol (1) wye () v (@)} dr =,

)

I Jl{pg o ()10 (2) 01 (2) + 5 (£) 232 (2) w1 (2)

(3.6)
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From (3.6), it follows that

+Ekjm (t) (v

E; 1{szgm t)
(

i { palin () (w;

()
Z] 1 Sh]m t) (b]
E] 1 sth (t) (95

(
(

Let

(u (z )
+K€jm( ) (u jx ), v x))Lz(o 1) + Kkjm( )(UJ (z) v (x))L2(()71)
L (8) (g (@)1 (2)) o) b = O,

1
(

S {215 (0 1 (0) 0 (@) g0y + K (1) (0 ()mﬂﬂhmm
i (%)t (%) p2(0,1) +M1 Kjm (t) (05 (
+f.:12 L (s hjm (t) ( i (z,p,s),u (x) L2 0.1) ds} =

) ur (7)) 20,1y

, Ul ( ))L2(0 1) + bk]m t (U]z (33) Vix (x))LQ(O,l)

)
(

z),w (z ))Lz(o 1) + K fjm (t) (er (z),w (x))LZ(O,l)

9 (8) (03 (@) 0 (@) 201) } = 0,

St { 0S5 (8 (23 (@) 20 (2)) pago,1) + 0 im (1) (25 (2) 120 (@) 2o,

il <MAmx,m(»mmm}—m

2,0,8)5 01 (@,0,5)) g0y + Pimo (8) (8 (20.5) 01 (2,0,9)) o
2,0,8)5 01 (@,0:9)) 101y + Wi (8) (05 (20.) 01 (2,0,9)) 1o

1, j=1
@)@y = 00 = {07751

(Ujaz (2) ,wa (z ))m(o n = Vi,
(vj (), wa (%)) 20,1y = s
(uj (2) s vz () 20,1y = @t
(Vja (%), viz () £2(0,1) — D,
(wjz () ;v (x))L2(0 1y — Vil
(vj (%), w (z ))L2(0 1 = Sl

Lj=lI
(vj (2), 01 (%)) 20,0y = 01 = { 0, 7 #1 "

(ij (x) ’vl( ))L2(0 1 = X
((b] (x71 S) ’LLl( ))LQ(O,l) = Wi,

L j=1
(w;j (2),w (%)) 200y = 5t = { 0, j#1"
(ij (), uy (x))L2(0,1) = 9%
(’Ujr (Z‘) , Wy (x))LQ(O,l) = Qi

Lj=1
(zj (x), 2 (@)L?(O,D = 9 = { 0,j#L

(ij (Z‘) ) 2l (x))L2(071) = ﬁjla

L j
(¢j (Z‘,P,S),Qsl (xvpvs))Lz(OJ) = 5jl = { 0, ]7&1 .

:O’
=0.
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Then (3.7) can be written as

D {plf;’m (8) 85 + K& (1) 750, + Khijm (£) 050 + pir gy, () S
77t (3) hym () wjds | =0,
i {pggm (8) aji + by (1) Ot + K&y, (6) vt + Khjm (1) 85

+ljm (¢ ng} =0,
S5 { sl (050 + K fim (8) 050+ VK (8) i } =0, (38)
i1 470 jm (8) 80+ 0 fim (1) 1+ Kljn () ﬁjl} =0,
St 5him (1) 51+ Bjmp () 851 = 0,
S st (1) 60+ Wiy (6850 b = 0.
We put [* 1, (s) ds = ¢, we obtain
S {1 (085 K& ()70, + Ky (8 750+ i1k, (1) 1
+chjm () wji} =0,
D {p2£;’m (1) gt + Vg (0) 051+ K (1) vt + Ky (1) 51
+ljm (¢ ng} =0,
S { Pl (8) 650+ Kfim () 050+ 1K () s = 0, (3.9)
St {70 (081 + 6 fjm (8) 850+ il (8) B0 = O,
Sy Sh (8814 hjuny ()80} = 0,
S b ()60 4+ By (0650 b = 0,
with
Eim (0) = (@ (2,0),15 () 1201 >
Eim (0) = (e (2,0) 15 () 2o »
kjm (0) = (¥, (,0),v; (x))m(o,n g
Lim (0) (Om (,0) ,w; () 12(0,1) »
fim (0) = (gm (2,0), 2 (£)) 1200 1) -
hjm (0) = (ym (2,0,0), 05 (2,0,9)) 1291y - (3.10)
;m 0) = (Yme (z,0,0),0; (x,p, S))L2(0,1) :

We obtain a system of differential equations of two orders with respect to the variable ¢ with constant
coefficients and the initial conditions (3.10), consequently, we get a Cauchy problem of linear differential
equations with smooth coefficients that is uniquely solvable. Thus for every m there exists a function

(P Vs Oms G ym) satistying (3.5) .
3.2. A priori estimate I
Firstly, multiplying the first equation of (3.5) by {lm and integrating over (0,1), we get

Pld
2 dt

1 T2
+u1/ sofmder/ wmt/ pig (8) Ym (@,1,5) dsdz = 0.
0 0 T1

1
0

(3.11)
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Then, multiplying the second equation of (3.5) by k;,, and integrating over (0,1), we get

1
0

1
1y / Oty = 0,
0

(3.12)

now, substituting: ¢,,,.c = 2@ — Ponzat + FOmu + % [1 12 (8) Yme (2,1, 5) ds, obtained from the

first equation of (3.5) ,we get

1 1
papy d 2 P d / /
Paby @ de + 22 ¢ d
2K di /0 P+ G | Pt dat g 2t ), Ymade

1
ot
+K/ (gomz +wm) wmtdx + 21 / (pgnttdx
0 K 0
1 p 1 To
0 [ st + 22 [ [ (9) g (021.5) dsdz = 0
0 K 0 T1

Next, multiplying the third equation of (3.5) by l;,,, and integrating over (0,1), we get

1
2
5 dt/ 0 dx—|—/£/0 QmaOmdr / YpOmzdr = 0.

Finally, multiplying the fourth equation of (3.5) by fi,, and integrating over (0,1), we get

7_0 d ) 1 ) /1

dx + 90 dx — OrmGmadr = 0.
R R K
By combining (3.11),(3.13),(3.14) and (3.15), we get

Ld
2 dt

LY
/ [plspmt + K ((pmw + w ) }(2 (p?ntt + pZSDmtw + bwfna:

+0302, +T0g%] da + 1y / 2,z + 6 / ¢%da + P21 e
0 0

+/ ‘Pmt/ to (8) Ym (x,1, s) dsdx
0 .

1 -
+p_]§/ (pm”/ o (8) Yme (x,1,5) dsdx = 0.
0 .

Now, multiplying the fifth equation of (3.5) by ps (s) ki and integrating over (0,¢) x (0,1) x

(t1,72), we get

1 1 1 T2
s [ [ s )0k wpsit) dsdpds
0 0 T1
1 1 1 T2
=5/ / St (5) 42, (3, p, ,0) dsdpdz
= ——/ // o (8) Y2, (x,1,5,7) dsdxdr
s (/ )/ / Y2, drdr.

(3.13)

(3.14)

(3.15)

(3.16)

(0,1) x

(3.17)
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Then, multiplying the last equation of (3.5) by ps (s) by, and integrating over (0,t) x (0,1) x (0,1) x

(11,72), we get

1 1 To
P2 ,
2K t) dsdpd
2K‘/0 ~/0 ~/r1 Stz (S)y"n (x7p787 ) sapdx
P2 Lol pm
2
2K 0) dsdpd
2 [ a0 s 0) s
po [t [T [T ,
- K 1 dsdxd
2K/0 /0 /7'1 /‘I“Q(S)ymT(x, 7577) sdrdT

T2 t 1
P2 2
+_2K </7—1 ILLQ (S) dS) /0 /0 wmr‘rdde'

Next, integrating (3.16) over (0,¢) and using (3.17) and (3.18), we obtain

1 /72 t ol
Em (t) + <,u1 - _/ Ho (S) dS) / / (pgande
2 ) o Jo
P 1 [ t ol
+?2 (/‘1 —5/71 1 (s) d8>/0 /0 @2 dxdr
t el t o1 ™
—|—5/ / qgnda:dr+/ / sﬁmf/ o (8) Ym (z,1, s) dsdxdr
o Jo o Jo -
t el o
+&/ / (pm‘r‘r/ 125) (S) Ymr (xy]-,s) dsdxdr
K Jo Jo -
1 [t ot o2
+_/ / / fo (8)yo, (x,1,5,7) dsdedr —
2 0 0 T1

t 1 T2
P2 2
—= 1 dsdxd
+2K/0 /0 ~/7—1 MQ(S)ymT(x7 ’S’T) sarat

= En(0)
where

_ 1 ' 2 K 2, P2P1 2
Em (t) - 2 0 plspmt—’_ ((pmz—’—wm) + K Pmitt

]. 1 1 T2 )
+§/ / / s |py ()| yim (2, p, s) dsdpdzx
o Jo Jr,
po [r [ [T
+ﬁ / / / s g (8)| Y2, (x, p, 8) dsdpdz,
o Jo Jr,

and using Young’s inequality, we have

t 1 T2
//S"mt/ o (8) ym (x,1,s) dsdxdr
o Jo -
1 T2 t 1
> (5[ mwds) [ [ dsar
2/ o Jo

1 t 1 T2
—= / / / to (8) Y2, (x,1,5,7) dsdxdr,
2 0 0 T1

(3.18)

(3.19)

(3.20)
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and

py [* [ T
g/ / @mtt/ o (8) Yme (z,1, 5) dsdwdr
o Jo .

Do T2 t 1 )
Y iz (s)ds/ / O dadr

2K T1 ° 0 0 "

o t 1 T2 )
o 1 dsdzdr.

2K‘/0 A ~/7-1 Ho (S)ymt (LC, ,S,T) saxrat
Which, together with (3.19), yields

T2 t 1
En (t) + (Hl —/ Ho (5) dS) / / 2, _dxdr
T1 0 0
P T2 t 1
+22 (/‘1‘/ Ha (s)ds)/ / @2, dxdr
K T1 0 0

t ol
/ / qfnda:dr

o Jo
(0),

Y

+6
< En
implies
t 1
Ep, () + 19 / / oo, dxdr
0 JO

t 1 t 1
—1—5/ / qfndxdT—l—&no/ / @2, dxdr
o Jo K" Jo Jo
< E,(0)

where 19 =y — [7* 15 (s) ds > 0.
So, we have
Em (t) < Em (0),

and make use of the following inequality

1 t 1
pl/ prdr < pl/ / 02, (x,7) ddr
0 0 0
t 1 1
+p, / / orr (x,7) dxdT + p, / o, (2,0) da,
0 0 0

combining inequalities (3.23) and (3.24), we get
1 top
En)4p [ ehis < Ba©+p [ [ G Grydodr
0 o Jo

t 1 1
+p1/ / ory (x,7) dwdTerl/ o2, (2,0) da,
0 0 0
we put
1
Pon () = En ()4 9, | i,
0

we get

P (£) <Py (0) + /t P (T) dr.
0

11

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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Applying the Gronwall inequality to (3.26), we obtain
P (t) < P (0) exp (1),

thus, there exist a positive constant C' independent on m such that
P (t) <C, t>0, (3.27)

it follows from (1.15) and (3.27) that

1 1 1 1
pl/ wfnderpl/ w?ntdx+K/ (%ﬁ%fdﬂ%/ 02 dz
0 0 0 0

1 . ) 1
—HJQ/ ‘Pznmtdx—kb/ wfmdx—i—,%/ 9127de+7'0/ 2 da
0 0 ; i

1 1 T
+/ / / s |y ()| Y2, (z, p, 8) dsdpdx
o Jo Jr
py [N T[T
+?2/ / / s |po (5)| Y2, (z, p, s) dsdpdx
o Jo Jr

< C (3.28)

3.3. A priori estimate I1

Firstly, differentiating the first equation of (3.5) and multiplying by f’lm, and then integrating the
result over (0, 1) ,we obtain

P d o '

/ Spmttdx + K/ (mewt + d}mt) Sp'mtta:d:lj

2 dt o
1 2

‘Hh/o <)012nttdx+/0 ‘Pmtt/ o (8) Yme (z,1,8) dsdx = . (3.29)
T1

Next, differentiating the second equation of (3.5) and multiplying by k;,,,and integrating over (0,1), we
obtain

1
p2/0 Sp'mtttw'ma:ttd:lj + 2 dt / wma:tdx + K/ (pmwt + d}mt) wmttdx
1
47 [ Btz = 0.
0

now, substituting: ¢,,,.10 = B @rsie = Prnzwre + B e + % J1, 12 (8) Ymae (2,1, 5) ds, obtained from the
first equation of (3.5) ,we obtain

1 1
p;f[;li / e + cfllt / Gt + 5 2dt / Vinarde
1
+K/ (Pt T Yimt) Yipede + % / %zntttdx
0 0
1 1 s
—|—'y/0 Omat ¥y de + p—I?/O wmttt/ to (8) Ymer (2,1, 8) dsdx = 0. (3.30)
T1
Then, differentiating the third equation of (3.5) and multiplying by [, and integrating over (0,1), we

obtain
2 dt/ 9 dx""’i/o qmtasemtdx_ / d}mtt mtwdw = 0. (331)
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Finally, differentiating the fourth equation of (3.5) and multiplying by f;,,, and integrating over (0,1),

we obtain

d 1 1 1
E_ qgntdx + 5/ qgntdx - H/ othmztdx = 0. (332)
2 dt J, ; ;

By combining (3.29),(3.30),(3.31) and (3.32) , we get

1d !
2dt J,

1 1 1
+pgliy + Toqgnt} dx + /‘1/0 O udr + 5/0 Gy + 02151 /0 Prtirda

2, PP
[Pl @fm + K (Pt + Vot)” + %wfmt + P2 ‘Pznttm =+ b¢12nzt

1 o
+/ Spmtt/ to (8) Yme (z,1,5) dsdx
0 -

1 T2
+% / gamm/ o (8) Ymee (2,1, 8) dsdx = 0. (3.33)
0 T1

Now, differentiating the fifth equation of (3.5) and multiplying by u, (s) h;,,, and integrating over (0,t) x
(07 1) x (07 1) X (TlaTQ) , we get

1oL
5/ / / Sty (8) Y2, (, p, 5, 1) dsdpda
o Jo Jr,
1 1 1 T2
_5/ / / Sty (8) Ypy (x, p, 5,0) dsdpdz
o Jo Jn
1 [t ot o2
- _‘/ / / o () Y2, (2,1, 5,7) dsdedr
2y Jo /o

1 T2 t 1
+- (/ fo (s)ds) / / 02 __dxdr, (3.34)
2 T1 0 0

then, differentiating the last equation of (3.5) and multiplying by p, (s) hy,,,, and integrating over (0,) x
(0,1) x (0,1) x (11,72) , we get

1 1 To
P2 ,
2K t) dsdpd
QK/O /0 /T1 Sty (8) Yyt (x, p, 8, 1) dsdpdx
P2 Lopl 72 ,
2K dsdpd
2K‘/0 ~/0 /7-1 SMQ (S)ymtt (xa/)»S,O) S p €T
P2 toplo e
2K/O /0 /7'1 125 (S)ym‘r‘r (x, ,5,7-) sdrdr

p2 T2 t/l )
— d dxdr. .
vl (/ i (9)as) [ [ e (3.35)
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next, integrating (3.33) over (0,¢) and using (3.34) and (3.35), we obtain

1 (7 t rl
Mo (6) + (/‘1 —3 / o (3) d8> / / Prarrdrdr
2/, o
P2 1 [72 /t /1 )
K\ 72 d dad
+K (ul 2 /Tl o (5) S) o Jo Pmrrr ALAT
t el . .
+6/ / qfanxdT + / / Pmrr / Mo (8) Ymr ({I?, ]-, 5) dsdzdTt
o Jo o Jo .
pa [* [ ™
+—2 / / Cmrrr / Mo (8) Ymrr (g;, 17 5) dsdxdr
K Jo Jy 5
1ot
+_/ / / Ha (s)ygn‘r (x,l,S,T) dsdxdr —
20 Jo /.,

t o1 T
P2 )
2K 1
* 2K /0 /0 /7_1 Ho (S) Ymrr (Z‘, 3 S, 7-) dsdxdr
o (3.36)

where

e 2 | Pap
Moy (t) = 5/0 [Pl%pfntt"'K(S"mmt"‘@bmt) + i(lsofmt

+p2(p72nwtt + bwzna:t + p39$nt + Toq?nt} dx
1 [t ot o2 ,
+§/ / / s | o (8)| Yt (2, p, 5) dsdpda:
o Jo Jr

1 1 T
p
+—2 / / / S |,u2 (S)| y?ntt (Z‘, P, S) dedej7
oK )y Jo /.,

and using Young’s inequality, we have

t el -
/ / Pmrr / Ho (8) Ymr (xy 1, S) dsdxdr
0 Jo -

1 T2 t 1
2 T1 0 JO

1 t 1 T2
3 / / / fiy (8) Yoy (2,1, 8, 7) dsdadr, (3.37)
0 JO T1

and

oy [t [ -
= / / Pmrrr / Mo (S) Ymrr (xy 1, S) dsdxdr
K Jo Jo .

i t gl
P2 : 9
5% Ha (8) dS/ / OrprrrdxdT

2K ). "? o Jo

t 1 T2
—Lf2 / / / fiy (8) Yoorr (@, 1,8, 7) dsdadr. (3.38)
2K 0 0 T1

Y
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Which, together with (3.36), yields

T2 t 1
)+ (= [ as) [ [ o dear
T1 0 0
p T2 t 1
=2 </J“1 / Ho (S) dS)/ / SD?YLTTdedT
K T1 0 0
—|—5/ / a2, drdr

< M (3.39)

t 1
t) =+ Mo / / (pzn‘erxdT
+5/ / qudxdT + _770/ / (meTdedT

< M, (3.40)

implies

where 19 = iy — []* 15 (5) ds > 0.
Then
M (1) <My (0), (3.41)

thus, there exist a positive constant C' independent on m such that
it follows from (1.15) and (3.42) that

P1P
P1 / Spmttdx + K/ ([ — ¢mt) dx + }(2 %zntttdx
0 0

1
e / P2l + b / U2+ py / 02, di + 7o / 2 da
0 0 0 0

1 1 T
+/ / / s |y ()| y2, (z, p, s) dsdpda
o Jo Jr
ps (Y[
+K2 / / / S |:u2 (S)| y?ntt (.’,U, P, S) depdx
o Jo Jr,

< C (3.43)

3.4. A priori estimate II1
Firstly, let u; = —¢,,;4, i the first equation of (3.5), we get

1 1
P1 d
0

1 T2
+iq / O ipda + / Prmts / to (8) Yma (2,1, 5) dsdz = 0. (3.44)
0 0 T1

Then, let vy = —9,,,,., in the second equation of (3.5), we get

1 1 1
b d
0 0 0

1
47 [ Buneathade = 0 (3.45)
0
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now, SubStituting: ¢mzzt = %‘pmzttt — Pmaaat + %‘pmfctt + % f-,:rlz Ha (S) Ymix (J), 17 5) dS, obtained from
the first equation of (3.5) ,we get

1 1
PaP1 i 2 @ﬂ

+K/ (pma:a: d}mw) 1bmavtd T+ =0 p2M1 Sp'ma:ttd:lj

K
—l—v/ Omza e dT + == / %m:tt/ 1o (8) Ymat (x,1,8) dsde = 0. (3.46)
0
Next, let w; = —0,,2, in the third equation of (3.5), we get
/ 9 dx—/f/ qmwﬁmmdx—i—’y/ U ytzaOmzdz = 0. (3.47)
2 dt o
Finally, let z; = —¢unz. in the fourth equation of (3.5), we get
T0d 1 1 1
qudx—HS/ qudx—i—/@/ Omezqmadr = 0. (3.48)
By combining (3.44), (3.46) ) (3.47) and (3.48), we get
l1d L P

+p39ma: + Toqma:] d‘x + :ul / gomwtdx + 5/ qma:dx + p?}?l (p?nwttdx
0 0

+/ Pmat / Ho (8) Yma ({I?, 1, 8) dsdx

0 T

py [! e

+% / Pt / 11 (8) Ymat (x, 1, 5) dsdz = 0. (3.49)
K J, .

Now, let ¢; = —fi5 (5) Ymze in 5 equation of (3.5), and integrating over (0,t) x (0,1) x (71, 72) , we get

Lo
5/ / / sty (8) Y2, (x, p, 5, 1) dsdpdx
o Jo Jry
1 1 1 T2
_5/ / / Sky (8) Yoy (@, p, 5,0) dsdpda
o Jo Jr
Lot
- __/ / / po (8) y'?na: (x,1,s,7)dsdxdr
50 Jy )
1 T2 t el
i) (/ K (S)ds)/ / Vo pdadr, (3.50)
2 . A
and let ¢; = —f1 () Ymawe in the last equation of (3.5), and integrating over (0,¢) x (0,1) X (71,72) , we
get
P2 Lot gme
P2 Spiy (8) Y2, () p, 5, 1) dsdpdx
QK/O /0 /T1 2 +
py [ [T 5
_ P2 Sty (8) Y2, .4 (, p, 5,0) dsdpdx
ZK/O /0 /T1 2 +
ps ! Loy )
= 2 ty (8) Y2, (2, 1,5, 7) dsdxdr
QK/O /0 /T1 2
P2 72 bt
+2 = / Ha (8) ds) / / 2 eraddr. (3.51)
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Next, integrating (3.49) over (0,¢) and using (3.50) and (3.51), we obtain

1 /72 torl
Ko (t) + (/h - —/ o () ds) / / 02 _drdr
2 /., o Jo
P2 1 [72 /t /1 )
K \M"17 3 d dad
+K <M1 2 /7:1 'LLQ (S) S) 0 0 gpmr‘m— TraT
t o1 . -
0o Jo o Jo -
po [T &
+_2 / / Pmarr / o (8) Ymat (33, 1, 5) dsdxdr
K Jo Jo -
1 [t ot o2
+‘/ / / 12 (8) Yo (,1,5,7) dsdzdr —
2 Jo Jo Jo

t o1l T
P2 )
2K 1
* 2K /0 /0 /7'1 Ho (8) Ymar (Z‘, 3 S, 7-) dsdxdr
:Km (O) ’

where

e 2 | Pap

+p2<p72nwwt + b¢72nww + pBGEna: + Toq?na:] dz

1 [t ot o2 ,
T3 / / / s\ 1o (8)| Yo (, p, 8) dsdpdzx
o Jo Jr

1 1 T2
P2 2
I dsdpd
+2K/0 /0 /7-1 S|:u2 (8)|ymrt (x,p,s) sapax,

and using Young’s inequality, we have

t 1 -
/ / Pz / Mo (8) Yma ({I?, 1, 8) dsdxdr
o Jo -
1 T2 t 1
o) [ [
2 T1 0 JO

1 t 1 T2
_5/ / / H2 (S) y?nz (33,1,8,7') deJ?dT,
0 JO T1

and

py [t [ -
= / / Pmarr / Mo (S) Ymar ({I?, 1, 5) dsdxdr
K Jo Jo .

T t pl
P2 2 2
o H (8) dS / / (pma:‘rr dde
2K /-, : o Jo

Do t 1 T2 )
5 1 dsdxdr.
2K/0 /0 ~/-,—1 H (8) Ymar (x7 ’saT) saxrat

Y

17

(3.52)

(3.53)

(3.54)
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Which, together with (3.52), yields

T2 t 1
0+ (= [ as) [ [ hdear
T1 0 0
p T2 t 1
+22 <:U1_ / MQ(S)d8> / / Poorrddr
K T1 0 0
t 1
+6/ / q2, dxdr
0 JO
< X (0),
implies
t 1
Kon (O 410 [ [ Ghrerdodr
0 JO

t 1 t 1
+5/ / q?nwdxdT + p_I?TIO/ / <)072nw‘r‘rdxd7-
0 JO 0 JO
< K (0)

(3.55)
where 19 = p; — f:lz o (s)ds > 0.
Then
Km (1) <X (0), (3.56)
and make use of the following inequality
1 1
0 0
t el t el
< )\1/ / go,zm (z,7) dxdT—i—)\g/ / go,znm (z,7) dxdr
0o Jo 0o Jo
t 1 t el
—|—/\1/ / <p,2nm (m,T)dxdT—i—)\g/ / w?nwm (z,7)dxdr
0o Jo 0o Jo
1 1
+A1 / @2 (0)dx + X / @2, (0)dz. (3.57)
0 0
Combining inequalities (3.56) and (3.57), we get
1 1
Ko, (t)+)\1/ w?nwdx—F/\Q/ cpfnmdx
0 0
t el t el
< K (0) + N / / 02 (z,7) drdr 4+ Xy / / 02 (x, ) dedr
0 Jo 0 Jo
t el t el
—|—)\1/ / cp,znm (x,T)dde—F/\g/ / cpfmm (x,7)dxdr
0o Jo 0o Jo
1 1
[ O dotda [ ¢ 0)da
0 0
we put
1 1
S (1) = Kom (£) + Ay / G2 dz+ A / G da, (3.58)
0 0
we get

Sm () < 8 (0) + /t Sm (T)dr. (3.59)
0
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Applying the Gronwall inequality to (3.59), we obtain
S (t) < Sm (0) exp (T),
thus, there exists a positive constant C' independent on m such that
Sm (t) < C,t 20,

it follows from (1.15) and (3.61) that

1 1 1
0 0 0
1 1 Do) 1
+A1 / wgnwdx + /\2/ (pgna:a:dx + - / wgnwttdx
0 0 K 0

1 1 1
0 0 0

1 1 To
[ sl sk . 5) dsdpdo
0 0 T1

py Y1 [T
+?2/// s ko (8)| Yoae (2, p, s) dsdpda
0o Jo Jr,
< C.

Now, combining inequalities (3.62), (3.43), and (3.28), we obtain

1 1 1
P / Pmdz + M\ / Priads + py / Prrde
0 0 0
1 pip 1
+ (o1 + pz)/ e + (pr + 222 / Ptz
0 0
! pap1) [ o
0 K 0
pipy [t 1
+ % Pt + py / Ot AT
0 0
1 1 1
0 0 0
1 1
FE [ s 40 0 K [ (a0
0 0
1 1
0 0

1 1
by [ Gdotpy [ 02de
0 0

1 1 1
+7'0/ qzndl“*'TO/ q?mdx++ro/ Gy
0

0 0
1 1 T2
w [ ] s 60182 wp.s) dsdpds
0 0 T1

19

(3.60)

(3.61)

(3.62)
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1 1 T
+/ / / sty (8)| Yrg (2, p, 8) dsdpda
o Jo Jr
1 1 pre

P2 )
+ (1 + _) / / / S |/”62 (5)| ymt (Z‘, p, 8) dsdpdx

A

po [ [
+ }2/ / / s 1o (8)| Yonat (2, p, 8) dsdpda
o Jo Jr

1 1 T
+ /0 A / S |1L62 (5)| y?ntt (.’E, P, S) dsdpdx
<C,

using Young’s inequality with €, we have

1 L )
P / <P$nd$ tA / <,0,2,mdx + py / ‘Pgntdx
0 0 ;
' P1P2 !
+(p1 + /’2)/ @2 pda + (Pl + _) / o2 dz
0 K )

! 1
+A2/ Pl + (p2+ Pzpl)/ 2o
0 K 0

! 1
+% Popereda +p2/ 02 dx
0 0

1 L X
—|—b/ %2mgdm+b/ wfmtdx—kb/ W2 dx
0 0 ;
1 1 1
+K<1——)/ @?nwdx—FK(l—g)/ ¥ da
) Jo ;
1 1 1 )
+K <1——)/ <p72nwtd$+K(1—5)/ wfmdx—i—p?)/ 02 dx
) Jo ; 0
! 1
+03/ HfmderpB/ 0% du
0 0

1 1 .
+TO/ Gk + To / Gz + 470 / G
0 0

0
1 1 To
+/ // s |1z ()| ym, (2, p, 5) dsdpda
o Jo Jr
1 1 o
+/ // s o (8)| Y2, (z, p, 8) dsdpdx
o Jo Jry
1 1 o
P2 )
R dsdpd
+( +K)/O /0 /7'1 s |y () Yoy (2, p, 8) dsdpdx
py (1t [T
+f2/ / / s 1o (8)| Yowe (2, p, 8) dsdpda
o Jo Jry

1 1 o
+/ / / s |pg (5)] yrQntt (z, p, s) dsdpdx
o Jo Jo,
C,

(3.63)

(3.64)
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we choose e = 1, and A = \; —

<

3.5. Passage to limit

K > 0,such that A\y = p; + py > K, we obtain

1 1 1
N (t) =pl/ w?ndx+k/ w?mdxﬂLpl/ P
0 0 0

1 1P 1
‘H‘/ W?nztdx + (pl + %) / %Qnttdx
0 0

1 1
0 K 0

/3192

1
+— (pmtttdx + p2/ Spma:a:tdx
0

K/ 2 dx—i—b/ V2 da
1
+ / 42, da+ b / V2 de + b / 02, do
+T0/ qmdx+ro/ qmrdx—i——kro/ qmtdx
0 0 0
1 1 T2
w [ sl 062 (o) ddpda
0 0 T
1 1 T2
w7 sl sk . 5) dsdpdo
0 0 T1

1 1 T
P2 )
K dsdpd
+(+K)‘/O~/0~/-rl S|M2(8)|ymt(x’p7s) sdpdzs
py [ [N [T
+§2/ / / 8|‘u2 (S)|y72nrt (Z‘,p, 8) dsdpdx
o Jo Jr
1 1 T
+/0 /0 / s |ty (8)| Yy (z, p, ) dsdpda
T1
C.

21

(3.65)

Now, to prove that (3.5) holds, we multiply each of the equation (3.5) by a functions wy (¢), s; (¢),
vy (t), 1 (t), and p; (t) respectivly, we obtain

P1 (Prger w) wi (1) + K (P + Vi) 5 i) wi (8) + g (g ) wi ()

+ (fn pa (s

) Ym (x,1,5) ds, ul) wy (1) =0,

P2 (Praes Viz) St (1) + b (Vpgs viz) 1 (1) + K (@rz + ¥in) s 01) 81 (2)
+Y (Oma, v1) 51 (t) =0,

3 (Omes wi) vi (1) + (Gma, wi) vi (1) + 7 (P wi) vi (B) =0,
70 (qmes 21) 1 () + 0 (G 20) 71 (B) + K (O, 21) 71 (£) = 0,
8 (Yme (%, 0,8) ) pu (t) + (Ymp (T, 0, 8) , 1) 1 (¢ ) =0,

s (ymtt (x7p7 S) ) (bl)pl (t) + (ympt (:C,p, S) ) (bl)pl ( ) 0.

(3.66)
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Then, summing over [ from 1 to m and if we let

then, we have

l=m l=m

Am = w () w (), Y =) _ v (@)si(t),
=1 =1
l=m l=m

P = wy () v (), N = ) 2 (x)m (1),
=1 =1
l=m

Om = QSZ (xvpv S)pl (t)v

—

1

P1 (‘pmttv )‘ ) =+ K ((‘pmm =+ ¢ )7)‘m$ + 251 (wmtv )\m)

+(le 11y (8) g (2,1, 5) ds, A ):0,

+5 (Omzs V) =0,

P3 (Omt, tim) + (Gmas i) T (it i) =0,

To (tha nm) +0 (Qm; nm) + K (omra nm) =0,

S (Ymi (T, p, 8,8) ,0m (2,0, 8)) + Ymp (2, p,8,1) ,0m (2, p,5)) =0
S (ymtt (x,p, svt) ) Om (IE,/J, S,t)) + (ympt (xvpv svt) ) Om (:E,p, Svt)

)=

Now, we integrate over ¢ on (0, 00), we obtain

=p1 (Pmes /\Mt)LQ(Q) = 1 (e (2,0), Am (2, 0))[}(0,1)
FE ((Oma + ¥Um) s Ama) 2(q) = #1 (Vs Amt) 12(q)

—HM1 (¢m (Z‘,O),)\m (xvo))LQ(O,l) + (/ o (S) Ym (33,1,8) dSaAM> = 07
L2(Q)

T1

=Pz (Pt ’met)ﬂ(@) = P2 (Pt (2,0) Yoz (@, 0))L2(0,1)

0 (Vmas Yma) 12Q) T K (e + ¥m) s Ym) r2@) + 7 Omas Yim) 120y = 0
—p3 (Om, :umt)LQ(Q) = p3 (Om (2,0) , pi, (2, 0))L2(0,1) + (@ma um)LQ(Q)

- (%/szaﬂmt)w(cg) =Y (e (2,0, 1, (2, 0))L2(0,1) =0,

=70 (qm, Umt)Lz(Q) =70 (gm (2,0), 1, (2, 0))L2(0,1)

0 (Gms M) L2q) T 5 Omas ) L2y = 0,

=8 (Ym (€, 0,8,8) ,0mt (20,8, 1)) 12y = 8 (Um (2,9, 5,0),0m (2, 0,5,0)) 120 1)
o Wmp (2:95,1) ,0m (2,9,5,0) 2y = 0,

=5 (Yme (2, p,5,1) ,0mt (2, 0,5,8)) 2(9) — S (Ymt (T, 0,5,0),0m (2,0,8,0)) 12 1)
+ (Ymp (2, p,5,1) s 0 (2, p, 5, 1)) =0

L*(Q)

(3.67)

(3.68)

(3.69)
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From (3.27),(3.42) and (3.61), we conclude that for any m e N |

@, is bounded in L™ (R4, H* N HY),
@ is bounded in L™ (Ry, H'),
@y is bounded in L™ (R4, H') |

¥, is bounded in L™ (R4, Hy),
Vg is bounded in L™ (R, L?),

0., is bounded in L (R, Hj),
0e is bounded in L™ (R, LQ) ,

Gm is bounded in L™ (Ry, Hy),

Gmt is bounded in L™ (R, L?),

Ym is bounded in L™ (Ry, H' ((0,1) x (0,1) x (11,72))) .

Yme is bounded in L™ (Ry, H' ((0,1) x (0,1) x (71,72))) - (3.70)

Thus, we get

¢, weakly in L* (R, H*> N Hy),

Py Weakly in L? (Ry, H')

Py Weakly in L? (Ry, H'),

¥, weakly in L? (R4, Hj)) ,

Vg Weakly in L? (Ry, L?),

O weakly in L? (Ry, Hj)) ,

Om¢ weakly in L? (R, L?),

m weakly in L* (R, H}),

Gmt weakly in L? (Ry, L?),

Ym weakly in L? (Ry, H' ((0,1) x (0,1) x (71,72))),
Yme weakly in L? (Ry, H' ((0,1) x (0,1) x (11,72))) . (3.71)

Thus, the limit function (@, 1,0, q,y) satisfies (2.5) for every (3.67). We denote by @,, the totality of all
functions of the forme (3.67) with lim wy, (T) =lims; (T) = lim vy (T) = limr; (T) = limp; (T) = 0. But

T—o0 T— T—o0 T—o0

T
US®_1 Q. is dense in W(Q), then the relatlon (2.5) holds for all ((p ¥,0,q,y) € W(Q). Thus, we have
shown that the limit function (@, 1,0, q,y) is a generalized solution of system (2.3) in V(Q).
3.6. Continuous dependence and uniqueness

First, we prove the continuous dependence and uniqueness for weak solutions of system (2.3) .Let
(@, 01, e, 0,q,y,y) and (', Ty, Ty, E,Q, &, 11, I1;) be two global solutions of system (2.3) with respect
to initial data (pq, ©1, 9, ¥, 00, g0, B0, ©1) and (T, I'1, e, Zo, Qo, &y, Po, P1), respectively. Let

- 3. (3.72)
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Then, (A, A\, M, R, x) verifies (2.3), and we have
T2

b — K (A + ), + Ay + / 1y (5) x (2,1, 8) ds = 0,

T1

—polite — DAiw + K (Ap + X)) + M, =
psMy + KRy + Y Aie = 0,

ToRt + R+ kM, = 0,

SXy T X, = 0,

Xt + Xpr = 0.

Now, multiplying (3.73),, (3.73),, (3.73), and (3.73), by A, A\;, My, Ry, respectively, and integrating
over (0,1) (the same arguments as in energy method), we get

/Ade—FK/ (Ay +E)Atrdx—|—u1/ Adx

(3.73)

2 dt
/ At/ to (s) x (x,1,8)dsde = 0, (3.74)
then,
pap1 d d ! bd [ 2
— [ A? A2 —— [ X
2Kdt/ d+2dt d+dt 202
1
+K EtA +E)dw+’y/23\/[ dx
Pkt _
/ A2 dx + 2 / Att/ 1o (8) Xy (2,1, 8) dsdx = 0, (3.75)
after that,
5 dt/ Mzdx—i—/f/ MR dx — / YiMydr = 0, (3.76)
finally,
’7'() d 2 ! 2 !
R dr +90 Redx — K MR, dx = 0. (3.77)

By combining (3.74), (3.75), (3.76) and (3.77), we get

5)

1d [ 2 2 /’2/’1 2 2 2

S [plAt+K(Aw+z) AZ 4 b52 4+ p,A2, (3.78)
0

1
psM? + 7oR?] dx—i—,ul/ Afdm—i—(s/ R?dx
/ At/ o () x (z,1 s)dsdx—i—pzul/ A2, dx
#22 [ [" i@ e dsis 0

Now, multiplying (3.73); by |u5 (s)| x (, p, s) and integrating over (0,1) x (0,1) x (71, 72), we obtain

2dt/// sl (5)| x* (2, p, 8) dsdpda
—%</ |k (s |d8>/A2dx

/ / 1o (8)] X* (,1,8) dsdz = 0. (3.79)
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Then, multiplying (3.73)4 by |uo (s)| x; (@, p, s) and integrating over (0,1) x (0,1) x (71, 72), we obtain

2K dt/ / / s |t ()| X7 (x, p, s) dsdpda
p
_ﬁ </ 12 (s |ds>/ Afydx

/ / s (8)| X2 (z,1,8) dsdz = 0. (3.80)

By combining (3.78), (3.79) and (3.80), we obtain

d 1 To 1 )
ZEO = —{m-3 3 1o ()| ds Atd%“
P —1 " g ()] d A2d
K H1 B |N2 )| ds 1t T
/At/ o ( x,l,s)dsdx—5/ R%:dx
/ Att/ Lo (8) Xy (2,1, 8) dsdx
——// 2 (5)| 2 (3,1, 5) dsd
2 0 T1
p 1 T2
g | a0 1, ds
—770/ Adm—no /Aftdx 5/ Ri:dx <0
c</ (A2 4+ (ha 4 D)2+ A% + A2, + 52+ 0 4 %2
0
1 1 T2
w [ sl (91 (s dsdadp (3.81)
0 0 T1
1 1 T2
[ s|u2<s>|x%<x,p,s>dsdxdp).
0 0 T

By integrating (3.81) over (0,t), we obtain

IN

IN

t
B()-E(0) < (/ (1A 118 + DI+ el + Al + I8l + [0 + R

t 1 T2 t 1 T2
[ s @l o asapar+ [ [ ] s|u2<s>||xt<x,p,s>||2dsdpdf),
0 0 T 0 0 T1

B@) < BO+c [ I +10+ D) + 14l

implies,

2 2 2 2
el + 1M + 2 + |R)?] dr

t 1 T2
te / / / sl ()] I (@, pr )| dsdpdr (3.82)
0 0 T

t 1 T2
te / / / s ()] e (@, v )| dsdpdr.
T1
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On the other hand, we have

1 1
B® =3 /o [plAtQ + K (A +2)° + p2p1 AZ + o2 4 D52 + p M2 + 7oR? | da

5/ 1 / 1 [ sl (001 5 s
/// sl (5)1 X3 (x, p, 5) dsdpdz

K, P2/’1

vV

p
7p2ab P35T0, I?vl)

2 2 2 2 2 2
x (HAtH + H(Aa: 017 + 18l + A [+ A2 l™ + [V 4 [|1R]]

1 To

4 / / sl ()] I (@, ps )17 dsdp
o 2

4 / [ shn )l el dsdp),

L (1,

implies,
B) > mo (1A 4+ 1A + NI+ 18l [1ael® + 007 + 107 + R
1 To )
[ sl @) o) dsdp
0 T
o 2
[ st Ol g asdp). (5.59
T1
So, we have

mo (1Al + (e + NI + Aull® + |A0c]l

1 T2
2 2 2 2
Il + IV + 1R + / / sl ()] I (@, p, )| dsdp
T1

1 To
+ / [ sl Gl (m,p,s>||2dsdp)

t
O+ [ I8l + 180+ I + Aal?

IN

1t + IV + 2l + IR dr ]

t 1 To
we [ [ sl O o) dsdpr
0 0 T1

1 T2
to [0 sl )1 e o) s, (384)
T1
Applying Gronwall’s inequality to (3.84), we get
A + 1A + NI+ [Aael® + [ Awel” + Il + 1V + R

/ / sl ()] 1 (&, )2 dsdp
4 / / s lis ()] e (@, py 9)|2 dsdp
0 T1

L B 0)exp (M), (3.85)
mo

IN
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where M =
This bhOWS that solution of system (2.3), depends continuously on the initial data.

4. Stability Results

In this section, we state and prove our stability results for the energy of the solution of system (2.3),
using the multiplier technique. To achieve our goal, we need the following lemmas.

Lemma 4.1. Define the energy of solution as

1

1
E(t) = 5/0 (0168 + K (0, +9)° + 22162 + pyi, + by + 30 + Tog? ] do

1 1 1 T2 )
+§/ / / s|ps (8)|y° (x, p, 8) dsdpdx
o Jo Jr,
O S
+_[2(/ / / s|uy ()| yi (x,p, s) dsdpda,
o Jo Jr,

satisfies
T2 1 1
B < (- [ mlas) [ gar-s [ o
T 0 0
P2 1 72 '
22 (= [ o) [ e
1 1
< —770/ gpfdw—d/ ¢*dx
0 0
1
p
—ﬁno/o P dr
< 0

where 1y = (/h - f:lz s (3)] ds) > 0.

Proof. First, multiplying (2.3),, (2.3),, (2.3); and (2.3), by ¢, ¥, § and g,respectively, and integrating
over (0, 1), using integration by parts and the boundary conditions, we obtain

d 1 1
o /w?d:HK Pz (0 + ) dw+u1/ pidx
0 0

2 dt
o[ Oy s = o (1)
0 T1
then,
Pz/ wtr<ﬂttdx+2dt/ V2w +K/ Yy (o, + 1) dz
+7/ Y,0.de = 0, (4.2)
0
next,
2 — — =
2dt/ 0“dx /i/ 0,qdx /Gthdx 0, (4.3)
finally,
7o d 1 ) 1 ) 1
—— q¢dr+6 | ¢°de+rk [ gO,dx = 0, (4.4)
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now, substituting ¥,, = 2L, — Pour + Hon + & f:lz s (8) vt (2,1, 8) da into first integral of (4.2) and
using the integral by parts, we get

1 1
papy d P2 d/ /
papy @ dot 22 04 do
2Kdt/0‘p ST +2dt v
! [1p
[ m(%w)dxﬂ/ bibodo + / Pda
0 0 K 0

1 To
—|—% / cptt/ o (8) ye (x,1,8)dsde = 0, (4.5)
0 T1

summing (4.1),(4.3),(4.4) and (4.5), we obtain

1d [ 2 2, P2P1 2
- K
2dt/0 [msﬁt + K (g, +9)" + o Pt

+pop2; + bt + p3b + 70d%] da

+M1/ ‘Ptdx‘f'ls/ 2d$+/ <,0t/ o (8)y (x,1,s) dsdx
0

p
tinlt [ e+ 22 [y [7 i1, ase = o (16)
T1

Second, multiplying (2.3); by (y|uy (s)|), integrating the product over (0,1) x (0,1) x (71,72), and
recall that y (z,0, s) = ¢,, yield

2dt/ / / s |pa (5)| 2 (x, p, 5) dsdpdz

__// 1o ()] (v2 (2,1, 8) — y° (2,0, 5)) dsda

-5 qu()|d8>/0 Ghds

1 1 To
5 [ [ @l @ dsts = o (47)
0 T1

now, differentiating and multiplying (2.3); by (¢ |15 (s)]) , integrating the product over (0,1) x (0, 1) x
(T1,72), we get

- ——// |u2<>|(yt<x,1,s> y? (2,0,5)) dsda

2Kdt/ // s o ()| y7 (2, p, s) dsdpda
= ([T eras) [ v

T2
——12(/ / 1ty (8)| Y2 (x,1,8) dsdz = 0. (4.8)
0 T1
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A combination of (4.6), (4.7) and (4.8), gives

1d [! pap
5%/ {Pl‘ﬂ%+K(<ﬂz+¢)2+ ;{1<Ptt+f02§0rt+b¢ +P39 ‘|'7'OQ}CZQj

2dt/ / / sluz (9)y* (@, p, 5) dsdpda
+ﬁa/ / / s |po (5)|y7 (2, p, s) dsdpda
——(m-5(/ Iug()ld8)>/ gofdx—d/
T1 0
K\"" 2 2 , e
/%/ 1o (s xlS)dsdx——// s ()| 42 (2,1, ) dsdz
/ ‘Ptt/ Ho () ye (2,1, ) dsda:— / / iy ()| 42 (z, 1, 5) dsd,

where
1d ! , s s
E(t) = m/o {plﬂﬁﬁf{(s@ﬁw) + 2220t
0% + 0G4 p36” + Tog”| da
+§E/ / / s g (5)|y? (2, p, s) dsdpda
4.9
2Kdt/ / / sluy (8)] w7 (2, p, 5) dsdpda, (4.9)
and

d 1 To 1 1
GEO= (=5 ([Tolas)) [ [ P
dt 2 \Jr, 0 0
p 1 T2 1
L (=3 ([ o)) [ oo
1 T2 1 1 To
[ ey | / o (5)| 7 (.1, 5) dsd
/ gptt/ o (8)ye (x,1, ) dsd;v— / / 1ty (5)| Y2 (w,1,5) dsdz. (4.10)

Meanwhile, using Young’s and Cauchy Shwarz’s inequalities, we have

/gpt/ o (8)y (z,1,s)dsdx
2 1 i ! 2
! / [ ma oy <x,1,s>dsdm+5(/ o e)las) [ ot (4.11)
0 T1 T1 0

1 To
_p_I?/ ‘pt/ to (8) ye (x,1,5) dsdx

0 "
P2 1 T2 ” . ) 2
v [ @i st s 2 ([Ciolas) [tar

and

IN
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Now, substituting (4.11) and (4.12) into (4.10), we obtain

Ly < —(ul—(/:|u2<s>|ds))/Olso%dx—a/olq%x
22 (= (e >|ds))/01so%tdx

< —770/ 2dx — 5/ 2da:— Kno <pt2tdx, (4.13)
0 0

where 7, = (Ml - f: o ()] ds) > (.then we obtain that F is decreasing. O

Lemma 4.1. The functional

1 1
R =L [ tar—x [ oo (4.14)

satisfies
1 1 1 1
Fl(t) < —K/ gofxdx—i—c(l—f— —)/ go?tdx—kal/ Yidx
0 €1/ Jo 0
1 T2
—|—c/ / 1y (5)| v% (z,1, 5) dsda. (4.15)
0 T1

Proof. A simple differentiation of Fj (t), using parametric integral, (2.3),, integration by parts, Young’s
and Poincaré inequalities, we get

1 1 1
pl/ w?tdx—K/ sott%dx—K/o i da
0
/ ‘Ptt/ po (8)y (2,1, s) dsdx

Fy(t)

K2 1 1
< —K/ sofgcdx+p1/ wftder—/ w?tdwﬂl/ Vrds
0 0 €1 Jo 0
1 //4 1 T2
tor [t 2 [l )42 (01,9 dsdo
0 P1Jo Jry
<

1 1 L
1
_K/ Prady+c (1 + _> / oy dx + 61/ Prda
0 €1 0 0
1 T2
[ @ ) dsd
0 T1

where ¢ = max (’;—i, 2p1) and

/ ‘Ptt/ 1o (8)y (x,1,s) dsdx
< pl/o Spttdx+ / / 1o (s Iy x,1,s)dsdz.
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Lemma 4.2. The functional

Py (t) = pl/o Wtdx+—/

[i1p
+ 21K2 tdx+p2/0 (ptz(pzdxv (416)
satisfies
1
pip
F (1 ——/ 42 dw——/ A
1
+p2/ o2 dr + B8 / 92dw+p1/ pidx
0 0
—|—c/ / 1y (8)|y? (2,1, 5) dsda. (4.17)

Proof. A simple differentiation of Fj (t), using parametric integral, (2.3),, (2.3), integration by parts,
Young’s, Cauchy Schwarz and Poincaré inequalities, we get

0

p}? ftdx—b/ wdew/ 0, dx+p2/0 02, dx

0
oy [
P / e / iy (5) y (2, 1, 5) dsd
——/ (0n +9)2dz — 2 /wd bty ' hda
+p2/ w?zderpl/ w?dw“i/ 0°da
0 0 4 0
1 T2
te / / s ()] 42 (1, 5) dsdl,
0 T1

1 T2
- / o[ 1)y (1, s) dsde
0 T

1

1 1 9 1 1 T2 T2 5
—/ wdw+—/ / Iug(S)IdS/ iz (8)] 92 (2,1, 5) ds | da
2 0 2 0 T1 T1

1 1

1 (8)| y* (z,1,5) dsdx

IN

where

IA

INA
=
S—
S
oy
+
IR
S—
—

|M2 (S)| y2 (IIT, ]-7 8) deLC,

/ gott/ o (8)y (z,1, ) dsdx

T2
S R / / 1o ()] 2 (2,1, 8) dsd.
2 Jo 2p1 Jo Jr

IN

|
S—_
S

8

_|_

<

o

<y
Fs
o|F 2
O\H
—

and
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Lemma 4.3. The functional

1 T
F3(t) = _P3TO/ q/ 0 (y,t) dyda
o Jo
1
—707/ qydz, (4.18)
0
satisfies
1 1
Fl(t) < —%/ 92dx+é/ W2 da
2 Jo 4)o
1
+c/ qd. (4.19)
0

Proof. A simple differentiation of Fj(t), using parametric integral, (2.3),, (2.3),, integration by parts,
Young’s, Poincaré and Cauchy Schwarz inequalities, we get

1 x 1 1
Fi(t) = p35/0 q/o 0 (y,t) dyd;v—pg,/f/o 92dx+70/i/0 ¢*dx

1 1
—|—75/ Yadx — v/ﬁ/ Y, 0dx
0 0

1 1 1
b
< —@/ 92dx—|—c/ q2dx—|——/ widx,
2 Jo 0 4 Jo
[
Lemma 4.4. The functional
1 1 To
Fi) = [ [ [ sexp (=) s (9)] o7 () dsdpd (4.20)
0 0 T1
satisfies
1 To 1
B < —m [ [ o) s dsde sy [ ot @)da
0 T 0
1 i T2
con [ [ sl ()92 (s dsdpd, (421)
0 0 T1

Proof. A simple differentiation of Fj (t), using parametric integral and (2.3);, we get

1 1 T2
o = =2 [ [ [ sem (=) s (5)1 (. 5) w25 dsdpe
1 To
- / / 113 (5)] [exp (=8) 4 (2, 1, 8) — o2 (2,0, 8)] dsda
0 T1
1 1 T2
- /0 /0 / sexp (—sp) |z (5)] 4 (z, p, ) dsdpde.

Using the equality vy (z,0,s) = ¢, (t) and —exp(—sp) < —exp(—s) < —exp(—72) forall 0<p<1
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and 71 <s< 7y, we get

1 T2 1
Fl(t) < - / / iz (5)] exp (—s) 4 (2, 1, 5) dsda + iy / 22 (1) da
1 i To
[ [ sexp (=9 s ()42 (0.p5) ddpds
0 0 T1
1 T2 1
< - / / iz (5)] exp (—72) 2 (2, 1, 5) dsdz + iy / 22 (1) da
0 T1 0
1 1 To
[ sexp (=2l (94 (..) dsdps
0 0 T1
<

1 T2 1
i / / s ()| 92 (2, 1, ) dsdar + py / 22 (t) da

1 1 T
—mq / / / s |y ()| Y2 (, p, s) dsdpda,
o Jo Jr

where m; = exp (—T2).

Lemma 4.5. The functional

1 1 T2
BO= [ [ [ ses sl @)1t o) dsdpds,
T1

satisfies

1 T2 1
F(t) < —m / / s ()| 92 (2, 1, 8) dsda + py / 2 (1) da
0 T 0

1 1 o
—mq / / / s |y ()| y2 (z, p, 5) dsdpdz.
o Jo Jr,

Proof. A simple differentiation of Fx (t), using parametric integral and (2.3),, we get

1 1 To
B0 = =2 [ [ [ ses sl () p5) wy (@.p.5) dsdp

1 T2 1 a
=[] O[5 fexw (5047 (o) dpdsd
0 Jr o Op

1 1 To
[ sexp -0l (9] 82 (., ) dsdp
0 0 T1

_/O /Tz |1z (s)] [exp(—S) th (x,1,8) — yt2 (:C,O,s)} dsdzr

1 1 To
[ sexp (=)l (9] () dsp
0 0 T1

33

(4.22)

(4.23)

Using the equality v (2,0,s) = ¢y (t) and —exp(—sp) < —exp(—s) < —exp(—72) forall 0<p<1
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and 71 <s< 7o, we get

1 T2 1
F(t) < - / / 12 ()] exp (=) 92 (2, 1, 5) dsdz + py / 2 (1) de
T1

1 1 T2
- / / / sexp (=3) | ()] 42 (. p. 5) dsdpda
0 0 T

1 T2 1
< - / / 1z ()] exp (—72) 42 (&, 1, 5) dsdz + iy / 2 (1) de
0 T 0
1 i T2
[ sexp (o)l (9] ) dsdp
0 0 T
1 T12 1
< [ [ I G ) dsde [ G (0 ds
0 T 0
1 i T2
cmn [ sl ()13 (o s) dsdpa,
0 0 T
where m; = exp(—72). O

Next, we define a Lyapunov functional £ and show that it is equivalent to the energy functional E.

Theorem 4.2. Assume that (1.15) holds, then there exist positive constants {1 and {5 such that the
energy functional (4.9) satisfies

E(t) < laexp (—lit), Wt > 0. (4.24)

Proof. We define a Lyapunov functional

L(t)=NE((t) + N1Fy (t) + No (Fo (t) + F3(t)) + Ny (Fu (t) + F5 (1)) , (4.25)

where N, Ny, Ny, Ny > 0, by differentiating (4.25) and using (4.13), (4.15), (4.17), (4.19), (4.21) and
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(4.23), we have

L'(t) = NE'(t)+ NiF (t)+ No (Fy (t) + F5 () + Ny (Fy () + Fi (1))

1
— [Ny — Nap, — N4u1]/0 pidx

IN

1
p P1P 1
_ {Nﬁ% IPCTENY (1 + g) —N4u1] /0 G da
1
—[N(S—CNQ]/ ¢*dx
0
1
_[NlK_NQPQ]/ prde
0
b bl [t o,
— | NoZ — Nyey — Noo d
{N22 Niey N24]/0 Yade
K 1

Nog [ a0

0

1
—NQ@/ 6%da
4 Jo
1 T2
—[N4m1—Nlc—Ngc]/ / 1y (8)| ¥ (2,1, 8) dsdx
0 T
1 T2 '

Nams [ [y ()17 (21, 5)dsda

0 T

1 i To

Nams [ [ [ sl 91 . 5) dsdpd

0 0 T1

1 1 T2
Ny / / / sl ()] 2 (2, pr 5) dsdpdz,
0 0 T1

By setting

o = MV2
T8N

Once N; is fixed, we then choose Nj large enough such that
Y4 = N1 K — N2p2 > 0.
Then we choose Ny large enough so that

75 = m1N4>07
Yo = Nygmi1 — Nic — Noc > 0.
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Thus, we arrive at

1 1
L) < —(Nno—C)/ w?dw—(N%nw%—C)/ o1 dx
0 0

1 1 1
— / R~y / (0 + B)2 do — s / 6du
0 0 0
1
—(Nno—c)/ ¢’da
0
1 1 To
-~ / 2 — g / / 1o (5)] 2 (@, 1, 5) dsd
0 0 T1
1 T2
. / / s ()] 2 (@, 1, 5) dsd

1 1 T
—Vs5 / / / s|pg ()] y2 (z,p, s) dsdpdx
o Jo Jr

1 1 T2
s [ [ sla 6119t (@ pos) s, (4.26)

where 7y, = NoB£2 ~, = Ng§,72 = No& and 5 = N2 .On the other hand, if we let

then

Z(t) = NiFy (t) + No (Fy (t) + F5 (t)) + Ny (Fy () + F5 (1)),

12.()

|N1Fy (t) + No (s (t) + F5 (t)) + Na (Fy (t) + F5 (2))|
Ny |Fy (8)| 4+ Na |Fo ()] + Na | F3 ()] + Na|[Fy (8)] + Na |F5 (t)]

1 1
0 0

IN

IN

1 1
+sz1/ thldw+Nz%/ p?da
0 0

H1pP2 ! !
2
oK sotdx+sz2/0 2P| dx

1
+N2037'0/
0

1 1 T2
LN / / / s lexp (—s9)| 112 (5)] 47 (. p, 5) dsdpda
0 0 T1

+No

1
dz + Ng/ |qv| dx
0

q/ 6 (y,t)dy
0

1 1 T2
N [ [ stexp (o)l s (9] 62 (.. ) dsdp
0 0 T1
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Exploiting Young’s, Poincaré, Cauchy-Schwarz inequalities, we get

1
pr . Nopy H1P2 2
Z(t) < {N1—+ + N» ]/(pdx

[N;K N !
+ ! + sz}/ gofxdx
0

2 2
NC 1 1

+—2/ ¢§dx+/ 02 da
2 0 0

[NyK N N. !
A= Ceqa / (¢, +¥)? da
2 2 2 2 0

1 1
N-
+ m+& /qux+M/ 92d$
2 2 ) Jo 2 0

1 1 To
+N4/ / / s |pg (9)] y2 (z,p, s)dsdpdx
o Jo Jr
1 1 .1,.2
+N4/ / / s |pg (s)] th (z,p, s)dsdpdx
o Jo Jry

1
o[ ettt ot 4 6 o
0

1 1 To
ve [ ] sl 0152 (@) dsdps
0 0 T

1 1 T2

ve [ ] sl 9182 (@) dsdpds
0 0 T1

cE (1)

IN

IN

Consequently

2O =1£(t) = NE@)| <cE(1),

implies
—cE(t) <L (t)—NE(t) <cE(l),

which yields

(N=c)E() <L) < (c+ N)E().
Now, we choose N large enough so that

N%no—c>0,Nn0—c>O,N(S—c>0,N—c>0,

we obtain

BLE(t) < L(t) < BLE (1), Vt =0,

where 8, and (8, are positive constants.

37

(4.27)



38 I. AT™MANIA, S. ZITOUNI, F. MESLOUB AND D. OUCHENANE

So

1
L/ ’77/ 78/ SDttd:C 71/ w dx
0 0
! 1
72/ o+ V) do 74/ phda
0 0
_’79/ q 2dy — / 0%dx
0
_76/0 / ks (8)|y? (2,1, ) dsdz
e
_75/ / 1o (8)| 7 (.1, 8) dsda
0 Jr
1 1 pro
_’75/ / / s |pg (8)] y2 (z, p, s) dsdpdx
—75/ / / s|uy ()| y7 (. p, s) dsdpda
< —77/ %dm—%/ @ttdx—»yl/ w de
0 0

! 1
_72/ (ngg + w)g dx — 74/ Spf;tdx
0 0
1 1
_79/ ¢dx — Vs 0%dx
0 0
1 1 T
—s5 / / / S |,U2 (9)] y2 (z, p, ) dsdpdx
o Jo Jry
1 1 pre
_75/0 /0 / s|uy ()| y7 (x, p, s) dsdpdz
1 ' L X
< _77/ <P%dx - 78/ @?tdx —fyl/ ¢idw
0 o ;
1 , ) 2
_’)/2/ (901 +w) dx —74/ sﬂrtdx
0 0
1 1
—Yo / ¢*dr — Y3 0%dx
0 0
1 p1 pro
—Vs / / / s|pg ()] y2 (z,p, s) dsdpdz
o Jo Jr
1 1 T
_75/ / / s|uo ()| Y7 (x, p, s) dsdpda
o Jo Jry
1
s _77/ {w?+¢%t+@§z+wi+(g0w-|—1/;)2+q2+92 e
0
1 1 7o
_77/ / / s|pg ()| y* (z, p, s) dsdpda
T1
_77/ / / s iy (8)| 7 (. p, 5) dsdpda
T1
-n

) roen (4.28)

where 7 =min (71,7273 Va: V5, V6, V7 V8 Vo) > 0.
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A combination (4.27) with (4.28) gives,

L)< —nE(t) < ——LL(t).

B T By

We choose hi = -, we get

2

LN (t) < —0L (), Yt > 0. (4.29)

A simple integration of (4.29) over (0,¢) and using (4.28), we obtain

L(t) <L(0)exp (—tyt), VYt >0,

implies
E (t) < 82 exp (—élt) 5 Vit > 0,
because
— £00) ~ B2
where (o = 5, < BlE(O)' O
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