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An LP-Version of Hardy’s Theorem for the ¢g-Weinstein Fourier Transform

Othman Tyr and Faouaz Saadi

ABSTRACT: This paper uses some basic notions and results related to the ¢g-Weinstein harmonic analysis to
study some theorems of the uncertainty principle. More precisely, we give a g-version of Hardy’s theorem for
the g-Weinstein Fourier transform.
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1. Introduction

The classical uncertainty principle asserts that a non-zero integrable function f and its Fourier trans-
form f, defined for A € R by
~ 1 .
\) = —/ t)e M dt,
fo == [ 1
cannot both be sharply localized.
In the language of quantum mechanics, this principle says that an observer cannot simultaneously
and precisely determine the values of position and momentum of a quantum particle. A mathematical
formulation of these physical ideas was first developed by Heisenberg [16] in 1927. Later, precisely in

1933, Hardy [15] has obtained a theorem concerning the decay of a measurable function f on R and its
Fourier transform f at infinity. This theorem yields that if a measurable function f on R satisfies

[f(z)] < Ce™*" and |f(y)| < Ce ",

for some constants a,b > 0, C' > 0 and ab > i, then f = 0 almost everywhere.
Several generalizations of Hardy’s theorem have appeared since then, most notably among them being
the following result of Cowling-Price (cf. [3]) which consists in replacing L estimates by LP estimates.

Theorem 1.1 Let 1 < p,q < oo be such that min(p, q) < oo, a,b € R} and f a measurable function on
R such that:

(A) 1% fll oy < +o0.
(B) 1|e"" Fll par) < +oo.

If ab > i, then f = 0 almost everywhere. If ab < %, then there are infinitely many linearly independent
functions satisfying (A) and (B).
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Considerable attention has been devoted to discovering generalizations to new contexts for Theorem
1.1. This theorem has been proved for some types of Lie groups [25]. We emphasize that this theorem
have been generalized in [9] for the Cartan motion group. Generalizations of this result to the Heisenberg
group and the motion group have been proved in [10,24]. Recently, it has also been extended in [18]
for the Dunkl transform in the space LP(R%, wy,(z)dx), where wy, is a weight function invariant under
the action of an associated reflection group. An extension of these theorem using different differential
operators has been given, where considering generalized Fourier transforms: Bessel-Struve transform [14],
Jacobi-Dunkl transform [4], g-Dunkl transform [12] and Dunkl-Bessel transform [21].

In recent years, the g-theory, called also in some literature ”quantum calculus”, began to arise. Interest
in this theory is grown at an explosive rate by both physicists and mathematicians due to a large number
of its application domains. For instance, a lot of work has been carried out while developing some ¢-
analogues of Fourier analysis using elements of quantum calculus (see [1,5,7,8,23] and references therein).

In [1], Bettaibi and Ben Mohamed introduced and studied a g-analogue of the classical Weinstein
transform. In particular they provided, for this transform, a Plancheral formula and proved an inversion
theorem. In this paper, we shall prove an L? version of the Hardy theorem for the ¢-Weinstein Fourier
transform, which is similar to that of Cowling and Price.

The outline of this paper is arranged as follows.

In Section 2, we state some basic notions and results from the g-harmonic analysis related to g¢-
Weinstein Fourier transform that will be needed throughout this paper.

In Section 3, we prove a new estimate of the g-Weinstein kernel in terms of the classical exponential
and we study an analogue of Theorem 1.1 associated with g-Weinstein Fourier transform.

2. Preliminaries

The harmonic analysis associated with the g-analogue of Weinstein operator is studied by Bettaibi
and Ben Mohamed in [1]. In this section, we collect some results related to the g-Weinstein operator and
related ¢-harmonic analysis. The references [1,2] are devoted to the g-Weinstein Fourier analysis.

2.1. Background and g-symbols

We recall some usual notions and notations used in the g-theory (see [19] and [20]). We refer to the
book by G. Gasper and M. Rahman [19] for the definitions, notations and properties of the g-shifted
factorials. Throughout this paper, we assume 0 < ¢ < 1, @ > —1/2 and we denote

R, ={*¢", n € Z} and R} = {¢", n € Z}.

2 —
RZ, =Ry x Ry 4.

o v =(11,72) € Rg,+.

—x = (—x1,2).

el = /ot + 3.

For complex number a, the ¢-shifted factorials are defined by:

(@;q)o =1, (a;q)n = 1:[(1 —ag'), n=1,2,..., (a;9)e0 = [[(1 - ad"). (2.1)
=0 =0

We also denote for all z € C and n € N

el = T oot = 1)y g x [y = (205
The ¢-Gamma function is given by (see [13])
Ty(x) = Mu )", #0,-1,-2,... (2.2)

(4% @)oo

It satisfies the following relations
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Lyl +1) = [z]Tq(z) = [z]g!, Ty(l)=1and lim I'j(z) =TI(z), Re(z)>0.

qg—1—

The g-Jackson integrals from 0 to a, from 0 to +o00 and from —oo to +oco are defined by (see [13])

a +oo
| f@de == ga 3 a" rlad).
n=0

+oo

+oo
/0 f@dgr=(1-q) S 1),

n=—oo

+oo too
/ f@dgr=(1—q) S @) + (=",

- n=-—o00

provided the sums converge absolutely. In particular, for a € R;,

+o0 -1
/ f(@)dgx = (1—q)a Z q" f(ag™).
a

n=—oo

The g-Jackson integral in a generic interval [a, b] is given by (see [13])

/ab f(z)dgz = /Ob f(x)d,x — /Oa F(@)dga.

The Rubin’s ¢-differential operator is defined in [22,23] by

fa'2) + (=g e) — flao) + floq) = 2f(=2)
9qf(x) = 2(1 — q)x ’
limd, f(xz), (inRy) ifz=0.

z—0

Remark that if f is differentiable at , then 8, f(z) tends to f (z) as q tends to 1™
A repeated application of the Rubin’s ¢?-differential operator n times is denoted by:

82f =f, ag“f = aq(agf).
For 3 = (1, 32) € N?, we use the notation

Dg — 9P 9Pz

Z1,97%2,q°"

The g-analogue of the Laplace operator or the g-Laplacian operator is given by

Ag=02  + 0

x1,q z2,q9"

The third ¢-Bessel function is defined as follows (see [1,17])

= n(n 2n
Jo(w:¢%) = (@26 Z(_l)n Lz (a +1)g" ) ( T ) .
alT; (QQ;QZ)OO o Fq2(a+n+ 1)Fq2(n+ 1) 1+gq

Jo(+;¢?) has the normalized form

+oo n(n 2n
jalwi ) = 3 (—1)r —Lerlat Ve r\
' Fp(a+n+1)Ten+1) \1+¢
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The g-trigonometric functions g-cosine and g¢-sine are defined by (see [22,23])
cos(z;¢%) = j,l/g(x;qz) and sin(z;¢?) = :cjl/Q(gU;qQ)7 (2.4)
and the g-analogue exponential function is given by
e(x;¢?) = cos(—ix; ¢?) + isin(—ix; ¢%). (2.5)

These three functions are absolutely convergent for all  in the plane and when ¢ tends to 1~ they tend to
the corresponding classical ones pointwise and uniformly on compacts. Note that we have for all x € R,

and |e(iz; ¢*)| <

a5 6°)] < :
: (4 @) (4 0)os
By the use of the ¢g*>-analogue differential operator d,, we note:

e S,(R? ), the space of functions f defined on R | satisfying

Pog(f) = sup  sup [D](||z]*" f(x))| < +o0, ¥n €N,

2
z€R? | |Bl<n

and
. . 2 .
wll(%l,o) Dgf(x) (in Ry ;) exists.
e S.4(RZ ), the space of functions in Sg(R?Z ), even with respect to the last variable.

. D*’q(Ri, +), the space of infinity g-differentiable functions on Rg, 4 with compact supports, even
with respect to the last variable.

o LY, (R3’+), p € [1,4+0o0], the Lebesgue space constituted of measurable functions on RaJr such that

1/p
(/ |f(m)|pdﬂq,a($)> <oo 1< p < 00,
Hf”uq,a,p = R2 |
esssup|f(z)[ < oo if p=ooc.
zER?
q,+
where djig o is the measure on Ra 4 given by
1_
L+q>"" 2a+1

= . 2.
Aaol) = o (et )2 a2t (26)

2.2. ¢-Weinstein operator and ¢g-Weinstein transform

In [1], a g-analogue of the Weinstein operator and its associated Fourier transform are introduced and
investigated. In this Subsection, we collect some of their basic properties.

The g-Weinstein operator is given by

1
Ajo =02, +

q,71 |.T2|T'Haflam2(|x2|2a+18q,m2) =07, + By, o= —-1/2,

q,%1
where B . is the ¢-Bessel operator defined in [8,6].

It satisfies the following relations:
e For a = —-1/2, A, , reduces to the ¢g-Laplacian operator A,.

. 2 . .
o Ay, lives S, 4(R7 ) invariant.
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e For all f, g€ S*yq(ng_s_), Ay o is self-adjoint, that is

Agof()g(x)dpg.a(r) = f(@)Agag(@)dpg,a(),
R?.+ R? .+
if the integrals exist.

It was shown in [1] that for all A = (A1, \2) € C2, the function
r = A (N x) = e(—idzy; ®)ja(Nox2;q?), Vo € R?I#, (2.7)
is the analytic solution, even with respect to the second variable of the g-differential-difference equation:

{ Byap(x) = —A30(),
aqﬁvlgo(x) = —A%go(x),

with the following initial conditions
50(07 0) =0, aq,an 90(03 O) = —iAg, aq,w290(03 O) =0.

The function Ag(A, -) called g-Weinstein kernel has a unique extension to C2. In the following result, we
summarise some of its properties:

Proposition 2.1 The following properties are checked:

(i) For all \,x € R , and a € C, we have

AZ(Nx) = Ag(x,\), Ag(ad,x) = AJ (N ax), Ag(Az)=A7(=A ).

(it) For all X € RZ ,, AZ(X,-) is bounded on RZ , and we have

Agjalz,N) < .
(@) (¢:9)%

(iii) For a > —1/2, the function A§(X,-) has also the following q-integral representation of Mehler type:

y

2)

_ (1+q¢)lp(a
2qu(%)1“qz (a

AG (A )

+ , ! ‘
- e(id 1 qz)/ Wal(t, ¢*)e(—iXaza; ¢*)dyt.
—1

Proof: See [1, Proposition 3.3]. O

Definition 2.1 [I] The g-Weinstein Fourier transform F{" associated with the q-Weinstein operator
Ag.o is defined for every function f in L ,(R2 ) by

T (HA) = (@)Ag (X, )dpig,0(2), (2.8)

2
Rq,Jr

forall X eRZ .
Remark 2.1 Letting ¢ — 1 subject to the condition

Log(1 — q)
Log(q)

gives, at least formally, the classical Weinstein transform on Ri =R x RT.

€ 27,

The g-Weinstein transform satisfies the following properties:
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o L' — L>®-boundedness:
For all f € L} ,(RZ ,), we have Fip”(f) € L%, (R2 | ) and we get

o 4
157 (P 2g, 00 < W\\f”uq,mb (2.9)

e Riemann-Lebesque Lemma:
If feL,,R2,), then
Fw (HH(N) =0.
Il =00
AER? |

e g-Plancherel formula:

The ¢-Weinstein transform F}” is an isomorphism from S, 4 (Rg’ ) onto itself and extends uniquely
to an isometric isomorphism on L;a(Ra ) with:

15" (Pl szg, 2 = 11 g 2 (2.10)

e g-Inversion formula:
If f e L} (R2 ) such that 73y (f) € L}, ,(R2 ), then the g-inversion formula holds and we have

f(@)

T (HNAG A 2)dpg,a(N) (2.11)

2
Rq,Jr

T (R () (@)

Proposition 2.2 (g-hausdorff inequality) If f € Lt ,(RZ ), with p € [1,+00], then F5*(f) € Lg:a(]Rq).
Moreover, if 1 < p < 2, hence we have

2_1
4 P
174 Dl < () Wl 2.12
IFW (P kg, 0% 11,0 (2.12)
where the numbers p and p’ above are conjugate exponents:

1 1
p p

Proof: This is an immediate consequence of (2.9), g-Plancherel formula (2.10), g-inversion formula (2.11)
and the Riesz-Thorin Theorem. O

3. An L? Version of Hardy’s Theorem in ¢g-Weinstein Harmonic Analysis

In this Section, we shall state an LP-version of Hardy’s theorem for the ¢g-Weinstein transform. We
first begin with auxiliary results.

Lemma 3.1 For all « > —1 and z € C. There exists a constant Aq o such that
lGa(2:0%)] < Ag.acl. (3.1)
Proof: It follows from (2.3) that

(L+g)2rg" ™D oy
z
(a+n+1)lpe(n+1)

“+o0
. )
lja(z;q7)| < FqQ(O‘+ 1); T,
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Now, by relations (2.1) and (2.2), we get

Dp(a+1)(1+¢q)~2" (1—q)*"

qu(a+n+ 1>Fq2(n+ 1) (q20‘+2;q2)oo(q2;q2)oo.

Thus,

1 =
. .42 n(n+1)|,|2n
JalZ5q < q z ’
a4 < e g 2
by virtue of 0 < (1 — ¢)?" < 1. Now by using the Stirling formula
nn
n! ~V2mn—,
en
we have immediately
(2n)!1g"" ) 50 as n — +oo.

As a consequence, there is an integer N > 0 such that

1
1 =y tE

From this and (3.2), we obtain
400 (1 +q)—2nqn(n+1)

Tpe(a+1
! )Tgvrq2(a+n+l)f‘qz(n+l)

1
2n ]
z < el=l.
| ‘ (02°72;¢2) o0 (¢ ¢%) oo

(3.2)

On the other hand, by the continuity of the exponential function, there exists a constant C' such that

N-1

Tpe(at+1) )

n=0

(1 + q)—ann(n-‘rl)

2n<c \z\
Fq2(a—|—n+1)rq2(n+1)|z| =

By combining the two inequalities above, we get the desired result.

Lemma 3.2 For all z € C, the following inequality

1
le(iz; ¢*)| < ———€*7

holds.

Proof: In view of relations (2.4) and (2.5), we get
le(iz3a*)| < |j-1/2(2:0°)] + |2l j2 (21 6%)]-
Now, by using Lemma 3.1, we obtain
le(iz; )| < Ag—1/2¢” + Ag1yal2lel”,

where

1
(@%56%)00 (6% 4%

Aq,—1/2 = ( and Aq71/2 =

45 6%) o0 (4% 4%)
Since,

(4 0)0 = (45 0%) 00 (0%; ¢%) oo

()00 = (1 = 0)(¢*:6*) oo (61 ¢ ) -
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Then, we have

Mwﬁ|szégwmﬂw

IN

by virtue of e/l > |z| + 1. This completes the proof. O

Corollary 3.1 Let a > —1/2, z = (21,22) € C? and v € R(QH_. Then we have the following inequality

[Aga(m,2)| < Byae?Pmiltlzaesl, (3.4)

where
B 1

B
L (45 0) 00 (025 0%) oo (29125 ¢2) oo

In the rest of this paper, we need the following lemma of Phragmén-Lindelof type that we get using
the same technique as in [18]. We mention only one difference that we work here in the case where d = 2.

Lemma 3.3 Let p € [1,+00] and h be an entire function on C? such that
(1) Yz € C2, |h(z)] < Mel(Re=)’+(Re=2)?]
(2) Y € R?m-, Hh”ﬂq,mp < +00,
for some positive constants a and M. Then h = 0. Moreover, if p = oo, then h is constant on C2.

Lemma 3.4 Let p € [1,+00] and let f be a measurable function on R2 | such that He““xHQf(x)Huq’mp <
+00, for some a > 0. Then the function defined on C? by

T (£)(z) = (2)AG (2, )dpig,0(T), (3-5)

2
RL)H’

is well defined and entire on C%. Moreover, for all b €]0,a|, there exists a positive constant C such that

=12

VzeC R (NE)] < Ce' (3.6)

Proof: From (3.4), Holder’s inequality and the analyticity theorem under the integral sign, we deduce
that the function defined on C2? by (3.5) is well defined and entire on C2.

We will now prove (3.6). It follows from (3.4) and Holder’s inequality that

FEOENE [ @8 o) dig (o)

q,+

<Bya [, F@ 0 (2)
R

a,+

SBq,a/Q el | ()2l Hlzamal—aleitad gy )
R

a,+

2 too | ) too , 1/p’
allz 2|z1xz1|—ax z2oTo|—ax 2a+1
< Ky ol £ ()], 0 (/ o7 @l |—az?) (/ ¥ (lzsaal—az?) ;2 dqxz) dqx1> 7
0o 0
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where K, . is a positive constant and p and p’ are conjugate numbers.
Now, for b €]0, a], we have

T o (| —asd) 21
P (|zex2|—ax a+
/ e 2 x5 dgxe
0
+oo ’ 2 ’ 2
_ / ¥ (lzalea—bs3) ' (a=b)af 201 o
0

—+oo

’ 2 ’ 2

< sup (ep (‘Zz‘wsziz)) / e P (afb)a:Qx%oz—!—ldql,2
IERI 0

p'lz1%
=(Cie @

with

Foo / 2
4 :/ e P (“_b)x‘ﬁx%o‘ﬂdqm.
0

We proceed with the same technique as above, we find that

+oo ’ 2
/ e Clamil=ard) g
— 00

+oo ’ 2 ’ 2
:/ ¥ Qv =bid) —p (a=b)at g o
— 00
(2| z1xy | —bx?) e —p'(a—b)z?
S sup (ep 171 1 ) e P 1dql‘1
T€R, —00
p’lz112
b

= CQG

with

Hence, we have

This completes the proof. O

At this point, we are in a position to prove the main result of the paper.

Theorem 3.1 Let f be a measurable function on R3’+ such that

2
181 £l p < 400, (3.7)

and )
||€b“y” fg[}a(f)”uq,a,p’ < +o00, (3.8)

almost everywhere for x,y € Riﬁw for some constants a >0, b >0, 1 < p,p’ < +oo and at least one of
p and p' is finite. If ab > %, then f= 0 almost everywhere.

Proof: Let a,b > 0 satisfying the conditions of the theorem such that ab > } and we take a; €]7,al.

Consider the function h defined on C2? by

ne) = | [Le™ | 77 (). (3.9
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This function is entire on C? and using (3.6), we obtain

Ih(z2)] < Cemor[(Bez1)*+(Rez2)?] (3.10)

In the following, we distinguish two cases for the number p'.

First case: If p’ < +00, we have

’ 2 a ’
T A el /101 F00 (£ ) dpag o ()

at
= /Rz |ebliell ]:g[}a(f)(x)|p’ep’((1/4a1)fb)|\rl\ dpig.o ().
a,+

Using the fact that a1b > i and the hypothesis (3.8), we obtain

z||? s
||h||ﬂq,a7p/ S ||ebH H ‘nga(f)Hﬂq,oup/ < +OO (3'11)

From relations (3.10) and (3.11), it follows from Lemma 3.3 that h(z) = 0 for all z € C2. Thus
Fi(f)() = 0 for all z € R2,. The injectivity of F;* then implies the result of the theorem in
this case.

Second case: If p’ = +o0, we have

2
[Alligasoe = el 2 FEXC) 1, o0
2
< NPT FEE (F)llng.aroe < +00,

by virtue of a1b > i.

Using relations (3.10), (3.12) and Lemma 3.3, there exists a positive constant K such that for all
z €R2 ., h(z) = K. On the other hand, from (3.9), we have

F(H)(x) = KeTlelP/4an vy e R2 (3.12)

But the assumption on Fj*(f) is expressed as

\FE(f) (@) < Me Il ae 2 eR2,, (3.13)

for some constant M > 0. The continuity of F5*(f) on RZ , shows that the inequality (3.13) holds
everywhere. Then we must have

Keb—(/4a))lel® < pp

everywhere by (3.12) and (3.13). This is impossible since a1b > 1/4, unless K = 0. Thus F5*(f)(z) =0
everywhere and then f = 0 almost everywhere on R?I, L O

In the following corollary, we determine the functions f satisfying (3.7) and (3.8) in the particular
case p = p’ = +oo. The result we obtain is an analogue for the g-Weinstein transform of the Hardy’s
classical theorem.
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Corollary 3.2 Let f be a measurable function on R§7+ such that

(@) < MeleI® and | FE(F)N)] < Me I, (3.14)

almost everywhere for x,\ € R?m_ and for some constants a > 0, b > 0 and M > 0. If ab > %, then
f =0 almost everywhere.
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