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Invariant Submanifolds of A (k, u)-Paracontact Metric Manifold

Mehmet ATCEKEN and Pakize UYGUN*

ABSTRACT: In this paper, we research some geometric conditions for an invariant submanifold of a (x, u)-
paracontact metric manifold to be totally geodesic. Besides this, we characterize an invariant submanifold of
a (K, p)-paracontact metric manifold satisfying the conditions Q(S,0) = 0, Q(S,Ve) =0, Q(S,R-0) =0,
Q(g,C -0) =0 and Q(S,C - o) = 0 under the some conditions.
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1. Introduction

The study of paracontact geometry was initiated by Kaneyuki and Williams [4]. After then, Zamkovoy
started working paracontact metric manifolds and their subclasses[9]. Since several geometers interested
paracontact metric manifolds and researched various important properties of these manifolds and some
interesting results have been found.

The geometry of paracontact metric manifolds can be related to the theory of Legendre foliations.
One of the class of paracontact manifolds for which the characteristic vector field {-belongs to the (k, u)-
nullity condition for some real constants x and p. Such manifolds are known as (x, u)-paracontact metric
manifolds [7].

In [8], authors gave some characterizations for an invariant submanifold of an LP-Sasakian manifold
to be totally geodesic. Also, in [6], a generalized (k, ) paracontact metric manifold satisfying the cur-
vature conditions Q(S, R) = Q(S, g) = 0 are characterized.

Recently, we have studied an invariant submanifold of a (k,u) paracontact metric manifold and
obtained some new results[1]. In this paper, we research the conditions Q(S,0) = Q(S5,Veo) = Q(S, R -
o) =0 and Q(¢9,C -0) = Q(S,C - o) = 0 for an invariant submanifold of a (k, u)-paracontact metric
manifold and we think that new results are obtained contribute to geometry.

2. Preliminaries

A (2n + 1)-dimensional smooth manifold M is said to be a paracontact metric manifold if it admits
a (1,1)-type tensor field @, a unit spacelike vector field &, 1-form 7 and a semi-Riemannian metric tensor
g which satisfy

X = X —n(X)E n(X)=g(X,¢) (2.1)
9(0X, 9Y) —g9(X,Y)+n(X)n ), nop=0

and

dn(X,Y) = g(X, ¢Y), (2.3)
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for all X, Y € T(T M ), where F(T]Ti/ ) denote the set of the differentiable vector fields on M.

In a paracontact metric manifold (1\7, o,1,&,9), we define a (1, 1)-type tensor field by h = %Q(b, where
¢ denotes the Lie-derivative. One can easily to see that h is a symmetric and satisfies

hé =0, h¢ =—¢h and Trh=0. (2.4)
2hX = (led) X = ledX — ple X = [§, 9X] — ¢[€, X] (2.5)

By %, we denote the Levi-Civita connection of g, then we have
Vxé=—6X + ¢hX, (2.6)

for all X € D(TM).

A paracontact metric manifold M2"+1(gb, &, 1, g) is said to be a (k, p)-space form if its the Riemannian
curvature tensor R satisfies

R(X,Y)E = s{n(Y)X —n(X)Y} + p{n(Y)hX —n(X)hY}, (2.7)

for all XY € F(T]T/f), where k,u are real constant. In a (k,pu)-paracontact metric manifold
M2n+1(¢7£7777g)7 we have

(Vxo)Y = —g(X —hX,Y)E+n(Y)(X - hX), (2.8)
S(X,Y) = 20 —n)+nu)g(X,Y) +[2(n — 1) + plg(hX,Y)

+ 20— 1) +n(2k — p)n(X)n(Y) (2.9)

? = (14 k)¢% (2.10)

Qe —¢Q = 2[2(n—1)+ plhg, (2.11)

where S and @ denote the Ricci tensor and Ricci operatory defined S(X,Y) = g(QX,Y).
In [5], author studied the Riemannian manifold satisfying Q(S, R) = Q(S, g) = 0. On the other hand,
De and Samui studied pseudo-parallel, generalized Ricci pseudo-parallel and bi-recurrent, C(X,Y) -0 =

fQ(g;0) and C(X,Y) -0 = fQ(S,0) [2].

Recently, Hu and Wang obtained the geometric conditions of invariant submanifolds of a trans-
Sasakian manifold to be totally geodesic [3].

In this connection, we attempt to study invariant submanifolds of a (k, u)-paracontact metric man-
ifold satisfying geometric conditions Q(S,0) =0, Q(S,V-0) =0, Q(S,R-0) =0, Q(g9,C - o) = 0 and
Q(S,C - o) = 0. Finally, we see that these conditions are equivalent to ¢ = 0 under the some conditions.

On a semi-Riemannian manifold (M, g), for a (o, k)-type tensor field T and (0, 2)-type tensor field A,
(0, k + 2)-type tensor field Q(A,T) is defined as

Q(AaT)(XlaX2,~~-an;X7Y) = 7T<(X Aa Y)leXQa"'an)
T(X1, (XA Y)X X3, ..., Xy)

- T(X1,Xz,..., (X Aa Y)Xy), (2.12)
for all X1, Xo,..., Xy, X, Y € T(TM), where
(X A4 Y)X) = A(Y, X1)X — A(X, X,)Y. (2.13)
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For a Riemannian manifold (M™, g), the concircular curvature tensor C' is given by

T

O(X,Y)Z =R(X,Y)Z — ST

{g(KZ)X_g(sz)Y}v (214)

for all X,Y,Z € T'(T'M), where 7 denote the scalar curvature of M™.
3. Invariant Submanifolds of A (k,u)-Paracontact Metric Manifold

Now, let M be an immersed submanifold of a (k, u)-paracontact metric manifold ]T/I/Q"“(qb,f,n,g),
by V and V=, we denote the induced connections on [(TM) and T'(T+M), respectively. Then the Gauss
and Weingarten formulas are, respectively, given by

VxY =VxY +0(X,Y) (3.1)
and
ViV =—AyX + V%V, (3.2)

for all X,Y € I'(TM) and V € I'(T+M), where o and A are called the second fundamental form and
shape operator of M, respectively [1].

For an immersed submanifold M of a (k, u)-paracontact metric manifold M Intl(g,m, € g), M is said
to be invariant if the structure vector field £ is tangent to M at every point of M and ¢X is tangent
to M for all X € T'(T'M) at every point on M, that is, ¢(T,, M) C T, M at each point z € M. We will
assume that M is an invariant submanifold in the rest of this paper unless say otherwise.

Lemma 3.1 Let M be an invariant submanifold of a (k, u)-paracontact metric manifold M2"+1(¢, 7,8, 9).
Then the following relations hold.

Vx&é = —¢X + ohX (3.3)
c(@X,Y) = o(X,9Y)=¢o(X,Y) (3.4)
o(X,8) = 0, (3.5)
forall XY e T(TM).
Proof: Since the proof is a result of direct calculations, we will omit to it. O

Theorem 3.1 Let M be an invariant submanifold of a (k,u)-paracontact metric manifold
Mt (¢p,n,€, g). Then Q(S,0) = 0 if and only if M is totally geodesic provided x # 0.

Proof: Let us assume Q(S, o) = 0 which implies that
Q(S, ) U, V;X,)Y)=—-0(X As YU, V) —0o(U, (X As Y)V) =0,
for all X,Y,U,V € T(TM). Also, this implies
oc(SY, U)X - S(X,U)Y,V)+o(U,S(Y, V)X - S(X,V)Y) =0. (3.6)
Here putting Y = U = ¢ in (3.6), using (2.9) and (3.5), we obtain
o(S(§ )X = S(X,8)E, V) + (8,56 V)X = S(V, X)§) = 2nko(X, V) = 0.

The converse of the proof is obvious. Thus the proof is completed. O

Theorem 3.2 Let M be an invariant submanifold of a (k,p)-paracontact metric manifold
M+ (p,n,€, g). Then Q(S,Vo) =0 if and only if M is totally geodesic provided r # 0.
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Proof: let us suppose that Q(S, 60) =0, that is,

—-Q(S,Vo)(U,V,Z; X,Y) = (Vixrsvywo)(V.Z2)
(Vo) (X As YV, Z) + (Vo) (V,(X As Y)Z)
07

I+

for all X,Y,U,V,Z € T'(TM). This implies that

S(Y,U)(Vxo)(V,Z) — S(X,U)(Vyo)(V,Z)+ (Vya)(S(Y,V)X,Z)
— S(X, V)Y, Z)+ (Vuo)(V,S(Y,2)X — S(X, Z)Y)
= 0. (3.7)

The relation (3.7) yields for Y = Z = ¢,

SEU)(Vxa)(V.6) — S(X,U)Veo)(V,€) + (Vuo)(S(E V)X, €)
— (Vuo)S(X,V)E,€) +26(Vyo)(V, X)
(Vuo)(S(X,€)E,V) =0. (3.8)

In view of (2.9), it follows that

2nkn(U)(Vxo)(V,€) = S(X,U)(Veo)(V.€) + 2ns(Vuyo) (n(V) X, €)

— (Vuo)(S(V, X)&,€) + 2nk(Vyo)(S(E )V, X)
— 2nk(Vyo)(n(X)E, V) = 0.

Here if the necessary covariant derivatives are calculated, we have

2 (U){Vxo(V,€) — o(VxV,§) — o(VxE, V)
S(X,UN{Vio(V,8) — o(VeV,€) — o(V, Vel)}
+ 2ne{Viom(V)X,€) — o(Vun(V)X,€) — o(n(V)X, Vué)}
— {VEa(S(V, X)E,€) — o(VuS(V, X)E,€) — o(S(V, X )€, Vyé)}
— 26{Vio((X)E, V) — o(Vun(X)E, V) — o(n(X)E, VuV)}
+ 26(Vyo)(V,X) =0. (3.9)

Taking into account of (3.3) and (3.5), we reach at

— 2n6n(U)o(—¢X + ohX, V) — 2nen(V)o(—¢U + ¢hU, X)
+ 2nro (Un(X)E +n(X) Ve, V) + 205(Vyo) (V. X) =0,

that is,

2nen(U)p{o(V,X) — o(hX,V)} + 2nen(V)e{o(U, X) — o (hU, X)}
— 20kn(X)¢{o (U, V) — o(hU,V)} + 2n&(Vyo)(V, X) = 0. (3.10)

Putting V' = ¢ in (3.10), we obtain
2nkp{o(X,U) — o(X,hU)} 4 2nk{Vio(X,€) — o(Vu X, &) — o(X,Vyé)} =
that is,

kp{o(X,U) — o(X,hU)} = 0. (3.11)
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If AU is written instead of U at (3.11) and using (2.10), we have

k{o(X,hU) — o(X,h?U)} =0

k{o(X,hU) — (1+k)o(X,U)}=0. (3.12)
From (3.11) and (3.12), we conclude that x20(X,U) = 0. The converse obvious. This completes the

proof. O

Theorem 3.3 Let M be an invariant submanifold of a (k,p)-paracontact metric manifold
M* L (¢p,n, € g). Then Q(S,R - o) = 0 if and only if M is totally geodesic submanifold provided
pr(1+ k) — K2 #0.

Proof: From (2.12) and (2.13), we obtain
QS,R(X.Y)-0)(UV.W,Z) = (R(X.Y)-0)(W As Z)U,V)
+ (RX,Y)-0)(U, (W As Z)V) =0,
for all X, Y, Z, U, V,W € T'(TM). This implies that

(R(X,Y)-0)(S(Z,U)W,V) — (R(X,Y) - 0)(S(W,U)Z,V)
+ (R(X,Y)-0)(U,S(V,Z)W)
— (R(X,Y)-0)(U,S(W,V)Z) = 0. (3.13)
PuttingY =U =V =Z = ¢ in (3.13), we have
(R(X,€) - 0)(S(E, )W, &) — (R(X,€) - 0)(S(W, )€, €)
+ (R(X,8) - 0)(& S(&OW) — (R(X,€) - 0)(& S(W,£)€) = 0.

Also, by using (2.10), we obtain

2ni(R(X,€) - 0)(W, &) — 2nk(R(X,€) - o) (n(W)E, €)

+ 2nk(R(X, ) - 0) (& W) — 2nk(R(X,§) - o) (n(W)E, &) = 0.
After the necessary arrangements are made, we reach at

ni{(R(X,€) - o) (W, ) — (R(X,£) - o) (n(W)E,€)} = 0,
that is,

RN (X, &)W, &) — o(R(X,OW, &) — o(W, R(X, £)E)
— RY(X,8o(n(W)E &) + o(n(W)R(X,£)E,£) + o(n(W)E, R(X, £)E) = 0.

Thus we have
ko (X, W) 4+ po(hX, W) = 0. (3.14)
If hX is written instead of X at (3.14) and using (2.10), we reach at
ko (hX, W) + uo(h*X, W) = u(1 + k)o(X, W) + ko (hX,W) = 0. (3.15)
From (3.14) and (3.15), we conclude that
(12 (1 + k) — K2)o(W, X) = 0. (3.16)

This proves our assertions. O
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Theorem 3.4 Let M be an invariant submanifold of a (k,p)-paracontact metric manifold
M2t Y (p,m,€,9). Then Q(g,C - o) = 0 if and only if M is either totally geodesic submanifold or the
scalar curvature T of M2+ satisfies the equality 7 = 2n(2n + 1)(k £ pyv/1 + k).

Proof: We suppose that Q(g,C - o) = 0. This means that
Qg,C(X,Y) -0)(U,V,Z,W) =0,
for all X,Y,Z,U,V,W € T(TM). This implies that
(C(X,Y) - 0)(Z Ag W)U, V) + (C(X,Y) - 0) (U, Z g W)V),

that is,

—~

C(X’ Y) 'U)(9<Ua W)Z’ V) - (C(X’ Y) : U)(g(27 U)Wa V)

+ (CX,Y)-0)(U,g(V,W)Z) - (C(X,Y) - 0)(U,9(2, V)W)
= 0. (3.17)
Again, putting Y =V =7 =U = ¢ in (3.17), we obtain
(C(X,€) - o) (n(W)¢E, &) — (C(X,€) - o) (W, ) = 0. (3.18)
Here,
(C(X.€) o) n(W)E,&) = RHX,Ea(n(W)E ) —a(n(W)C(X, €, €)
o(n(W)g, C(X,£)¢) =0, (3.19)
and
(C(X,€)-0)(W,§) = RHX,§a(W.€) —a(C(X,E)W.€) — a(W,C(X,€)€)
—o(W,C(X,€)S). (3.20)
From (2.14), (3.5), (3.18), (3.19) and (3.20) Thus we have
(k — m)a(X, W) + po(hX, W) = 0. (3.21)
Substituting X into X in (3.21) and making use of (2.10), we obtain
(k — m)o(hX, W) + po(h2X, W)
= w1+ K)o(X, W) + (1 — m)a(hX, W) = 0. (3.22)
From (3.21) and (3.22), we conclude that
- 2
[(m - 2n(2n+1)> — 121+ k)| o(X, W) =0, (3.23)
which proves our assertion. O

Example 3.1 We consider the 3-dimensional manifold M = {(z,y,t) € R3, t # 0}, where (z,y,t) are
standart coordinates of R3. The vector fields
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Let g be the Riemannian metric defined by
gler,e2) = gler,e3) = g(ea, e3) =0,
gler,er) = glez,e2) =1, gles,e3) = —1

Let n be the 1-form defined by n(X) = g(X, e1) for any X € x(M). Let ¢ be the (1,1) tensor field defined
by
¢(er) =0, P(e3) = —eq, p(e2) = —es.

Let V be the Levi-Civita connection with respect to the metric tensor g. Then we get
[ez,e1] =0, [er,ea] =0, [e2,e3] = —2ele.
Then we have
n(er) = gler,er) =1, ¢°X =X —n(X)er,  g(¢X,9Y) = —g(X,Y) +n(X)n(Y),

for any XY € x(M). Hence, (¢,€,1n,9) defines a paracontact metric structure on M for e; = &.
The Levi-Civita connection V of the metric g is given by the Koszul’s formula

29(VxY,Z) = Xg(V,2)+Yg(Z, X) - Zg9(X,Y)
79(X7 D/a Z]) - g(}fa [X, Z]) +9(Za [Xﬂ YD

Using the above formula, we obtain.

_ _ ot
Ve e = 0, Ve,e1 = —€es, Vese1 = —eeq,
_ t _ ot
Ve,e2 = —e'es, Ve,e2 =0, Ve,€2 =e€'eyq,
t t
Ve, 63 = —e'eq, Ve,€3 = —€’ey, Veg,es = 0.

Comparing the above relations with Vxe; = —¢X + ¢hX, we get
hes = —(e' +1)ea, hez = —(e' +1)es, he; = 0.
Using the formula R(X,Y)Z =V xVyZ —VyVxZ — Vx y|Z, we calculate the following:

Rlevesder = (s = Dinlea)er —nlenea} + (e = 1)
o nleahen = nfenhea)
= 2,
Rlevesder = (s = Dinles)er —nlenea} + (e — 1)
+ﬁ){ﬁ(e3)h61 —n(e1)hes}
— ey
Rleses)er = (s = Dinles)ea = nleales} + (e = 1)
g eahes — nea)hes}
= 0.

By the above expressions of the curvature tensor and using (2.10), we conclude that M is a generalized

(k, ) —paracontact metric manifold with k = (W — 1D and p=((e"—1)+ m)



8 M. ATCEKEN anp P. UYGUN

References

1. M. Atgeken,ﬁ, Yildirim and S. Dirik, Semi-Parallel Submanifolds of a Normal Paracontact Metric Manifold, Hacet. J.
Math. Stat. Volume 48 (2) 501-509, 10.15672/HJMS.2017, (2019).

2. U. C. De and S. Samui, On Some Classes of Invariant Submanifolds of Lorentzian Para-Sasakian Manifolds, Tamkang
J. Math. 47, no.2, 207-220, (2016).

3. C. Hu and V. Wang, A Note an Invariant Submanifolds of Trans-Sasakian Manifolds, Int. Electron J. Geom. 9, no.2,
27-35, (2016).

4. S. Kaneyuki and F. I. Williams, Almost Paracontact and Parahodge Structures on Manifolds, Nayoga Mathematical
Journal. Vol. 99, pp.173-187, (1985).

5. D. Kowalezyk, On Some Subclass of Semisymmetric Manifolds, Soochow J. Math. 27, 445-461, (2001).

6. S. Makhal and U. C. De, On Pseudo-Symmetric Curvature Conditions of Generalized (k, j)-Paracontact Metric Mani-
folds, Konuralp J. of Mathematics. Vol.5, no.2, 239-247, (2017).

7. B. C. Montano, F. K. Erken and C. Murathan, Nullity Conditions in Paracontact Geometry, Differential Geometry and
Its Applications. Vol.30, No.6, 665-693, (2012).

8. V. Venkatesha and S. Basavarajappa, Invariant Submanifolds of LP-Sasakian Manifolds, Khayyam J. Math.6. no.1,
16-26, (2020).

9. S. Zamkovoy, Canonical Connections on Paracontact Manifolds, Annals of Global Analysis and Geometry. Vol.36, no.1,
137-60, (2009).

E-mail address: mehmet.atceken382@gmail.com

E-mail address: pakizeuygun@hotmail.com
and

Mehmet ATCEKEN,
Department of Mathematics,
Aksaray-68100,

Turkey.

and

Pakize UYGUN,
Department of Mathematics,
Aksaray-68100,

Turkey.



	Introduction
	Preliminaries
	Invariant Submanifolds of A (0=x"0114,0=x"0116)-Paracontact Metric Manifold

