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Existence and stability results for a fractional integro-differential equation with Hilfer
derivatives *

Rima Faizi

ABSTRACT: In this paper, we discuss the existence, uniqueness, and Ulam-Hyers stability of solutions for
a specific type of the Hilfer fractional integro-differential equation with nonlocal Erdélyi-Kober fractional
condition. First, the equivalence of this class of problem and a nonlinear Volterra integral equation is shown.
Next, to guarantee the existence of a unique solution, we turn to the well-established tools of fixed-point
theory, particularly Banach’s and Krasnoselskii’s theorems. Further, due to the Gronwall inequality, we
obtain Ulam-Hyers stability of the considered problem. Finally, two examples are provided to illustrate our
theory results.
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1. Introduction

Fractional differential and integral equations (FDEs/FIEs) have emerged as powerful tools for mod-
eling diverse phenomena across engineering and science, including physics, chemistry, biology, viscoelas-
ticity, control theory, signal and image processing [8,9,15]. This has spurred extensive research on the
existence and uniqueness of solutions for FDEs/FIEs, see for example [1,2,3,4,5,14,21] and references
therein. More recently, Hilfer introduced a generalized form of fractional derivative, known as the Hil-
fer fractional derivative of order o and type 8 € [0, 1] which interpolates the both Riemann—Liouville
and Caputo derivatives in some sense. This allows for a more nuanced approach to modeling certain
phenomena. Details and applications can be found in [10,11] and their references.

In [4], the authors proved the existence of the solutions for the fractional integro-differential equation

D3 y(t) = £ (6 (ODLY)®). [1glt.s,y(9))ds) .t e (a,b],
y™*)(a) =yr, k=0,1,...m—1,

where, CDZ“+ is the Caputo fractional derivative of order a, with m —1 <a<m,n—1< g8 <n,f <«
and myn €N, f:[a,b)) x RxR = R and g: [a,b] X [a,b] x R — R are two continuous functions.

In [21], the authors initiated the study of non-local condition for the Hilfer implicit fractional differ-
ential equation

DX y(t) Ly(t), D&Py(t)), te = (0,T],

= f(t
Ié:vy(()) = Zciy(n), a<y=a+p(1l-a)<l,7€[0,T],
i—1
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where, Dg;ﬁ is the Hilfer fractional derivative of order a € (0,1) and type 8 € [0,1], f: J X RXR =R
is a given continuous function, Ié:y is the left-sided Riemann-Liouville fractional integral of order 1 —~,
¢; are real numbers, and 7;,7 = 1,2, ..., m are prefixed points satisfying 0 < < < ... <7, <T.

Motivated by the above works, we concentrate on the following initial value problem of Hilfer fractional
integro-differential equation:

Dg“fym *f(tDmy o 9t s, y(9)ds) . e (0,7,

Iy (0 ZA Iy

where, DOJ’rB is the Hilfer fractional derivative of order a € (0, 1) and type S € [0, 1], IOIW is the left-sided
Riemann-Liouville fractional integral of order 1—-y, I. 1’7“’ ¢ is the Erdélyi-Kober fractional integral of order
0; > 0 with n; > 0, and p;, A; € R, & € (0,T) for ¢ = 1,...,m, are real constants, f: (0,7] x RxR —» R
and ¢ : [0,T] x [0,7] x R — R are two continuous functions.

In the present paper, we intend to discuss the existence, uniqueness, and Ulam-Hyers stability of
the nonlinear integron-differential equation involving Hilfer fractional derivative subject to the nonlocal
Erdélyi-Kober fractional integral condition. We note that the nonlocal conditions are useful than the
local (initial) condition to describe correctly some physics phenomena, see [6,7].

The rest of the paper is structured as follows: Section 2, contains some concepts of preliminaries
about fractional calculus and auxiliary results. In Section 3, we present our main result by means of the
Banach and Krasnoselskii fixed point theorems, moreover, stability analysis is discussed. In Section 4,
two examples are presented to illustrate the applicability of our obtained results.

(1.1)

2. Preliminaries

In this section, we introduce notation, essential definitions of fractional calculus, and preliminary facts
used throughout the paper. Further details can be found in [12,16,18].
For 0 < v < 1, we denote C,[0,T] the weighted space of continuous functions on (0,7, such that the
function ¢7 f € C[0,T]. The norm of f in C,[0,T] is defined as:

5
I fllc, o, = OgliXT“ f()].

Obviously, C, [0, 7] is the Banach space.
The notation C2'[0,T] defines a the Banach weighted space, for n € N, such that f € C"'[0,T] and

) e C,[0,T], equipped with the norm

n—1

I fllezo,m = Z IF*llcro,r + 1 ey o,r-
k=1

In particular case, Hf”cg 0,1] = Hf||c7 [0,7]-

Definition 2.1 The left sided Riemann-Liouville fractional integral of order 0 < o < 1 for an integrable
function f: RT — R, is defined by

1o £(1) :_1"(104)/0 (t— )L f(s)ds, >0,

where T'(.) is Euler’s Gamma function.

Definition 2.2 The Erdélyi-Kober fractional integral of order § > 0 with n > 0 and pu € R of a contin-
wous function f: Rt — R, is defined by

0t~ n(o+u) gnutn—1 f2 0
o) /om—swl sf(s)ds, £>0,

I‘“sf()'

provided the right-hand side is point-wise defined on R, .
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In particular, if © = 0 and n = 1, the above operator is reduce to the Riemann-Liouville fractional integral

with a power weight
0t f(s)
190 f(t) = / ds, t>0.
R O =

Next, we establish the following well-known formula as a lemma (see [13]).

Lemma 2.1 Let §,n > 0,u,q € R, then we have

P(p+1+1) a
Flp+i+d+1)

04
I77 t? =

Definition 2.3 The left sided Caputo fractional derivative of order 0 < o < 1 of a continuous function
f, is defined by

d 1

DR () = 17" 2 f (1) = F(17_04)/0 (t—s)"°f(s)ds, t>0.

Definition 2.4 The left sided Riemann-Liouville fractional derivative of order 0 < a < 1 of an integrable
function f, is defined by

d 1 d

DG (1) i= S I3 1) = m%/o (t— ) f(s)ds, t>0.

Then, we present the following lemma of power functions:

Lemma 2.2 Lett > 0, then we have

_ I'(q) _
100 = Y gotel .
0+ F(O{ + q) ) O[, q > 0

Gt =0, 0<a<l.
Definition 2.5 The left sided Hilfer fractional derivative of order v and parameter B8 for an integrable

function f defined on the interval ]0,00][ as follows:

a, -« d 1- -«
D3P () = 10 L0900

where 0 < a<1land0< < 1.

Remark 2.1 Based on the established definition of the Hilfer fractional derivative, it becomes evident
that:

R;. The operator Dg;ﬁ can be written as

a —« d - -
DElf(t) = 1080 21 f(0) = I TVDG,. v =a+ - af.

Ry. The parameter vy satisfies

0<~v<1, 1—-9<1-8(1-a).

R3. The Hilfer derivative Dgf interpolates between Riemann-Liouville (for 5 = 0) and Caputo (for
B = 1) derivatives, since
d

a,0 l-a _ o a,l _ 7l—« _ Cna
DG’ = 157" =Dy, Dt =17 = = “D§..
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The fundamental properties of the fractional integral operator [, are summarized in the following
lemmas, along with proofs that can be found in [12,18].

Lemma 2.3 Let a,8 >0 and f € L(0,T). Then, the semi group property holds:
S I () = I8P (), te (0,T].
Lemma 2.4 Let 0 <a <1,0<y <1 If f € C,[0,T] and I,;" f € C1[0, T}, then

1y F(0)

€+D3+ ft) = f(t) T(a) t ;. vte(0,T]

and for f € C4[0,T], we have
D8t+lg+f(t):f(t), vt e (OaT]

Lemma 2.5 Let « > 0 and 0 < v < 1. If v < «, then the fractional integrals operator I, is bounded
from C,[0,T] to C[0,T].

Lemma 2.6 Let o > 0 and 0 <~ < 1. Then the Riemann-Liouville fractional integral operator I, is
bounded from C,[0,T] to C,[0,T1].

Due to the semi group property, we have the following lemma:

Lemma 2.7 For 0 <a<1,0< <1, andy=a+p—af. If f€C]_[0,T], then
(()XJngiBf = 13+D3+f

and )
DL Ig f =Dy,

Later on, we will need to use following lemma:

Lemma 2.8 Let 0 <~y <1 and f € C,[0,T]. Then
1550 = lm I /(1) =0, 0<y<a,

Next, we continue with the following fixed point theorems:

Theorem 2.1 (Banach’s theorem [20])
For a Banach space X and a contraction mapping ® : X — X with a contraction constant L, there exists
a unique fized point of ® in X.

Theorem 2.2 (Krasnosel’skii’s fized point theorem [19])
Let M be a non-empty, closed, bounded, and convex subset of a Banach space. If A and B are operators
satisfying the following conditions:

(i) Ax + By € M, for all x,y € M (Closure under the operation);
(i) A is compact and continuous (Ensures existence of a limit);
(iii) B is contraction mapping (Guarantees a "pulling towards” a fized point).

Then, there exists at least one element z within M such that z = Az + Bz(i.e., z is a fized point of the
combined operator).
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We rely on the definition of Ulam-Hyers stability in Rus [17] to define the Ulam-Hyers stability of
the fractional integron-differential equation (1.1) as follows:

Definition 2.6 We say the equation (1.1) is Ulam-Hyers stable, if there exists a positive real number c;y
such that for any € > 0 and any function z in the space C?_7 [0,T] solution of inequality

‘ Pat) — f (t DY), /Otg(t, s,z(s))ds)’ <e, fortel0,T], (2.1)

there exists a solution y € C{__[0,T] of equation (1.1) with
2(t) = y(t)| < cge, fort €[0,T].

Remark 2.2 A function z € C7__ [0,77] is a solution of inequality (2.1) if and only if there exists a
function h € C7__ [0, T] satisfying the following conditions:

(i) |h(t)] <e¢, forall t € [0,T];
(i7) g‘;ﬁz(t) f( g‘;ﬁz fo (t, s, 2( ds) h(t), for t € [0,T).
At the end, we collect the following generalization of Gronwall’s Lemma for singlular kernals (see [22]):

Lemma 2.9 Given positive constants B,k, and positive functions locally integrable y and w on [0,T),
with w is non-decreasing, if the inequality

y(t) < w(t) + & / (t — )2 y(s)ds,

holds for all t € [0,T), then the following inequality is also valid
t o0
(k‘F(a))” no—1
+/O 7;1 T(na) (t—s) w(s)ds, te€][0,T).

If the weight w remains constant (denoted by a), then the previously mentioned inequality simplifies to
y(t) < aBo(kl()t?), te[0,T)
here, E, denotes the Mittag-Leffler function, which you can learn more about in [16].

3. Main results

To establish the existence and uniqueness of solutions for problem (1.1), we introduce the following
weighted spaces:

C?;ﬂ,y[O,T] = {f € 01—7[07T]7D8:Bf € Cl—'y[()’T]’ 0<y< 1};
C]_[0,T]={f € C1,[0,T],Dy. f € C1,[0,T], 0<y <1}

From Remark 2.1-R; and Lemma 2.6, we infer that
C7_[0,T) c ¢{8 [0, 7).

Theorem 3.1 Let a,3,0;,1; be positive real numbers with 0 < a < 1,0< <1 andvy=a+p — apf,
Wi, Ni real numbers, and & in (0,T) for i = 1,..,m. For a function f ( ,T] x R x R — R satisfying
fu(),v(.) € C1—4[0,T] for any u,v € Cl_W[O,T]. A function y in the space C7__[0,T] is a solution
to problem (1.1) if and only if it satisfies the integral equation

&
i’ [f (52‘, giﬁy(&),/o g(&,&y(s))ds)] L

wag [ (60370, [ atsatonas) . 51)
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where .
1 & I(pi + 2= +1)

A: — . '_7—1 ) .
! F(’Y)Z:)\ZF(Mi+7,]—:1+6¢+1)§’ 70 (32)

Proof: As a first step, we demonstrate the necessity: Let y € CY_V[O,T} be a solution of (1.1), we will
prove that y satisfies the integral equation (3.1). y € C]__[0,T] means that

d
y — I,y € C1_,[0,T], (3.3)

from Lemma 2.5, we get I' . ot 'y € C[0,T], therefor, we deduce that

yeC’1 7[0 T] D0+y—

I,:"y € C1_[0,T]. (3.4)

Performing the integral operator I, on the first equation of problem (1.1) and by using Lemma 2.7, we
obtain

&mﬁmw—gap<t%+m>42wamam§}
13,03 y(t) = &pQDmmygw@wwﬁy

from (3.3) and (3.4), we apply Lemma 2.4 to find
I&-%— ’Yy(o) y—1 a t s u(s)ds
i = B0 g g (o, [ atesaoas)] (35)

Next, substituting ¢t = &; and applying the Erdélyi-Kober fractional integral operator I,@‘;v‘;’? on both sides
of equation (3.5), we get

I, "y(0)

I'(y)
o (1 (6050, [ otesuions ).

From the initial condition and Lemma 2.1, we find

0+ "y(0 ZAIM '

I#ii,éiy(&) — I;Lii,éi (5771)

i D(pi + 24 +1)
My D(pi+ 22 46+ 1)

=1

&'

m

&
e ontgo s |1 (@ ostve). [ o syenas)] .
=1

which implies

B = onrt i [ (s puce, [ ot n v ) (3:6)

where A is given by (3.2). Submitting (3.6) to (3.5), we derive that (3.1). The necessity established.
Now, we turn to the proof of sufficiency: Suppose that y € C]__ [0, T] satisfies the integral equation (3.1), then

we will show that y is a solution of problem (1.1). Applying the operator Dgf on both sides of (3.1), we obtain

U 133
Daﬂ Z I”t |: <'£17 0+ y(gb)7/0 g(&,s,y(s))ds)} D(O)‘letﬂ—l

DRI [f (t DEFy(h), /(;tg(t,s,y(s))ds>}.
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From Remark 2.1-R;, Lemma 2.2 and Lemma 2.7, we have

B 1 - iy

Py(t) = Aily ™
ot T(y)A ; !

. o &i B(l—a) ny pv—1
X o+ |:f (glaDoJ’r y(gl)v/o g(§l7Say(3))ds):| IO+ D0+t

+ 1007 py e {f <t, Dy y(t), /tg(tysay(s))ds)}

0
&i

A Z)\ I‘” 1IO+ |: (&7D8¢fy(5i)7/0 g(fi,57y(8))d8):| (]éiil*a) x 0)

t
+I§£17Q)D§J§17Q) {f (t,Dg‘fy(tL/ g(t,s,y(s))ds)} .
0

Therefore, in view of Lemma 2.4, Remark 2.1-R2 and Lemma 2.8, we get

o) = 1 (105700, [ atts.utenas).

The initial condition in (1.1) can be obtained without difficulty, by applying the operator Ié;“Y on both sides of
(3.1), we find

m &
I (72; ATy I [ <€i,D§fy(€i)7/O g(éu&y(S))dS)}IéI”t”*l

LI 'YI+f( Ofy(t),/otg(t,s,y(s))ds>,

using Lemma 2.2 and Lemma 2.3, we get

&i
1y Zwiw 7 (805w, [ atesptenas )| 12
+ [gjﬂ(l‘a)f <t7 Dg’fy(tL/O g(t,&y(S))dS) :

Passing limit as t — 0, from Remark 2.1-R3 and Lemma 2.8, we obtain

B = onrt i [ (6o uce, [ ot s utas) | @)

On other hand, replace t = &; into equation (3.1), we get
= « & 1
&) = Z“““ g { (@Dmyfz / 9(&i:5,y(s )}6”
im1 0

+ 15y [f <€ 54%(5)/: (&5, y(s))d )}

Applying 377" A I‘“ “ on both sides of the last equality, we find

ZA 1ty [ (&, e, | &g(fi,s,y(s))ds)}

e
=1
m 5 e &i

e ontio 1 (6 0sve). [ o syenas)] .
i=1 0
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in light of Lemma 2.1, we have

m §i
SNy iy(e ZA Iyt [ (517 od y(&),/0 g(&,s,y(S))dS)}
i=1

iis D+ 22 41
w14t S (n u ) a1
P(YA & " F(pi + 22 +6+1)

= R o [1 (6 05w, [ ot ateas) | (39

Upon comparison of equations (3.7) and (3.8), it follows that

Z)\L‘f’ (&)

Throughout this paper, we assume that the following hypotheses hold:

(H1) There exists a constant 0 < M; < 1 such that
|f(t,u,’l}) - f(t7ﬂ7’l7)| < M, (I'LL - ﬂ' + |'U - /DD Yu, u, v,V € R, t € (OvT]

(Hz) There exists a constant My > 0 such that
lg(t, s,u) — g(t,s,u)] < Malu—al|, Yu,ueR,t,sel0,T].

For simplicity, we denote

sup |f(£,0,0)] = My < oo;
te[0,T]

sup |g(¢,s,0)| = M, < oc.
t,s€[0,T]

The first result is based on Banach’s fixed point theorem.

Theorem 3.2 Let f(t,u,v): (0,7] Xx R x R = R be a function such that f(.,u(.),v(.)) € Cl(l ) [0,T]
for any u,v € C1_,[0,T]. Suppose that (H,) — (Hz) are satisfied. Then the problem (1.1) has a unique
solution in C)__[0,T]. Provided that

Ui o My MoT ()
N L €0 4 Tt < 1, 3.9
L(y)A ; & (1—M)T(a+v+1) (3.9)

g1 =

where
My MoT ()T (s + %% +1)

(1= M)D(a+y+ D) (ps + 52 46+ 1)

(3.10)

P =

Proof: According to Theorem 3.1, we introduce an operator ® : C,_,[0,T] — C;_,[0, T| associated with

the problem (1.1) as follows:
i
* [f (5 S‘fy(&),/ g(&-,&y(s))dsﬂ !
0

wag (1 (805700, [ ottsatonas) | 311)

Dy(t) =
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Firstly, we demonstrate that the operator ® is well-defined on C7_,[0,T7, i.e. for any y € C1_,[0,T], the
operator ® € C1_,[0,T]. Let y € C1_,[0,T], we have

&
H <£z, D5y (&), /0 9(&i, s, y(s )H
f (t,Dgfy(t),/o (t,s,y(s )H (3.12)

Taking (H;) into consideration, we get

‘f (roputo. | ot sy(e))ds) \

‘f( D3yt [ tg(t,s,y(S))dS>f(t,O,O)'Hf(t,O,O)I

|t Py(t)

+ - 70+{

t t
<M, [|D3fy<t>|+ [ lates.ut) — ot onias + [ g(t,s,o>|ds}+Mf
0 0

t t
[|D0+ o+ [ slas+ [ |g<t,s,o>|ds}+Mf7
0 0

considering the first equation in (1.1), we have

o.f ¢ MM, [*
‘f (t,DO; o). | g(t7s,y(8))d8>‘ < | twts)ias + o, (3.13)
where 1

Then, by substituting (3.13) into inequality (3.12), we derive

_ 1 & MMy /f' .
7oy (1) < E )\I’“” ST s T Yy (s)|ds + M
M, M. t
1—v 14V12 =1 1—v M
+t [(1 — ) / |s""Ty(s)|ds + ]
1 & M Msé;

< 1his05 _
= TR 2 5[ i o+

T My Mat
0718 [ oo + M)

Thus, from Lemma 2.1 and Lemma 2.2 we have

[t y(t)] <

1 m
Ai | L o N;MEY
T(7)A Z; [Li& M lylle, 01y + £

My MDD (y)tot! Il +t1*“f+°‘M
(1= M)T(a+y+ 1) =0T Ty

where L; is defined by (3.10) and

Lpi + - +1)

N; = : 3.14
Fla+ DI (pi + - +6i + 1) (3:.14)

Consequently, we deduce that ®y € C1_,[0,T].
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Next, let y, z € C1_4[0, T}, firstly, from (H;)— (H2) and in view of the first equation of problem (1.1),
we have

7 (03 | tg(t,s,y<s>>ds) f (03700 [ atts. =660 )
< My | ID5y(0) - D300 + / 9(05.0(6))  alt,5,5(6)) | s
< ot (1030 ~ D01+ s [ 1ot - z(s)ds}

MM, [t
<1251 [ e - solas (3.15)

Then, equation (3.15) implies
[t [@y(t) — 22(1)] |
1\411\42 s /51‘ e
< N0 I ST s T y(s) — z(s)]|ds
(1= M)T(7)A Z ni tot l ) | [y(s) — z(s)]]

. % | / () (o)

M M, Y &
< —_ = )\ Iﬂzv zIa >
T = lle, W[OT]Z w4

My Myt'~ Lo
+ (1 M, ) ||y Z||C177[0,T]IO+ |::|

It follows from Lemmas 2.1 and 2.2 that:

1@y (t) = @z(t)llcy 0.1

1 My MoT ()
= x AiL; oty 4 7ot — .
L(7)A ; St U MTa a0 ly = zllea— o1

Condition (3.9) ensures that the operator ® admits a unique fixed point in Cy_[0,T], which is solution
of (3.1). To establish the desired regularity of this solution, we proceed by applying the operator Dg + to
both sides of the integral equation (3.1), we get

1 & T & _

Di) = gy SN0 [f (@Dm y(&), / g(ﬁi,ay(s))ds)] DL
t

Dy, I [f (t D3y, | g(t,s,y<s>>ds)].
0
By Lemma 2.7 and the condition v > «, we have
t
DY, y(t) = DY° [f (t Dy (t), / g(t7s7y(8))d8)]
t
_ pfa-e [f (t Dy (o), / g(t,s,y<s>>ds)]

since f € Cfﬁlv‘”‘)[o,T], we deduce that D,y € C1_,[0,7], and thus y € C}__[0,T] C C}” o 10,77 is the
unique solution of the problem (1.1). )
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The second result is based on Krasnoselskii’s fixed point theorem.
Theorem 3.3 Let f(t,u,v): (0,T] x R x R = R be a function, such that f(.,u(.),v(.)) € Cfﬁlfa) [0,T]

for any uw,v € C1_,[0,T]. Suppose that (H1) — (Hz) are satisfied. Then the problem (1.1) has at least
one solution in the space C’ff,y[(),T], provided

g9 —

1 m
N L €277 < 1, 3.16
A 223 ; (3.16)

where A and L; are defined by (3.2) and (3.10), respectively.

Proof: The proof is divided into five steps. First, we consider

D, ={y € C1_,[0, 1], lyllc,_ o) < 7}

where r satisfies the following inequality

T -tepm
TOTR 2oiet MiNiMEY + Lt

1oty M, M>T(y) at1)
L- (F("/)A Zi:l )\szgi + (lfMl)F(aJr'erl)T +1)

r>

Next, we define the operators @1 and Q2 on D, as follows:
m 131
Qly Z )\ IHL L]a [ <‘£'L7 Dgiﬁy(fz)v / 9(617 S, y(s))ds):| t7_17 te [07 T}
i=1 0

Quy(t) = I [f (t0pute). [ attes.utenas)]. ee ol

Step 1: We show Q1 + Q2 € D,. In fact, for y, z € D,, we have

61
[ (@uy(®) + Qaz(t))] < 1 Z/\ e, H (&, y(&), /O 9(&,5,y(s )H

f (t,D;“fz(tL/ (t,s,2(s )H
0
then, according (3.13), we get

g.
7 (Quy(t) + Q22(1) A ZA [m ‘ {(iM_IAA/Z) / s s T Ty(s)|ds + M]

¢
I {%/ sw_l\sl_wz(s)\d8+M} )
— M) J,

Thus, from Lemma 2.1 and Lemma 2.2, we obtain

+ I {

07 (@u(t) + Qax(0)] < Frsg DM (L€ Iyl o)+ NoME?]

M MoI'(v) pat treM
+ (1 —Ml)l_‘(a+7—|—1) ||Z||C1 ~[0,7] + F(Q—F 1) <r

where L; and N; are defined by (3.10) and (3.14), respectively. This implies that Q1 + Q2 € D,..

Step 2: The mapping Q1 is a contraction on D,. Indeed, let y, z € D,, from (3.15) we find

133
07 Q) — (0] | £ Ty Zm;*éizgx [ )~ s(oas]

M Mo 5 &
< )\ IH‘u i[¢ L
= (lfM) ( ) ”y ZHcl ~[0,T] § : u ot |:,Y
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Thus, from Lemma 2.1 we get

. at
1Qy(t) = Qiz(t)llcy_ 0.1 < FOIA ; L&y — 2lles o7,

using (3.16) to conclude that the operator @1 is a contraction.

Step 3: The mapping Q2 is continuous. Let {y.} be sequence, such that y, — y in C1-+[0,T], when n — co.
Then for each ¢ € [0,T] and from (3.15), we have

N

77 @an0) = Q0] | < L [ [ o) = (o))

My Mot =7 Jo t
_W”yn—yﬂcl_ﬂo,ﬂ o+ ; )

since y, — y as n — 0o, then we deduce that Q2yn, — Q2y in C1-4[0,7T] as n — oo, which implies the continuity
of the operator Q2.

Step 4: The operator Q2 is uniformly bounded on D,. Let y € D, then from (3.13) we find

r t
1 Qay(t)] < I ‘f (t,Dgfyu), / g(t,s,y<s>>ds) ]
L 0
_ [ MiMs [P, 1
<o 7/5'Y s Ty(s)|ds + M
= o+ _(1 — Ml) o I y( )|
_ [ My Mot”
<¢loope, | 2 M
<015 [ A2 e, oy + ]

using Lemma 2.2 to get

_ My MoT ()t e
1—~ < 1Vi21 (7Y
|t sz(t)‘ = (1 — Ml)F(a +v+ 1) HyHCl—'\{[O,T] + F(Ot+ 1)
My MoT ()T Tt

= (1_Ml)l—x(a_‘_,y+1)Hy||clf“r[OwT] + F(Oé—|—1) < oo.

Step 5: The operator Q2 is equicontinuous. In fact, for any 0 < t; < t2 < T and y € D,, from Definition 2.1 we
have

|t Qay(t2) — 1" Qay(t)|
1 “ - a—1 a "
/0 té (t2 — 1) {f <r, Dofy(r),/o g(r,s,y(s))ds)] dr

=T()

+ /f 2 (b — )™t [f (r, Dgfy(r),/or g(r,s,y(s))d5>

from (3.13), we get
277 Qay(t2) — 117" Qay(tr)]

I AL - . S [ MM [T o
< —/ |t; Tt =) =77 (b — 1) 1|[ 12 / s st 7y(s)|cl5—&—M} dr
0 0

~ () 1—M
1 t2 1—7 a—1 M1M2 " y—1) 1—v
. - M
+ ) /tl ty "(ta—1) =M, /0 sT0 s T Ty(s)lds + dr

1 /tl 1— a—1 - a-1 { My Mo +1 }
< — 2ty — ) (¢ — s e B VA

1 /752 1— a-1 { My Mo +1 }
I _MMe g
() J, 2 ( ) (1— M)y



EXISTENCE AND STABILITY RESULTS FOR A FRACTIONAL INTEGRO-DIFFERENTIAL EQUATION 13

which is independent of y and tend to zero as t; — t2. By virtue of the Arzela-Ascoli theorem, the operator Qs
is completely continuous. Consequently, an application of Krasnoselskii’s fixed point theorem yields a fixed point
y of ® on D, . Moreover, since f € Cfﬁlv“l)[o, T1], we deduce that y € C{__[0,T] is the solution of problem (1.1).

[m]

Finally, we state with the following Ulam—Hyers stable result.
Theorem 3.4 Under the hypotheses of Theorem 3.2, the problem (1.1) is Ulam—Hyers stable on [0,T).

Proof: Let z € C]__ [0,T] be a solution of inequality (2.1) and y € C7__ [0,77] is a unique solution of
Cauchy problem (1.1). By using the Theorem 3.1, we have

o0 = 6, + 15 [1 (1052000, [ ates.utonas)|.
where

&
Z NI I [ <€z, Siﬁy(fi),/o g(fi,s,y(S))dS>]t”1~

Since, we assumed that z is a solutlon of the inequality (2.1), then by Remark 2.2, we have

6720 = £ (£ D2P0 2(0), [y g(t,5,2(5))) + h(t), for t € (0,T] 5.17)
I;772(0) = X Ml (). ’
Again by Theorem 3.1, the solution of problem (3.17) is given by
1 & Li,51 « 57 -1
- I ’Y)A ;)\Zﬂ” 'IOJr [f <£Z7D0+ Z(&))/O g(fi,s,z(s))ds> +h(£) 7
t
s [f (t D x(8), / g(t,s,z(s))ds) +h(t)].
0
In light of this, we have
t
2(t) — K, — Ig% [f (t Dg‘;ﬁz( ) / g(t,s,z(s))ds)”
0
Z NI I TR + Igh (1)
i=1
= (wi + -+ DA T
Y+a—1 1
( A;erl uz+ +6+1)T +F(a+1) © (3.18)

For every t € (0,T], we have

200 =0 < [0~ . = 1. [ 1 (1.0%500), [ atesz(onas) || 1.~

s 1 (102500, [ ates.zt0nas) - (103w, [ attsatonas)]|

On the other hand, from (3.15) we get

Ky — K| < AZ

+

& &i
<15 |1 (6,057, / g<5i,s,y<s>>ds)—f(fi,Dgfz@i), [ otesaonas) | o

<#ZA e, [/i\y(s)—z(s)\dsy
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taking into account that

o ( / ) z<s>|ds) -t / & - ( / "ly(s) — z(s)|ds) ar

ﬁ// (& — 1) y(s) — =(s)ldsdr

1 a 1
= @/o |/ ; — 1) drds
1 & N
ey / (6= 9)°ly(s) — 2(s)lds
= I y(&) — 2(&)), (3.19)
if y(&) = z(&), we deduce that K, = K.. Therefore, from (3.15) and (3.18), we find

i+ 2+
[2(t) =yt ( AZFa—Flﬂ )

_ T
T“/Jra 1 +
m+m+5 +1) T(a+1)

M1 M

T, I+ (/0 ly(s) —Z(s)|ds> ,

+

in view of (3.19), we obtain

LY
0901 < (s 35 s o

TCY
T’Y+a71
u+m+5 1) +F(a+1)>6
M M- ¢ o
TR / (t = 1)°y(r)

r)|dr,
using Lemma 2.9, we infer

< 1 Z F(Mz’ + % ";1))\1' T,\/+a,1 + T E ( My Mo, Tthl) c
P(MA & T+ D (s + 7 +6i +1) P(a+1) 1— M

4. Examples

To illustrate the applicability of our results, we present the following examples

Example 4.1 Consider the following Hilfer-type fractional integro-differential problem subject to
non-local initial condition

1 1 [ s

D30 =5(2+t)[sm<Do+ v+ 5 [ e e o »
0+ y Z/\ I'u“ 'y

where

m=3,a=1/2,8=2/3,y=5/6,\1 =7, o = VT7/5, 3 = In(2)/3,
M1 = € /2,#2 = 2/5,#3 = 1/3,51 = 1/7,52 = 9/2 53 = 5/2,
m=3/8m =e/2,n3=7/6,& =3/4,& =2/3,& =2/7.
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Define the functions f, g by
flty(t), 2(t)) =

g(t,s,y(t))

S S+, 101y €R

S
= t t 1 R.
1+€ty( ), s,tef01],ye€

For each y,7,2,Z € R and t € (0,T], we have

The Hypotheses (H;) and (Hs) hold, with M; = % and My = % respectively. By using the Matlab

program, we can find that A = —1.5320, then o7 = 0.0040 < 1. As all hypotheses of Theorem 3.2
are satisfied, problem (4.1) admits a unique solution on [0,1]. Moreover, Theorem 3.4 guarantees that
problem (4.1) is Ulam-Hyers stable.

Example 4.2 Consider the following Hilfer fractional integro-differential equation with nonlocal initial

condition: .
1 1
DYPy(t) = — 4 7/ ts?(1 + arctg(y(s))ds, t€(0,2],
0! 2+ oD 2y )

L y(0) =D NIhtiy (&),
i=1
where

m=3,a=1/2,=1/27y=3/4,) 1 = —e, Ay = 7/V2,\3 = €3/2,

M1 = 1/8,,LL2 = *5/6,#3 = \/E,(Sl = 9/4,(52 = 7/4,53 = 11/6,

m= 1/ln(2),7]2 = 3/57773 = 1/3a§1 = 1/2762 = 4/3753 =1
Define the functions f, g by

1 z(t

Flty(t),2(1) = 3 + 22 te(0,1],y,2€R

)
(I+y@) 2
g(t,s,y(t)) = ts*(1 + arctg(y(t)), s,t€[0,1],y €R.

For each y,7,2,Z € R and t € (0,T], we have

(ly =9l + 1z = 2]);

y— 9l

N | =

|f(t,y,z) —f(t,ﬂ,5)| <
|g(t757y) —g(t,s,g)| <

This means that the assumptions (H;) and (Hs) hold, with M; = % and M, = 1 respectively. By using
the Matlab program, we can find that A = 9.6307, then o9 = 0.0697 < 1. Thus, by using Theorem 3.2,
the problem (4.2) has at least one solution on [0, 2].

Conclusion

This paper delved into the analysis of a Hilfer fractional integro-differential equation equipped with
a non-local initial condition. By establishing an equivalence between the given problem and a Volterra
integral equation, we employed fixed point theory to guarantee the existence and uniqueness of solutions.
Furthermore, the Ulam-Hyers stability of the problem was demonstrated. Future research will focus on
extending these results to coupled systems of fractional differential inclusions involving various fractional
derivative types and boundary conditions.
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