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abstract: The major objective of the present article is to study the new extension of hypergeometric
functions of two and three variables by using the 2 parameters Mittag-Leffler function. In the present ar-
ticle, we mainly study the integral representations of these extended hypergeometric functions and obtain
some important properties of the extended Riemann-Liouville type fractional derivative operator. We have
also derived some generating functions for the generalized hypergeometric functions by using the extended
Riemann-Liouville type fractional derivative operator.

KeyWords: Beta function, Hypergeometric function, Mittag-Leffler function, Appell’s hypergeomet-
ric functions of two variables, Lauricella’s hypergeometric function of three variables, Riemann-Liouville
fractional derivative operator.

Contents

1 Introduction and Preliminaries 1

2 Main Results 4

3 Conclusion 9

1. Introduction and Preliminaries

Euler’s beta, gamma functions and hypergeometric functions are the important members of the family
of special functions and they play a significant role in the whole theory of special functions. These
hypergeometric functions together with their extension have many applications in research fields such as
engineering, chemical, statistics, fractional calculus, and physical problems. In the last decades, many
generalizations and extensions of the most popular special functions have been presented by many authors
[1,2,3,4]. Similarly, multi-variable hypergeometric functions such as Appell and Lauricella functions and
their many extensions seem in many core areas of mathematics and their applications. In [13,6,7,8], many
researchers have contributed their works on multi-variable hypergeometric functions and their properties
in detail. In the past few years, several authors and researchers [9,10,11] have introduced some fascinating
generalizations of the Appell and Lauricella functions by using special functions in their kernels. Inspired
by the above works, here we establish new extensions of the Appell hypergeometric function of two
variables and Lauricella hypergeometric function of three variables and obtained their relation with other
well known special functions and their extensions.

Let us define the hypergeometric functions of two and three variables i.e Appell’s functions
F1(a1; b1, c1; d1;x1, y1) and F2(a1; b1, c1; d1, e1;x1, y1), and Lauricella’s function
F 3
D(a1, b1, c1, d1; e1;x1, y1, z1) respectively are defined as (see for more details, [12] and [13])

F1(a1; b1, c1; d1;x1, y1) =

∞∑
m,n=0

B(a1 +m+ n, d1 − a1)(b1)m(c1)n
B(a1, d1 − a1)

xm
1

m!

yn1
n!

, (1.1)

where, max{| x1 |, | y1 |} < 1 and B(a1, a2) denotes the Euler’s beta function defined as [12]

B(a1, a2) =

∫ 1

0

sa1−1(1− s)a2−1ds, ℜ(a1),ℜ(a2) > 0., (1.2)
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and (a1)l denotes the Pochhammer symbol defined as [14]

(a1)l :=
Γ (a1 + l)

Γ (a1)
=

{
1 (l = 0; a1 ∈ C \ {0})
a1 (a1 + 1) · · · (a1 + l − 1) (l ∈ N; a1 ∈ C) .

F2(a1; b1, c1; d1, e1;x1, y1) =

∞∑
m,n=0

(a1)m+nB(b1 +m, d1 − b1)B(c1 + n, e1 − c1)

B(b1, d1 − b1)B(c1, e1 − c1)

xm
1

m!

yn1
n!

, (1.3)

where, | x1 | + | y1 | < 1.

F 3
D(a1, b1, c1, d1; e1;x1, y1, z1) =

∞∑
m,n,t=0

B(a1 +m+ n+ t, e1 − a1)(b1)m(c1)n(d1)t
B(a1, e1 − a1)

xm
1

m!

yn1
n!

zt1
t!
, (1.4)

where,
√
| x1 |+

√
| y1 |+

√
| z1 | < 1.

In the recent past, Goyal et al., [15] have studied the generalization of the Euler’s beta function by
using the 2-parameter Mittag-Leffler function, thus examining many basic properties and relationships
of that generalized beta function. The generalized beta function is defined as

B
(u)
(u1,u2)

(y1, y2) =

∫ 1

0

sy1−1(1− s)y2−1Eu1,u2

(
−u

s(1− s)

)
ds, (1.5)

here, ℜ(y1) > 0, ℜ(y2) > 0 ℜ(u1) > 0,ℜ(u2) > 0, u ≥ 0 and Eu1,u2(w) is 2-parameter Mittag-Leffler
function defined by

Ey1,y2(w) =

∞∑
k=0

wk

Γ(ky1 + y2)
, (1.6)

where ℜ(y1) ≥ 0, ℜ(y2) ≥ 0 and w ∈ C.

The above generalized Euler’s beta function has an important role in the establishment of our new
extended functions due to the 2-parameter Mittag-Leffler function used in the kernel.

Very recently inspired by the above extension, Jain et al., [16] have generalized the Gauss hyperge-
ometric function by using the generalized Euler’s beta function given in (1.5). They have also studied
various properties like differentiation formulas, summation formulas, Mellin transforms, and recurrence
relations of generalized Gauss hypergeometric functions. The generalized Gauss hypergeometric function
is defined as

F
(r)
(r1,r2)

(p0, p1, p2;x) =

∞∑
k=0

B
(r)
(r1,r2)

(p1 + k, p2 − p1)

B(p1, p2 − p1)
(p0)n

xk

k!
, (1.7)

here ℜ(p2) > ℜ(p1) > 0, ℜ(r1) > 0,ℜ(r2) > 0, r ≥ 0, | x |< 1 and B
(r)
(r1,r2)

(x1, x2) extended beta function

(1.5).

Also, Euler type integral representation of the above generalized Gauss hypergeometric function is
defined as

F
(r)
(r1,r2)

(p0, p1, p2;x) (1.8)

=
1

B(p1, p2 − p1)

∫ 1

0

sp1−1(1− s)p2−p1−1(1− xs)−p0Er1,r2

(
−r

s(1− s)

)
ds,

where ℜ(p2) > ℜ(p1) > 0, ℜ(r1) > 0,ℜ(r2) > 0, r ≥ 0 and | x |< 1.
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In 2010, Özarslan et al., [9] have generalized the Appell’s hypergeometric functions of two vari-
ables, F1(a1; b1, c1; d1;x1, y1; p1), F2(a1; b1, c1; d1, e1;x1, y1; p1) and generalized Lauricella’s hypergeomet-
ric function of three variables, F 3

D,p(a1, b1, c1, d1; e1;x1, y1, z1) by using the generalized Euler’s beta func-
tion Bp1

(x1, y1) given in [2] and studied several properties of these generalized functions.
The generalized Appell’s hypergeometric functions of two variables F1(a1; b1, c1; d1;x1, y1; p1) and

F2(a1; b1, c1; d1, e1;x1, y1; p1) defined as [9]

F1(a1; b1, c1; d1;x1, y1; p1) =

∞∑
m,n=0

Bp1
(a1 +m+ n, d1 − a1)(b1)m(c1)n

B(a1, d1 − a1)

xm
1

m!

yn1
n!

, (1.9)

where, max{| x1 |, | y1 |} < 1.

F2(a1; b1, c1; d1, e1;x1, y1; p1) =

∞∑
m,n=0

(a1)m+nBp1(b1 +m, d1 − b1)Bp1(c1 + n, e1 − c1)

B(b1, d1 − b1)B(c1, e1 − c1)

xm
1

m!

yn1
n!

, (1.10)

here, | x1 | + | y1 | < 1.

The generalized Lauricella’s hypergeometric function of three variables,
F 3
D(a1, b1, c1, d1; e1;x1, y1, z1; p1) defined as [9]

F 3
D,p1

(a1, b1, c1, d1; e1;x1, y1, z1) =

∞∑
m,n,t=0

Bp1(a1 +m+ n+ t, d1 − a1)(b1)m(c1)n(d1)t
B(a1, e1 − a1)

xm
1

m!

yn1
n!

zt1
t!
,

(1.11)
where,

√
| x1 |+

√
| y1 |+

√
| z1 | < 1 .

Remark 1 If, we substitute p1 = 0 in the above equations (1.9), (1.10) and (1.11) then we get original
functions given by (1.1), (1.3) and (1.4), respectively.

In the last decades, many researchers have working in fractional calculus due to many applications in some
fields of engineering and science such as electrical networks, statistics probability, and fluid dynamics,
particularly fluid flows. In 2001, Srivastava and Saxena [17] studied fractional calculus and its application
systematically. Also, Srivastava and Manocha [8], have described the benefits of fractional derivative in
the generating function theory of special functions. In this paper, motivated by the above, we have also

obtained some generating functions for the generalized hypergeometric functions F
(r)
(r1,r2)

(p0, p1, p2; z) by

using of the generalized Riemann-Liouville fractional derivative operator defined by Jain et al., [18].

In 2021, Jain et al., [18] have generalized the Riemann-Liouville type fractional derivative operator
by using the 2-parameter Mittag-Leffler function in its kernel and studied various basic properties of that
generalized fractional derivative operator.

Now, here recall the generalized Riemann-Liouville type fractional derivative operator defined as [18]

D
u,(r)
x,(r1,r2)

[g(x)] =


1

Γ(−u)

∫ x

0
(x− s)−u−1Er1,r2

(
−rx2

s(x−s)

)
g(s)ds, (ℜ(u) < 0)

dk

dxk {Du−k,(r)
x,(r1,r2)

g(x)}, (k − 1 ≤ ℜ(u) < k, k ∈ N)
(1.12)

here, (min {ℜ (r1) ,ℜ (r2)} > 0, ℜ(r) > 0 and Er1,r2(x) is 2-parameter Mittag-Leffler function).

The following Theorem is very important to obtain our main results.

Theorem 1.1 ( [18])The following result holds true

∞∑
m=0

(k)m
m!

F
(r)
(r1,r2)

(k +m,n, l;x)sm = (1− s)−kF
(r)
(r1,r2)

(
k, n, l;

x

(1− s)

)
, (1.13)

where | x
(1−s) |< 1 ,ℜ(k) > 0 and ℜ(n) > ℜ(l) > 0.
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2. Main Results

In this section, we establish new extensions of Appell’s hypergeometric functions

F
(r)
1,(r1,r2)

(a1; b1, c1; d1;x1, y1) and F
(r)
2,(r1,r2)

(a1; b1, c1; d1, e1;x1, y1) and Lauricella’s hypergeometric func-
tion
F

3,(r)
D,(r1,r2)

(a1, b1, c1, d1; e1;x1, y1, z1) by the using of the generalized Euler’s beta function given in (1.5).

We have also obtained integral representations of extended Appell’s hypergeometric functions and Lau-
ricella’s hypergeometric function.

Definition 2.1 Let ℜ(r1) > 0, ℜ(r2) > 0 and ℜ(r) > 0, then new extensions of Appell’s hypergeometric
functions, F1(a1; b1, c1; d1;x1, y1) and F2(a1; b1, c1; d1, e1;x1, y1) are defined as

F
(r)
1,(r1,r2)

(a1; b1, c1; d1;x1, y1) =

∞∑
m,n=0

B
(r)
(r1,r2)

(a1 +m+ n, d1 − a1)(b1)m(c1)n

B(a1, d1 − a1)

xm
1

m!

yn1
n!

, (2.1)

where, max{| x1 |, | y1 |} < 1.

F
(r)
2,(r1,r2)

(a1; b1, c1; d1, e1;x1, y1) =

∞∑
m,n=0

(a1)m+nB
(r)
(r1,r2)

(b1 +m, d1 − b1)B(c1 + n, e1 − c1)

B
(r)
(r1,r2)

(b1, d1 − b1)B(c1, e1 − c1)

xm
1

m!

yn1
n!

,

(2.2)
where, | x1 | + | y1 | < 1.

Definition 2.2 Let ℜ(r1) > 0, ℜ(r2) > 0 and ℜ(r) > 0. Then new extension of Lauricella’s hypergeo-
metric function F 3

D(a1, b1, c1, d1; e1;x1, y1, z1) is defined as

F
3,(r)
D,(r1,r2)

(a1, b1, c1, d1; e1;x1, y1, z1) =

∞∑
m,n,t=0

B
(r)
(r1,r2)

(a1 +m+ n+ t, e1 − a1)(b1)m(c1)n(d1)t

B(a1, e1 − a1)

xm
1

m!

yn1
n!

zt1
t!
,

(2.3)
where,

√
| x1 |+

√
| y1 |+

√
| z1 | < 1

Remark 2 (i)If we consider r2 = r1 = 1, then new extended Appell’s hypergeometric functions defined in
(2.1) and (2.2) and new extended Lauricella’s hypergeometric function defined in (2.3) reduces to extended
Appell’s hypergeometric functions given by (1.9) and (1.10) and extended Lauricella’s hypergeometric
function given by (1.11) respectively.

(ii)If we substitute r2 = r1 = 1 and r = 0 then new extended Appell’s hypergeometric functions
defined in (2.1) and(2.2) and new extended Lauricella’s hypergeometric function defined in (2.3) reduces
to original Appell’s hypergeometric functions given by (1.1) and (1.3) and Lauricella’s hypergeometric
function given by (1.4) respectively.

Then, we carry on to obtain the integral representations of the functions F
(r)
1,(r1,r2)

(a1; b1, c1; d1;x1, y1),

F
(r)
2,(r1,r2)

(a1; b1, c1; d1, e1;x1, y1) and F
3,(r)
D,(r1,r2)

(a1, b1, c1, d1; e1;x1, y1, z1).

Theorem 2.3 For F
(r)
1,(r1,r2)

(a1; b1, c1; d1;x1, y1), the following integral representation hold true

F
(r)
1,(r1,r2)

(a1; b1, c1; d1;x1, y1)

=
Γ(d1)

Γ(a1)Γ(d1 − a1)

∫ 1

0

ta1−1(1− t)d1−a1−1(1− x1t)
−b1(1− y1t)

−c1Er1,r2

(
−r

t(1− t)

)
dt,

(2.4)

where, ℜ(r1) > 0, ℜ(r2) > 0 and ℜ(r) > 0, ℜ(d1) > ℜ(a1) > 0 with | x1 |< 1 and | y1 |< 1.
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Proof 1 From (2.1), we have

F
(r)
1,(r1,r2)

(a1; b1, c1; d1;x1, y1) =

∞∑
m,n=0

B
(r)
(r1,r2)

(a1 +m+ n, d1 − a1)(b1)m(c1)n

B(a1, d1 − a1)

xm
1

m!

yn1
n!

, (2.5)

Now, using the definition given in (1.5) in above equation, we get

F
(r)
1,(r1,r2)

(a1; b1, c1; d1;x1, y1)

=
1

B(a1, d1 − a1)

∞∑
m,n=0

{∫ 1

0

ta1+m+n−1(1− t)d1−a1−1Er1,r2

(
−r

t(1− t)

)
dt

}
(b1)m(c1)n

xm
1

m!

yn1
n!

.
(2.6)

On interchanging summation and integration sign in above equation and manipulate some terms, we have

F
(r)
1,(r1,r2)

(a1; b1, c1; d1;x1, y1)

=
1

B(a1, d1 − a1)

∫ 1

0

ta1−1(1− t)d1−a1−1Er1,r2

(
−r

t(1− t)

){ ∞∑
m,n=0

(b1)m(c1)n
(x1t)

m

m!

(y1t)
n

n!

}
dt

(2.7)

Now using the identities in the above equation,

(1− zt)−p =

∞∑
k=0

(p)k
k!

(zt)
k
, | z |< 1, (2.8)

and

B(x1, y1) =
Γ(x1)Γ(y1)

Γ(x1 + y1)
(2.9)

Then, we get our desired result

F
(r)
1,(r1,r2)

(a1, b1, c1; d1;x1, y1)

=
Γ(d1)

Γ(a1)Γ(d1 − a1)

∫ 1

0

ta1−1(1− t)d1−a1−1(1− x1t)
−b1(1− y1t)

−c1Er1,r2

(
−r

t(1− t)

)
dt

(2.10)

Theorem 2.4 For F
(r)
2,(r1,r2)

(a1; b1, c1; d1, e1;x1, y1), the following integral representation hold true

F
(r)
2,(r1,r2)

(a1; b1, c1; d1, e1;x1, y1) =
Γ(d1)Γ(e1)

Γ(b1)Γ(c1)Γ(d1 − b1)Γ(e1 − c1)
×∫ 1

0

∫ 1

0
tb1−1(1− t)d1−b1−1sc1−1(1− s)e1−c1−1(1− xt− ys)−a1Er1,r2

(
−r

t(1− t)

)
Er1,r2

(
−r

s(1− s)

)
dtds(2.11)

where, ℜ(r1) > 0, ℜ(r2) > 0 and ℜ(r) > 0, ℜ(d1) > ℜ(b1) > 0 and ℜ(e1) > ℜ(c1) > 0 with | x | + | y | <
1.

Proof 2 Similarly, on following the same steps as the proof of Theorem 2.3, and using (1.5) in (2.2)
with the identity

∞∑
n=0

f(n)
(a+ b)n

n!
=

∞∑
k,l=0

f(k + l)
ak

k!

bl

l!
, (2.12)

we, get our desired result.

F
(r)
2,(r1,r2)

(a1, b1, c1; d1, e1;x1, y1) =
Γ(d1)Γ(e1)

Γ(b1)Γ(c1)Γ(d1 − b1)Γ(e1 − c1)
×∫ 1

0

∫ 1

0
tb1−1(1− t)d1−b1−1sc1−1(1− s)e1−c1−1(1− xt− ys)−a1Er1,r2

(
−r

t(1− t)

)
Er1,r2

(
−r

s(1− s)

)
dtds.(2.13)
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Theorem 2.5 For F
3,(r)
D,(r1,r2)

(a1, b1, c1, d1; e1;x1, y1, z1), the following integral representation hold true

F
3,(r)
D,(r1,r2)

(a1, b1, c1, d1; e1;x1, y1, z1)

=
Γ(e1)

Γ(a1)Γ(e1 − a1)

∫ 1

0
ta1−1(1− t)e1−a1−1(1− x1t)

−b1 (1− y1t)
−c(1− z1t)

−d1Er1,r2

(
−r

t(1− t)

)
dt,

(2.14)

where, ℜ(r1) > 0, ℜ(r2) > 0 and ℜ(r) > 0, ℜ(e1) > ℜ(a1) > 0 with | x1 |< 1, | y1 |< 1 and | z1 |< 1.

Proof 3 By the following same parallel line of proof as Theorem 2.3, we get our desired result.

Now, here we obtain some results of extended Riemann-Liouville type fractional derivative operator and
some generating functions of extended hypergeometric function by the use of the extended Riemann-
Liouville type fractional derivative operator.

Theorem 2.6 Consider ℜ(u) < 0, ℜ(k) > 0, ℜ(l) > 0, ℜ(m) > 0 | az |< 1 and | bz |< 1 then

D
k−u,(r)
z,(r1,r2)

[zk−1(1− az)−l(1− bz)−m] =
Γ(k)

Γ(u)
zu−1F

(r)
1,(r1,r2)

(k; l,m;u; az, bz). (2.15)

Proof 4 From (1.12), we get

D
k−u,(r)
z,(r1,r2)

[zk−1(1− az)−l(1− bz)−m] =

1

Γ(u− k)

∫ z

0

(z − t)u−k−1Er1,r2

(
−rz2

t(z − t)

)
tk−1(1− at)−l(1− bt)−mdt.

(2.16)

On taking out z from integral, we have

D
k−u,(r)
z,(r1,r2)

[zk−1(1− az)−l(1− bz)−m] =

zu−k−1

Γ(u− k)

∫ z

0

(
1− t

z

)u−k−1

Er1,r2

(
−rz2

t(z − t)

)
tk−1(1− at)−l(1− bt)−mdt.

(2.17)

Then set the value of t = xz in above equation and changing the limit from t = 0, t = z to x = 0, x = 1,
dt = zdx with some re-arranging the terms, we get

D
k−u,(r)
z,(r1,r2)

[zk−1(1− az)−l(1− bz)−m] =

zu−1

Γ(u− k)

∫ 1

0

(1− x)u−k−1Er1,r2

(
−r

x(1− x)

)
xk−1(1− axz)−l(1− bxz)−mdx.

(2.18)

From the integral formula of the extended Appell’s hypergeometric function F
(r)
1,(r1,r2)

(a1; b1, c1; d1;x1, y1)

(1.9), we get our desired result.

D
k−u,(r)
z,(r1,r2)

[zk−1(1− az)−l(1− bz)−m] =
Γ(k)

Γ(u)
zu−1F

(r)
1,(r1,r2)

(k; l,m;u; az, bz). (2.19)

Theorem 2.7 Consider ℜ(u) < 0, ℜ(k) > 0, ℜ(l) > 0, ℜ(m) > 0, ℜ(n) > 0, | az |< 1, | bz |< 1 and
| cz |< 1 then

D
k−u,(r)
z,(r1,r2)

[zk−1(1− az)−l(1− bz)−m(1− cz)−n] =
Γ(k)

Γ(u)
zu−1F

3,(r)
D,(r1,r2)

(k, l,m, n;u; az, bz, cz). (2.20)

Proof 5 By the similar steps as proof of Theorem 2.6, we can get our desired result.

Theorem 2.8 Consider ℜ(u) < 0, ℜ(k) > 0, ℜ(l) > 0, and | x
1−z |< 1 then

D
k−u,(r)
z,(r1,r2)

{
zk−1(1− z)−lF

(r)
(r1,r2)

(
l,m, p,

x

1− z

)}
=

1

B(m, p−m)Γ(u− k)
zu−1F

(r)
2,(r1,r2)

(l;m, k; p, u;x, z).

(2.21)
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Proof 6 By using the (1.7), in the definition of the extended Riemann-Liouville fractional derivative
operator (1.12), we have

D
k−u,(r)
z,(r1,r2)

{
zk−1(1− z)−lF

(r)
(r1,r2)

(
l,m, p,

x

1− z

)}
=

D
k−u,(r)
z,(r1,r2)

{
zk−1(1− z)−l

{
1

B(m, p−m)

∞∑
n=0

(l)nB
(r)
(r1,r2)

(m+ n, p−m)

n!

(
x

1− z

)n}}

=
1

B(m, p−m)
D

k−u,(r)
z,(r1,r2)

{
zk−1

∞∑
n=0

(l)nB
(r)
(r1,r2)

(m+ n, p−m)xn(1− z)−l−n

n!

}

=
1

B(m, p−m)
D

k−u,(r)
z,(r1,r2)

{
zm+k−1

∞∑
m,n=0

(l)n(l + n)mB
(r)
(r1,r2)

(m+ n, p−m)xn

n!m!

}

=
1

B(m, p−m)

∞∑
m,n=0

B
(r)
(r1,r2)

(m+ n, p−m)
xn

n!

(l)n(l + n)m
m!

D
k−u,(r)
z,(r1,r2)

{
zm+k−1

}

(2.22)

Now using the result given in [18]

D
u,(r)
z,(r1,r2)

[zk] =
B

(r)
(r1,r2)

(k + 1,−u)

Γ(−u)
zk−u. (2.23)

Then, we have

D
k−u,(r)
z,(r1,r2)

{
zk−1(1− z)−lF

(r)
(r1,r2)

(
l,m, p,

x

1− z

)}
=

1

B(m, p−m)

∞∑
m,n=0

B
(r)
(r1,r2)

(m+ n, p−m)
xn

n!

(l)m+n

m!

B
(r)
(r1,r2)

(k +m,u− k)

Γ(u− k)
zu+m−1

(2.24)

Then using the (2.2), we get our desired result.

D
k−u,(r)
z,(r1,r2)

{
zk−1(1− z)−lF

(r)
(r1,r2)

(
l,m, p,

x

1− z

)}
=

1

B(m, p−m)Γ(u− k))
zu−1F

(r)
2,(r1,r2)

(l;m, k; p, u;x, z).

(2.25)

Theorem 2.9 For generalized hypergeometric function F
(r)
(r1,r2)

(a, b, c, z) the following generating relation

holds true

∞∑
m=0

(λ)m
m!

F
(r)
(r1,r2)

(d−m, l,m;x)tm = (1− t)−λF
(r)
1,(r1,r2)

(
l; d, λ;m;x,

−xt

(1− t)

)
, (2.26)

where | x
(1−t) |< 1 ,ℜ(λ) > 0 and ℜ(m) > ℜ(l) > 0.

Proof 7 Let the series identity

[1− (1− x)t]−λ = (1− t)−λ
(
1 + xt

(1−t)

)−λ

.

Then by using the binomial expansion of (1− (1− x)t)−λ on LHS of the above equation, we get

∞∑
m=0

(λ)m(1− x)mtm

m!
= (1− t)−λ

(
1− −xt

(1− t)

)−λ

. (2.27)
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Now, multiply both hand side by xl−1(1−x)−d and operate extended Riemann-Liouville fractional deriva-

tive operator D
l−m,(r)
x,(r1,r2)

, then we have

D
l−m,(r)
x,(r1,r2)

[ ∞∑
m=0

(λ)m(1− x)m−dxl−1tm

m!

]
=

(1− t)−λD
l−m,(r)
x,(r1,r2)

[
xl−1(1− x)−d

(
1− −xt

(1− t)

)−λ ]
.

(2.28)

After some calculations, we have

∞∑
m=0

(λ)m
m!

D
l−m,(r)
x,(r1,r2)

[
xl−1(1− x)−(−m+d)

]
tm =

(1− t)−λD
l−m,(r)
x,(r1,r2)

[
xl−1(1− x)−d

(
1− −xt

(1− t)

)−λ ]
.

(2.29)

Then using the Theorem 1.1 proved in [18] and Theorem 2.3, we get our desired result.

∞∑
m=0

(λ)m
m!

F
(r)
(r1,r2)

(d−m, l,m;x)tm = (1− t)−λF
(r)
1,(r1,r2)

(
l; d, λ;m;x,

−xt

(1− t)

)
, (2.30)

Theorem 2.10 For the generalized hypergeometric function F
(r)
(r1,r2)

(a, b, c; z) the following result holds
true

∞∑
n=0

(k)n
n!

F
(r)
(r1,r2)

(p,−n, q; y)F
(r)
(r1,r2)

(k + n, l,m;x)tn

= (1− t)−kB(p, q − p)

B(l,m− l)
F

(r)
2,(r1,r2)

(
k; l, p;m, q;

x

(1− t)
,

−yt

(1− t)

)
,

(2.31)

where | x
(1−t) |< 1, | y

(1−t) |< 1 ,ℜ(k) > 0 and ℜ(q) > ℜ(p) > 0.

Proof 8 By the using the result, proved in [18],

∞∑
n=0

(k)n
n!

F
(r)
(r1,r2)

(k + n, l,m;x)tn = (1− t)−kF
(r)
(r1,r2)

(
k, l,m;

x

(1− t)

)
, (2.32)

now, changing the value t by (1 − y)t in the above equation, and multiplying the resulting equation by
yp−1, we have

∞∑
n=0

(k)n
n!

F
(r)
(r1,r2)

(k + n, l,m;x)(1− y)nyp−1tn = (1− (1− y)t)−kyp−1F
(r)
(r1,r2)

(
k, l,m;

x

(1− (1− y)t)

)
,

(2.33)

Then applying the extended fractional derivative operator D
p−q,(r)
y,(r1,r2)

both the side, we get

D
p−q,(r)
y,(r1,r2)

{ ∞∑
n=0

(k)n
n!

F
(r)
(r1,r2)

(k + n, l,m;x)(1− y)nyp−1tn
}

= D
p−q,(r)
y,(r1,r2)

{
(1− (1− y)t)−kyp−1F

(r)
(r1,r2)

(
k, l,m;

x

(1− (1− y)t)

)} (2.34)

After some calculations, we have

∞∑
n=0

(k)n
n!

D
p−q,(r)
y,(r1,r2)

{
(1− y)nyp−1

}
F

(r)
(r1,r2)

(k + n, l,m;x)tn

= (1− t)−kD
p−q,(r)
y,(r1,r2)

{
yp−1

(
1− −yt

1− t

)−k

F
(r)
(r1,r2)

(
k, l,m;

x
1−t

1− −yt
1−t

)} (2.35)
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Now using the Theorem 1.1 and 2.4, we get our desired result.

∞∑
n=0

(k)n
n!

F
(r)
(r1,r2)

(p,−n, q; y)F
(r)
(r1,r2)

(k + n, l,m;x)tn

= (1− t)−kB(p, q − p)

B(l,m− l)
F

(r)
2,(r1,r2)

(
k; l, p;m, q;

x

(1− t)
,

−yt

(1− t)

)
,

(2.36)

3. Conclusion

In this work, we have introduced new extensions of hypergeometric functions of two and three variables
i.e. Appell and Lauricella functions respectively. Then, we have derived integral representations of all
these extensions. After that by using an extended Riemann-Liouville type fractional derivative operator,
we derived some relations between generalized Gauss hypergeometric function with extended Appell’s
hypergeometric functions and Lauricella’s hypergeometric function, and then using these relations, we
obtained some generating functions for generalized hypergeometric functions. Finally, we conclude our
research by mentioning that all the results obtained in the present article are new and important. More-
over, the general massive one-loop Feynman integral can be represented as a meromorphic function of
space-time dimensions using the extended type Appell and Lauricella functions for self-energy, vertex,
and box integrals, respectively
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