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On the Stabilization of Some Degenerate Vibrating Equation by Fractional Damping ∗
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abstract: We study the stabilization of the degenerate wave equation utt − (
√
1− x2ux)x = 0 with

x ∈ (−1, 1), by a fractional boundary damping acting at x = 1. Thus, using semigroup theory and method
inspired from Rozendaal, stahn and Seifertr. We prove the logarithm decays of its total energy with (ln t)−2

decay rate where 0 < α ≤ 1.

Key Words:Weakly degenerate wave equation, Boundary dissipation of fractional derivative type,
Polynomial stability, Airy functions.

Contents

1 Introduction 1

2 Preliminaries results 3
2.1 Augmented model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

3 Well-posedness of the system 5

4 Lack of exponential stability 7

5 Energy decay when η ̸= 0 11
5.1 Appendix A. Proof of Lemma 5.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1. Introduction

In this work, we are concerned with the boundary stabilization of fractional type for degenerate wave
equation of the form

utt(x, t)− (
√
1− x2ux(x, t))x = 0 in(−1, 1)× (0,+∞),

u(−1, t) = 0 in (0,+∞),

(
√
1− x2ux)(1, t) = −ρ∂α,η

t u(1, t) in(−1, 1),
u(x, 0) = u0(x), u′(x, 0) = u1(x) in (−1, 1),

(P )

where ρ > 0. The notation ∂α,η
t stands for the generalized Caputo’s fractional derivative of order α,

(0 < α < 1), with respect to the time variable (see [8]). It is defined as follows

∂α,η
t w(t) =

{
wt for α = 1, η ≥ 0,

1
Γ(1−α)

∫ t

0
(t− s)−αe−η(t−s) dw

ds (s)ds for 0 < α < 1, η ≥ 0.

Here, the coefficient a(x) =
√
1− x2 vanishes at the boundary and the problem is weakly degenerate, in

the sense that 1
a ∈ L1(−1, 1).

The degenerate wave equation (P ) can describe the vibration problem of an elastic string. Indeed a
mathematical model that describes transverse vibration of an elastic string is given by

utt(x, t)−
(
T (x)

ρ(x)
ux(x, t)

)
x

+ lower terms = 0,
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where T is the tension of a string and ρ is the density of the string. The elasticity of the string can stretch
proportionally to a variation in tension. Hence, the wave equation becomes degenerate when T (x) → 0
as x → 0 or ρ(x) → +∞ as x → 0.

Moreover, these form of diffusion coefficient and on the boundary were used before in the context of
study of controlability of degenerate parabolic equation wich are related to several applied models (see
[4], [7], [5] and [6]). For instance, in climatology, the so-called Budyko-Sellers model studies the role
played by continental and oceanic areas of ice on climate change.

Recently, controllability issues for degenerate hyperbolic equations have been a mainstream topic over
the past several years, and numerous developments have been pursued (see for example [10], [20] and
the references therein). In [20], for any α > 0 , T > 0 and L > 0, the null controllability of the following
degenerate wave equation was considered:

utt(x, t)− (xαux(x, t))x = 0, on (0, L)× (0, T ),
u(0, t) = 0, 0 < α < 1

on (0, T ),
(xαux)(0, t) = 0, α ≥ 1 on (0, T )
u(L, t) = θ(t),
u(x, 0) = u0(x), ut(x, 0) = u1(x) on [0, T ],

(PA)

where θ(t) is the control variable and it acts on the degenerate boundary. Recently, in [20], the authors
studied the null controllability problems of one-dimensional degenerate wave equations as in [10] but
the control acts on the nondegenerate boundary. They proved that any initial value in state space is
controllable. Also, an explicit expression for the controllability time is given.
In [15] B. Mbodje investigates the decay rate of the energy of the wave equation with a fractional
boundary damping, that is,

utt(x, t)− uxx(x, t) = 0, on (0, 1)× (0,+∞),
u(0, t) = 0, on (0,+∞)

,
ux(1, t) = −γ∂α,η

t u(1, t), on (0,+∞),
u(x, 0) = u0(x), ut(x, 0) = u1(x) on (0,+∞).

Recently in [3], Benaissa and Aichi considered the stabilization for the following degenerate wave equation
with fractional damping acting on the nondegenerate boundary x = 1, that is,

utt(x, t)− (ã(x)ux(x, t))x = 0 on (0, 1)× (0,+∞),{
u(0, t) = 0 0 ≤ µã < 1
(ã(x)ux)(0, t) = 0 1 ≤ µã < 2

t ∈ (0,+∞),

βu(1, t) + ux(1, t) = −ϱ∂α,η
t u(1, t) t ∈ (0,+∞),

u(x, 0) = u0(x), ut(x, 0) = u1(x) on (0, 1),

(PB)

where the coefficient ã is a positive function on ]0, 1] but vanishes at zero. The degeneracy of (PB) at
x = 0 is measured by the parameter µã defined by

µã = sup
0<x≤1

x|ã′(x)|
ã(x)

.

They obtained optimal polynomial stability of the solutions. Moreover, the degeneracy does not affect
the decay rates of the energy.

Very recently in [19], Zerkouk, Aichi and Benaissa considered the stabilization for the following
degenerate wave equation with fractional damping acting on the degenerate boundary x = 0, that is,

utt(x, t)− (xγux(x, t))x = 0 on (0, 1)× (0,+∞),
(xγux)(0, t) = ϱ∂α,η

t u(0, t) t ∈ (0,+∞),
u(1, t) = 0 t ∈ (0,+∞),
u(x, 0) = u0(x), ut(x, 0) = u1(x) on (0, 1),

(PC)



On the Stabilization of Some Degenerate Vibrating Equation by Fractional Damping 3

where 0 < γ < 1. They obtained optimal exponential and polynomial stability of the solutions. Moreover,
the degeneracy affect the decay rates of the energy.

To our best knowledge, there is no results on the stability of the problem (PC) when instead of xγ

we take a weakly degenerate function a(x).
We underline that this is the first paper to consider the stabilization for the system (P ) that couples

a degenerate variable coefficient a(x) =
√
1− x2 in the principal part with a fractional damping acting

at a degenerate boundary.
The outline of this paper as follows. In section 2, we introduce our notations, functional space. In

section 3, we show the well-posedness of our problem by semigroup theory. In section 4, we show the lack
of exponential stability by spectral analysis. In the last section, we also show a logarithmic type decay
rate using a recent theorem of Rozendaal, stahn and Seifertr.

2. Preliminaries results

Now, we introduce, as in [5], the following weighted Sobolev spaces:
For a(x) =

√
1− x2, we define the Hilbert space H1

1,a(−1, 1), as

H1
1,a(−1, 1) = {u ∈ L2(−1, 1) :

√
a(x)ux ∈ L2(−1, 1)/ u(−1) = 0},

H1
a(−1, 1) = {u ∈ L2(−1, 1) :

√
a(x)ux ∈ L2(−1, 1)}.

We remark that H1
a(−1, 1) is Hilbert space with the scalar product

(u, v)H1
a(−1,1) =

∫ 1

−1

(
uv̄ + a(x)u′(x)v′(x)

)
dx, ∀u, v ∈ H1

a(−1, 1).

Let us also set

|u|H1
1,a(−1,1) =

(∫ 1

−1

a(x) | u′(x) |2
) 1

2

, ∀u ∈ H1
a(−1, 1).

Actually, | . |H1
1,a(−1,1) is an equivalent norm on the closed subspace H1

1,a(−1, 1) to the norm of H1
a(−1, 1)

This fact is a simple consequence of the following version of Poincaré inequality.

Proposition 2.1 There is a positive constant C∗ = C( a) such that

∥u∥2L2(Ω) ≤ C∗ | u |2H1
1,a(−1,1) , ∀u ∈ H1

1,a(−1, 1).

Proof: Let u ∈ H1
1,a(−1, 1). For any x ∈ (−1, 1) we have that

|u(x)| =
∣∣∣∣∫ x

−1

|u′(s)| ds
∣∣∣∣ ≤ |u|H1

1,a(−1,1)

{∫ 1

−1

1√
1− x2

ds

} 1
2

.

Therefore ∫ 1

−1

|u(x)|2dx ≤ π|u|H1
1,a(−1,1).

2

Next, we define

H2
a(−1, 1) =

{
u ∈ H1

a(−1, 1) :
√

1− x2u′(x) ∈ H1(−1, 1)
}
.

Remark 2.1 Notice that if u ∈ H2
a(−1, 1), 1/a ̸∈ L1(−1, 1),we have (a(x)ux)(±1) ≡ 0. Indeed,

if a(x)ux(x) → L when x → ±1, then a(x)|ux(x)|2 ∼ L/a(x) and therefore L = 0 otherwise
u ̸∈ H1

a(−1, 1).
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2.1. Augmented model

In this section we reformulte (P ) into an augmented system. For that, we need the following proposition.

Proposition 2.2 (see [15]) Let µ be the fonction:

µ(ξ) = |ξ|(2α−1)/2,−∞ < ξ < +∞, 0 < α < 1, (2.1)

then the relationship between the ’input’ U and the ’output’ O of the system

∂tϕ(ξ, t) + (ξ2 + η)ϕ(ξ, t)− U(t)µ(ξ) = 0,−∞ < ξ < +∞, η ≥ 0, t > 0, (2.2)

ϕ(ξ, 0) = 0, (2.3)

O(t) = π−1sin(απ)

∫ +∞

−∞
µ(ξ)ϕ(ξ, t)dξ (2.4)

is given by
O = I1−α,ηDU = Dα,ηU, (2.5)

where

[Iα,η](t) =
1

Γ(α)

∫ t

0

(t− τ)α−1e−η(t−τ)f(τ)dτ. (2.6)

Lemma 2.1. [1] If λ ∈ Dη = IC\]−∞,−η] then

F (λ) =

∫ +∞

−∞

µ2(ξ)

λ+ η + ξ2
dξ =

π

sin(απ)
(λ+ η)α−1.

Using now Proposition 2.2 and relation (2.5), system (P ) may be recast into the following augmented
system

(P ′)


utt(x, t)− (

√
1− x2ux(x, t))x = 0,

ϕt(ξ, t) + (ξ2 + η)ϕ(ξ, t)− ut(1, t)µ(ξ) = 0,−∞ < ξ < +∞, t > 0,
u(−1, t) = 0,

(
√
1− x2ux)(1, t) = −ζ

∫ +∞
−∞ µ(ξ)ϕ(ξ, t)dξ,

u(x, 0) = u0(x), ut(x, 0) = u1(x),

where ζ = ρ(π)−1 sin(απ).
We define the energy associated to the solution of the problem (P ′) by the following formula:

E(t) =
1

2

∫ 1

−1

(|ut|2 +
√

1− x2|ux|2)dx+
ζ

2

∫ +∞

−∞
|ϕ(ξ, t)|2dξ. (2.7)

Lemma 2.2. Let(u, ϕ) be a regular solution of the problem (P ′). Then, the energy functional defined by
(7) satisfies

E′(t) = −ζ

∫ +∞

−∞
(ξ2 + η)|ϕ(ξ, t)|2dξ ≤ 0. (2.8)

Proof of Lemma 2.2. Multiplying the first equation in (P ′) by ut, integrating over (−1, 1) and using
integration by parts, we get∫ 1

−1

utt(x, t)utdx−
∫ 1

−1

(
√
1− x2ux(x, t))xutdx = 0.

Then

d

dt

(
1

2

∫ 1

−1

|ut(x, t)|2dx
)
+

1

2

d

dt

∫ 1

−1

√
1− x2|ux(x, t)|2dx−R

[
(
√
1− x2ux)(x, t)ut

]1
−1

= 0.
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Then from the boundary conditions (P ′)3 − (P ′)4, we have

1

2

d

dt

∫ 1

−1

(|ut(x, t)|2 +
√
1− x2|ux(x, t)|2)dx+ ζRut(1, t)

∫ +∞

−∞
u(ξ)ϕ(ξ, t)dξ = 0. (2.9)

Multiplying the second equation in (P ′) by ζϕ and integrating over (−∞,+∞), to obtain

ζ

∫ +∞

−∞
ϕt(ξ, t)ϕdξ + ζ

∫ +∞

−∞
(ξ2 + η)|ϕ(ξ, t)|2dξ − ζut(1, t)

∫ +∞

−∞
µ(ξ)ϕ(ξ, t)dξ = 0.

Hence

ζ

2

d

dt

∫ +∞

−∞
|ϕ(ξ, t)|2dξ + ζ

∫ +∞

−∞
(ξ2 + η)|ϕ(ξ, t)|2dξ − ζRut(1, t)

∫ +∞

−∞
µ(ξ)ϕ(ξ, t)dξ = 0. (2.10)

From (2.7), (2.9) and (2.10) we obtain

E′(t) = −ζ

∫ +∞

−∞
(ξ2 + η)|ϕ(ξ, t)|2dξ ≤ 0.

This completes the proof of the lemma.

3. Well-posedness of the system

In order to study the system (P ′) we use a reduction order argument. First, we introduce the Hilbert
space H = H1

1,a(−1, 1)× ∈ L2(−1, 1)× ∈ L2(−∞,+∞) equipped with the scalar product

< U, Ũ >H=

∫ 1

−1

√
1− x2uxũxdx+

∫ 1

−1

vṽdx+ ζ

∫ +∞

−∞
ϕϕ̃dξ, ∀U, Ũ ∈ H, U = (u, v, ϕ), Ũ = (ũ, ṽ, ϕ̃).

Then we consider the unbounded operator

A : D(A) ⊂ H −→ H
U = (u, v, ϕ) 7→ AU =

(
v, (

√
1− x2ux)x,−(ξ2 + η)ϕ+ v(1)µ(ξ)

)
,

(3.1)

where

D(A) =


(u, v, ϕ) in H : u ∈ H2

a(−1, 1) ∩H1
1,a(−1, 1), v ∈ H1

1,a(−1, 1),
−(ξ2 + η)ϕ+ v(1)µ(ξ) ∈ L2(−∞,+∞),

(
√
1− x2ux)(1) + ζ

∫ +∞
−∞ µ(ξ)ϕ(ξ)dξ = 0,

|ξ|ϕ ∈ L2(−∞,+∞).

 . (3.2)

So the system (P ′) is formally equivalent to {
U ′ = AU,
U(0) = U0,

(3.3)

where U0 = (u0, u1, 0)
T .

Theorem 3.1 The operator A is an m-dissipative operator on H and thus it generates a C0-semigroup.

Proof: To prove this result we shall use the Lumer-Phillips’ theorem. Since for every U = (u, v, ϕ) ∈
D(A) we have

R⟨AU,U⟩H = −ζ

∫ +∞

−∞
(ξ2 + η)|ϕ(ξ)|2dξ. (3.4)
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Hence the operator A is dissipative.
We would like to show that there exists λ > 0 such that (λI −A) is surjective. Let λ > 0 be given. For
(f1, f2, f3) ∈ H, we look for (u, v, ϕ) ∈ D(A) such that

(λI −A)

u
v
ϕ

 =

f1
f2
f3

 . (3.5)

Equation (3.5) is equivalent to 
λu− v = f1,

λv − (
√
1− x2ux)x = f2,

λϕ+ (ξ2 + η)− v(1)µ(ξ) = f3,
(3.6)

Suppose u is found with the appropriate regularity. Then (3.6)1 and (3.6)3 yeild

v = λu+ f1 ∈ H1
1,a(−1, 1), (3.7)

ϕ =
f3(ξ) + µ(ξ)v(1)

ξ2 + η + λ
. (3.8)

By using (3.6)1 and (3.6)2 it can easily be shown that u satisfies

λ2u− (
√

1− x2ux)x = f2 + λf1. (3.9)

Solving equation (3.9) is equivalent to finding u ∈ H2
a(−1, 1) ∩H1

1,a(−1, 1) such that∫ 1

−1

(λ2uw − (
√

1− x2ux)xw)dx =

∫ 1

−1

(f2 + λf1)wdx (3.10)

for all w ∈ H1
1,a(−1, 1) By using (3.10), the boundary condition (3.2)3, (3.8) and (3.7), the function u

satisfies the following equation :∫ 1

−1
(λ2uw + (

√
1− x2ux)wx)dx+ ζv(1)w(1)

=
∫ 1

−1
(f2 + λf1)wdx− ζ

∫ +∞
−∞

µ(ξ)
ξ2+η+λf3(ξ)dξw(1),

(3.11)

where ζ = ζ
∫ +∞
−∞

µ(ξ)
ξ2+η+λdξ. Using again (16), we deduce that

v(1) = λu(1)− f(1). (3.12)

Inserting (3.12) into (3.11), we get{∫ 1

−1
(λ2uw +

√
1− x2uxwx)dx+ λζu(1)w(1)

=
∫ 1

−1
(f2 + λf1)wdx− ζ

∫ +∞
−∞

µ(ξ)
ξ2+η+λf3(ξ)dξw(1) + ζ̃f1(1)w(1).

(3.13)

Problem (3.13) is of the form

B(u,w) = L(w) (3.14)

where B : H1
1,a(−1, 1)×H1

1,a(−1, 1) → C is the bilinear form defined by

B(u,w) =
∫ 1

−1

(λ2uw +
√
1− x2uxwx)dx+ λζu(1)w(1)

and L : H1
1,a(−1, 1) → C is the linear functional given by

L(w) =
∫ 1

−1

(f2 + λf1)wdx− ζ

∫ +∞

−∞

µ(ξ)

ξ2 + η + λ
f3(ξ)dξw(1) + ζ̃f1(1)w(1).
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It is easy to verify that B is continuous and coercive, and L is continuous. Consequently, by the Lax-
Milgram Lemma, system (3.14) has a unique solution u ∈ H1

1,a(−1, 1). By the regularity theory for the
linear elliptic equations, it follows that u ∈ H2

a(−1, 1). Therefore, the operator λI − A is surjective for
any λ > 0. 2

Now, we are able to state the following existence result of problem (3.3).

Theorem 3.2 For (u0, u1, 0) ∈ H, the problem (P ′) admits a unique weak solution

(u, ut, ϕ) ∈ C 0(R+,H).

and for (u0, u1, 0) ∈ D(A), the problem (P ′) admits a unique strong solution

(u, ut, ϕ) ∈ C 0(R+,D(A)) ∩ C 1(R+,D(H)).

Proof of Theorem 3.2. The regularity of solution of the solution of the problem (P ′) is a consequence of
the semigroup property.

Remark 3.1 • We can easily extend the global existence result for a general function a(x) satisfying
(H) instead of

√
1− x2 (see introduction).

• In the case α = 1, we take ϱut(1, t) instead of ϱ∂α,η
t u(1, t). We do not need to introduce an

augmented system. In this case the operator A takes the form

Ã
(
u
v

)
=

(
v

(
√
1− x2ux)x

)
(3.15)

with domain

D(Ã) =

{
(u, v) in H̃ : u ∈ H2

a(−1, 1) ∩H1
1,a(−1, 1), v ∈ H1

1,0(−1, 1),

(
√
1− x2ux)(1) + ρv(1) = 0,

}
, (3.16)

where
H̃ = H1

1,a(−1, 1)× L2(−1, 1)

with inner product 〈(
u
v

)
,

(
ũ
ṽ

)〉
H̃

=

∫ 1

−1

√
1− x2uxũxdx+

∫ 1

−1

vṽdx.

The well-posedness result follows exactly as in the case 0 < α < 1. Moreover, the energy function
is defined as

Ẽ(t) =
1

2

∫ 1

−1

(|ut|2 +
√

1− x2|ux|2)dx (3.17)

and decays as follows
Ẽ′(t) = −ρ|ut(1, t)|2 ≤ 0.

4. Lack of exponential stability

This section will be devoted to the study of the lack of exponential decay of solutions associated with
the system (3.3). In order to state and prove our stability results, we need some lemmas.

Theorem 4.1 ( [11], [16]) Let S(t) be a C0-semigroup of contractions on Hilbert space X with generator
A. Then S(t) is exponentially stable if and only if

ρ(A) ⊇ {iβ : β ∈ IR} ≡ iIR (4.1)

and
lim

x→+∞

∥∥(iβI −A)−1
∥∥
L(X )

< ∞. (4.2)
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Our main result is the following.

Theorem 4.2 The semigroup generated by the operator A is not exponentially stable if α ̸= 1.

Proof: We will examine two cases.
• Case1 η = 0 : We shall show that iλ = 0 is not in the resolvent set of the operator A. Indeed,
noting that F = (sin(x + 1), 0, 0)T ∈ H, and assume that there exists U = (φ, u, ϕ)T ∈ D(A) such that

−AU = F . Then ϕ(ξ) = −|ξ| 2α−5
2 sin 2. But, then ϕ /∈ L2(−∞,+∞) , since α ∈ ]1, 0[. So the operator A

is not invertible.
• Case2 η ̸= 0 :
We aim to show that an infinite number of eigenvalues of A approach the imaginary axis which prevents
the system (P ) from being exponentially stable. Indeed we first compute the characteristic equation that
gives the eigenvalues of A. Let λ be an eigenvalue of A with associated eigenvector U = (u, v, ϕ)T . Then
AU = λU is equivalent to 

λu− v = 0,

λv − (
√
1− x2ux)x = 0,

λϕ+ (ξ2 + η)ϕ− v(1)µ(ξ) = 0
(4.3)

with boundary conditions {
(
√
1− x2ux)(1) + ζ

∫ +∞
−∞ µ(ξ)ϕ(ξ)dξ = 0,

u(−1) = 0.
(4.4)

It is well-known that Bessel functions play an important role in this type of problem. From (4.3)1 - (4.3)2
for such λ, we find

λ2u− (
√
1− x2ux)x = 0. (4.5)

Using the boundary conditions and (4.3)3, we deduce that
λ2u− (

√
1− x2ux)x = 0,

(
√
1− x2ux)(1) + ζv(1)

∫ +∞
−∞

µ2(ξ)
ξ2+λ+ηdξ = (

√
1− x2ux)(1) + ρλ(λ+ η)α−1u(1) = 0,

u(−1) = 0.

(4.6)

From (4.6)1 for such λ , we find

(x2 − 1)uxx + xux + λ2
√
1− x2u = 0. (4.7)

We take u(x) = Ψ(ξ), x = cos ξ, kπ < ξ < (k + 1)π, −1 < x < 1, we find

Ψξξ − λ2 sin(ξ)Ψ = 0, (4.8)

(see [12], p 454, 2.236), and equation (30) can write by

Ψtt − 4λ2cos(2t)Ψ = 0, (4.9)

where ξ = (2t+ π
2 ). Then we have

Ψ(2t+
π

2
) = C1J0(2λe

it) + C2Y0(2λe
it)

(see [18], p.665). Then it becomes

u(x) = C1J0

(
2λei(

arccos x
2 −π

4 )
)
+ C2Y0

(
2λei(

arccos x
2 −π

4 )
)
,

where Jn and Yn are defined by:

Jn(y) =

∞∑
m=0

(−1)m

(m!)2

(y
2

)2m+n



On the Stabilization of Some Degenerate Vibrating Equation by Fractional Damping 9

Yn(y) =
2
π ln(x2 )Jn(x)−

1
π

n−1∑
k=0

(n− k − 1)!

k!

(x
2

)2k−n

− 1
π

∞∑
k=0

[
Γ′(k + 1)

Γ(k + 1)
+

Γ′(k + n+ 1)

Γ(k + n+ 1)

]
(−1)k

(
x
2

)n+2k

k!(n+ k)!
if n ̸= 0.

If n = 0, then

Y0(y) =
2

π

{
ln(

x

2
) + γ

}
J0(x) +

2

π

∞∑
k=1

(−1)
k+1 Hk

(k!)2

(x
2

)2k
, Hk =

k∑
j=1

1

j
,

which γ is the Euler-Mascheroni constant,

γ = lim
n→+∞

(Hn − ln(n)) ∼ 0, 5772...,

wehre Jn and Yn are Bessel functions of the first kind and second kind of order n and are linearly
independent and therefore the pair (J0, Y0) (classical result) forms a fundamental system of solutions of
(4.7). Hence, given C1 and C2,

u(x) = C1J0

(
2λei(

arccos x
2 −π

4 )
)
+ C2Y0

(
2λei(

arccos x
2 −π

4 )
)
∈ H1

1,a(−1, 1) (4.10)

with the following boundary condition{
(
√
1− x2ux)(1) + ρλ(λ+ η)α−1u(1) = 0,

u(−1) = 0.
(4.11)

Then

M(λ)

(
C1

C2

)
=

(
0
0

)
, (4.12)

where

M(λ) =

(
iλe

−iπ
4 J1(2λe

−iπ
4 ) + ρλ(λ+ η)α−1J0(2λe

−iπ
4 ) iλe

−iπ
4 Y1(2λe

−iπ
4 ) + ρλ(λ+ η)α−1Y0(2λe

−iπ
4 )

J0(2λe
iπ
4 ) Y0(2λe

iπ
4 )

)
Hence, a non-trivial solution u exists if and only if the determinant of M(λ) vanishes.
Set f(λ) = detM(λ) thus the characteristic equation is f(λ) = 0. Our purpose in the sequel is to prove,
thanks to Rouché’s Theorem, that there is a subsequence of eigenvalues for which their real part tends
to 0. Since A is dissipative, we study the asymptotic behavior of the large eigenvalues λ of A in the strip
−α0 ⩽ R(λ) ⩽ 0 for some α0 > 0 large enough and for such λ, we remark that J0, Y0 remains bounded.

Lemma 4.1 There exists N ∈ IN such that

{λk}k∈Z∗,|k|≥N ⊂ σ(A), (4.13)

λk = i
(2k + 1)

4
√
2

π +
α̃

k1−α
+

β̃

k1−α
+ o

(
1

k1−α

)
, k ≥ N, α̃ ∈ iIR, β ∈ IR, β < 0.

λk = λ−k if k ≤ −N,

Moreover, for all |k| ≥ N, the eigenvalues λk are simple.

Proof.
For α ̸= 1
Step 1. We will use the following classical development (see [13] p. 122, (5.11.6)): for all δ > 0, the
following development holds when | arg z| < π − δ:

Jν(z) =

(
2

πz

)1/2

cos(z − ν
π

2
− π

4

)
−

(ν − 1

2
)(ν +

1

2
)

2

sin
(
z − ν π

2 − π
4

)
z

+O

(
1

|z|2

) , (4.14)
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Yν(z) =

(
2

πz

)1/2

sin(z − ν
π

2
− π

4

)
+

(ν − 1

2
)(ν +

1

2
)

2

cos
(
z − ν π

2 − π
4

)
z

+O

(
1

|z|2

) . (4.15)

Then

f(λ) = ie−i π
4

π

(
cos(2

√
2λi) + ρei

π
4

i (η + λ)α−1 sin(2
√
2λi) +O

(
1

λ

))
= ie−i π

4

π

(
cos(2

√
2λi) + ρei

π
4 sin(2

√
2λi)

iλ1−α + o

(
1

λ1−α

))
= ie−i π

4

2π e−2
√
2λ

(
e4

√
2λ + 1− ρei

π
4

λ1−α (1− e4
√
2λ) + o

(
1

λ1−α

))
.

We set

f̃(λ) = f0(λ) +
f1(λ)

λ1−α
+ o
( 1

λ1−α

)
, (4.16)

where
f0(λ) = e4

√
2λ + 1, (4.17)

f1(λ) = −ρei
π
4 (1− e4

√
2λ). (4.18)

We look at the roots of f0. From (4.17), f0 has one family of roots that we denote λ0
k.

f0(λ) = 0 ⇔ e4
√
2λ + 1 = 0

Hence

λ0
k = i

(k + 1
2 )

2
√
2

π, k ∈ Z.

Note that f remain bounded in the strip −α0 ⩽ R(λ) ⩽ 0.

Step 2.
Now with the help of Rouché,s Theorem, we will show that the roots of f̃ are close to those of f0.

Let us start with the first family. Changing in (4.16) the unknown λ by u = (4
√
2λ) then (4.16) becomes

f̃(u) = (eu + 1) +O

(
1

u1−α

)
The roots of f0 are uk = i(2k+1)

4
√
2

, k ∈ Z, and setting u = uk + reit, t ∈ [0, 2π], we can easily check that

there exists a constant C > 0 independent of k such that |eu + 1| ≥ Cr for r small enough. This allows
to apply Rouché,s Theorem. Consequently, there exists a subsequence of roots of f̃ which tends to the
roots uk of f0. Equivalently, it means that there exists N ∈ N and a subsequence {λk}|k|≥N of roots

of f(λ), such that λk = λ0
k + o(1) which tends to the roots

(
i(2k+1)

4
√
2

)
of f0. Finally for |k| ≥ N, λk is

simple since λ0
k is.

Step3. From Step 2, we can write

λk =
(2k + 1)π

4
√
2

i+ εk. (4.19)

Using (4.17) and (4.18), we get

f0(λk) = −4
√
2εk +O(ε2k), (4.20)

f1(λk) = −2ρei
π
4 +O(εk). (4.21)

Substituting (4.20), (4.21) into (4.16), using the fact that f̃(λk) = 0, we get:

f̃(λk) =

(
− 4

√
2εk +O(ε2k)−

2ρei
π
4 +O(εk)

( i(2k+1)π

4
√
2

+ εk)1−α
+ o

(
1

k1−α

))
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=

(
− 4

√
2εk − 2ρei

π
4(

ikπ
2
√
2

)1−α

)
+O(ε2k) + o

(
1

k1−α

)
= 0 (4.22)

and hence

εk = − ρ

(2
√
2)απ1−αk1−α

(
cos(2α− 1)

π

4
+ i sin(2α− 1)

π

4

)
+ o
( 1

kα−1

)
, for k ≥ 0. (4.23)

From (4.23), we have in that case |k|1−α
Rλk ∼ β, with

β = − ρ

(2
√
2)απ1−α

cos(2α− 1)
π

4
< 0, 0 < α < 1, η ≥ 0.

Now, setting Ũk = (λ0
k −A)Uk, where Uk is a normalized eigenfunction associated to λk. We then have

∥(λ0
k −A)−1∥L(H) = sup

U∈H,U ̸=0

∥(λ0
k −A)−1U∥H

∥U∥H
≥ ∥(λ0

k −A)−1Ũk∥H
∥Ũk∥H

≥ ∥Uk∥H
∥(λ0

k −A)Uk∥H
.

Hence, by Lemma 4.1, we deduce that

∥(λ0
k −A)−1∥L(H) ≥ c|k|1−α.

Thus, Theorem (4.1) is not satisfied. So that, the semigroup etA is not exponentially stable. Thus the
proof is complete.

Remark 4.1 If α = 1, similarly, we prove that there exists N ∈ IN such that

{λk}k∈Z∗,|k|≥N ⊂ σ(A),

λk = i
1

4
√
2
(2kπ + θ) +

1

8
√
2
ln

ρ2 + 1− 2ρ cos π
4

ρ2 + 1 + 2ρ cos π
4

+O

(
1

k

)
, k ∈ Z,

and θ is such that 
cos θ =

(ρ2 − 1)√
1 + ρ2 + 2ρ cosπ/4

√
1 + ρ2 − 2ρ cosπ/4

,

sin θ =
2ρ sinπ/4√

1 + ρ2 + 2ρ cosπ/4
√
1 + ρ2 − 2ρ cosπ/4

,

λk = λ−k if k ≤ −N,

Moreover, for all |k| ≥ N, the eigenvalues λk are simple.
2

5. Energy decay when η ̸= 0

By Lemma 4.1, the spectrum of A is at the left of the imaginary axis, but approaches this axis.
Hence, the decay of the energy depends on the asymptotic behavior of the real part of these eigenvalues.
Unfortunately we were not able to prove this decay rate by frequency domain method based on multiplier
method as the problem (P ) is degenerate and the fractional damping is acting on the degenerate boundary.
To state and prove our stability results, we need some results from semigroup theory.

Theorem 5.1 ( [2]- [14]) Let A be the generator of a uniformly bounded C0-semigroup{S(t)} a Hilbert
space X . If:

(i) A does not have eigenvalues on iR.
(ii) The intersection of the spectrum σ(A) with iR is at most a countable set, then the semigroup

{S(t)}t≥0 is asymptotically stable, i.e, ∥S(t)z∥X −→ 0 as t −→ ∞ for any z ∈ X .
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Theorem 5.2 ( [17]) Let X be a Hilbert space and let A be the generator of a bounded C0-semigroup
(S(t))t≥0 on X. If

iIR ⊂ ρ(A) and ∥(iβI −A)−1∥L(H) ≤ M(|β|),

where M : IR+ → (0,∞) is a continuous non-decreasing function of positive increase, then there exists a
positive constant C > 0 such that

∥eAtU0∥ ≤ C
1

M−1(t)
∥U0∥D(A), t → ∞.

In this section, by an explicit representation of the resolvent of the generator on the imaginary axis and
the use of the Theorem by Rozendaal, stahn and Seifertr, we prove some decay rate. Our main result is
the following.

Theorem 5.3 The C0-semigroup etA is strongly stable in H; i.e, for all U0 ∈ H, the solution of (11)
satisfies

lim
t→∞

∥etAU0∥H = 0

If η ̸= 0, then the global solution of the problem (P ) has the following energy decay property

E(t) = ∥etAU0∥2H ≤ c

(ln t)2
∥U0∥2D(A)

Proof. For the proof of Theorem 5.3, we need the following two lemmas.

Lemma 5.1 A does not have eigenvalues on iIR.

Proof: We make a distinction between iλ = 0 and iλ ̸= 0.
Step 1. Solving for AU = 0 leads to the system

v = 0,

(
√
1− x2ux)x = 0,

(ξ2 + η)ϕ− v(1)µ(ξ) = 0
(5.1)

together with the boundary conditions (4.4). Then v = 0, ϕ = 0, (
√
1− x2ux)(1) = 0 and

(
√
1− x2ux)(x) = c,

where c is a constant. As (
√
1− x2ux)(1) = 0, we have (

√
1− x2ux)(x) = 0. Hence

ux(x) = 0 for x ∈ (−1, 1).

As u(−1) = 0, then u = 0. we have U = 0. Hence, iλ = 0 is not an eigenvalue of A.

Step 2. Let λ ∈ IR−{0}. We prove that iλ is not an eigenvalue of A. Let U = (u, v, ϕ)T with ∥U∥H = 1,
be such that

AU = iλU. (5.2)

Using the definition of A it follows that AU = iλU if and only if
iλu− v = 0,

iλv − (
√
1− x2ux)x = 0,

iλϕ+ (ξ2 + η)ϕ− v(1)µ(ξ) = 0
(5.3)

together with the boundary conditions (4.4). Using (3.4) and (5.2), we find

ϕ ≡ 0, (5.4)
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then, using the third equation in (5.3), we deduce that

v(1) = 0. (5.5)

Therefore, from (5.3)1 and (4.4)2, we get

u(1) = 0 and (
√
1− x2ux)(1) = 0. (5.6)

Thus, by eliminating v, the system (5.3) implies thatλ2u+ (
√
1− x2ux)x = 0 on (−1, 1),

u(−1) = u(1) = 0,

(
√
1− x2ux)(1) = 0.

(5.7)

The solution of the equation (5.7) is given by

u(x) = C1Φ+(x) + C2Φ−(x),

where Φ+ and Φ− are defined by

Φ+(x) = J0

(
2iλei(

arccos x
2 −π

4 )
)
, Φ−(x) = Y0

(
2iλei(

arccos x
2 −π

4 )
)
. (5.8)

From boundary conditions (5.7)2 and (5.7)3, we deduce that

C1J0
(
2λei

π
4

)
+ C2Y0

(
2λei

π
4

)
= 0,

C1J1
(
2λei

π
4

)
+ C2Y1

(
2λei

π
4

)
= 0,

C1J0
(
2iλei

π
4

)
+ C2Y0

(
2iλei

π
4

)
= 0.

Using the fact that ( the Wronskian w(J0(z), Y0(z))

J0
(
2λei

π
4

)
Y1

(
2λei

π
4

)
− J1

(
2λei

π
4

)
Y0

(
2λei

π
4

)
= − 1

πλei
π
4
,

we deduce that C1 = C2 = 0. Hence
u ≡ 0.

Therefore U = 0, which contradicts ∥U∥H = 1. This completes the proof of Lemma 5.1.
2

Lemma 5.2
If λ ̸= 0, the operator iλI −A is surjective.
If λ = 0 and η ̸= 0, the operator iλI −A is surjective.

Proof: To prove this, we need the following generalization of the Lax-Milgram Lemma.

Lemma 5.3 (Lax-Milgram-Fredholm, see [9]) Let V and H be Hilbert spaces such that the embed-
ding V ⊂ H is compact and dense. Suppose that aV : V × V → IC and aH : H ×H → IC are two bounded
sesquilinear forms such that aV is V -coercive and G : V → IC is a continuous conjugate linear form. The
equation

aH(u, v) + aV (u, v) = G(v), ∀v ∈ V

has either a unique solution u ∈ V for all G ∈ V ′ or has a nontrivial solution for G = 0.

Case 1: λ ̸= 0. Let F = (f1, f2, f3)
T ∈ H be given, and let U = (u, v, ϕ)T ∈ D(A) be such that

(iλI −A)U = F. (5.9)
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Equivalently, we have 
iλu− v = f1,

iλv − (
√
1− x2ux)x = f2,

iλϕ+ (ξ2 + η)ϕ− µ(ξ)v(1) = f3

(5.10)

together with the conditions (4.4).
We divide the proof into three steps, as follows:

Step 1. Inserting (5.10)1 into (5.10)2, we get

−λ2u− (
√

1− x2ux)x = (f2 + iλf1). (5.11)

Solving system (5.11) is equivalent to finding u ∈ H2
a ∩H1

1,a(−1, 1) such that∫ 1

−1

(−λ2uw − (
√

1− x2ux)xw dx =

∫ 1

−1

(f2 + iλf1)w dx. (5.12)

for all w ∈ H1
1,a(−1, 1). By using (5.10)3 and (5.10)1 the function u satisfies the following system

∫ 1

−1

(−λ2uw +
√
1− x2uxwx) dx+ iϱλ(iλ+ η)α−1u(1)w(1)

=

∫ 1

−1

(f2 + iλf1)w dx− ζ

∫ +∞

−∞

µ(ξ)

ξ2 + η + iλ
f3(ξ) dξ w(1) + ϱ(iλ+ η)α−1f1(1)w(1).

(5.13)

We can rewrite (5.13) as
Lλ(u,w) + aH1

1,a(−1,1)(u,w) = l(w), (5.14)

where the sesquilinear forms Lλ : L2(−1, 1)× L2(−1, 1) → IC, aH1
1,a(−1,1) : H

1
1,a(−1, 1)×H1

1,a(−1, 1) → IC

and the antilinear form l : H1
1,a(−1, 1) → IC are defined by

Lλ(u,w) = −
∫ 1

−1

λ2uw dx,

aH1
1,a(−1,1)(u,w) =

∫ 1

−1

√
1− x2uxwx dx+ iρλ(iλ+ η)α−1u(1)w(1)

and

l(w) =

∫ 1

−1

(f2 + iλf1)w dx− ζ

∫ +∞

−∞

µ(ξ)

ξ2 + η + iλ
f3(ξ) dξ w(1)

+ρ(iλ+ η)α−1f1(1)w(1).

One can easily see that Lλ, aH1
1,a(−1,1) and l are bounded. Furthermore

ℜaH1
1,a(−1,1)(u, u) = ∥(1− x2)1/4ux∥22 + ϱλℜ

(
i(iλ+ η)α−1

)
|u(1)|2

≥ ∥(1− x2)1/4ux∥22,

where we have used the fact that

ρλℜ
(
i(iλ+ η)α−1

)
= ζλ2

∫ +∞

−∞

µ(ξ)2

λ2 + (η + ξ2)2
dξ > 0.

Thus aH1
1,a(−1,1) is coercive. Consequently, by Lemma 5.3, proving the existence of u solution of (5.14)

reduces to proving that (5.14) with l ≡ 0 has a notrivial solution. Indeed if there exists u ̸= 0, such that

Lλ(u,w) + aH1
1,a(−1,1)(u,w) = 0 ∀w ∈ H1

1,a(−1, 1). (5.15)

In particular for w = u, it follows that

λ2∥u∥2L2(−1,1) − iρλ(iλ+ η)α−1|u(1)|2 = ∥(1− x2)1/4ux∥2L2(−1,1).
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Hence, we have
u(1) = 0. (5.16)

From (5.15), we obtain

(
√
1− x2ux)(1) = 0 (5.17)

and then −λ2u− (
√
1− x2ux)x = 0,

u(1) = (
√
1− x2ux)(1) = 0,

u(−1) = 0.

(5.18)

We deduce that U = 0. Hence iλ−A is surjective for all λ ∈ IR∗.

Case 2: λ = 0 and η ̸= 0. Using Lax-Milgram Lemma, we obtain the result.
Taking account of Lemmas 5.1, 5.2 and from Theorem 5.1 The C0-semigroup etA is strongly stable in

H.
2

Let us consider the resolvant equation
iλu− v = f1,

iλv − (
√
1− x2ux)x = f2,

iλϕ+ (ξ2 + η)ϕ− v(1)µ(ξ) = f3,
(5.19)

where F = (f1, f2, f3)
T ∈ H. From (5.19)1 and (5.19)2, we have

λ2u+ (
√

1− x2ux)x = −(f2 + iλf1) (5.20)

with {
(
√
1− x2ux)(1) = −ξ

∫ +∞
−∞ µ(ξ)ϕ(ξ)dξ,

u(−1) = 0.
(5.21)

The substitution of ϕ given by (5.19)3 into (4.4)1 gives us

(
√

1− x2ux)(1) = −ρ(iλ+ η)α−1v(1)− ζ

∫ +∞

−∞

µ(ξ)f3(ξ)

iλ+ ξ2 + η
dξ. (5.22)

Moreover, from (5.19)1, we have
v(1) = iλu(1)− f1(1).

Then, the condition (5.22) becomes

(
√
1− x2ux)(1) + ρiλ(iλ+ η)α−1u(1) = ρ(iλ+ η)α−1f1(1)− ζ

∫ +∞

−∞

µ(ξ)f3(ξ)

iλ+ ξ2 + η
dξ. (5.23)

According to the theory of ordinary differential equations, the general solution of (5.20) can be written
as

u(x) = C1Φ+(x) + C2Φ−(x)− iπ

∫ x

−1

(
f2(s) + iλf1(s)

)(
Φ+(s)Φ−(x)− Φ+(x)Φ−(s)

)
ds, (5.24)

where Φ+ and Φ− are defined by

Φ+(x) = J0

(
2iλei(

arccos x
2 −π

4 )
)
, Φ−(x) = Y0

(
2iλei(

arccos x
2 −π

4 )
)

(5.25)

and

Φ′
+(x) = −λei(

arccos x
2 −π

4 )

√
1− x2

J1

(
2iλei(

arccos x
2 −π

4 )
)
,Φ′

−(x) = −λei(
arccos x

2 −π
4 )

√
1− x2

Y1

(
2iλei(

arccos x
2 −π

4 )
)
, (5.26)
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where we have used the following relation

J ′
n(x) =

1

x

(
nJn(x)− xJn+1(x)

)
, Y ′

n(x) =
1

x

(
nYn(x)− xYn+1(x)

)
, n ≥ 0, (5.27)

J ′
0(x) = −J1(x), Y ′

0(x) = −Y1(x), n = 0, (5.28)

ux(x) = C1Φ
′
+(x) + C2Φ

′
−(x)− iπ

∫ x

−1

(
f2(s) + iλf1(s)

)(
Φ+(s)Φ

′
−(x)− Φ′

+(x)Φ−(s)

)
ds. (5.29)

From where is follows

(
√
1− x2)ux(x) = −iλei(

arccos x
2 −π

4 )

(
C1J1(2iλe

i( arccos x
2 −π

4 )) + C2Y1(2iλe
i( arccos x

2 −π
4 ))

)

+iπλei(
arccos x

2 −π
4 )
∫ x

−1

(
f2(s) + iλf1(s)

)(
Φ+(s)Y1(2iλe

i( arccos x
2 −π

4 ))− J1(2iλe
i( arccos x

2 −π
4 ))Φ−(s)

)
ds

(5.30)
From (5.23), (5.24) and (5.30), we conclude that

C1

(
− iλe

−iπ
4 J1(2iλe

−iπ
4 ) + ρiλ(iλ+ η)α−1J0(2iλe

−iπ
4 )

)
+C2

(
− iλe

−iπ
4 Y1(2iλe

−iπ
4 ) + ρiλ(iλ+ η)α−1Y0(2iλe

−iπ
4 )
)
=

−iπλe
−iπ
4

∫ 1

−1

(
f2(s) + iλf1(s)

)(
Φ+(s)Y1(2iλe

−iπ
4 )− J1(2iλe

−iπ
4 )Φ−(s)

)
ds

+ρ(iλ+ η)α−1f1(1)− ζ
∫ +∞
−∞

µ(ξ)f3(ξ)
iλ+ξ2+η dξ

−ρλ(iλ+ η)α−1
∫ 1

−1

(
f2(s) + iλf1(s)

)(
Φ+(s)Φ−(1)− Φ+(1)Φ−(s)

)
ds

(5.31)

and

u(−1) = C1Φ+(−1) + C2Φ−(−1) = 0, (5.32)

where

Φ+(−1) = J0(2iλe
iπ
4 ), Φ−(−1) = Y0(2iλe

iπ
4 ).

Using (5.31) and (5.32), a linear system in A and B is obtained(
a11 a12
a21 a22

)(
C1

C2

)
=

(
K

K̃

)
, (5.33)

where 
a11 = −iλe

−iπ
4 J1(2iλe

−iπ
4 ) + ρiλ(iλ+ η)α−1J0(2iλe

−iπ
4 ),

a12 = −iλe
−iπ
4 Y1(2iλe

−iπ
4 ) + ρiλ(iλ+ η)α−1Y0(2iλe

−iπ
4 ),

a21 = J0(2iλe
iπ
4 ),

a22 = Y0(2iλe
iπ
4 ),

K = −iπλe
−iπ
4

∫ 1

−1

(
f2(s) + iλf1(s)

)(
Φ+(s)Y1(2iλe

−iπ
4 )− J1(2iλe

−iπ
4 )Φ−(s)

)
ds

−ρλ(iλ+ η)α−1
∫ 1

−1

(
f2(s) + iλf1(s)

)(
Φ+(s)Φ−(1)− Φ+(1)Φ−(s)

)
ds

+ρ(iλ+ η)α−1f1(1)− ζ
∫ +∞
−∞

µ(ξ)f3(ξ)
iλ+ξ2+η dξ,

K̃ = 0.
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Le the determinant of the linear system given in (5.33) be denoted by D. then

D = Y0(2iλe
iπ
4 )
(
−iλe

−iπ
4 J1(2iλe

−iπ
4 ) + ρiλ(iλ+ η)α−1J0(2iλe

−iπ
4 )
)
−

J0(2iλe
iπ
4 )
(
−iλe

−iπ
4 Y1(2iλe

−iπ
4 ) + ρiλ(iλ+ η)α−1Y0(2iλe

−iπ
4 )
)

= −iλe
−iπ
4

(
Y0(2iλe

iπ
4 )J1(2iλe

−iπ
4 )− Y1(2iλe

− iπ
4 )J0(2iλe

iπ
4 )
)

+ρiλ(iλ+ η)α−1
(
Y0(2iλe

iπ
4 )J0(2iλe

−iπ
4 )− Y0(2iλe

− iπ
4 )J0(2iλe

iπ
4 )
)

= −e−
iπ
4

π
cos 2

√
2λ− ρ

π
(iλ+ η)α−1 sin 2

√
2λ+O

(
1

λ

)
As D ̸= 0 for all λ ̸= 0, then C1 and C2 are uniqueley determined by (5.33). Hence the operator (iλI−A)
is surjective for all λ ̸= 0.
Now, it is easy to prove that

|D| ≥ c|λ|α−1 for large λ. (5.34)

In the following Lemma we will prove some technical inequalities which will be useful for showing the
optimal polynomial decay of the solution.

Lemma 5.4 (I) for all λ ∈ IR− {0} large, we have

∥Φ+∥L2(−1,1), ∥Φ−∥L2(−1,1) ≤
c√
|λ|

e|λ|, (5.35)

(II) ∥∥(1− x2)−1/4J0
(
2iλei(

arccos x
2 −π

4 )
)∥∥

L2(−1,1)
,∥∥(1− x2)−1/4Y0

(
2iλei(

arccos x
2 −π

4 )
)∥∥

L2(−1,1)
≤ c√

|λ|
e|λ|, (5.36)

(III) There exists a constant C > 0 such that, for all f1 ∈ H1
1,a(−1, 1), f2 ∈ L2(−1, 1) and λ ∈ IR− {0},∣∣∣∣∫ 1

−1

(f2(s) + iλf1(s))(Φ+(s)Φ−(1)− Φ+(1)Φ−(s)) ds

∣∣∣∣ ≤ ce|λ|
(
∥f1∥H1

1,a(−1,1) + ∥f2∥L2(−1,1)

)
. (5.37)

The proof of Lemma 5.4 will be given in Appendix A.
Now

C1 =
1

D
(Ka22 − K̃a12)

C2 =
1

D
(K̃a11 −Ka21)

Considering only the dominant terms of λ, the following is obtained:

|D||C1| ≤ ≤ c
√
|λ| e|λ|,

|D||C2| ≤ ≤ c
√
|λ| e|λ|.

Then
∥u∥L2(−1,1) ≤ |λ|1−α

e2|λ|(∥f1∥H1
1,a(−1,1) + ∥f2∥L2(−1,1)). (5.38)

Using (5.19)1 and (5.38), we get

∥v∥L2(−1,1) ≤ c |λ|2−α
e2|λ|(∥f1∥H1

1,a(−1,1) + ∥f2∥L2(−1,1)).

From (5.29), we get

∥(1− x2)
1
4ux∥L2(−1,1) ≤ c |λ|2−α

e2|λ|(∥f1∥H1
1,a(−1,1) + ∥f2∥L2(−1,1)).
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From (3.4), we have

∥ϕ∥2L2(−∞,∞) ≤
1

η

∫ +∞

−∞
(ξ2 + η)|ϕ(ξ)|2dξ ≤ c∥U∥H∥F∥H.

Thus, we conclude that

∥(iλI −A)−1∥H ≤ c |λ|2−α
e2|λ|, as |λ| → ∞.

The conclusion then follows by applying Theorem 5.1.
2

5.1. Appendix A. Proof of Lemma 5.4

Proof: Suppose that λ ̸= 0. It is enough to consider λ > 0.

∥Φ+∥2L2(−1,1) =

∫ 1

−1

∣∣∣J0 (2iλei( arccos x
2 −π

4 )
)∣∣∣2 dx. (5.39)

Let s = arccos x
2 + π

4 in equation (5.39), we get

∥Φ+∥2L2(−1,1) = 2

∫ 3π
4

π
4

| cos 2s|
∣∣J0 (2λeis)∣∣2 ds ≤ 2|I0(2|λ|)|2

∫ 3π
4

π
4

| cos 2s| ds

≤ c

|λ|
e2|λ|,

where I0 is the modified Bessel function of the first kind of order 0. It is defined as

In(z) =

∞∑
k=0

1

k!(n+ k)!

(z
2

)2k+n

.

(we have used I0(z) ≡ ez/
√
2πz as |z| → ∞). Similarly, we prove that

∥Φ−∥L2(−1,1) ≤
c√
|λ|

e|λ|.

(II) ∥∥(1− x2)−1/4J1
(
2iλei(

arccos x
2 −π

4 )
)∥∥2

L2(−1,1)
= 2

∫ 3π
4

π
4

∣∣J1 (2λeis)∣∣2 ds

≤ c

|λ|
e2|λ|

(III) Let f1 ∈ H1
1,a(−1, 1) and f2 ∈ L2(−1, 1). We have∣∣∣∣∫ 1

−1

fi(s)Φ+(s) ds

∣∣∣∣ ≤ ∥fi∥L2(−1,1)∥Φ+∥L2(−1,1)

≤ c∥fi∥L2(−1,1)
e|λ|√
|λ|

2
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