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ABSTRACT: In the present note, we characterize LP-Sasakian manifolds endowed with *-n-Ricci-Yamabe
solitons. Finally, the existence of *-n-Ricci-Yamabe solitons in an L P-Sasakian manifold has been proved by
constructing a non-trivial example.

Key Words: L P-Sasakian manifolds, *-n-Ricci-Yamabe solitons, M-projective curvature tensor, 7-
Einstein manifolds, generalized n-Einstein manifolds

Contents
1 Introduction 1
2 Preliminaries 3
3 *7n-Ricci-Yamabe solitons on L P-Sasakian manifolds 4

4 M-projectively flat and quasi-M-projectively flat L P-Sasakian manifolds admitting
*-n-Ricci-Yamabe solitons 6

5 Example 8

1. Introduction

About three decades ago Hamilton ([13], [14]) introduced the notion of Ricci flow and Yamabe flow.
The Yamabe flow on a smooth Riemannian (or semi-Riemannian) manifold M can be defined as the
evolution of the Riemannian (or semi-Riemannian) metric go in time ¢ to g = g(t) by the equation

L2g(t) = —rg, 9(0) = go,

where r(t) is the scalar curvature of the metric ¢g(¢). In two dimension, the Yamabe flow is equivalent to
Ricci flow defined by

F9(t) = —25(g(t)),

where S denotes the Ricci tensor. However, for the dimension higher than two, there is not such an
equivalence (since the Yamabe flow preserve the conformal class of metric but the Ricci flow does not in
general).

The Ricci and Yamabe solitons emerge as the limit of the solutions of the Ricci and Yamabe flows,
respectively. On a Riemannian manifold admitting a vector field K the Ricci and Yamabe solitons are
defined by

£rxg+25+2Ag=0,
and

£rg+2(r—ANg=0
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respectively; where £k is the Lie derivative operator along the vector field K (called the soliton vector
field) on M and A is a real number.

In 2018, Deshmukh and Chen ([3], [5]) studied Yamabe solitons to find sufficient conditions on the
soliton vector field so that the metric of the Yamabe soliton is of constant scalar curvature. Yamabe
solitons have also been studied in ([4], [6], [26], [31]) and many others.

Recently in 2019, a new class of geometric flows called Ricci-Yamabe flow of the type («,3) was
introduced by Giiler and Crasmareanu [11] and is defined by

519(t) = —2a8(g(1)) + Br(t)g(t), g(0) = go.

After Giiler and Crasmareanu, Dey [7] introduced the notion of Ricci-Yamabe solitons, according to him
a Ricci-Yamabe soliton of the type (a, 8) is a Riemannian manifold which satisfies the following equation:

£rg+2aS+ (2A — fr)g =0,

where «, 8 € R (R is the set of real numbers). Also we note that Ricci-Yamabe solitons of type (a,0)
and of type (0, 8) are known as a-Ricci and §-Yamabe solitons, respectively.

The notion of *-Ricci soliton has been studied by Kaimakamis and Panagiotidou [18] within the
framework of real hypersurfaces of complex space forms. Here, it is mentioned that the notion of x-Ricci
tensor was first introduced by Tachibana [27] on almost Hermitian manifolds and further studied by
Hamada [12] on real hypersurfaces of non-flat complex space forms.

A Riemannian metric g on a smooth manifold M is called a *-Ricci soliton if there exists a smooth
vector field K and a real number A, such that

£xg+25 +2Ag =0, (1.1)
where
S*(X,Y)=9(Q*X,Y) =Trace{¢ o R(X, ¢Y)},

for all vector fields X,Y on M. Here, ¢ is a tensor field of type (1,1), S* is the *-Ricci tensor of type
(0,2) and Q* is the =-Ricci operator. In this connection, we recommend the papers ([10], [15], [16], [17],
[22], 23], [25], [28]) and the references therein for more details about the study of Ricci solitons, n-Ricci
solitons and *-Ricci solitons.

In 2020, Dey and Roy [8] introduced and studied the notion of *-n-Ricci soliton on an n-dimensional
Sasakian manifold. A Riemannian manifold (M, g) is called *-n-Ricci soliton if

Leg+25" 4+ 209+ 2un @ n =0, (1.2)

where i € R.
Motivated by the above studies, in this paper we introduce the notion of *-n-Ricci-Yamabe soliton of
type (a, 8) which is a Riemannian manifold satisfying

£xg+2aS* + (2N — Br*)g+2un @ n =0, (1.3)

where A, p, a and 3 are constants. A x-n-Ricci-Yamabe soliton is said to be shrinking, steady or expanding
if it admits a soliton vector for which A is negative, zero or positive, respectively. In particular, if yp = 0,
then the notion of *-n-Ricci-Yamabe soliton (g, K, A, u, o, §) reduces to the notion of *-Ricci-Yamabe
soliton (g, K, A, a, B). Recently, a-cosymplectic manifold admitting *-conformal 7n-Ricci-Yamabe solitons
admitting quarter-symmetric metric connection have studied by Zhang et al. [32].

The outline of this paper is as follows: In section 2, we collect the basic results and some basic
definitions of LP-Sasakian manifolds. Section 3 deals with the study of *-n-Ricci-Yamabe solitons on
L P-Sasakian manifolds in which we obtain some important characterizations for the manifold. Section
4 is concerned with the study M-projectively flat and quasi-M-projectively flat L P-Sasakian manifolds
admitting *-n-Ricci-Yamabe solitons. Finally, we construct a 3-dimensional non-trivial example of an
L P-Sasakian manifold to prove the existence of a *-n-Ricci-Yamabe soliton on the manifold.
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2. Preliminaries

Let M be an n-dimensional smooth manifold equipped with a quartet (¢, £, 7, g), where ¢ is a tensor
field of type (1,1), £ is the unit timelike vector field, n is a 1-form and a Lorentzian metric g on M such
that [2,20]

P*=T+n®¢E  nE)=-1, (2.1)
which implies
=0, n(e@X)=0, rank(gp)=n-—1 (2.2)
for all X € x(M); where x(M) denotes the collection of all smooth vector fields on M. The manifold M
is said to have an almost para-contact metric structure (¢, &, 7, g) when it admits a Lorentzian metric g,
such that

9(¢X,0Y) = g(X,Y) +n(X)n(Y), n(X)=g(X,¢) (2.3)

for all X, Y € x(M). If moreover,
(Vx9)Y =n(X)$*X + g(¢X, 9Y )¢, (2.4)
Vx§=9¢X = (Vxn)Y =g(¢X,Y) = g(X,¢Y), (2.5)

then (M, ¢,&,n,g) is called a Lorentzian para-Sasakian manifold (briefly, L P-Sasakian manifold), where
V denotes the Levi-Civita connection of the manifold [19].
For an n-dimensional L P-Sasakian manifold, the following relations hold [1,24]:

R(§, X)Y =g(X, V)¢ = n(Y)X, (2.6)
R(X,Y)§ =n(Y)X —n(X)Y,
S(X,8) = (n=1n(X) = Q€= (n—1),
for any X,Y € x(M).
Definition 2.1 The M -projective curvature tensor H in an n-dimensional LP-Sasakian manifold is

defined by [21]

H(Y,Z)W = R(Y,Z)W — [S(Z, W)Y — S(Y,W)Z (2.9)

2(n—1)
—i—g(Z, W)QY - g(Y, W)QZL

where R and S are the curvature tensor and the Ricci tensor of M, respectively; and @Q is the Ricci
operator defined as S(Z, W) = g(QZ,W).

Definition 2.2 An LP-Sasakian manifold M is said to be a generalized n-FEinstein if its non-vanishing
Ricci tensor S is of the form [30]

S(X,Y) = A1g(X,Y) + Aan(X)n(Y) + Asg(oX,Y), (2.10)

where Ay, As and As are smooth functions on M. If A3 =0 (resp., As = A3 = 0), then M is called an
n-Einstein (resp,. Einstein) manifold.

Definition 2.3 A vector field K is said to be an affine conformal vector field if it satisfies [9]
(£xV)(X,Y) =X(p)Y +Y(p)X — g(X,Y)gradp, (2.11)
where p is a smooth function on M. If p is a constant, then K is called an affine vector field.
Lemma 2.4 The *-Ricci tensor of an n-dimensional LP-Sasakian manifold is given by [15]
SHX,Y)=S(X,Y)+ (n—2)g(X,Y) — g(X,Y)0 + (2n — 3)n(X)n(Y), (2.12)
where 0 is the trace of ¢ and X, Y € x(M).

From (2.12) it follows that
r* =r+n®—4n+34 6% (2.13)
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3. #-n-Ricci-Yamabe solitons on L P-Sasakian manifolds

Theorem 3.1 If (M, g) is an n-dimensional L P-Sasakian manifold admitting a *-n-Ricci- Yamabe soliton

(9,&, M\, iy, B), then M is a generalized n-Einstein manifold. Moreover, the scalars A and p are related

by A —p =58

T
P

Proof: Let the metric of an n-dimensional LP-Sasakian manifold be a #-n-Ricci-Yamabe soliton
(9,&, A,y o, B), then (1.3) turns to

9(Vy&, Z) +9(Y,Vz8§) +205°(Y, Z) + (2A = pri)g(Y, Z) + 2un(Y)n(Z) = 0 (3.1)
for any vector fields Y and Z on M. By making use of (2.5) and (2.12), (3.1) leads to
S(Y,2) = Ag(Y, Z) + Azg(Y, 0Z) + Asn(Y)n(Z), (3.2)

where 41 = —[n—2+ L1(A - BTT*)], Ay =—(2—0)and A3=—(2n -3+ L), a #0.
By putting Z = ¢ in (3.2), then using (2.1) and (2.2), we get

S(Y,€) = (A1 — As)n(Y), (3.3)

where A1 — A3 =n—1+1(p—A+ %) and a # 0.
In view of (2.8), from (3.3) it follows that

Aep=PT (3.4)
2
Thus, from (3.2) and (3.4), we state the above Theorem 3.1. O
On contracting (3.2), we find
re—m-1m-3+"%402- 0 (3.5)
a a’

where p and «(7# 0) are constants. In particular, if we take § = o =1 and g =0 in (3.2) and (3.5), then
we find S(Y, Z) = —(n—2)g9(Y, Z)— (2n—3)n(Y)n(Z) and A = g, respectively; being r = —(n—1)(n—3)
and 7* = 62 = 1. Thus we have

Corollary 3.2 Let M be an n-dimensional LP-Sasakian manifold. If the manifold admits a *-Ricci-
Yamabe soliton (g,&, A, 0,1, 8) with 8 = 1, then M is an n-FEinstein manifold. Moreover, the manifold is
shrinking, steady or expanding according to < 0,=0 or > 0.

Theorem 3.3 If (M, g) is an n-dimensional LP-Sasakian manifold admitting a x-n-Ricci- Yamabe soliton
(9, K, A, i, o, B) such that the vector field K is an affine conformal vector field, then (M, g) is a generalized
n-Einstein manifold and K is an affine vector field, provided trace ¢ =constant.

Proof: By using (2.12) in (1.3), we have
(£xg)(Y,Z2) = —2aS5(Y,Z) = [(2A = fr*) + 2a(n = 2)|g(Y, Z)
+20ag(Y, ¢Z) = 2[a(2n = 3) + p)In(Y)n(Z). (3.6)

From the above equation, we can easily find

(Vx£Lrg)(Y,Z) = 2a8[g(Z, X)n(Y) + g(Y, X)n(Z) + 2n(Y )n(X)n(Z)]
—2(a(2n = 3) + ) [g(Y, X )1(Z) + g(Z, o X )n(Y)] (3.7)
—2a(VxS)(Y, Z) + BX(r*)g(Y, Z).

Following Yano [29], the following formula:
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(£xVxg—Vx£xkg—Vigx9)(Y,Z) = —g(£xkV)(X,Y), Z) — g((£kV)(X, Z),Y)
is well-known for any X,Y,Z on M. As g is parallel with respect to V, the above relation turns to
(Vx£xg)(Y,2) = g(£&kV)(X,Y), Z) + (£ V)(X, 2),Y),
which in view of (2.11) takes the form
(Vx £xg)(Y, Z2) = 2X(p)g(Y, Z). (3-8)
Putting Y = Z = ¢ in (3.7), and using (2.1), (2.2), (2.6) and (3.8), we get
2X(p) = X (). (3.9)
From (3.7)-(3.9), we find

a(VxS)(Y,Z) = af[g(Z, X)n(Y) + g(Y, X)n(Z) + 2n(Y)n(Z)n(X)]
—(a(2n = 3) 4+ ) [g(Y, 0 X )0(Z) + 9(Z, X )n(Y)],

which by replacing Z = ¢ turns to
(VxS)(Y,€) = =B(g(Y, X) +n(Y)n(X) + (2n = 3+ L)g(¥, 6 X). (3.10)
Now by the covariant differentiation of (2.8), we have
(VxS)(Y:€) = =S(Y,6X) + (n — 1)g(Y; 6X). (3.11)
From (3.10) and (3.11) it follows that
S(Y,¢X) = 0lg(Y, X) + (Y n(X)] = (n =2+ E)g(¥, 6X). (3.12)
By replacing X by ¢X in (3.12) and using (2.1), we get
S(XY) = —(n =2+ E)g(X.Y) +09(Y, 6X) — (20— 3+ E)yn(0m(v). (3.13)

By contracting (3.13) over X and Y, we get r = —(n — 1)(n — 3 + £) + 0%, If f=trace ¢p=constant, then
r and hence r* is constant. Therefore, from (3.9) we have X (p) = 0. This implies that p is constant.
Therefore, K is an affine vector field. This completes the proof. O

We have the following lemma for the further use:
Lemma 3.4 An n-dimensional LP-Sasakian manifold satisfies the following relations [15]
(V2Q)¢ = (n—1)6Z — QoZ, (3.14)
(VeQ)Z = =2Q¢Z +20Z + 20n(Z)¢E, (3.15)
where @Q is the Ricci operator.
Now we prove the following theorem:

Theorem 3.5 If (M,g) is an LP-Sasakian manifold admitting a *-n-Ricci-Yamabe soliton
(9, K, A, u, v, B) such that the vector field K is the gradient Dr of r defined by (1.3), then either K =
—&(r)¢ or = =2, provided 6 = trace¢ = constant
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Proof: We assume that (M,g) is an LP-Sasakian manifold admitting a *-n-Ricci-Yamabe soliton
(9, K, A, u,«, B) such that the vector field K is the gradient Dr of r, i.e., K = Dr. Then from (1.3)

we find
gre

VyDr =—aQY — [a(n—2)+ A — 5

1Y + 0adY — [u+ a(2n — 3)|n(Y)E

for any Y on M.
Taking the covariant derivative of (3.16) with respect to Z, and using (2.5) and (2.7), we get

VzVyDr = —a[(VzQ)Y +Q(VzY)] —[a(n—2)+ A — %]VZY + gZ(r*)Y
+0alg(Y, 2)E+n(Y)Z + 20(Y)n(Z)E] + 0agV 2V
—(p+a@n = 3))(9(8Y, 2)§ +n(V2Y)§ +n(Y)9Z).
By interchanging Y and Z in (3.17), we have
VyVzDr = —Oz[(VyQZ + Q(VyZ)] — [a(n — 2) + A — B;*]Vyz + gY(T*)Z
+0a(g(Z,Y)E+n(2)Y + 20(Z)n(Y)E] + 0apVy Z
—(p+a2n—=3))(9(6Z,Y)E+n(Vy Z)§ +n(Z2)6Y).
In view of (3.16), we also have
V[Y’Z]D’I" = —OtQ(VyZ) + OéQ(V2Y) — ()\ — B;* + a(n — 2))VyZ
+(A - B;* +aln—2)VY +0apVy Z — 0adV ;Y
—(p+a@n=3)n(VyZ)E+ (n+ a(2n = 3))n(VZY)E.
From (3.17)-(3.19), we get
R(Y,Z)Dr = 0an(2)Y =n(Y)Z) + (n+a2n =3))(n(Y)dpZ —n(Z)$Y).
Fal(V2Q)Y — (Vv@)2) + (Y ()2 - 2°)Y).
By replacing Y by £ in (3.20), and using (2.1), (2.6), (3.14) and (3.15) we get
Z(r)§—=&(rz = g(f(r*)z = Z(r*)§) + 0a(n(2)§ + Z) — (n+ a(2n = 3))pZ

val(n— 1)6Z — QbZ +2Q0Z — 207 — 20n(Z)).
Taking the inner product of (3.21) with &, and using (2.1), (2.2) and (2.13) we lead to

1+ 0)(20r) +elrm(z) =0.

Therefore, we have either § = —2, or K = Dr = —£(r)¢. This completes the proof.

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

4. M-projectively flat and quasi-M-projectively flat L P-Sasakian manifolds admitting

x-n-Ricci-Yamabe solitons

Theorem 4.1 If (M, g) is an n-dimensional M -projectively flat LP-Sasakian manifold admitting a x-n-
Ricci-Yamabe soliton (g,&, A, u, o, B), then M is an n-Finstein manifold. Moreover, the scalars A and p

Br*

are related by A — p = =5-.
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Proof: First we consider an n-dimensional M-projectively flat L P-Sasakian manifold admitting a *-n-
Ricci-Yamabe soliton, i.e., H(Y, Z)W = 0. Then from (2.9), we have

R(Y, 2)W = ﬁw(z, W)Y — S(Y,W)Z + g(Z, W)QY — (¥, W)QZ],
which by putting W = &, and using (2.7) and (3.3) reduces to
=1+~ (A~ = ZONm(2)Y —n(¥)2) = n(2)QY ~n(¥)QZ. (1)

By putting Z = &, (4.1) takes the form

) .

By taking the inner product of (4.2) with X, we find
prr

pr
2

=14 (A J(Y)E = QY. (4.2)

SO X) == 1 (A= o= TV, X) + 2 (A — = (Y )n(X) (43)
Now taking X = ¢ in (4.3), and using (2.1), (2.3) and (2.8), we obtain
A—,u:§7 a #0. (4.4)

Next, on contracting (4.3) and making use of (4.4), we get » = n(n — 1). In particular, for u = 0, (4.4)
reduces to A = % Thus we have

Corollary 4.2 Let M be an n-dimensional M -projectively flat LP-Sasakian manifold. If the manifold
admits a *-Ricci-Yamabe soliton (g,&, A, o, §), then the manifold is shrinking, steady or expanding ac-
cording to B < 0,=0 or > 0.

Theorem 4.3 If (M, g) is an n-dimensional quasi-M -projectively flat LP-Sasakian manifold admitting
a *-n-Ricci- Yamabe soliton (g,&, A, i, «, 8), then M is an n-Einstein manifold. Moreover, the scalars A
and p are related by A — p = %

Proof: Now we consider an n-dimensional quasi-M-projectively flat L P-Sasakian manifold admitting a
*-n-Ricci-Yamabe soliton, i. e., g(H(Y, Z)W,$X) = 0. Then from (2.9) it follows that

g(R(Y, Z)W, ¢X) = [S(Z2,W)g(Y, 6 X) = S(Y,W)g(Z, $X)

1
2(n—1)
+9(Z, W)S(Y, ¢X) — g(Y, W)S5(Z, 9 X)],

which by putting Z = W = £ and using (2.1), (2.2), (2.7) and (3.3) reduces to

=1+ (A~ = 2olg(¥, 6X) = S(Y,0X). (15)
By replacing X by ¢X in (4.5) and using (2.1), we obtain
1 * 2 *
SO X) = = 1 (A== D x) + 28— B (), a g0 (46)

Now, by taking X = ¢ in (4.6), and using (2.1), (2.3) and (2.8), we obtain

prr

A_H:77 a # 0. (4.7)

a

Next, on contracting (4.6) and making use of (4.7), we get r = n(n — 1). In particular, for u = 0, (4.7)

Bn(n—=1)
2

reduces to A = . Thus we have

Corollary 4.4 Let M be an n-dimensional quasi-M -projectively flat LP-Sasakian manifold. If the man-
ifold admits a x-Ricci- Yamabe soliton (g,&, A, «, B), then the manifold is shrinking, steady or expanding
according to f < 0,=0 or > 0.
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5. Example

We consider a 3-dimensional manifold M = {(tl,tg,t3) € ]%3}7 where (t1,tq,t3) are the standard
coordinates in R3. Let 01, 02 and o3 be the vector fields on M given by

= cosht 9 + sinht 9 = sinht 9 + cosht 9 _ 9 _
01 = 38751 38152’ 02 = 38t1 38t2’ Q3—8t3—

which are linearly independent at each point of M. Let g be the Lorentzian like (semi-Riemannian)
metric defined by

£,

g(o1,01) = g(o2,00) =1, g(o3,03) =—1, g(o1,02) = g(o1,03) = g(02,03) = 0.

Let 7 be the 1-form on M defined by n(X) = g(X, 03) for all X € x(M). Let ¢ be the (1,1) tensor field
on M defined by

o1 = —02, ¢02=—01, P03 =0.
The linearity property of ¢ and g yields
n(ez) = =1, ¢*X = X +n(X)E g(8X,0Y) = g(X,Y) +n(X)n(Y)

for all X,Y € x(M).
Now, by direct computations, we obtain

[o1,02] =0, [o2,08] = =01, [o1, 03] = —eo.
Using Koszul’s formula, we can easily calculate

V01 =0, Vg, 01 = —03, Vs01 =0,

vg1 02 = —03, VQQ 02 = 07 VQ;:,@Q - Oa

Vo, 03 = —02, Vi, 03 = —01, Vs03 = 0.

Also, one can easily verify that
Vx&=9¢X (Vx9)Y =n(Y)p?X + g(¢X, oY )E.
Thus, the manifold M is an LP-Sasakian manifold. It is known that
R(YY,Z)X =VyVzX —VzVy X — Viy 2 X.
By using the above results, we can easily obtain the components of the curvature tensor as follows:
R(o1,02)01 = 02, R(01,02)02 = —01, R(o1,02)03 =0,

R(02,03)01 =0, R(02, 03)02 = —o3, R(02,03)03 = —02,
R(o1,03)01 = —o3, R(o1,03)02 =0, R(o1,03)03 = —o1-

From these curvature tensors, we can easily calculate

S(o1,01) = S(02,02) =0, S(e3,03) = —2. (5.1)
Putting Y = Z = £ in (3.2) and using (5.1), we lead to A; — A3 = 2, which by using the values of A; and

Aj for three dimensional L P-Sasakian manifold gives
prx

2 )
Hence A and p satisfies the equation (3.4), and so g defines a *-n-Ricci-Yamabe soliton on the given
3-dimensional L P-Sasakian manifold.

A—p= a#0.

Acknowledgement: The authors are thankful to the editor and anonymous referees for their valuable
suggestions in the improvement of the paper.
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