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On the origin of (combinatorial) species: a category-theoretical (de)construction of the
theory of Joyal species
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ABSTRACT: We give a brief overview of alternative theories of combinatorial species other than that given
by Joyal [1]. Then, we construct a general theory of species which extends the concept of species for any two
categories with finite categories as objects, and invertible morphisms (functors) in the first category, and this
construct is equivalent to that of all the existing species defined on categories as the aforementioned, so that
ordinary species, all types of weighted species, g-species [5], Mobius species [4], and L-species are just special
cases. We adapt to this new scenario the classic constructs of assemblies of species, derivation and pointing.
An analogue for exponentiation is constructed. Adapting the concept of arithmetic product yields a new type
of function called ”rational Dirichlet series”.
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1. Introduction

In [1] the author gives a description of how considering functors from the category B of sets and
bijections to the category E of sets and functions and associating to each functor a series (type, gener-
ating exponential, cycle index series) the operations between combinatorial species defined such as sum,
product, composition and derivation (among other operations) translate directly into these series as sum,
product, composition and derivation of series (except in the ”type of isomorphism” series). Also, Joyal
introduced notions such as that of multisort species, weighted species, virtual species, among others. The
latter was introduced in order to give a notion of ”inversion” in the contexts of addition, composition,
etc.

Although the construction of virtual species is possible in order to give notions of additive inverse
using equivalence classes of structures, it is not so readily and naturally extended to other types of species
in the context of composition. Moreover, it is not always possible, as the reader will see, as this depends
on the symmetries of the Fuler characteristic of a finite category. If there are said symmetries, that is,
objects in a category such that their Euler characteristics have opposing signs, then it is possible to define
naturally the ”additive inverse” of a species. So this is a very delicate and specific construct which will
not be treated in this article, as it depends on the specific structure of the categories with which one
works.
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Roughly speaking, [2] an ordinary combinatorial species is a rule which assigns to each labelled finite
set a finite set of structures such as that of a tree, cycle, linear order, etc. Bijections between sets are
also transported by the species coherently. In other words, it is a covariant functor from B to E.

[5] gives a notion of species defined from V, the category of vector spaces over finite fields (GF(q))
to the category B, whilst [4] gives a notion of species constructed from B into the category Int of posets
with maximal and minimal element.

[7] notes that the Boolean algebra B, is isomorphic to the Lattice of subspaces L, (q) of a vector
space over GF'(q) quotient the automorphism group of said lattice, and [6] also gives a notion of partition
of such vector spaces.

[3] give an interesting construct that is the arithmetic product of species. This product translates
well to the product of the Dirichlet series. This gives an interesting scenario on which one can analyse
arithmetic functions and convolutions of arithmetic functions, such as the divisor function, which are very
important in number theory. Moreover, the arithmetic product of two species M and N is isomorphic to
M-assemblies of N cloned structures, and vice-versa (commutativity is present). Examples of arithmetic
product of seemingly simple labelled structures such as the species of cycles and that of the linear orders
give rise to important arithmetic functions in their Dirichlet series [3].

Let us not forget that the product of two Dirichlet series S° _. %™ and D ons1 b(n)

n>1 ns n

is given by
Y on>1 (a*s#, where * denotes the convolution of the arithmetic functions a and b.

We try to extend this using the more general notion of species given here, adapting the arithmetic
product in a sense which allows to study ”arithmetic” functions which take (positive and negative) rational
values.

With these ideas in mind, one can also then begin to ask whether can these species be joined to
produce new species, such as a ”g-Mobius species” consisting of posets constructed with vector spaces or
similarly, and if these constructions could lead to a new playground for further research of combinatorial
properties. That is the aim of this article: to give a notion of general (categorical, abstract) species that
could be applied to more areas, allowing the combinatorial and categorical interpretation and analysis of
mathematical phenomena.

In fact, a central role in the general theory of what we will call ®; ¥ species is played by the Euler
Characteristic of a category; furthermore, the Euler characteristic can be defined, for example, for a finite
exact sequence.

Thus the general theory of species which is developed here can also be applied to the study of exact
sequences.

Note:In the following, in order to build the foundations of the theory, all subsections with a citation
means that the results and definitions are taken from that author, unless otherwise stated in the same
subsection, and the proofs can be found in the respective articles.

2. Survey of some existing theories
We give a brief introduction to the aspects of the theories relevant to this work

2.1. g-species

Definition 2.1 A g¢-species is a functor F' from the category V, whose objects are vector spaces over a
finite field GF(q) and morphisms are automorphism of vector spaces to the category B whose objects are
finite sets and morphisms are bijective functions. That is, F[n] are structures constructed with vectors of
an n-dimensional vector space over GF(q).

Let |E| denote the cardinality of the finite set F.
Let v, = H?:_Ol (¢™ — ¢') denote the order of GL,(q) of square matrices over GF(q), with v = 1.
This comes from the fact that all bases of a vector space over GF(q) can be written as upper triangular

(reduced row echelon form) matrices with entries in GF(q), and there are exactly -, such bases.
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Definition 2.2 Let F' be a g-species, f, = |F[V,]| for an n-dimensional object in V. Then we define:

fn
n>0 %5, %

o Type series: F(I) => .50 |f~n|$n

Where |fn| is the number of isomorphism classes or orbits of F[V,] due to the action of the auto-
morphisms.

e Generating series: F(z) =3

e Cycle index series: Zp =Y, < ’Yi ZﬂeAut(En) fizF[o] Hqﬁ,i x;ﬁfi(g)

Where fixF'[o] is the number of fixed points of Flo], ¢ ranges over all the irreducible non trivial
polynomials in F (2], i is a positive integer such that V' decomposes as direct sum of primary cyclic
modules of the form Fy[z]/¢%, and ey ; is the number of copies of Fy[z]/¢" that appears in the
decomposition of F[z].

Definition 2.3 Let F', G, be two g-species. We define their

o Sum:
(F + G)[V] = F[V]UG[V] (disjoint union)
F[¢](s), if s € F[V]
(F+G)[9l(s) = )
G[o)(s), if s € G[V].
e Product:
(F - G)V] =Uy,gr,—v FIV1] x G[V2]
Let E : B — B be the ordinary species of sets, which has generating function E(z) = exp(z), and E,
be the species of sets on only the sets of cardinality n and which gives the structure of an empty set to

any set of cardinality distinct from n. Clearly E =" . Ep.
We say that two species are isomorphic if they are isomorphic functors.

Definition 2.4 Let F be a g-species with F[0] = 0. Then the species E o F is the species of assemblies of
F-structures, and we note F1"} = E, o F the species of n assemblies of F-structures or "nth symmetric
power of 7. Moreover: FA"} = F"S, where S, is the group of permutations on n elements. Clearly
EoF=1+> ., E,0oF.

We have that this is exactly what it means verbally: F{"} is a multiset of n F-structures, and

assemblies of F-structures are multisets

Theorem 2.1 Let F' and G be two g-species as before. Then there is an isomorphism (EoF)-(EoQ) =
Eo(F+G).

Theorem 2.2 There is an isomorphism (F + G)int =30 plmb . gin—m},

Theorem 2.3 The series for q-species obey the following rules:

o (F+G)(z)=F(x)+ G(x)

(F-G)(z) = F(x)G(x)
Where H means H or H

o Jrg=2ZrZg
o« EoF = exp(F(z))
e Bol = eﬂfp(anl %)

o F(z)=Zp((,0,0...),(0,0....),(0,...), ...)

o F(x) is obtained from Zp setting x4, = x' Vi.
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2.2. Mobius species

[[4]]

We will develop this theory as simply as possible without delving into the categorical aspects of c-
monoids (needed to define properly additive, multiplicative inverses for Mébius species and composition
and its inverse) since the subject is deep enough in its own right. For further information refer to the
work of [4].

We consider the category Int whose objects are finite families of partially ordered sets with a finite
number of nodes and with a unique maximal and minimal element 1 and 0 respectively. We shall call
these objects finite bounded posets, or simply ”posets” for short. The morphisms of this category are
order isomorphisms, that is, if (P, <p) and (Q, <g) are posets, then f : P — @ is an order isomorphism
only when x <p y if and only if f(z) <g f(y).

We now define the Mobius function p on posets, that is the extension of the usual Mébius function
defined in number theory (which acts on the poset of the integers):

Definition 2.5 Let P € Int. Then for any x,y € P:

life=y
lu(x7y) = _Zz;z§z<y /‘L(x7z) fo < y
0 otherwise

Definition 2.6 Let A € Int.
We define the Mébius cardinality || - || as:

1Al = > ur(0,1)

IecA

So for A € Int one has that its Mdbius cardinality is essentially the sum of the Euler
characteristic of its connected components I € A, that is, the posets in A, and recall that every
poset is essentially a category. This moment will be very important to further generalize the theory of
species. If O is the number of chains of length k between 0 and 1, then 7(0,1) = 37, (~1)*Cy. This
result is known as Philip Hall’s Theorem ([8], proposition 3.8.5). So now we have an intuitive notion of
what really the Mdbius cardinality is.

We understand for [z, y] for 2,y € I as the interval {z : © < z < y}. The product of two posets I and
I' is the poset I x I' = {(z,y) : € I,y € I'}, and the order is (a,b) < (a’,V’) iff a < a’ and b < ¥, being
the elements non comparable otherwise. The sum of two posets is given by the disjoint union of both
and the order preserved as it is on both, being two nodes of distinct posets non comparable in the sum.

Definition 2.7 The product x : Int x Int — Int is given by:
AxB={IxI':I1€ Al € B}

Lemma 2.1 Let A, B € ob Int, and let Id denote the set whose only object is the singleton poset. The
Mébius cardinality obeys the following rules:

a) [|[Ax B[l = [|A]| - ||B]
b) |l1d x AJ| = [|A]] = [[A x Id]|
Definition 2.8 A Mdbius species is a covariant functor M : B — Int.

If |[E| = |F| for a pair of sets then given a Mobius species M, ||M[E]|| = ||M[F]|| [4].
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Definition 2.9 Let M be a Mdébius species. We define the (Mdébius) generating series of M as:

M) = 3 1MLl

n!
n>0

Definition 2.10 Let M and N be two Mobius species. Let M’ denote the "derivated” species and M*®
be the pointed species as in the sense of [1] or [2]. E or n is a set with n elements. We define:

o Sum: (M + N)[n] = Mn] + N|n|

e Product: (MN)[n]=>" M]a] + NTb]

a+b=n

e For N[0 =0, the Mobius species of k-assemblies of N-structures vy, (N):

W)l = Y I NiBl
rell[n] Ben
|7|=k
where  is a partition of n, Il[n] the set of all partitions of n, and || its number of parts.
e Derivated species: M'[n] = M[n U {n}]
e Pointed species: M®[n] = {0, : e € n} x M[n], where O, is the singleton poset.

Theorem 2.4 Mdébius species behave similarly to g-species and ordinary species with their operations of
product and sum:

o (M + N)(x)=M(x)+ N(x)

o (MN)(z) = M(z)N(z)

If N[O] = 0, then i (N)(z) = D
(M')(x) = (M(x))’

M*(z) = x(M(z))’

There is a notion of additive and multiplicative inverse for Mobius species, as well as composition and
its inverse, but we shall not duel on this here for the subject is too long.

3. The Origin of Species

We will give a general abstract notion of species in the following. In order to do this one must first
define the Euler Characteristic for a category. Such work has been done by [9] and we shall expose the
key aspects of this.

But first let us formalize some notions of category theory.

Definition 3.1 ([10]) A category is:
o A collection of objects Ob(®): XY, Z...

A collection of morphisms mor(®), noted f, g, ...

e Two operations Dom and Cod assigning to each morphism f two objects called domain (source)
and codomain (target) of f

An operation Id assigning to each object Y a morphism Idy with dom(Idy) = cod(Idy) =Y.

e An operation called composition noted by o assigning to each pair of morphisms f,g with dom(f) =
cod(g) a new morphism f o g with dom(f o g) = dom(g) and cod(f o g) = cod(f).
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And also the identity and composition must satisfy:
Identity law:
for each pair of morphisms f and g such that dom(g) =Y = cod(f):
Idy o) f = f
goldy =g
associative law:
for any morphisms f, g, h such that dom(f) = cod(g) and dom(g) = cod(h):

(fog)oh=fo(goh)

We call the opposite category to @, and note it ®°P the category with the same objects as ® and whose
morphisms are the same as in ® only with the domain and codomain swapped. That is, if f(X) =Y in
®, then f(YV) =X in $°P.

For morphisms there is a notion which formalizes that of ”injectivity”: f: X — Y is called a monic
morphism, if for any object Z and morphisms g,h : Z — X: fog = foh implies ¢ = h. Such a morphism
is also called left-cancellative. Similarly, an epic morphism (formalization of the notion of ”surjectivity”)
or right-cancellative morphism f : X — Y is such that for every object Z and morphisms g,h : Y — Z:
go f = ho f implies ¢ = h. An invertible morphism of ”isomorphism” is a right-and-left-cancellative
morphism.

Definition 3.2 A finite category (denoted by lowercase greek letters ¢, 1,... ) is a category with a finite
amount of objects and morphisms.

Definition 3.3 ([10]) Let ® and ¥ be two categories. A (covariant) functor is a pair of operations
Fob : Ob(P) — Ob(V) and Fmor : mor(®) — mor(¥) which verifies for each f : X =Y and g:Y — Z
in ®:

® Smorlf]: Ton(X) — Fon(Y)

° Sjmor[g o f] = Smor[g} o Smor[f]

o Foorlldx] = Id(Fop(X))

Definition 3.4 ([10]) Two categories ®, and ¥, are said to be equivalent if there are two functors
F: P>V and £:V — & such that Fo L =Idy and LoF = Ids.

If it exists, we define the product and coproduct of two objects in a category in the following way:

Definition 3.5 If ® is a category, then for objects X and Y, their product, if it exists, is noted by X XY,
is an object such that there are morphisms nx : X XY — X and w7y : X XY — Y which satisfy the
universal property that for every object Z and pair of morphisms fx : Z — X and fy : Z =Y, there is
a unique morphism f: Z — X xY which makes the diagram commute:

7
fx fi fy
X<~—XXxY——Y
TX Ty

The coproduct of X and Y exists and is noted X ® Y, if there exists morphisms ix : X - X @Y
and iy : Y — X @Y which satisfy the universal property that for every object Z and pair of morphisms
fx: X = Zand fy : Y — Z, there is a unique morphism f : X ®Y — Z which makes the diagram
commute:

Z
fx fT fy

X—XpY<~—Y
1x 1y
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Definition 3.6 We say that a category ® has finite products if the product of any pair of objects in ®
exists, and say that it has finite coproducts if the coproduct of any pair of objects in ® exists.

Definition 3.7 Let ¢ and ¢ be two finite categories. We define their product x (I1 for more than a pair)
as the Cartesian product of both categories, that is, if X € Ob(¢), Y € 9, fi € mor(d), g; € mor(v),
then:

o Ob(¢ x 1) = {(a,b)}
o mor(¢ x ¢) ={(fi,9:)}
* (f2,92) © (f1,91) = (f20 f1.92 0 1)
o Idyxy = (Idg,Idy)
Definition 3.8 Let ¢ and ) be two finite categories. We define their direct sum &, also called weak direct

product, (Y for more than a pair, and it will be understood as direct sum) by pdYP = (px{0})U(ypx{1}).
For more than one it is understood as ), ¢; = | |; ¢i x {i}

With these definitions, categories such as B and Int, actually can be seen as ”collections” of categories,
or rather, since all morphisms considered when talking about species are invertible morphisms of each
of the object’s labelled elements, ”a category of finite categories all of the same type”, each of which
has a unique ”cardinality”. This notion of cardinality is actually the Euler characteristic of each (finite)
category.

3.1. The Euler characteristic

[9]]

In this subsection all categories ¢ are finite categories, ¢(X,Y) is the set of morphisms from X € ¢
toY € ¢.

It is noteworthy that the theory of the Euler characteristic developed by Tom Leinster is compatible
with the notions of Euler characteristic of grupoids (as according to the cardinality of a grupoid devised
by Baez and Dolan), graphs, topological spaces and orbifolds, to say the least.

Definition 3.9 Let R(¢) be the Q-algebra of functions Ob(¢) x Ob(¢) — Q with pointwise addition, and
scalar multiplication, the latter given by:

(00)(X,2) = > _ 0(X,Y)p(Y, Z)
Yeco
Then the Zeta function of a category is defined (4(X,Y) = |p(X,Y)|, and if it is invertible in R(¢)
then the inverse is called the Mdébius function of ¢ and it satisfies:
> 1a(X,Y)Co(Y. Z) = b(aye) = Y Go(X.Y)uo(Y. Z)
Yeg YEg

where 6(X, Z) is the Kronecker delta function. A category with a Mébius function defined is said to have
Mobius inversion.

[9] gives interesting formulas for the Mdbius function for skeletal categories, i.e. categories where
isomorphic objects are necessarily the same object.

Definition 3.10 We call a weighting on ¢ a function k* : Ob(¢) — Q such that VX € ¢:

> X YR =1

Yeop

And a coweighting ko is a weighting on ¢°F.
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[9] notes that a weighting may be indeed not unique, and ¢ has Mobius inversion iff it has a
unique weighting iff it has a unique coweighting. Moreover, in this case kX = Yoy u(X,Y) and ky =

2ox MXY).
Theorem 3.1 Let ¢ and v be two equivalent finite categories. Then ¢ admits a weighting iff ¢ does.
Lemma 3.1 Letn > 1 and ¢1, ..., on be finite categories.

a) If each ¢; has as a weighting k, then ), ¢; has X = kX as a weighting if X € ¢;. If each ¢; has
Miébius inversion then so does Y, ¢;, and for X € ¢;,Y € ¢;:

e, (X,Y) ifi=j
u(X,Y) = {0¢ (X.Y)
otherwise

b) If each ¢; has as a weighting k?, then I1;¢; has (X Xn) — kf(l...kff" as a weighting. If each ¢;
has Mébius inversion then so does Il;¢; and it is given by:

/L((Xh ...7Xn), (Yl, 7Yn)) = /L¢1 (X17Y1)...,U¢>n (Xn, Yn)

Lemma 3.2 Let ¢ be a finite category with weighting k® and coweighting ke. Then ) EX = Yox kx.

Definition 3.11 A finite category ¢ is said to have Euler characteristic x(¢) iff it admits both a
weighting and a coweighting, and it is given by x(¢) = >y kX =3y kx.

Proposition 3.1 Letn > 1 and ¢4, ..., ¢, be finite categories that all have Euler characteristic. Then
> ¢i and []; ¢i have Euler characteristic, given by:

X(Z ¢i) = Zx(fﬁi),
X(H¢i) = HX(¢¢)~

An important role in the development of the notion of Cycle index series for general species is the
following notion: for a given finite category ¢, f an endofunctor of ¢. Fix[f] is the category such that its
objects are X € ¢ such that f(X) = X (i.e. objects that form part of the set of orbits of length one for
f) and morphisms G : X — Y such that f(G) = G.

Definition 3.12 The Lefschetz number L(f) for an endofunctor f is x(Fiz[f]), when this exists.
In words of T. Leinster: ”The Lefschetz number is, then, the sum of the (co)weights of the fixed

points. This is analogous to the standard Lefschetz fixed point formula, (co)weight playing the role of
index.”

Proposition 3.2 Let ¢ be a finite category. Then L(1y) = xao (), one side being defined iff the other is.
(14 being the identity functor).

Note 1 We want to note that from [9] we have that x(G) = ‘—él for any finite group G, and that if ¢ is
a discrete category, then x(¢) = |ob(d)|.

We are now ready to proceed with the general theory of Species, out of which all existing ones are just
particular cases.
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3.2. The Origin of Species

Let ® and ¥ be two categories, the first with finite coproducts, and the latter with finite products
and coproducts and initial object 1. The objects of these categories (¢ and v respectively) are finite
categories themselves, and whose morphisms are: invertible functors (thus, since ¢ € ® are categories,
isofunctors) in the first. The set (in fact, a group in some cases, if a functor acting as the identity is
present) of invertible morphisms in ® with same domain and codomain, ¢ — ¢ € & (itself) will be
noted as Aut(¢). It is very important to note that this is the set of morphisms in ® which act on ¢,
and, are not part of the structure of ¢, the object (a finite category), itself. The latter category ¥ may
be defined as having any morphisms (for example, taking ¥ = E. This last one is because we will be
actually interested in the image of the morphisms of ¢ by a functor from ® to W..

For example, when talking about sets, the invertible morphisms are permutations of the elements of
the set, or when talking about vector spaces, vector space automorphisms, or order isomorphisms in case
of totally ordered sets (which are the input of L-species).

In the following all categories ® and ¥ are to be understood as above.

We may ask that V¢ € ® there exists a unique smallest object ¢ such that there is a monic morphism
(and certainly not an an isomorphism for this would be absurdly trivial) I : ¢ < (¢7) which satisfies
I ~ Idy. In other words, the objects in ® are "nested”:

¢ SN ¢+ s ¢++ PN ¢+++ SN ¢++++ <y ..

That is, in terms of category theory, that ¢T is universal in the sense that any monic morphism
¢ — ¢’ factors through I.

Due to the finiteness of the objects, this means that the objects in & satisfy a descending chain
condition. We could state this as saying that ® is Artinian. This is necessary in order to properly define
the derivative of a species.

Observe that not necessarily the objects of ® form a totally ordered set. Rather, they form several
disjoint infinite chains. A category in which all objects are nested successively will be called a Linear
category.

In the case of ® being Linear, what this means is that ® has an initial object, and if it
is removed from the category, the remaining category still has an initial object.

Definition 3.13 A &; U species is a functor §: ® — U, and §[¢@] is called an §-structure on ¢.
We define the basic operations of ®; ¥ species:

Definition 3.14 (Operations) Let §, £ be two ;U species. Let @ and x denote respectively the co-
product and product of finite categories. We define the:

o Sum: (§+ £)[¢] = S| ® £[¢]
If f is a morphism in ®:

S1f1(s), if s € 3(4]

&+ L)[fl(s) = {S[f](S), if s € £[¢]

o Product: (F2)[¢] = X 05—y 316] x L[4]
If f is a morphism in @, s € qZAJ, te gZNJ :

()5, 1) = S[F5)(s) x £Lf15](2)

o The pointed species is defined as: F*[P] = {op : p € ¢} X F[P]; where 1), is the initial object ¢y
indexed by some p € ¢ (that is, given ¢, the pointed species consists of all structures of the type
Yo.p X §[@] with p ranging in ¢, F(P] an F-structure on ¢).
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o If ® is linear, the Derivative is defined as: §F'[¢] = Flo™]

Clearly, the sum and product are commutative, and the pointing and derivation are distributive with
respect to the sum and product.

Definition 3.15 A Partition ®# = {¢1,...,0m} of an object ¢ € @ is a decomposition of ¢ as coproduct
of other (non empty) objects in ®, ¢ =>"1" | ¢;.

The set of all partitions of ¢ will be noted I[¢] and |r| = k means that ¢ = ¢1 S ... ® ¢y, i.e. the
partition w consists of exactly k disjoint objects. w itself as an object is taken as a set of cardinality k.
Thus a partition can be interpreted as a sort of ”sheaf”

Let ke be a weighting on ®, Ky be a weighting on ¥, and both produce the respective euler charac-
teristics x¢ and xg.

It is clear from this that a partition 7 = {¢;} of ¢ satisfies xa(¢) = >, xo(¢:)

In the spirit of [4] and [2] we define the species of k-assemblies of F-structures and £-assemblies of
F-structures as follows:

Definition 3.16 Let ¢ € , §F a ®; U species with F|0] = 0, and we write Vi: m; = {¢i7j}§:1
Then the species of k-assemblies of §-structures on ¢ is the species v given by:

Z H%[cﬁi,j]

m €[@] ¢i5
|m|=k
Let £ be a B, ¥ species.
The species of £-assemblies of §-structures, noted £ o F or £(F), and also called the composition of
species, on ¢ is given by the pairs (f,1), where f = (f1,..., fx) is a k — ary §-structure such that f; a
§-structure on ¢; ;, and l is a L£-structure on the associated partition m:

>oogmlx [ Sl

i €ll[¢] @i, jET;

Essentially, a k-assembly of §-structures is a multiset of cardinality & whose components are §-
structures, and a £-assembly is the same except that on the multiset, taken as a set, an £-structure is
imposed.

Theorem 3.2 Let § and £ be two ®; V-species. Then:

0<k<n

Proof: An n-assembly of § + £ on ¢ is constructed by partitioning ¢ into n parts, and onto each part
imposing either an §-structure or a £-structure. Since the order does not matter, we may group together
all those parts onto which an §-structure has been imposed, and group together those onto which a
L-structure has been imposed. Then ¢ = (b @ qﬁ and on the first only the §-structure is present and on
the latter only the £-structure. Then in the partition, if ¢5 is coproduct of k parts, then ¢ is coproduct

of n — k parts. And this is so for all 0 < k < n. Therefore, v, (F+ £) = > (&) Vn-r(L). O
0<k<n

Definition 3.17 (Series) Let § be a ©; ¥ species. We define its:

e (enerating series:

3(2) = X (§ []|) xa(¢)

i \Aut( )
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Type series:
§(2) =D xa(Ble) 2@
Pped

Where (] is the set of orbits or equivalence classes X of F[#] in the quotient category F[p] =
§lol/Mor(§[¢]), because Mor(F[p]) consists entirely of invertible morphisms, and xg, is the euler
characteristic of the quotient category. Essentially one removes isomorphic copies and counts only
those that are not, and the same happens with the Euler characteristic: If there were m isomorphic
copies of X € F[¢], then x4 (X) = xeQ)  This happens due to the additive and multiplicative nature

m

of x. (Two F-structures o, B are isomorphic if Af € mor(®) : F[f](a) = B)

Cycle index series: Let f € Aut(¢). We can decompose f as a "direct sum of automorphisms” in
the following way: f = > fi such that Vi, f; has only one orbit, and successive composition of an
l

fi with itself | times produces a cycle, i.e. fll = Id (andl is the smallest such integer of course).
This means that we may write ¢ = ¢y, where ¢y =coproduct of all quS such that fl(qg) = gzNS and [
1

is the smallest such exponent; that is, ¢ is the coproduct of all the ¢y; then fi = fl|g,, and f has
@1 as its orbit. Therefore, f induces a partition ms of ¢.

Observe that there may be more than one copy of some q;, part of 51, that is, it has a multiplicity
greater than one. For example, for some f and ¢, we may have ¢ = ¢s1 © ¢dr2 © ¢s7, and

7w = {Pf1,Pr2.1,0f22, 0571, 0872}, means that ¢z, is the coproduct of all orbits of length 1,
Dfi = ]_[j @45, 0 this multiplicity is already implicit in the notation we have devised.

Also, for some k € N it could be that ¢5, = 0. In that case we invoke the convention x(0) = 0.
We denote by x = (2;);en the vector whose entries are indexed by the natural numbers.

We define the cycle index series as:

3509 = X proar (2 LU L)

ped FEAut(9) 1>0

Observe that this series are actually of the type called ”Puiseux series”: series for which the the
exponents of z are not necessarily integers, but can be rational numbers! This series appear as a local
expansion of y in terms of x for a bivariate Polynomial equation P(x,y) = 0. This result is known as the
Newton-Puiseux Theorem [11].

The generating series is a function of the type called in literature ”exponential generating function”
(EGF) and the type series is a function of the type called "ordinary generating function” (OGF).

Note that if @ is Linear, then it is possible to label the objects in order ¢q, ¢1, P2, P3, P4, ¢s5, ... according
to the order in the chain. Otherwise, one can label them according to the chains with a double index,
as if labelling rational numbers.

Theorem 3.3 The type and generating series verify the following:

(§+£)(2) =3(2) + £(2)
(§L)(2) = (2)£(2)

—_~— o

F+L)(2) =3(2) + £(2)

—

FO)(2) = §(2)L(2)

33+ = 335 + 3¢
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Proof: It follows from the definition of sum and product of species, and the additive and multiplicative

properties of the Euler characteristic. We give a brief proof of the first two.
To prove the sum we operate as follows:

G+oE =3 xu( 3“3 Xu(E+ L)) vuis) _ 3 xu( | S[9] @SW])me

22 JAul(s 22 [Aui(o)
X (F +X\p(2[¢>])zxq,(¢) _ xu (Slo]) X (@) xw (L[ ])ZX¢(¢
e e 2 Tauon " 2 Yt
— §(2) +2(2)

Now we prove the property for the product:

(F€)(z) =

X0 B o) _ 5 20 Dgnims SO 20D

| Aut(9)] | Aut(9)] ‘

IS PP

. Zd}@d}:(ﬁ X‘I’(gw;] X E[é])in*(Qﬁ) . Zé@&:(ﬁ X‘I’( [ ])X‘I’( [ DZX‘P(@
-2 | Aut(¢)| -2 |Aut(6)]

peP PeED

Since there are |Aut(¢)| ways to perform the decomposition in the numerator without taking into
account the automorphisms of the parts (i.e. ways to ”scramble” ¢, because such is the quantity of
isofunctors acting on ¢), but there are |Aut(¢)|, and |Aut(¢)| such (ways to scramble ¢ and ¢), there are

actually (i) = % ways to perform the decomposition in the numerator, ¢ & ¢ = ¢, so
B S D WERE I P M AC I JE
Pl P |Aut<¢>||Aut<¢>|
xu(§ [ ]) X<1>(¢ xw (L [ ]) Sxa(9)

The fifth property comes from the definition of § + £-structure, (§ + £)[¢] = F[P] ® L£[#]. So, the
Lefschetz number of such will be, due to the additivity of the Euler characteristic, the sum of the individual
characteristics. The result then follows trivially.

O

The following theorems extends a well known results in the theory of species (albeit with a slightly
different notation).

Theorem 3.4
35(2,0,0,0,0,...) = F(z)

Proof: In this case, just inputting this in the definition of cycle series implies that, if it were so that
Xq’((z)f Dxa(@r.2) gxe(91.3) gxe(@s.0) .. # 0 then necessarily f is the identity, because it does not have orbits
of length greater than 1, and it ﬁxes Flog] itself in its entirety for every ¢ € ®. Therefore 33(x,0,0,...) =

> m (L(S[Id])m“ ¢)) And L(F[Id]) = x(Fix[F[Id]]), let us remember that Fix[f] has as objects
ped

those X € ¢ such that f(X) = X and morphisms those untouched by the action of F[f]. Since f = Id,
the single object of Fix[§[Id]] is F[¢] itself and its morphisms are all those of it. So L(F[Id]) = xw(F[¢])-
Substituting in the formula obtained before yields the result. O
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Theorem 3.5 If § is a ;B species, then:

3z, z, 2,2, ..) = F(2)
Proof: We begin by noting that ITjzX*(®s1) = g2ixe(¢r1) = gxe(#) bhecause the parts of the product

have the same base and due to the fact that f induces a partition of ¢, and since the euler characteristic
is additive we have the final equality. So we have that:

(z,z,z,2,..) = Z |AT1W)|( Z L(%’[f])Hxch((bf,l))

pcP feAut(o) >0
1
=X (X 1E)
PEP feAut(o)

Let us remember that L(F[f]) = xw (Fix[F[f]]) where Fix[§f] is the category whose objects are the
fixed points of F[f] and morphisms those that are also fixed, §[f][g] = ¢g. So, due to the additivity of x
again we have 5> L[ =xw( 1 Fix[s/).

feAut(o) feAut(o)
Since ¥ =B, xy = | - | the usual notion of cardinality.

The cardinality of the coproduct, i.e. disjoint union, that results is, by Burnside’s Lemma, that of all
the equivalence classes of §-structures on ¢ and there are as many isomorphic copies of them (i.e with
the same characteristic) as automorphisms of ¢, then the normalizing factor m removes this copies

from the sum. So all in all, X‘P(er‘x:;‘(’);iix[g[fm = xu (5[¢))- U

It is left as an exercise to the enthusiastic reader to prove (if possible) the previous result for ¥ in
general.

3.3. Arithmetic Product and Rational Dirichlet series

We give a notion of arithmetic product for species, and this gives rise to a new type of series: Rational
”Dirichlet” series.

Definition 3.18 Let ¢ € ®, ¢y be the minimal object in the chain of objects in ® that contains ¢.

A partition ™ of ¢ is simply a decomposition of ¢ as coproduct of objects ¢ =" ¢; x.

7,7

A regular partition is a partition of ¢ into a direct sum of k € N isomorphic copies of a same object
o.

If k;gz@ = ¢, we will say that ¢ divides 0.

A partial rectangle on ¢ is a pair of partitions m and T of ¢ such that the least common refinement
of both is a partition such that every part of it contains only an object isomorphic to ¢g.

A full rectangle or simply rectangle of ¢ is a pair of reqular partitions of ¢ that satisfies the previous
condition, as well as there being a non-empty intersection between each pair of parts of m and 7.

A rectangle on ¢ is noted (7, 7), and k the number of copies ofé in ™ will be called the height of the
rectangle.

The collection of all possible rectangles is noted by R[], and the collection of rectangles on ¢ of height
exactly k by R[¢]|k-

Observe that not always it is possible to define a rectangle on an object, or to define a non-trivial one.

Moreover, the partition itself 7 is not necessarily an object of the category, on which the function can
be defined.

This is why the Arithmetic Product will be defined only for a very specific type of species: B; ¥ species.

For ¢ € B, if xg(¢) = |¢| = n, then we write ¢ = n. In such case clearly |Aut(¢)| = n!, and as

n!

3] give, [R[¢]] = > 4 #é)!, and |R[nllq = - This is because in a rectangle there are n! ways
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to scramble the labels of the elements it is comprised of, but d! and %! ways to scramble the rows and
columuns repectively, and scrambling these give rise to the same (labelled) object.

Definition 3.19 The arithmetic product of two B; ¥ species §, £ is defined as:

FEYM = > 3§ x L]

(m,7)ER[N]

Theorem 3.6 The generating series of the arithmetic product of two species is given by:

FEOD= 3 Z'R s D),

neB
dBP=n

Proof: The proof is identical to that given by [3]:

xe(FELM) =xe Y ] x L]

(m,7)ER[N]

=3 Y xwldx 22

dln (m,7)ER[n]
height(7,7)=d

—Zm e Fld)xw(S5))

n

n!
= dgn @X\If (&[de\P (S[E])
O

Since, as [3] note, there is a bijection between series s¢ — -+ we can write any series as a formal series
similar to Dirichlet series. Since yy takes values in Q, the numerators will not only be natural numbers
but can be rational numbers too.

Theorem 3.7 The arithmetic product of species satisfies the property:
Qzre(s) = Qz(s)Qe(s)

Proof: It is immediate, from performing the substitution s — % in the definition of the generating
series of F [0 £ (that is, the expresion for the Dirichlet series) and writing explicitly the number |R[n]| =

n!
Zd\n dr(z- O

One can observe, that there is a similarity (or, rather, an equivalence) between the arithmetic product
and a sort of operation on the ”cartesian product of sets” (categorical product) in the case of ordinary
species. Unfortunately, the property that one may want translated from the arithmetic product series to
the Dirichlet series does not generalize so rapidly. In fact, to perform such translation it is necessary for
there to be a notion of product.

Definition 3.20 Let ® be category with finite products. Then we define the pseudo-arithmetic product
of species as:
FoYWl:= ) 3ldlx L]

&
p=¢

X &

¢
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We will call these series ”Q-Dirichlet series”. If one thinks about it, they are not so different from
usual Dirichlet series: after all, both have rational denominators and both have, although infinitely many,
a countable number of them. Thus one could obtain an associated Dirichlet series from a Q-Dirichlet
series using a bijection Q < N, such as Cantor’s diagonal method, but its purpose which will now be
made clear is lost in such.

Definition 3.21 Let § be a ;U species, ® : Vo € &, xo(¢p) # 0. Let F(2) = %z’@(@ be its
ped

generating series. The Q-Dirichlet series of § is then defined by:

. xe(Ble) 1
Q5(s) = 3 [Aut(9)] (xa(9)®

Theorem 3.8 Let ® be a category with finite products, § and £ be two ®; ¥ species, Qz(s) and Qe(s)
be their respective Q-Dirichlet series. Then the pseudo-arithmetic product of these satisfies:

Qzoe(s) = Qz(s)Qe(s)

Proof: &@2 ¢]) )
xw ((
©=2 = (e (@)°
xu (3o x £lo) 1
-2 % Aol T
dxp=¢

[Aut(e)]|

B th imilar] f | dirichlet series, ——=—4——
ecause there are, similarly as for usual dirichlet series, ;mrm ot P

position ¢ = é x ¢ for fixed 45 and ¢:

ways to perform the decom-

_ Z |Aut($) xu@Dxu(Lld) 1
o [AutO [Aut()|| Aut(9)] (xa(d)xa(0))*

Blo) 1 xu(gg) 1
Z |Aut ()] xa( |Aut($)] xa()*

%>

) Hcd

d

Note 2 Previously in the definition we asked for xo(p) # 0 Vo € ®. This is due to the fact that if it
were not so, problems could arise when operating between two species with the Dirichlet series.

3.4. Exponentiation and Assemblies

In ordinary species, the species of "sets” is the functor £ : B — E given by E[n| = {n}.

It exactly has as generating series the exponential map exp(x) = ano ‘% and as type series the
geometric series.

Now, given ¥, one may want to find a ;W species such that its generating series resembles the
exponential map, because such map is essential for finding solutions in the theory of differential equations:
Given a differential equation with known solutions, since most ordinary differential equations present
solutions in terms of the exponential map, one may find a new combinatorial meaning for these, and thus
find new combinatorial properties.
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In the example given before, we have that the result of this functor is to send a set to the set of
that set. In fact, this can be seen otherwise as the functor which sends a set to the singleton set, which
contains one element, and this is sound as a definition, since we have that the characteristic of the object
is not that of the source, but of the target, and there is only one such object ”{n}”. Similarly, in the
case of V; B species, the exponential is the one given by V — {V}.

Definition 3.22 We call the ®; U-exponential the functor Ip.w : © — ¥ given by I[¢] = 1 V¢ € ®.

Proposition 3.3 The ®; V-exponential has as generating series:

oxe(9)

“orw = X000 2 it

oD

and as type series:

= xolin) Y 26+

peD
The generating may also be written expy(z) if ® = B.

Example 3.1 The V,;B-exponential has generating series:

z
ey = —
! Tn

n>0

and type series:
e = E 2"
Vq
n>0

We have before, trying to keep close to the usual intuitive definition of an assembly of structures,
defined such for general species, using the decomposition by partitions and products. This is compatible
with the notion of assembly of structures given in [5],[2], [4].

We give a special emphasis on the notion of exponentiation due to the properties described before.

Traditionally, the species of assemblies of §-structures and ”assemblies of n §-structures” are defined
in terms of the species of Sets as F o §.

But, this is only viable if § has as target B.

This traditional approach yields as result, for example for g-species and ordinary species, what can
be thought of as an object in the target category which is enriched with a §-structure. such a structure
will be called a ”¥ assembly of §-structures”

Definition 3.23 Let § be a ©; ¥ species.
A U assembly of §-structures is the species given by the composition of species: Idp.w o §.

From the definitions one immediately has the following:

Proposition 3.4 The generating series of a ¥ assembly of §-structures is given by

(Tsw © §)(2) = xw(th0) Y w(3)

k>0

Proof:
2 (9)

Tsw o) =Y xo( 3 vox [] Ww)m 1(0)]

pe® i €[] $i,jET;

X ()
=Z><¢(¢o( Z H Xu(§ )|A“t( ?)|

ped m; €[] i, ET;
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= xw(%o) Z'Vk(S)(Z)

k>0
O
If it were so that x¢(¢)9) = 1 then the definition would indeed be exactly the same as that defined for
"exponential” or ”assembly of structures” (which are given simultaneously since the former is defined in
terms of the latter), as has already been done for the ordinary, q, and Mdobius species.

From this result one freely obtains the following:

Corollary 3.1 Given two ®; U species § and £, then:
(Ig;w 0 §)(2) (B;w © £)(2) = xw(to)(Lesw © (3 + £))(2)

Proof: Since we have proved that v,(§ + £) = > (&) Vn—r(L), then it follows for assemblies of

0<k<n
structures that > v, (F+ £)(2) = > m(F)(2) X 1 (L)(2) by the usual Cauchy product formula for
n>0 n>0 n>0
series. O

4. Conclusion

So we have finally settled the basis and extended the notion of species to a more general setting.
What is there more to say about the subject? Well, there are a few open questions regarding this which
may prove to be interesting.

If one considers the category of all ®; ¥ species, with finite categories as objects, functors § between
them as morphisms, and natural transformations as 2-morphisms, then one obtains [12] a so called (strict)
2-category, which is a subcategory of the primordial 2-category Cat.

This construction may be also done for any pair ® and ¥ such that there is a notion in each of them
of Euler characteristic for their respective objects (categories).

One may then ask, is it possible to extend the notion of species to higher categories, to an n-categorical
setting?

Species prove to be a very useful tool for systematically tracking data relating to categories and
inferring new qualities about combinatorial constructs with species by manipulating their power series
(for example, bounds for the number of constructs, or the existence of a certain construct), so this could
be a very fruitful endeavour.

May the Yoneda Lemma have anything to do with it being possible to define a general theory of ®; ¥
species for finite categories?

And if so, could a higher categorical analogue of it be the key to creating it?
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