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Separable ranges of Henstock-Kurzweil-Pettis integral

Hemanta Kalita

ABSTRACT: In this article, we introduce Pettis integrability type property for Henstock-Kurzweil-Pettis-
integrals. We discuss several necessary conditions that X has Henstock-Kurzweil-Pettis-integrability property
for weak Baire measure. Necessary and sufficient conditions of the indefinite integral of any Henstock-Kurzweil-
Pettis (respectively, Denjoy-Pettis) integrable function with values in a fixed Banach space having separable
ranges are discussed.
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1. Introduction

Integration Theory of functions with values in a Banach space has long been a fruitful area of study.
Bochner, Gelfand, Pettis, Birkhoff, Phillips, etc have a major contribution in this area of interest. Edgar,
Huff, Talagrand discussed Pettis integrability with scalar measurability, Pettis integrability of weak mea-
surable functions with values by several different techniques (see [2,3,12]). Piazza and Musial’ [11]
characterized Henstock-Kurzweil-Pettis integrals by cores of the functions and throught the properties of
suitable operations defined by integrands. Bongiorno et al. [1] studied about Henstock-Kurzweil-Pettis
integrable function and Henstock integrable functions are scalarly approximated in the Alexiewicz norm
by a sequence of step functions. In their work authors have done the full approximation of the Henstock-
Kurzweil-Pettis integral if and only if the range of the integral is norm relatively compact. notion of
Bourgain property of real-valued functions formulated by J. Bourgain. Plebanek [9] has shown that the
Pettis integral property of a Banach space X, together with the requirement of separability of X-valued
Pettis integral is equivalent to the fact that every weak Baire measure on X is in a certain weak sense,
concentrated on a separable subspace. Naralenkov [8] find the necessary and sufficient conditions so that
the indefinite integral of any Henstock-Kurzweil-Pettis integrable function with values in a fixed Banach
space has a relatively compact range or be continuous, except at most on a countable set. Through out
the article, we denote Henstock-Kurzweil-Pettis integrals as HKP-integrals.

Plebanek and Naralenkov’s work motivated us to investigate the Henstock-Kurzweil-Pettis integrabil-
ity property for p-measure compact and Henstock-Kurzweil-Pettis integrals. We also investigate separa-
ble ranges of the Henstock-Kurzweil-Pettis integrable functions. Finally, we discuss separable ranges of
indefinite Henstock-Kurzweil-Pettis integrals.

Our article structured as follows: In Section 2, the basic concepts and terminology are intro- duced
together with some definitions and results. In Section 3, several properties of HKP-integral has been
discussed. We give several conditions of Henstock-Kurzweil-Pettis integrability in X associate with weak
Baire measure and compact measure. In Section 4, separable ranges of HKP-integrable function are
discussed.
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2. Preliminaries

Assume 2 be set of intervals, ¥ are the o-algebra of 2. Throughout the article (€2,3, 1) be finite
measure space. Let [0,1] be the unit interval of the real line with usual topology and u be Lebesgue
measure. In the whole article X is an arbitrary Banach space with dual X*. The closed unit ball of
X is denoted by B(X). If Y C X then Y1 are annihilator of Y in X*. We denote o(X, X*) are weak
topology and the topology generated on X by a Banach space Y is o(X,Y). Recall Banach-valued
Henstock-Kurzweil as follows.

Definition 2.1 [1, Definition 1] A function f : [0,1] — X is said to be Henstock-Kurzweil integrable on
[0,1] if there exists w € X with the following property: for every e > 0 there exists a gauge § on [0, 1]
such that

HZf(ti)Hl—\wa <e

for each d-fine perron partition P = {(I1,t;), (I2,%2), .., (Ip, tp)} of [0,1]. We set w = (H) fol fdu. We call
HK ([0,1], X) the set of all Henstock integrable functions f : [0,1] — X.

The HK]J0,1] is endowed with the Alexiewicz norm
Ihla = sup (HE) [ hit)duco)]
0<a<1 0

The completion of the HK|0, 1] is isomorphic to the space of distribution which are distributional deriva-
tives of continuous function. The conjugate space HK*[0,1] is linearly isometric to the space BV[0, 1].

Definition 2.2 [13] A function f : [0,1] — X is said to be scalarly measurable (resp scalarly integrable)
if for every z* € X* the function z*f is Lebesgue measurable( resp integrable). A scalarly integrable
function f : [0,1] — X is said to be Pettis integrable if for each A € L there exists a vector wy € X such
that

(z*,wa) = / ¥ fdu for every x* € X*.
A

We call wy the Pettis integral of f over A and we write wa = (P) [, fdp.

Definition 2.3 [10] A function f : [0,1] — X is said to be scalarly Henstock-Kurzweil integrable if for
each z* € X™* the function x* f is Henstock-Kurzweil integrable. A scalarly Henstock-Kurzweil integrable
function f is said to be Henstock-Kurzweil-Pettis integrable if for each I € [0, 1] there exists w; € X such
that

(z*,wy) = (HK)/x*fd,u for every z* € X*.
I

We call w; the Henstock-Kurzweil-Pettis integral of f over I and we write w; = (HKP) f[ fdp.

We call the additive interval function F(I) = (HKP) [, fdu the HKP-primitive of f. Let HK P([0, 1], X)
the set of all X-valued HKP-integrable function on [0,1] (functions that are scalarly equivalent are
identified). Henstock-Kurzweil-primitive (resp HKP-primitives) F' of a function f is continuous (resp

weakly continuous i.e. #*F is continuous for every z* € X*). One can see [1]. The Alexiewicz norm on
HKP([0,1],X) is

1
I1flla = sup (HEP) [ fdu].
0<t<1 0

If |z* f| < K a.e. for some constant K and every z* € X* then f is weakly bounded. If f: [0,1] — X
is a scalarly bounded function then the image measure A given by

NE) = u(f~(E))

is a weak Baire measure on X.
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Definition 2.4 [9] Given a weak Baire measure p on a Banach space X, we say p is scalarly concentrated
on a subspace I' of X if *|p = 0 implies z* = 0 p-a.e..

Recall a topological space X is measure compact if every non zero-o-additive Baire measure on X has
non empty support. Measure-compact implies real compact but not conversely. It is well known that
every compact measure is perfect. For a measure to be perfect it is necessary and sufficient that it’s
restriction to any o-subalgebra with a countable number of generators be compact.

Recall a Banach space X is said to have Pettis Integral property (PIP) if for every X-valued weakly
bounded function f defined on an arbitrary finite measure space is Pettis integrable. We say that X has
Mazur’s property if each weak*-continuous functional on X* is in X.

Definition 2.5 A scalarly measurable function f : [0,1] — X is determined by a space Y C X if for
every ©* € Y+ the equality z* f = 0 hold p-a.e..

Theorem 2.1 [1, Theorem 2] If f : [0,1] — X is Henstock-Kurzweil-Pettis integrable then there exists
a sequence (f,,) of X-valued step function such that for all z* € X*, a* f = lima* f,, a.e. if and only if f

is determined by a separable subspace of X.
3. Henstock-Kurzweil-Pettis integral

The Henstock-Kurzweil-Pettis integral is the natural generalization of the Pettis integral for a function,
obtained by replacing the Lebesgue integrability for scalar functions by the Henstock-Kurzweil integra-
bility. If X contains no copy of c¢g, it is well known that each X-valued strongly measurable scalarly
integrable function is also Pettis integrable. In the case of the Henstock-Kurzweil integrability, a similar
property is fulfilled by weakly sequentially complete Banach spaces. Gordon proved that a separable
Banach space is weakly sequentially complete if and only if each X-valued Henstock-Kurzweil scalarly
integrable function is also HKP integrable.

Lemma 3.1 Let f:[0,1] = X be scalarly Henstock-Kurzweil integrable. Define Ty : X* — HK (1) by
Tp(z")(t) =< f(t),z" >, 2" € X*, t €[0,1]

then T is weak™ -pointwise continuous.

Proof: If t € [0,1] and X} — 2* (weak™), then

Tp(za)(t) =< f(t),z, >
=< f(t),z* >
= Ty(2")(¢)

so, Ty(xk) = Ty(x*) is pointwise. O
Proposition 3.1 Let f : [0,1] — X be scalarly Henstock-Kurzweil integrable then f is HKP-integrable if

and only if Ty : X* — HK ([0, 1], ) is weak™ -weakly continuous. In particular if f is Henstock-Kurzweil-
Pettis integrable then Ty is necessarily a weakly compact operator.

Proof: Let Ty is weak*-weakly continuous. Assume A € X. Then x4 € BV (y). In this situation linear
functional a € X**

<zta>= (HK)/A < f(t),2* > du(t)

— (HK) / Ty (") (8)xa(t) du(t)

=< Tf(SC*), XA >
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is weak™ continous. So, for 4 € X with
<zg,x >= (HK)/ < f(t),x* > du(t) for all z* € X~ (3.1)
A

gives f is Henstock-Kurzweil-Pettis integrable.
Conversely, assume f is Henstock-Kurzweil-Pettis integrable then for A € 3 there exists x4 € X with
(3.1). So, from the representation theorem and convergence theorem we have:

< Tp(a*), x4 >= (HK)/A < f(#) 2" > du(t) =< za, 2" >

is weak*-continuous function of z. Hence < Ty(z*), g > is weak™ continuous function of z* for any step
function g. Again, using the boundedness of f, we get < Ty(z*), g > is weak*-continuous function of z*
for any g € BV (). O

Corollary 3.1 Let f : [0,1] — X be scalarly Henstock-Kurzweil integrable then f is HKP-integrable if
and only if Ty : B(X*) = HK ([0, 1], ) is weak™-weakly continuous.
From Proposition 3.1 and Corollary 3.1 we can deduce the following corollary as follows:

Corollary 3.2 A scalarly Henstock-Kurzweil integrable function f : [0,1] — X determined by a subspace
Y of X if and only if T : X — HK (u) is defined by x* — x*f is a o(X*,Y)-weakly continuous.

The action of Ty on weak™ neighborhoods in X* as follows:
Definition 3.1 [5] Let Y be a finite set in X, and ¢ > 0, let
O,e)={z" € X" : ||2¥|| <1 and 2*(x) <€ for every x in Y}.

Proposition 3.2 If f is scalarly Henstock-Kurzweil integrable, then for allY C X, € > 0 the set
Ty (O(Y,€)) is closed and convex in HK ().

Proof: The proof is of similar arguement of the [5, Lemma 2]. O

Proposition 3.3 If f is scalarly Henstock-Kurzweil integrable. Then the following are equivalent:
1. f:[0,1] — X is Henstock-Kurzweil-Pettis integrable.

2. Ty is a weakly compact operator

zZ=) {T((O(Y, €): Y CX,Y is finite, € > o} = {0}.

Proof: The proof is of similar arguement of the [5, Proposition 3]. a

Henstock-Kurzweil-Pettis Integral property
Next, we give several conditions of Henstock-Kurzweil-Pettis integrability in X in the context of weak
Baire measure and compact measure. We called a Banach space X has the u-HKP integral property if
each X-valued, scalarly p-measurable function is pu-HKP integrable. If such a property holds true for
all complete measure, then X is said to have the HKP-integral property. It is not hard to see a Banach
space X has Henstock-Kurzweil-Pettis Integral property (HKPIP) if for every X-valued weakly bounded
function f defined on an arbitrary finite measure space is Henstock-Kurzweil-Pettis integrable.

Theorem 3.1 If X is p-measure compact then X has the u-HKPIP. In addition, if X is measure compact
then X has HKPIP.
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Proof: Suppose X is p-measure compact. Let f : [0,1] — X be bounded and scalarly measurable then
f is weakly equivalent to Henstock-Kurzweil measurable function ¢ : [0,1] — X. Since g is bounded and
measurable, it is Henstock-Kurzweil integrable. Let 4 be Henstock-Kurzweil integral.

In this case if 24 = (HK) [, gdp then for every z* € X*, z*f = 2*g a.e.. So,

xpxt = (HK)/Agx*du
= (HK)/Afx*d,u.

Hence x4 is Henstock-Kurzweil-Pettis integral (HKP) [, fdp. O

Conditions of Mazur in Banach space X are not helpful for HKPIP.

Remark 3.1 The condition of Mazur in X implies Pettis Integral Property in X (see [3]). Ye Guoju
et al. in [4] presented that Pettis integrals are subset of Henstock-Kurzweil-Pettis integral. In [11,
Proposition 4], it is very clearly mention that Mazur property in X (particularly separable or weakly
compactly generated) implies HKPIP if and only if f : [0,1] — X is scalarly Henstock-Kurzweil inte-
grable and each infinite subset of {z*f : ||2*|| < 1} contains an equi-Henstock-Kurzweil integrable
sequences.

Theorem 3.2 Let X be a Banach space. If the condition of Mazur in X, then HKPIP does not hold on
X.

4. Henstock-Kurzweil-Pettis integrals with separable range

In this Section, we discuss separable ranges of HKP-integrable function. We start this section with
the known result.

Theorem 4.1 [1, Theorem 2] f : [0,1] — X be a function. If there exists a sequence of Henstock-
Kurzweil-Pettis integrable functions f, : [0,1] — X such that

1. The set {a*f, : ||z*|| <1, n € N} is uniformly p-integrable.

2. lima* f,, = * f in p-measurable for each z* € X*.
n

Then f is Henstock-Kurzweil-Pettis u-integrable and

tim(HEK) [ fudp = (HE) [ fau B (0.1]
n E E
weakly in X for each F € 3.

Theorem 4.2 If f € HKP([0,1], X) then the followings are equivalent:
1. {x*f szt e B(X*)} is separable subset of HK([0,1]).

2. There exists a sequence (fy,) of X—valued step function, such that for each z* € X* the sequence
(2* fr)nen 1s converges weakly to x* f in HK([0,1]).

3. ny(X) is a separable subset of X.

Proof: For (1) = (2): Let {z*f: x* € B(X*)} be separable. In this situation there exists a sequence
() in B(X™*) such that {x} f: n € N} isdensein {z*f: z* € B(X*)}. Since f € HKP ([0, 1], X) then
by [1, Theorem 2], the topology of convergence in measure and the weak topology of HK]|0, 1] coincide
on the set {z*f: a* € B(X*)} and there exists a step function f, : [0,1] — X such that z*f, — z*f
weakly in HK|0, 1] for every z* € X*.
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For (2) = (3) : By condition (2), for each E € ¥ the sequence py, (E) is weakly convergent to pf(E).
Since ranges of py, are finite dimensional, pf(X) contained in the weak closure of the set |J py, (X) as

n=1

separable.
For (3) = (1) : Let us use contradiction metheod here. If possible assume {z*f :z* € B(X*)} is
non-separable and =i € U(X™) where

U = {0 | <o 1) > 2 sllrll} for ot € x°

and h € BV(u) such that < h,zif >= 1. Let for an ordinal b < z7, the family {(.Z‘:;,ha) Da < b}

satisfies the followings:

a)areU(X™),

C

)

b ) he € BV (1),
) xif €lim{z}f: a<c} for each ¢ < b,
)

d
1l ifa=c<d

<hc’x“f>:{ Oifa<c<b

As Sz*f : z* € B(X*) ¢ is non-separable, so x; € U(X*) such that z;f ¢ lim{z}f: a <b}. Now
from Hahn-Banach Theorem for all a < b such that < hy,z;f >= 1 and < hy,z)f >= 1 implies
hy € BV (). From the net {(xj;,ha) a< xl} satisfying (a) — (d) for all a,b, ¢ less than x; implies

[[T7 (hy) — TF (ha)|| = 1 whenever a < b. So, Ty (BV/(u)) is non-separable on X**. Since {xg : E € X} is
norm dense in BV (1) and so p(X) is norm dense in 17 (BV (u)) . This is a contradiction. Hence p1(X)
is separable. O

Amalgamate the Theorem 4.1 and the Theorem 4.2 we can find out the following conclusion.

Theorem 4.3 Let f :[0,1] = X be a given function, p is a perfect measure and py(X) is a separable
set. Then f € HKP([0,1],X) if and only if there exists a sequence (fy) of X -valued step function such
that

1. The family {x*fn :neN, z* e B(X*)} is uniformly integrable.
2. For each z* € X*, limz* f, = z*f a.e..

With the analogous way, we can construct the following Lemma from Talagrand [12, 5-1-2], which was
used in [9] by G. Plebanek in his work.

Lemma 4.1 Let ([0,1],%, 1) be a measure space and C be an absolutely convex set of measurable function
which is T, -compact and bounded in BV[0,1]. Then the followings are equivalent:

1. p:C =R, ulg) = (HK) fol gdiL 18 T, -continuous.
2. There exists a countable subsets D C [0,1] such that (HK) fol gdp = 0 whenever g € C and g|, = 0.
Theorem 4.4 If f :[0,1] — X is scalarly Henstock-Kurzweil integrable function then f € HK P([0,1], X)

and py(X) is separable if and only if the measure f(p) is scalarly concentrated on a separable subspace of

X.
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Proof: Let f : [0,1] — X is Henstock-Kurzweil-Pettis integrable function and p¢(X) is separable. Let
I' be separable subspace of p¢(X). From the [11, Theorem 3] we get z* € 't and 2*f = 0 a.e. so,

z* =0 f(p)-ae.

Conversely, let v = f(u) and T the closure of a countable set of X such that v is scalarly concentrated
on I'. Next, 2 = 0 implies 2* = 0 v a.e.. From Lemma 4.1, 2" — (HK) [ga*dv is T,,-continuous
for every B € Ba(X). Hence, X* — HK(v) is Tp,-(weak) continuous where 7, is the topology of
pointwise convergence and ix : X — X is Henstock-Kurzweil-Pettis integrable with respect to v. If
zg = (HK) fB ixdy, in this situation er = 0 gives z*xrg = 0. Hence zg € TI', gives f is Henstock-
Kurzweil-Pettis integrable and the range p¢(X) is separable on I O

We begin with a simple characterization of indefinite Henstock-Kurzweil-Pettis integrals that have sepa-
rable ranges.

Lemma 4.2 Suppose X is separable Banach spaces. Then f : [0,1] — X is Henstock-Kurzweil-Pettis
integrable on [0, 1] with indefinite integral F of f if the followings are equivalents:

1. F is weak*-continuous on [0, 1].

2. The set {f]f . I Clo, 1]} is separable.

Proof: For (1) = (2) : Let F be weak*-continuous on [0, 1]. Then F ([0, 1]) is weak* -compact. There-
fore, { [, f: I C[0,1]} is weak*-compact and weak*-topology of X* restricted to { [, f: I C [0,1]} is
metrizable. Hence, { [, f: I C [0,1]} is separable.

For (2) = (1) : Let (f) be a sequence of step function on [0, 1] and F,, be the indefinite integral
of f,. By [1, Theorem 1], li£n||x*F — &*Fy||ln = 0. since F), is weak*-continuous on [0, 1], then F is

weak*-continuous on [0, 1]. O

Theorem 4.5 Let f : [0,1] — X be scalarly Henstock-Kurzweil integrable function and X is a Mazur
space then followings are hold:

1. If f :]0,1) —» X is Henstock-Kurzweil-Pettis integrable on [0,1] then the indefinite integral of f is
weak™-continuous on [0, 1].

2. If f :]0,1] — X is Henstock-Kurzweil-Pettis integrable on [0,1] then the set {f[f : I cClo, 1]} is

separable.

Proof: For (1) : Let F be the indefinite integral of f. From [8, Theorem 1] 2*F is weak*-continuous on
[0,1]. Due to the Mazur property of X, we can find F is weak*-continuous on [0, 1].
For (2) : Tt is direct implication of the Lemmad4.2. O

Lemma 4.3 Let f : [0,1] — X be Henstock-Kurzweil-Pettis integrable with X is separable and T :
X* — HKI[0,1] be a compact. In this situation range R,{F(I)} is separable if and only if the set

{x*f e < 1} is separable subset of HK[O, 1].

Proof: Let T: X* — HK]0, 1] defined by T'(x*) = z* f be compact. Then T : BV[0,1] — X** shall be

<", Ty, >=<T(z"),x1 >
— (1K) [ o
I

=< x*,(HKP)/fd,u >
I

=<a*, F(I)>.
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So, F(I) = Ty,. By Schauder Theorem F([) is compact. Let X = JB(0,n)T(B(0,n)) be separable. It
is known that union of separable spaces is separable. Hence, |JT (B(0,n)) = R, (F') is separable space.

" m
Theorem 4.6 If X is separable Banach space and let f : [0,1] — X be Henstock-Kurzweil-Petlis inte-
grable function. Assume F : I — X be its primitive then the followings are equivalents:
1. The family {=*fn : n €N, z* € B(X*)} is uniformly integrable.

2. For each x* € X* we have limx* f, = x*f a.e.
3. R,(F) is separable subset of X where R, (F) is the range spaces.

Proof: For (1) = (2) is (1) — (2) of the Theorem 4.2.
For (2) = (3) : The condition (2) gives for each E € ¥ the sequence {(HK) S fndp s noe N}
is weakly convergent to (HK) [, fdu. Hence R, (F) is contained in the weak closure of the set |J F,,(X)

where F), is the indefinite Henstock-Kurzweil-Pettis integral of f,,. Each set F},(3) is of finite dimensional
so the union is weakly separable. Since weak and norm separability coincide in a Banach space so by
Mazur Theorem R, (F’) is separable.

For (3) = (1) is similar as (3) = (1) of the Theorem 4.2. O

Lemma 4.4 Let Y be a subspace of X and assume Y contains no isomorphic copy of co. If Y is WCG
(has Mazur’s property) then f :[0,1] = X a bounded scalarly Henstock-Kurzweil integral determined by
Y is Henstock-Kurzweil-Pettis integrable.

Proof: Let Y is WCG and f is scalarly Henstock-Kurzweil integrable, there exists a countable partition
P; of [0,1] into measurable sets such that for each E in P;, the function f.xg is weakly bounded. From
[6, Lemma?2], f is Pettis integrable and hence Henstock-Kurzweil-Pettis integral for all E in P;. This gives
for each F € ¥, (HK) [}, fdp = (HKP) [ fdu € X. Now, for 2* € X* and F € %,

S (wxe) [ ga) 1= X ww) [t

EeP; F Eep; FNE
< oK) [
Ber, FNE

= (HK)/F|x*f|du < 00

Now by Bessaga-Pelezynski characterization theorem, the series ), P (HKP) [ rop Jdp is an uncon-
ditionally norm convergent series for all F' in . That is Y. pep (HKP) [pop fdu = (HKP) [ fdpu.
O

Proposition 4.1 Let f: [0,1] — X be scalarly Henstock-Kurzweil integrable and Ty : X* — HK([0,1])
defined by x* — x*f is weakly compact. If f is determined by a subspace having Mazur’s property, then
f is Henstock-Kurzweil-Pettis integrable.

Proof: Let f is determined by Y C X having Mazur’s property. This gives each weak*-continuous
functional on Y* is in Y. Let (z,,) be dense in Y. If possible For each n, choose z}, in O ({z; jy €) so

that =} f = g a.e. for g € () T (O(Y,¢)) if possible. We need to claim g = 0 a.e.. Let z* be weak*
(Yse)
cluster of (z}), then g = z*f a.e.. From the Theorem 4.1, limz} f = 2* f = g a.e. The Mazur’s property

inY gives z*f =g =0. O
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