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New elliptic group over a nonlocal ring F2d [ε], ε
3 = ε2 ∗

Abdelhamid Tadmori

abstract: In this paper, we consider the set of elliptic curves over an extended nonlocal ring of characteristic

two A =
F
2d

[X]

(X3−X2)
. Then by studying the arithmetic operation of this ring, and define such elliptic curves,

we come to classify their elements. More precisely, we define a new group law structure on this elliptic curve

by using one of the explicit bijection Eπ1(a),π1(b)(F2d )×Eπ2(a),π2(b)(A2) ≃ Ea,b(A), where A2 =
F
2d

[X]

(X2)
is a

local ring, π1 is a sum projection of the coordinates elements in A, and π2 is the surjective morphism defined
by:

π2 : A −→ A2 =
F2d [X]

(X2)

x0 + x1ε+ x2ε
2 7−→ x0 + x1σ where σ2 = 0.
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1. Introduction

Elliptic curves over (finite) fields provide a paradigm for major areas of current research in number
theory, in algebraic geometry and in cryptography; see [6,8,9,12,14]. Its extension to elliptic curves over
finite rings faces the difficulty of constructing such curves in an explicit way. The case of elliptic curves
over rings has been studied in different aspects. In algebraic geometry, the theoretical study of these
curves in the case of Dedekind domain R is exhibited in the book of Silverman; as a Neron model for
E/K, which is a smooth group scheme, whose generic fiber is E/K, where K is the fraction field of ring
R, giving just some examples over a discrete valuation ring ZN , where N ∈ N∗. The existence of Neron
models came from the theorem 6.1 see [13] page 325. In number theory, the study of these curves on a
ring Zp.q, where p and q are distinct prime numbers, is set out in the article of Lenstra, it has allowed
to factor a large integers using elliptic curves; see [10]. In cryptography, the thesis of Sebastia Martin
studies the cryptographic application of the curves on a ring ZN ′ , where N ′ = p.q, see [11]. Marie
Virat’s thesis studies the properties of the elliptic curves defined on kind of local ring Fp[ε], ε

2 = 0 from
a cryptographic point of view, with p is a prime number which differs from 2 and 3; see [21]. On one
side, Mr A. Chillali has generalized the work on the kind of local ring Fq[ε], ε

n = 0, where q is a power
of a prime number which differs from 2 and 3; see [4,5]. On the other hand, Mr Hachem Hassib has
studied the elliptic curves on the local ring F3d [ε], ε

n = 0; see [7]. On our side, we have studied the
elliptic curves on the local ring F2d [ε]; ε

n = 0, see [17,18]. In the paper [2], the authors A. Boulbout, A.
Chillali and A. Mouhib have defined a set of elliptic curves over the nonlocal ring Fq[e]; e

2 = e, where q
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2 A. Tadmori

is the power of prime p with p ≥ 5, and given the classification of its elements. In the work, see [19], we
have studied the set of elliptic curves over the nonlocal ring F2d [ε]; ε

2 = ε, and we have identified a group
law over these curves. In this work, we will extend our study to the elliptic curves over the nonlocal ring
F2d [ε], ε

3 = ε2. More precisely, we give a classification of elements of such elliptic curves, and construct
a group law over it, giving some properties.

We begin by studying the arithmetic over the ring A = F2d [ε], ε
3 = ε2.

2. Arithmetic operations in the ring A

Let d be a positive prime integer. We consider the extension of the finite field F2d by using the
quotient ring of the polynomial ring F2d [X], and the ideal generated by the polynomial X3 − X2. The

ring A =
F
2d

[X]

(X3−X2) is identified to the ring F2d [ε]; ε
3 = ε2, see [1]. So, we have A = {x0 + x1ε+ x2ε

2 |
x0, x1, x2 ∈ F2d}, and the following lemmas:

Lemma 2.1 Let X = x0 + x1ε+ x2ε
2, Y = y0 + y1ε+ y2ε

2, then;

X + Y = (x0 + y0) + (x1 + y1)ε+ (x2 + y2)ε
2.

X · Y = x0y0 + (x0y1 + x1y0)ε+
(
x0y2 + x1y1 + x1y2 + x2y0 + x2y1 + x2y2

)
ε2

= x0y0 + (x0y1 + x1y0)ε+
(
x2y0 + (x1 + x2)y1 + (x0 + x1 + x2)y2

)
ε2

Lemma 2.2 A is a vector space over F2d of dimension 3, whose basis is {1, ε, ε2}.

Lemma 2.3 We have:

X · Y = x0y0 + ω(X · Y )ε+
(
(x0 + x1 + x2) · (y0 + y1 + y2) + x0y0 + ω(X · Y )

)
.ε2

where ω(X · Y ) = x0y1 + x1y0.

Proof: We know that:(
(x0 + x1 + x2) · (y0 + y1 + y2) + x0y0 + ω(X · Y )

)
=

(
x0y2 + x1y1 + x1y2 + x2y0 + x2y1 + x2y2

)
= x2y0 + (x1 + x2)y1 + (x0 + x1 + x2)y2.

2

Remark 2.1

ω(X · Y ) = (x0 + x1) · (y0 + y1) + x0y0 + x1y1

ω(X2) = 0

ω(X3) = x20x1.

Proposition 2.1 Let X = x0 + x1ε+ x2ε
2 ∈ A. We have:

X2 = x20 +
(
(x0 + x1 + x2)

2 + x20

)
ε2

X3 = x30 + x20x1ε+
(
(x0 + x1 + x2)

3 + x30 + x20x1

)
ε2
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Proof: By using Lamma 2.3 and Remark 2.1, we have:

X2 = x20 + ω(X2)ε+
(
(x0 + x1 + x2)

2 + x20 + ω(X2)
)
ε2

= x20 +
(
(x0 + x1 + x2)

2 + x20

)
ε2

X3 = x30 + ω(X3)ε+
[(
x20 + (x0 + x1 + x2)

2 + x20

)
(x0 + x1 + x2) + x30 + ω(X3)

]
ε2

= x30 + x20x1ε+
(
(x0 + x1 + x2)

3 + x30 + x20x1

)
ε2.

2

Proposition 2.2 The element X = x0 +x1ε+x2ε
2 ∈ A, is invertible if and only if x0 and x0 +x1 +x2,

are invertibles in F2d . The inverse of X is given by:

X−1 = x−1
0 + x1x

−2
0 ε+

(
(x0 + x1 + x2)

−1 + x1x
−2
0 + x−1

0

)
ε2.

Proof: Let Y = y0 + y1ε + y2ε
2 the inverse of X = x0 + x1ε + x2ε

2. So X · Y = 1, which identically
equivalent to:

x0y0 + ω(X · Y )ε+
(
(x0 + x1 + x2).(y0 + y1 + y2) + x0y0 + ω(X · Y )

)
ε2 = 1.

Thereby,

X · Y = 1 ⇐⇒

 x0y0 = 1
ω(X · Y ) = 0
(x0 + x1 + x2).(y0 + y1 + y2) + x0y0 + ω(X · Y ) = 0

⇐⇒

 x0y0 = 1
x0y1 + x1y0 = 0
(x0 + x1 + x2).(y0 + y1 + y2) = 1

⇐⇒


y0 = x−1

0

y1 = x1x
−2
0

y2 = (x0 + x1 + x2)
−1 + x−1

0 + x1x
−2
0

which gives the result. 2

Remark 2.2 An element X = x0+x1ε+x2ε
2 ∈ A, is invertible if and only if x0 ̸= 0 and x0+x1+x2 ̸=

0 in F2d .

Corollary 2.1 An element X = x0+x1ε+x2ε
2 ∈ A, is non-invertible if and only if x0 = 0 or x0+x1+

x2 = 0. On the other words, X is of the form X = xε+ yε2, or of the form X = x+ yε+ (x+ y)ε2, where
(x, y) ∈ F2

2d .

Lemma 2.4 A = F2d [ε]; ε
3 = ε2, is a nonlocal ring.

Proof: Consider two ideals defined by:

I = {xε+ yε2 | (x, y) ∈ F2
2d} and J = {x+ yε+ (x+ y)ε2 | (x, y) ∈ F2

2d}.

From the previous corollary, it is clear that I ∪ J is the set of the no invertible elements in A. Say that;

xε+ yε2 = x′ + y′ε+ (x′ + y′)ε2 =⇒ x′ + (x+ y′)ε+ (x′ + y′ + y)ε2 = 0

=⇒ x′ = 0, x = y′ and y = y′ = x,
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because {1, ε, ε2} is a basis of A as a vector space over F2d . So, I ∩ J = {xε + x.ε2 | x ∈ F2d}, thus
I ∩ J ̸= I and I ∩ J ̸= J. As a result, we have neither I ⊂ J nor J ⊂ I, then I ∪ J is no an ideal. Hence,
A is nonlocal ring. 2

Next, we show some relationship, and give one of the explicit formula of an isomorphism:

A ≃ A1 ×A2,

where A1 = F2d , and A2 is the local ring A2 =
F
2d

[X]

(X2) , with the technique which allows us to show some

explicit properties of the elliptic curve over a nonlocal ring A; Ea,b(A). Firstly, we have the following
lemma:

Lemma 2.5 Let R be a ring and e ∈ R be a no trivial idempotent element. Then, we have the isomor-
phism R ≃ R1 ×R2, where R1 = eR, and R2 = (1− e)R are two nonzero rings.

Proof: It is clear that R1 and R2 are nonzero, since neither e nor 1− e is 0. Otherwise, e is idempotent
implies that (1−e)2 = 1−2e+e2 = 1−e, so 1−e is also idempotent. To show that R1, and R2 are rings it
suffices to show that they have a unit of multiplicative law. For R1; if eX ∈ R1, then e(eX) = e2X = eX,
and since e = e · 1 ∈ R1, so e is the unit element of R1. As the same 1− e is the unit of R2. Furthermore,
it is trivial to show that:

ψ1 : R −→ R1

X 7−→ eX

and
ψ2 : R −→ R2

X 7−→ (1− e)X

are surjectives morphisms. We will show that the combined morphism:

ψ : R −→ R1 ×R2

X 7−→ (ψ1(X), ψ2(X)) = (eX, (1− e)X)

is a ring isomorphism; indeed, it is clear that ψ is a morphism of rings, since both ψ1, and ψ2 are
morphisms. Further, if ψ(X) = (0, 0), then eX = (1 − e)X = 0 hence, X = 0, thus ψ is injective. On

the other hand, if (eX1, (1 − e)X2) ∈ R1 × R2, we get ψ(eX1 + (1 − e)X2) =
(
e2X1 + e(1 − e)X2, (1 −

e)eX1 + (1− e)2X2

)
= (eX1, (1− e)X2). Therfore, ψ is also surjective, which gives the result. 2

Corollary 2.2 For the ring A = F2d [ε]; ε
3 = ε2, we have the isomorphism

A ≃ R1 ×R2 where R1 = {ε2X | X ∈ A}, and R2 = {(1− ε2)X | X ∈ A}.

Proof: We take e = ε2, since e2 = (ε2)2 = ε3 · ε = ε2 · ε = ε3 = ε2 = e, then e is idempotent in A, so by
using Lemma 2.5, we deduce the result. 2

Remark 2.3 Let X = x0 + x1ε+ x2ε
2, Y = y0 + y1ε+ y2ε

2 ∈ A.

• If X ′ = ε2X and Y ′ = ε2Y ∈ R1, then

X ′ = (x0 + x1 + x2)ε
2

Y ′ = (y0 + y1 + y2)ε
2

X ′ + Y ′ = (x0 + y0 + x1 + y1 + x2 + y2)ε
2,

X ′ · Y ′ = (x0 + x1 + x2)(y0 + y1 + y2)ε
2.
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• If X ′ = (1− ε2)X and Y ′ = (1− ε2)Y ∈ R2, then

X ′ = x0 + x1ε+ (x0 + x1)ε
2

Y ′ = y0 + y1ε+ (y0 + y1)ε
2

X ′ + Y ′ = (x0 + y0) + (x1 + y1)ε+ (x0 + y0 + x1 + y1)ε
2,

X ′ · Y ′ = x0.y0 + ω(X ′ · Y ′)ε+ (x0y0 + ω(X ′ · Y ′))ε2, where ω(X ′ · Y ′) = x0y1 + x1y0.

We denote φ1, φ2 these mappings:

φ1 : R1 −→ A1 = F2d

ε2.X 7−→ x0 + x1 + x2

and

φ2 : R2 −→ A2 =
F2d [X]

(X2)

x0 + x1ε+ (x0 + x1)ε
2 7−→ x0 + x1σ

where σ2 = 0.

Lemma 2.6 The mappings φ1 and φ2, defined previously are the isomorphisms of rings.

Proof:

• Let a, b ∈ R1. So, there exists X, Y ∈ A such that a = ε2X, and b = ε2Y, thus:

φ1(a+ b) = φ1(ε
2(X + Y ))

= x0 + y0 + x1 + y1 + x2 + y2

= (x0 + x1 + x2) + (y0 + y1 + y2)

= φ1(ε
2X) + φ1(ε

2Y )

= φ1(a) + φ1(b).

And

φ1(a · b) = φ1(ε
2X · ε2Y ))

= φ1(ε
4(X · Y ))

= φ1(ε
2(X · Y ))

= (x0 + x1 + x2) · (y0 + y1 + y2)

= φ1(ε
2X) · φ1(ε

2Y )

= φ1(a) · φ1(b).

This proves that φ1 is a morphism of ring. On the other hand, let a, b ∈ R1 such that φ1(a) =
φ1(b), where a = ε2X and b = ε2Y.

φ1(a) = φ1(b) =⇒ x0 + x1 + x2 = y0 + y1 + y2

=⇒ ε2(x0 + x1 + x2) = ε2(y0 + y1 + y2)

=⇒ ε2X = ε2Y

=⇒ a = b.

So, φ1 is injective. Finally, let x ∈ F2d , there we take X = 0+0.ε+x.ε2, and we have φ1(ε
2.X) = x,

which proves that φ1 is surjective.
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• With the same method applying Remark 2.3. Let X, Y ∈ R2, thus X and Y are of the form
X = x0 + x1ε+ (x0 + x1)ε

2 and Y = y0 + y1ε+ (y0 + y1)ε
2.

φ2(X + Y ) = φ2

(
(x0 + y0) + (x1 + y1)ε+ (x0 + y0 + x1 + y1)ε

2
)

= x0 + y0 + (x1 + y1)σ

= φ2(X) + φ2(Y )

And

φ2(X · Y ) = φ2

(
x0.y0 + ω(X · Y )ε+ (x0y0 + ω(X · Y ))ε2

)
= x0y0 + ω(X · Y )σ

= x0y0 + (x0y1 + x1y0)σ

= (x0 + x1σ) · (y0 + y1σ)

= φ2(X) · φ2(Y ).

which proves that φ2 is a morphism of rings. Since

φ2(X) = φ2(Y ) =⇒ x0 + x1σ = y0 + y1σ

=⇒ x0 = y0 and x1 = y1

=⇒ X = Y ;

because {1, σ} is the basis of the F2d vector space A2. This proves that φ2 is injective. For the
surjection, let X ′ ∈ A2, then X

′ = x′0 +x′1σ, so the antecedent of X ′ by φ2 is X = x′0 +x′1ε+(x′0 +
x′1)ε

2.

2

Theorem 2.1 The mapping:
Φ : A −→ A1 ×A2

X = x0 + x1ε+ x2ε
2 7−→

(
φ1 ◦ ψ1(X), φ2 ◦ ψ2(X)

)
is an isomorphism.

Proof: Using the Corollary 2.2 and Lemma 2.6, we prove the result.
2

Corollary 2.3 The following mapping:

π1 : A −→ A1 = F2d

X = x0 + x1ε+ x2ε
2 7−→ x0 + x1 + x2

π2 : A −→ A2 =
F2d [X]

(X2)

x0 + x1ε+ x2ε
2 7−→ x0 + x1σ

are the surjective morphisms of rings.

Proof: Since ψ1, ψ2, φ1 and φ2 are the surjective morphisms of rings, and π1 = φ1 ◦ ψ1, π2 = φ2 ◦ ψ2,
then we have the result. 2
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Corollary 2.4 Every element X ∈ A, can be written as follows:

X = φ−1
2 (π2(X)) + π1(X).ε2.

Proof: LetX = x0+x1ε+x2ε
2 ∈ A.We have π2(X) = x0+x1σ, where σ

2 = 0 and φ2 is the isomorphism
defined previously, so φ−1

2 (π2(X)) = x0 + x1ε+ (x0 + x1)ε
2. Hence, we have:

φ−1
2 (π2(X)) + π1(X)ε2 = x0 + x1ε+ (x0 + x1)ε

2 + (x0 + x1 + x2)ε
2 = X.

2

Corollary 2.5 An element X = x0+x1ε+x2ε
2 ∈ A is invertible if and only if x0+x1+x2 is invertible

in A1, and x0 + x1σ is invertible in A2.

Proof: Since every element x0 + x1σ ∈ A2 is invertible if and only if x0 ̸= 0, and by using Remark 2.2
we deduce the result. 2

3. Properties of an elliptic curve over the ring A

This section gives a definition of an elliptic curve, and their properties on the ring A = F2d [ε]; ε
3 = ε2;

noted by Ea,b(A), where a = a0 + a1ε + a2ε
2, b = b0 + b1ε + b2ε

2 ∈ A. More precisely, we prove the
bijection:

Ea,b(A) ≃ Eπ1(a),π1(b)(F2d)× Eπ2(a),π2(b)(A2).

Firstly, we have the following definitions; see [3,13,16].

Definition 3.1 We define an elliptic curve over the ring A, noted Ea,b(A) as a curve given by such
Weierstrass equation:

Y 2Z +XY Z = X3 + aX2Z + bZ3 (3.1)

where a, b ∈ A, that b is invertible. The discriminant ∆ = b, and the J-invariant is J = b−1 noted by 1
b .

We write:
Ea,b(A) = {[X : Y : Z] ∈ P2(A) | Y 2Z +XY Z = X3 + aX2Z + bZ3}

Definition 3.2 We define two reductions of Ea,b(A), one is over F2d , as a curve given by such Weier-
strass equation:

Y 2Z +XY Z = X3 + π1(a)X
2Z + π1(b)Z

3 (3.2)

where π1(a) = a0 + a1 + a2, π1(b) = b0 + b1 + b2 ∈ F2d , and π1(b) ̸= 0, which noted by Eπ1(a),π1(b)(F2d).

The second is over A2 =
F
2d

[X]

(X2) as a curve given by such Weierstrass equation:

Y 2Z +XY Z = X3 + π2(a)X
2Z + π2(b)Z

3 (3.3)

where π2(a) = a0 + a1σ, π2(b) = b0 + b1σ ∈ A2, and π2(b) is invertible in A2, which is noted by
Eπ2(a),π2(b)(A2).
The discriminants ∆i = πi(b), and the J- invariants Ji = (πi(b))

−1, where i ∈ {1, 2}.

Proposition 3.1 We have ∆ = φ−1
2 (∆2) +∆1 · ε2, and the discriminant ∆ is invertible in the ring A if

and only if ∆1 and ∆2 are invertible respectively in F2d and in A2.

Proof: By using Corollary 2.4 and 2.5, we prove the proposition. 2

Proposition 3.2 Let X = x0 + x1ε + x2ε
2, Y = y0 + y1ε + y2ε

2 and Z = z0 + z1ε + z2ε
2 ∈ A. Then,

[X : Y : Z] ∈ P2(A) if and only if [πi(X) : πi(Y ) : πi(Z)] ∈ P2(Ai), for all i ∈ {1, 2}.
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Proof: =⇒) Suppose that [X : Y : Z] ∈ P2(A), so there exists (U, V,W ) ∈ A3 such that
U ·X + V · Y +W · Z = 1, then πi(U) · πi(X) + πi(V ) · πi(Y ) + πi(W ) · πi(Z) = 1, which implies that
[πi(X) : πi(Y ) : πi(Z)] ∈ P2(Ai) for all i ∈ {1, 2}.
⇐=) Suppose that [πi(X) : πi(Y ) : πi(Z)] ∈ P2(Ai) for all i ∈ {1, 2}, so there exists at least one of the
coordinates of the point [πi(X) : πi(Y ) : πi(Z)] which is invertible in Ai.
• For example, if π2(X) ∈ A∗

2, then we have two cases of π1(X) :

1) If π1(X) ̸= 0, then X is invertible in the ring A; because π1(X), π2(X) are invertible. Hence,
[X : Y : Z] ∈ P2(A).

2) If π1(X) = 0, then [π1(X) : π1(Y ) : π1(Z)] ∈ P2(F2d) implies that π1(Y ) ̸= 0 or π1(Z) ̸= 0.

• If π1(Y ) ̸= 0, then:

φ−1
2 (π2(X)) +

(
π1(Y ) + φ−1

2 (π2(X))
)
ε2 =

x0 + x1ε+ (x0 + x1)ε
2 +

(
y0 + y1 + y2 + x0 + x1ε+ (x0 + x1)ε

2
)
ε2

= x0 + x1ε+
(
y0 + y1 + y2 + x0 + x1

)
ε2

= X + (X + Y )ε2

= (1 + ε2)X + Y ε2.

is invertible in A, so there exists U ∈ A such that:

U · (1 + ε2)X + U · Y ε2 = 1.

Hence, [X : Y : Z] ∈ P2(A).

• If π1(Z) ̸= 0, with similar proof, we have [X : Y : Z] ∈ P2(A).

• If π2(X) ̸∈ A∗
2, we have either π2(Y ) ∈ A∗

2 or π2(Z) ∈ A∗
2, so we follow the same proof. 2

Proposition 3.3 Let (X,Y, Z) ∈ A3. We have Y 2Z + XY Z = X3 + aX2Z + bZ3 if and only if
πi(Y )2πi(Z) + πi(X)πi(Y )πi(Z) = πi(X)3 + πi(a)πi(X)2πi(Z) + πi(b)πi(Z)

3, for all i ∈ {1, 2}.

Proof: By using Corollary 2.4, we have:

Y 2Z = φ−1
2 (π2(Y

2Z)) + π1(Y
2Z).ε2

XY Z = φ−1
2 (π2(XY Z)) + π1(XY Z).ε

2

X3 + aX2Z + bZ3 = φ−1
2 (π2(X

3 + aX2Z + bZ3)) + π1(X
3 + aX2Z + bZ3).ε2

Then:
=⇒) Assume that Y 2Z +XY Z = X3 + aX2Z + bZ3. So, we have:

π2(Y
2Z +XY Z) = π2(X

3 + aX2Z + bZ3),

π1(Y
2Z +XY Z) = π1(X

3 + aX2Z + bZ3)

Since π2, π1 are morphisms of rings, we obtain the result.
⇐=) Now, we assume that we have:{

π2(Y )2π2(Z) + π2(X)π2(Y )π2(Z) = π2(X)3 + π2(a)π2(X)2π2(Z) + π2(b)π2(Z)
3

π1(Y )2π1(Z) + π1(X)π1(Y )π1(Z) = π1(X)3 + π1(a)π1(X)2π1(Z) + π1(b)π1(Z)
3.

which gives {
π2(Y

2Z) + π2(XY Z) = π2(X
3 + aX2Z + bZ3)

π1(Y
2Z) + π1(XY Z) = π1(X

3 + aX2Z + bZ3)
=⇒
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φ−1
2

(
π2(Y

2Z)
)
+ φ−1

2

(
π2(XY Z)

)
= φ−1

2

(
π2(X

3 + aX2Z + bZ3)
)

π1(Y
2Z) + π1(XY Z) = π1(X

3 + aX2Z + bZ3)

Thus, by using the above formulas, we deduce that Y 2Z +XY Z = X3 + aX2Z + bZ3. 2

Theorem 3.1 [X : Y : Z] ∈ Ea,b(A) ⇐⇒ [πi(X) : πi(Y ) : πi(Z)] ∈ Eπi(a),πi(b)(Ai), ∀ i ∈ {1, 2}.

Proof: By using propositions 3.2 and 3.3, we prove the theorem. 2

Corollary 3.1 For all i ∈ {1, 2}, the correspondence π̃i defined by:

π̃i : Ea,b(A) −→ Eπi(a),πi(b)(Ai)

[X : Y : Z] 7−→ [πi(X) : πi(Y ) : πi(Z)]

is a surjective mapping.

Proof: From the previous theorem, it is clear that π̃i is the correspondence. Let [X : Y : Z] and
[X ′ : Y ′ : Z ′] two points in the elliptic curve Ea,b(A) such that [X : Y : Z] = [X ′ : Y ′ : Z ′], then there
exists an invertible element U ∈ A such that X ′ = UX, Y ′ = UY and Z ′ = UZ, thereby:

π̃i([X
′ : Y ′ : Z ′]) = [πi(X

′) : πi(Y
′) : πi(Z

′)]

= [πi(U)πi(X) : πi(U)πi(Y ) : πi(U)πi(Z)]

= [πi(X) : πi(Y ) : πi(Z)]; because πi(U) ∈ A∗
i

= π̃i([X : Y : Z])

Therefore, π̃i is well defined.
Further, let [x : y : z] ∈ Eπ1(a),π1(b)(A1). For example, we have π̃1([xε

2 : 1 + (1 + y)ε2 : zε2]) = [x : y : z],
and for [x0 + x1σ : y0 + y1σ : z0 + z1σ] ∈ Eπ2(a),π2(b)(A2), we have π̃2([x0 + x1ε + (x0 + x1)ε

2 :
y0 + y1ε + (1 + y0 + y1)ε

2 : z0 + z1ε + (z0 + z1)ε
2]) = [x0 + x1σ : y0 + y1σ : z0 + z1σ]. Then, for all

i ∈ {1, 2}, π̃i is a surjective mapping. 2

Theorem 3.2 The mapping:

π̃ : Ea,b(A) −→ Eπ1(a),π1(b)(A1)× Eπ2(a),π2(b)(A2)

[X : Y : Z] 7−→
(
[π1(X) : π1(Y ) : π1(Z)], [π2(X) : π2(Y ) : π2(Z)]

)
is a bijection. The inverse of π̃ is the mapping π̃−1 such that

π̃−1
(
[x2 : y2 : z2], [x0+x1σ : y0+y1σ : z0+z1σ]

)
= [x0+x1ε+(x0+x1+x2)ε

2 : y0+y1ε+(y0+y1+y2)ε
2 :

z0 + z1ε+ (z0 + z1 + z2)ε
2].

Proof:

(i) We have π̃([X : Y : Z]) =
(
π̃1([X : Y : Z]), π̃2([X : Y : Z])

)
, since π̃1 and π̃2 are well defined, so π̃

is well defined.

(ii) Let
(
[x2 : y2 : z2], [x0 + x1σ : y0 + y1σ : z0 + z1σ]

)
∈ Eπ1(a),π1(b)(A1) × Eπ2(a),π2(b)(A2), then

[x0+x1ε+(x0+x1+x2)ε
2 : y0+y1ε+(y0+y1+y2)ε

2 : z0+z1ε+(z0+z1+z2)ε
2] is an antecedent

of
(
[x2 : y2 : z2], [x0 + x1σ : y0 + y1σ : z0 + z1σ]

)
. Thereby, π̃ is surjective.
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(iii) Let [X : Y : Z] = [x0 + x1ε + x2ε
2 : y0 + y1ε + y2ε

2 : z0 + z1ε + z2ε
2], and [X ′ : Y ′ : Z ′] =

[x′0 + x′1ε+ x′2ε
2 : y′0 + y′1ε+ y′2ε

2 : z′0 + z′1ε+ z′2ε
2] two elements of Ea,b(A) such that

π̃([X : Y : Z]) = π̃([X ′ : Y ′ : Z ′])

Then: (
[x0 + x1 + x2 : y0 + y1 + y2 : z0 + z1 + z2], [x0 + x1σ : y0 + y1σ : z0 + z1σ]

)
=(

[x′0 + x′1 + x′2 : y′0 + y′1 + y′2 : z′0 + z′1 + z′2], [x
′
0 + x′1σ : y′0 + y′1σ : z′0 + z′1σ]

)
⇐⇒ ∃α ∈ A∗

1 and β ∈ A∗
2 such that;

x′0 + x′1 + x′2 = α(x0 + x1 + x2)

y′0 + y′1 + y′2 = α(y0 + y1 + y2)

z′0 + z′1 + z′2 = α(z0 + z1 + z2)

x′0 + x′1σ = β(x0 + x1σ) ⇐⇒ φ−1
2 (x′0 + x′1σ) = φ−1

2 (β(x0 + x1σ))

y′0 + y′1σ = β(y0 + y1σ) ⇐⇒ φ−1
2 (y′0 + y′1σ) = φ−1

2 (β(y0 + y1σ))

z′0 + z′1σ = β(z0 + z1σ) ⇐⇒ φ−1
2 (z′0 + z′1σ) = φ−1

2 (β(z0 + z1σ))

which is equivalent to:

x′2 = α(x0 + x1 + x2) + (x′0 + x′1)

y′2 = α(y0 + y1 + y2) + (y′0 + y′1)

z′2 = α(z0 + z1 + z2) + (z′0 + z′1)

x′0 + x′1ε+ (x′0 + x′1)ε
2 = β(x0 + x1ε) + β(x0 + x1)ε

2

y′0 + y′1ε+ (y′0 + y′1)ε
2 = β(y0 + y1ε) + β(y0 + y1)ε

2

z′0 + z′1ε+ (z′0 + z′1)ε
2 = β(z0 + z1ε) + β(z0 + z1)ε

2

so, as {1, ε, ε2} is the basis of the ring A as a vector space over Fq, then we have:

x′0 = βx0

x′1 = βx1

(x′0 + x′1) = β(x0 + x1)

Thereby, X ′ = β(x0+x1ε)+α(x0+x1+x2)ε
2+β(x0+x1)ε

2. This gives that, X ′ = (β+(α+β)ε2)·X,
and with the same technique, we find:

Y ′ = (β + (α+ β)ε2) · Y
Z ′ = (β + (α+ β)ε2) · Z.

Since β+(α+β)ε2 is invertible in A, then [X ′ : Y ′ : Z ′] = [X : Y : Z], so π̃ is injective. Finally, we show
easily that:

π̃ ◦ π̃−1 = IdEπ1(a),π1(b)(A1)×Eπ2(a),π2(b)(A2)

and π̃−1 ◦ π̃ = IdEa,b(A). 2

Remark 3.1 Let P, Q ∈ Ea,b(A), we have:

P = Q⇐⇒ π̃(P ) = π̃(Q) ⇐⇒ π̃1(P ) = π̃1(Q) and π̃2(P ) = π̃2(Q).
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4. Classification of the elements of elliptic curve Ea,b(A)

Firstly, we describe the different expressions of the points of this curve. After, we will regroup them
as a theorem.
Let [X : Y : Z] = [x0 + x1ε+ x2ε

2 : y0 + y1ε+ y2ε
2 : z0 + z1ε+ z2ε

2] ∈ Ea,b(A).

1) If Z is invertible in the ring A, then [X : Y : Z] = [Z−1X : Z−1Y : 1], so it is of the form [X : Y : 1].

2) If Z is no invertible, then Z is either of the form Z = z1ε+z2ε
2 or of the form Z = z0+z1ε+(z0+z1)ε

2,
we have:

(a) If Z = z1ε + z2ε
2, where (z1, z2) ∈ F2

2d , then π̃2([X : Y : Z]) = [x0 + x1σ : y0 + y1σ : z1σ] ∈
Eπ2(a),π2(b)(A2), and since
Eπ2(a),π2(b)(A2) = {[X : Y : 1] | X;Y ∈ A2 : Y 2+XY = X3+π2(a)X

2+π2(b)}∪{[xσ : 1 : 0] |
x ∈ F2d}; see [15] then z1 = 0, x0 = 0 and y0 ̸= 0 in F2d , hence [X : Y : Z] = [x1ε+x2ε

2 : y0+
y1ε+y2ε

2 : z2ε
2]. Further, since π̃1([X : Y : Z]) = [x1+x2 : y0+y1+y2 : z2] ∈ Eπ1(a),π1(b)(F2d).

Then, there are two subcases of y0 + y1 + y2 ∈ F2d :

– If y0 + y1 + y2 ̸= 0, then y0 + y1ε + y2ε
2 is invertible in A, so [X : Y : Z] is of the form

[xε+ x′ε2 : 1 : zε2], where x, x′, z ∈ F2d .

– If y0 + y1 + y2 = 0 ie : y2 = y0 + y1mod(2) then y0 + y1ε+ y2ε
2 = y0 + y1ε+ (y0 + y1)ε

2

is no invertible in A, so we have [X : Y : Z] = [x1ε + x2ε
2 : y0 + y1ε + (y0 + y1)ε

2 :
z2ε

2], where [x1 + x2 : 0 : z2] ∈ Eπ1(a),π1(b)(F2d), so in this case z2 ∈ F∗
2d .

(b) If Z = z0 + z1ε + (z0 + z1)ε
2, where (z0, z1) ∈ F2

2d , then π̃1([X : Y : Z]) = [x0 + x1 + x2 :
y0 + y1 + y2 : 0] ∈ Eπ1(a),π1(b)(F2d) so x0 + x1 + x2 = 0, and y0 + y1 + y2 ̸= 0, hence
[X : Y : Z] = [x0 + x1ε+ (x0 + x1)ε

2 : y0 + y1ε+ y2ε
2 : z0 + z1ε+ (z0 + z1)ε

2], so we have two
sub-cases of y0 ∈ F2d :

– If y0 ̸= 0, then y0+ y1ε+ y2ε
2 is invertible in A, hence [X : Y : Z] = [x+x′ε+(x+x′)ε2 :

1 : z + z′ε+ (z + z′)ε2], where [x+ x′σ : 1 : z + z′σ] ∈ Eπ2(a),π2(b)(A2).

– If y0 = 0, then Y = y1ε + y2ε
2 is not invertible in A, so we have [X : Y : Z] = [x0 +

x1ε+ (x0 + x1)ε
2 : y1ε+ y2ε

2 : z0 + z1ε+ (z0 + z1)ε
2], where [x0 + x1σ : y1σ : z0 + z1σ] ∈

Eπ2(a),π2(b)(A2), then it is necessary that z0 ̸= 0, and [X : Y : Z] = [x+x′ε+(x+x′)ε2 :
yε+y′ε2 : 1+zε+(1+z)ε2], where y+y′ ̸= 0, and [x+x′σ : yσ : 1+zε] ∈ Eπ2(a),π2(b)(A2).

From the previous description, we have the following theorem:

Theorem 4.1 The element of the elliptic curve Ea,b(A) has one of these forms:

1) [xε+ x′ε2 : 1 : zε2], where [x+ x′ : 1 : z] ∈ Eπ1(a),π1(b)(F2d) such that x, x
′, z ∈ F2d .

2) [xε + x′ε2 : y + y′ε + (y + y′)ε2 : zε2], where y ̸= 0 and [x + x′ : 0 : z] ∈ Eπ1(a),π1(b)(F2d). In this
case z ∈ F∗

2d .

3) [x+ x′ε+ (x+ x′)ε2 : 1 : z + z′ε+ (z + z′)ε2], where [x+ x′σ : 1 : z + z′σ] ∈ Eπ2(a),π2(b)(A2).

4) [x+ x′ε+ (x+ x′)ε2 : yε+ y′ε2 : 1 + zε+ (1+ z)ε2], where y+ y′ ̸= 0, and [x+ x′σ : yσ : 1 + zε] ∈
Eπ2(a),π2(b)(A2).

5) [X : Y : 1], where X, Y ∈ A verify the equation:

Y 2 +XY = X3 + aX2 + b.

5. The group law over the elliptic curve Ea,b(A)

In this section, we come to construct a group law over the set Ea,b(A), using the bijection of theorem
3.2. We know that Eπi(a),πi(b)(Ai), is an abelien group for all i ∈ {1, 2}, and has [0 : 1 : 0] as a neutral
element, and the opposite of [X : Y : Z] is [X : X + Y : Z]. Moreover, if P = [X1 : Y1 : Z1], Q = [X2 :
Y2 : Z2] ∈ Eπ1(a),π1(b)(F2d) are two points, we have P + Q = [X3 : Y3 : Z3], which is computed by the
following theorem.
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Theorem 5.1 i) If P = Q, then:

X3 = X1Y1Y
2
2 +X2Y

2
1 Y2 +X2

2Y
2
1 +X1X

2
2Y1 + π1(a)X

2
1X2Y2 + π1(a)X1X

2
2Y1 +

π1(a)X
2
1X

2
2 + π1(b)X1Y1Z

2
2 + π1(b)X2Y2Z

2
1 + π1(b)X

2
1Z

2
2 + π1(b)Y1Z

2
2Z1 +

π1(b)Y2Z
2
1Z2 + π1(b)X1Z

2
2Z1.

Y3 = Y 2
1 Y

2
2 +X2Y

2
1 Y2 + π1(a)X1X

2
2Y1 + π1(a)

2X2
1X

2
2 + π1(b)X

2
1X2Z2 +

π1(b)X1X
2
2Z1 + π1(b)X1Y1Z

2
2 + π1(b)X

2
1Z

2
2 + π1(ab)X

2
2Z

2
1 + π1(ab)X

2
1Z

2
2 +

π1(b)Y1Z1Z
2
2 + π1(b)X1Z1Z

2
2 + π1(ab)X1Z1Z

2
2 + π1(ab)X2Z

2
1Z2 +

π1(b)
2Z2

1Z
2
2 .

Z3 = X2
1X2Y2 +X1X

2
2Y1 + Y 2

1 Y2Z2 + Y1Y
2
2 Z1 +X2

1X
2
2 + Y 2

1 X2Z2 +X2
1Y2Z2 +

π1(a)X
2
1Y2Z2 + π1(a)X

2
2Y1Z1 +X2

1X2Z2 + π1(a)X1X
2
2Z1 +

π1(b)Y1Z1Z
2
2 + π1(b)Y2Z

2
1Z2 + π1(b)X1Z1Z

2
2 .

ii) If P ̸= Q, then:

X3 = X1Y
2
2 Z1 +X2Y

2
1 Z2 +X2

1Y2Z2 +X2
2Y1Z1 + π1(a)X

2
1X2Z2 +

π1(a)X1X
2
2Z1 + π1(b)X1Z1Z

2
2 + π1(b)X2Z

2
1Z2.

Y3 = X2
1X2Y2 +X1X

2
2Y1 + Y 2

1 Y2Z2 + Y1Y
2
2 Z1 +X2

1Y2Z2 +X2
2Y1Z1 +

π1(a)X
2
1Y2Z2 + π1(a)X

2
2Y1Z1 + π1(a)X

2
1X2Z2 + π1(a)X1X

2
2Z1 +

π1(b)Y1Z1Z
2
2 + π1(b)Y2Z

2
1Z2 + π1(b)X1Z1Z

2
2 + π1(b)X2Z

2
1Z2.

Z3 = X2
1X2Z2 +X1X

2
2Z1 + Y 2

1 Z
2
2 + Y 2

2 Z
2
1 +X1Y1Z

2
2 +X2Y2Z

2
1 + π1(a)X

2
1Z

2
2 +

π1(a)X
2
2Z

2
1 .

Proof: See [3,19]. 2

And for P = [X1 : Y1 : Z1], Q = [X2 : Y2 : Z2] ∈ Eπ2(a),π2(b)(A2), considering the projection:

π0 : A2 −→ F2d

x+ x′σ 7−→ x

We have P +Q = [X3 : Y3 : Z3], which is computed by the following theorem.

Theorem 5.2 i) If [π0(X1) : π0(Y1) : π0(Z1)] = [π0(X2) : π0(Y2) : π0(Z2)], then:

X3 = X1Y1Y
2
2 +X2Y

2
1 Y2 +X2

2Y
2
1 +X1X

2
2Y1 + π2(a)X

2
1X2Y2 + π2(a)X1X

2
2Y1 +

π2(a)X
2
1X

2
2 + π2(b)X1Y1Z

2
2 + π2(b)X2Y2Z

2
1 + π2(b)X

2
1Z

2
2 + π2(b)Y1Z

2
2Z1 +

π2(b)Y2Z
2
1Z2 + π2(b)X1Z

2
2Z1.

Y3 = Y 2
1 Y

2
2 +X2Y

2
1 Y2 + π2(a)X1X

2
2Y1 + π2(a)

2X2
1X

2
2 + π2(b)X

2
1X2Z2 +

π2(b)X1X
2
2Z1 + π2(b)X1Y1Z

2
2 + π2(b)X

2
1Z

2
2 + π2(ab)X

2
2Z

2
1 + π2(ab)X

2
1Z

2
2 +

π2(b)Y1Z1Z
2
2 + π2(b)X1Z1Z

2
2 + π2(ab)X1Z1Z

2
2 + π2(ab)X2Z

2
1Z2 +

π2(b)
2Z2

1Z
2
2 .

Z3 = X2
1X2Y2 +X1X

2
2Y1 + Y 2

1 Y2Z2 + Y1Y
2
2 Z1 +X2

1X
2
2 + Y 2

1 X2Z2 +X2
1Y2Z2 +

π2(a)X
2
1Y2Z2 + π2(a)X

2
2Y1Z1 +X2

1X2Z2 + π2(a)X1X
2
2Z1 +

π2(b)Y1Z1Z
2
2 + π2(b)Y2Z

2
1Z2 + π2(b)X1Z1Z

2
2 .
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ii) If [π0(X1) : π0(Y1) : π0(Z1)] ̸= [π0(X2) : π0(Y2) : π0(Z2)], then:

X3 = X1Y
2
2 Z1 +X2Y

2
1 Z2 +X2

1Y2Z2 +X2
2Y1Z1 + π2(a)X

2
1X2Z2 +

π2(a)X1X
2
2Z1 + π2(b)X1Z1Z

2
2 + π2(b)X2Z

2
1Z2.

Y3 = X2
1X2Y2 +X1X

2
2Y1 + Y 2

1 Y2Z2 + Y1Y
2
2 Z1 +X2

1Y2Z2 +X2
2Y1Z1 +

π2(a)X
2
1Y2Z2 + π2(a)X

2
2Y1Z1 + π2(a)X

2
1X2Z2 + π2(a)X1X

2
2Z1 +

π2(b)Y1Z1Z
2
2 + π2(b)Y2Z

2
1Z2 + π2(b)X1Z1Z

2
2 + π2(b)X2Z

2
1Z2.

Z3 = X2
1X2Z2 +X1X

2
2Z1 + Y 2

1 Z
2
2 + Y 2

2 Z
2
1 +X1Y1Z

2
2 +X2Y2Z

2
1 + π2(a)X

2
1Z

2
2 +

π2(a)X
2
2Z

2
1 .

Proof: See [3,15]. 2

Definition 5.1 Let P, Q ∈ Ea,b(A). We define a law over Ea,b(A) as an addition law by P + Q =
π̃−1(π̃(P ) + π̃(Q)).

Remark 5.1 With this definition, we have π̃(P +Q) = π̃(P ) + π̃(Q).

Proposition 5.1 The set (Ea,b(A), +) is a commutative group with [0 : 1 : 0] as neutral element, and
the opposite of the point [X : Y : Z] is [X : X + Y : Z].

Proof: By using the fact that π̃ is a bijection, and satisfies π̃(P+Q) = π̃(P )+π̃(Q), it is easy to show that

(Ea,b(A), +) is a commutative group, and its neutral element is [0 : 1 : 0]; because
(
Eπ1(a),π1(b)(F2d) ×

Eπ2(a),π2(b)(A2), +
)
is an abelian group, with neutral element is

(
[0 : 1 : 0], [0 : 1 : 0]

)
.

Let [X : Y : Z] = [x0 + x1ε+ x2ε
2 : y0 + y1ε+ y2ε

2 : z0 + z1ε+ z2ε
2] ∈ Ea,b(A), with the same technique

as [19] we have:

[X : Y : Z] + [X : X + Y : Z] = π̃−1(π̃([X : Y : Z]) + π̃([X : X + Y : Z]))

= π̃−1
(
[0 : 1 : 0], [0 : 1 : 0]

)
= [0 : 1 : 0]

2

Corollary 5.1 For this law, the bijection π̃ is an isomorphism of groups.

Proposition 5.2 Let P = [X1 : Y1 : Z1], Q = [X2 : Y2 : Z2], and P + Q = [X3 : Y3 : Z3] in Ea,b(A).
Notice that:

[π1(X1) : π1(Y1) : π1(Z1)] + [π1(X2) : π1(Y2) : π1(Z2)] = [X
(1)
3 : Y

(1)
3 : Z

(1)
3 ],

and [π2(X1) : π2(Y1) : π2(Z1)] + [π2(X2) : π2(Y2) : π2(Z2)] = [x
(2)
0 + x

(2)
1 σ : y

(2)
0 + y

(2)
1 σ : z

(2)
0 + z

(2)
1 σ].

Then, P +Q = [X3 : Y3 : Z3] is given by:

X3 = x
(2)
0 + x

(2)
1 ε+

(
X

(1)
3 + (x

(2)
0 + x

(2)
1 )

)
ε2

Y3 = y
(2)
0 + y

(2)
1 ε+

(
Y

(1)
3 + (y

(2)
0 + y

(2)
1 )

)
ε2

Z3 = z
(2)
0 + z

(2)
1 ε+

(
Z

(1)
3 + (z

(2)
0 + z

(2)
1 )

)
ε2
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Proof: By using the definition P +Q = π̃−1
(
π̃(P ) + π̃(Q)

)
, we have:

P +Q = π̃−1
(
[X

(1)
3 : Y

(1)
3 : Z

(1)
3 ], [x

(2)
0 + x

(2)
1 σ : y

(2)
0 + y

(2)
1 σ : z

(2)
0 + z

(2)
1 σ]

)
,

So, with the expression of π̃−1, we will get:

X3 = x
(2)
0 + x

(2)
1 ε+

(
X

(1)
3 + (x

(2)
0 + x

(2)
1 )

)
ε2

Y3 = y
(2)
0 + y

(2)
1 ε+

(
Y

(1)
3 + (y

(2)
0 + y

(2)
1 )

)
ε2

Z3 = z
(2)
0 + z

(2)
1 ε+

(
Z

(1)
3 + (z

(2)
0 + z

(2)
1 )

)
ε2

2

Corollary 5.2 The cardinal of the elliptic curve Ea,b(A) is not a prime number, is equal to the cardinal
of Eπ1(a),π1(b)(F2d)× Eπ2(a),π2(b)(A2).

Proof: By applying the bijection of theorem 3.2, we have |Ea,b(A)|=|Eπ1(a),π1(b)(F2d)|×|Eπ2(a),π2(b)(A2)|.
We also know that |Eπ2(a),π2(b)(A2)| = |Ea0,b0(F2d)| × |F2d |, where a0 = π0(π2(a)), b0 = π0(π2(b));
see [13,20]. On the other hand, since every element of F2d is a square, and one can easily verifies
that the points [0 :

√
π1(b) : 1] ∈ Eπ1(a),π1(b)(F2d) and [0 :

√
b0 : 1] ∈ Ea0,b0(F2d), then the both

cardinal |Eπ1(a),π1(b)(F2d)| and |Ea0,b0(F2d)| are not equal to 1. Hence, the both |Eπ1(a),π1(b)(F2d)| and
|Eπ2(a),π2(b)(A2)| are not equal to 1, which gives the result. 2

We finish this work with these important remarks, which allows us to perform such cryptosystem protocol.

• By using the theorems 4.1, 5.1, 5.2 and proposition 5.2, we can give the explicit formulas of the
addition law in (Ea,b(A), +) for every case of the theorem 4.1.

• The cardinal of Ea,b(A) is not a prime number, but contains more elements.

• The discrete logarithm problem in Ea,b(A) is equivalent to the discrete logarithm problem in
Eπ1(a),π1(b)(F2d)× Eπ2(a),π2(b)(A2).

• Let P ∈ Ea,b(A) such that π̃(P ) = (P1, P2), where P1 ∈ Eπ1(a),π1(b)(F2d) and P2 ∈ Eπ2(a),π2(b)(A2).
If l1 is the order of P1 and l2 is the order of P2, then P is of order l = ppcm(l1, l2).

6. Conclusion

In this work, we have proved an explicit formula of the ismorphism
Ea,b(A) ≃ Eπ1(a),π1(b)(F2d)× Eπ2(a),π2(b)(A2), and its reciprocal like; π̃−1 such that

π̃−1
(
[x2 : y2 : z2], [x0+x1σ : y0+y1σ : z0+z1σ]

)
= [x0+x1ε+(x0+x1+x2)ε

2 : y0+y1ε+(y0+y1+y2)ε
2 :

z0 + z1ε+ (z0 + z1 + z2)ε
2], which allow us to define a group law algorithm on the elliptic curve Ea,b(A),

and the classification of its elements. The implementation of the algorithms can be done by using a Maple
program.
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