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New elliptic group over a nonlocal ring Fo.[e], % = ¢2*

Abdelhamid Tadmori

ABSTRACT: In this paper, we consider the set of elliptic curves over an extended nonlocal ring of characteristic

F,q[X]
two A = %

we come to classify their elements. More precisely, we define a new group law structure on this elliptic curve

Then by studying the arithmetic operation of this ring, and define such elliptic curves,

by using one of the explicit bijection Er, (a),x;(b)Fad) X Ery(a),ma(p)(A2) = Eq 3 (A), where Ag = Faa [X] is a

(X?)
local ring, 71 is a sum projection of the coordinates elements in A, and 72 is the surjective morphism defined
by:

Foa[X]
Mo A — Ay = -2
2 2 (X2)

20 + 716 + w282 — 3o + x10 where o2 = 0.
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1. Introduction

Elliptic curves over (finite) fields provide a paradigm for major areas of current research in number
theory, in algebraic geometry and in cryptography; see [6,8,9,12,14]. Its extension to elliptic curves over
finite rings faces the difficulty of constructing such curves in an explicit way. The case of elliptic curves
over rings has been studied in different aspects. In algebraic geometry, the theoretical study of these
curves in the case of Dedekind domain R is exhibited in the book of Silverman; as a Neron model for
E/K, which is a smooth group scheme, whose generic fiber is E/K, where K is the fraction field of ring
R, giving just some examples over a discrete valuation ring Zy, where N € N*. The existence of Neron
models came from the theorem 6.1 see [13] page 325. In number theory, the study of these curves on a
ring Zp.q, where p and q are distinct prime numbers, is set out in the article of Lenstra, it has allowed
to factor a large integers using elliptic curves; see [10]. In cryptography, the thesis of Sebastia Martin
studies the cryptographic application of the curves on a ring Zys, where N = p.q, see [11]. Marie
Virat’s thesis studies the properties of the elliptic curves defined on kind of local ring Fp[e], e? =0 from
a cryptographic point of view, with p is a prime number which differs from 2 and 3; see [21]. On one
side, Mr A. Chillali has generalized the work on the kind of local ring Fy[e], e” = 0, where q is a power
of a prime number which differs from 2 and 3; see [4,5]. On the other hand, Mr Hachem Hassib has
studied the elliptic curves on the local ring Fsa[e], €™ = 0; see [7]. On our side, we have studied the
elliptic curves on the local ring Faa[e];e™ = 0, see [17,18]. In the paper [2], the authors A. Boulbout, A.
Chillali and A. Mouhib have defined a set of elliptic curves over the nonlocal ring F,[e]; e = e, where ¢
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is the power of prime p with p > 5, and given the classification of its elements. In the work, see [19], we
have studied the set of elliptic curves over the nonlocal ring Fya[e]; €2 = ¢, and we have identified a group
law over these curves. In this work, we will extend our study to the elliptic curves over the nonlocal ring
Faa[e], €3 = 2. More precisely, we give a classification of elements of such elliptic curves, and construct
a group law over it, giving some properties.

We begin by studying the arithmetic over the ring A = Foa[e], % = 2.

2. Arithmetic operations in the ring A

Let d be a positive prime integer. We consider the extension of the finite field Foa by using the

quotient ring of the polynomial ring Fya[X], and the ideal generated by the polynomial X3 — X?2. The

ring A = (;1;%,‘17_[;]2) is identified to the ring Foa[e]; €% = €2, see [1]. So, we have A = {xg + w16 + 2262 |

Zo, T1, T2 € Faa}, and the following lemmas:
Lemma 2.1 Let X = xg + 216 + 2062, Y = yo + y16 + 4262, then;

X +Y = (zo+yo) + (21 +y1)e + (w2 + y2)e°.

XY = zoyo+ (xoy1 + z1yo)e + (a:oyz + 21Yy1 + T1Y2 + T2y + T2y1 + x2y2)62

Toyo + (Toy1 + T1Y0)e + (xzyo + (21 + 22)y1 + (w0 + 271 + $2)y2)€2
Lemma 2.2 A is a vector space over Fyu of dimension 3, whose basis is {1,¢, €?}.
Lemma 2.3 We have:

X Y =zoyo +w(X - Y)e+ ((Io + 1+ 22) - (Yo + Y1 + y2) + Toyo + w(X - Y))-€2

where w(X -Y) = xoy1 + T1Yo-

Proof: We know that:

((xo +x1 +22) - (Yo +y1 +y2) + Toyo + w(X - Y)) = (Jﬁoyz + z1y1 + T1Y2 + T2yo + T2y1 + Cﬂzyz)
= xoyo + (w1 + 22)y1 + (o + 71 + T2)Y2.

Remark 2.1
wX-Y) = (zo+z1) (Yo+wy1)+Toyo + 11
wX?) =0
wX? = 2l

Proposition 2.1 Let X = 20+ x16 + 2262 € A. We have:

X? = 22+ ((mo + 71 + 32)? —I—x%)eQ

X? = a4+ adve+ ((xo +ar+a0)d +ad+ x3x1)52
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Proof: By using Lamma 2.3 and Remark 2.1, we have:
X2 = 22 +w(Xe+ ((xo R L w(XQ))az

= 2+ ((mo +ay +x0)? + x%)sQ

g
Il

T8+ w(X3)e + [(m% + (@ + o1 + 12)% + x%) (zo + 21 +22) + 25 + w(X3)] g2
= i+ adve+ ((330 + g+ wo)® ol + x%:cl)gQ.

d

Proposition 2.2 The element X = xo+ x16 + x28% € A, is invertible if and only if xo and x¢+ 21 + T2,
are invertibles in Foa. The inverse of X is given by:

X t= xal + 33190525 + ((mo +ap +x) 4 mlxaz + 3351)52.

Proof: Let Y = yo + yi€ + y2e2 the inverse of X = xg + x16 + 22¢2. So X - Y = 1, which identically
equivalent to:

Toyo +w(X - Y)e + ((xo + 21+ x2).(Yo + y1 + y2) + Toyo + w(X - Y))52 =1

Thereby,
Toyo = 1
XYV=1 < wX-Y)=0
(o + 21 + 22).(Yo + Y1 + y2) + ToYo + wW(X -Y) =0
Toyo =1
< Toy1 + T1Yo = 0
(w0 + 21 +22).(yo +y1 +y2) =1
Yo = $61
= Y = x1x0_2
Yo = (g + 11 + 1)1 +x51 +x1x52
which gives the result. O

Remark 2.2 An element X = xg+ 216+ 2962 € A, is invertible if and only if xo # 0 and xo+ 21 + 20 #
0 n ]FQd.

Corollary 2.1 An element X = xq+ 1€ + 2062 € A, is non-invertible if and only if xo = 0 or xo+ 1 +
x9 = 0. On the other words, X is of the form X = xe +ye?, oroftheform X = x +ye + (v +y)e?, where
(z,y) € ng .

Lemma 2.4 A = Fyule]; €3 = €2, is a nonlocal ring.

Proof: Consider two ideals defined by:
I={we+ye’ | (v,y) €Fy} and J = {z+ye+ (v +y)e* | (z,y) € Fau}.

From the previous corollary, it is clear that I U J is the set of the no invertible elements in A. Say that;
2 —= ot (wry)e+ (@ Y +y)E®=0
= 2/=0,z=¢y andy =1y =2,

xe+ye? =2 +ye+ (2 +y)e
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because {1,¢, €2} is a basis of A as a vector space over Foa. So, I NJ = {xe + x.e2 | x € Foa}, thus
INJ#1and INJ # J. As a result, we have neither I C J nor J C I, then I U J is no an ideal. Hence,
A is nonlocal ring. O

Next, we show some relationship, and give one of the explicit formula of an isomorphism:

A’:AlXAQ,

where A; = Fyq, and Ay is the local ring Ay = Ff;"([j)q, with the technique which allows us to show some

explicit properties of the elliptic curve over a nonlocal ring A; E, ;(A). Firstly, we have the following
lemma:

Lemma 2.5 Let R be a ring and e € R be a no trivial idempotent element. Then, we have the isomor-
phism R ~ Ry X Rs, where Ry = eR, and Ry = (1 — e)R are two nonzero rings.

Proof: It is clear that R; and Ry are nonzero, since neither e nor 1 — e is 0. Otherwise, e is idempotent
implies that (1—e)? = 1—2e+e? = 1—e¢, so 1 —e is also idempotent. To show that Ry, and Ry are rings it
suffices to show that they have a unit of multiplicative law. For Ry; if eX € Ry, then e(eX) = €2 X = eX,
and since e = e-1 € Ry, so e is the unit element of R;. As the same 1 — e is the unit of Ry. Furthermore,
it is trivial to show that:

1 R— Ry

Xr—eX

and
Yo : R — Ry

X— (1-e)X
are surjectives morphisms. We will show that the combined morphism:

wZR—>R1XR2

X — (1(X), 92(X)) = (eX, (1 —e)X)
is a ring isomorphism; indeed, it is clear that v is a morphism of rings, since both ;, and v, are
morphisms. Further, if ¢»(X) = (0,0), then eX = (1 — e)X = 0 hence, X = 0, thus % is injective. On
the other hand, if (eXy, (1 —e)X2) € Ry X Ra, we get ¥(eX; + (1 —e)X3) = (€2X1 +e(l—e)Xo (1-—

e)eX,+(1— €)2X2> = (eX1, (1 — €)X3). Therfore, 1 is also surjective, which gives the result. O

Corollary 2.2 For the ring A = Faa[e]; €2 = €2, we have the isomorphism

A~ Ry x Ry where Ry = {e?X | X € A}, and Ry = {(1-£?)X | X € A}.
Proof: We take e = 2, since ¢ = (¢2)2 =% . e =% . £ = 3 = €2 = ¢, then e is idempotent in A, so by
using Lemma 2.5, we deduce the result. O

2

Remark 2.3 Let X = xg + 216 + 2062, Y = 5o + y16 + y26? € A.
o If X' =e2X andY' = £?Y € Ry, then

X' = (xg+4 1+ 22)E?

Y' = (yo+u1+y2)e’
X'+Y' = (wo+yo+a1+y+z2+y0)e?,
XY = (w0 + x4 22) (Yo + y1 + y2)e2.
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o If X'=(1-e%)X andY' = (1 — %)Y € Ry, then

X' = zo+mze+ (xg+x1)e?
Y = yo e+ (yo+uy)e’
X'+Y" = (wo+wo)+ (z1+y1)e+ (zo+ Yo + 21+ 31)e”,
XY = xoyo+wX - Ye+ (zoyo +w(X'-Y"))e?, where w(X'-Y') = zoy1 + z1y0-

We denote @1, o these mappings:
©1 :R1 —>A1=IF2<1

2 X —s xg + x1 + T

and
]FQd [X]

QOQZRQ—)AQ: (XQ)

zo + 216 + (20 + 21)e% — 20 + 210

where o2 = 0.

Lemma 2.6 The mappings w1 and p2, defined previously are the isomorphisms of rings.

Proof:

e Let a,b € Ry. So, there exists X, Y € A such that a = €2X, and b = £2Y, thus:

prla+d) = @i(E(X +Y))
= ZTo+Y +21+Yy+T2+Y2
= (vo+x1+x2)+ (Yo +y1+42)
= 01(E®X) + 1 (e?Y)
= pi(a) +o1(b).

And
p1(a-b) = 1(2X %))
= ("X Y))
= o1} (XY))

= (zo+z1+32) (yo+ 1+ v2)
= i(eX) 1Y)
p1(a) - p1(b).

This proves that ¢; is a morphism of ring. On the other hand, let a,b € Ry such that ¢;(a) =
©1(b), where a = %X and b = %Y.

pi1(a) =p1(b) = xo+aT1+T2=Y0+y1+¥2
= (zo+ a1 +32) = (Yo + y1 + 12)
= X =¢£%Y
— a=b.

So, 1 is injective. Finally, let € Faa, there we take X = 0+0.6+x.€2, and we have ¢, (e2.X) = x,
which proves that ¢, is surjective.
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e With the same method applying Remark 2.3. Let X, Y € R,, thus X and Y are of the form
X =xo+xie+ (x0 +21)e® and Y = yo + y1¢ + (yo + y1)e”.

PAX+Y) = ¢ ((SUO +yo)+ (x1+y1)e + (wo+yo+ a1+ y1)€2)
ro +yo + (21 +y1)o
= p2(X) + p2(Y)
And

(X Y) = o (mo.yo +w(X - Y)e+ (zoyo + w(X - Y))€2>
= zoyo +w(X -Y)o

zoYo + (Zoy1 + 21Y0)o

(zo +210) - (Yo + y10)

= p2(X) - pa(Y).

which proves that o is a morphism of rings. Since

p2(X) = p2(Y) = x0+T10=1y0+ Y10
= x9=1yoand r1 =
= X=Y;

because {1,0} is the basis of the Fya vectorspace As. This proves that ¢o is injective. For the
surjection, let X’ € A,, then X' = x{, + 2} 0, so the antecedent of X' by s is X = z(+ zfe + (z{+

xh)e?.

O

Theorem 2.1 The mapping:

d: A— A1 X A2
X = a0+ 216 + w28 (@1 o1 (X), @2 Oil)z(X))

18 an 1somorphism.

Proof: Using the Corollary 2.2 and Lemma 2.6, we prove the result.
O

Corollary 2.3 The following mapping:
] 2 A— Al = FQd

X:z0+x1€+x252 — Xy +T1 + X9
Fya [X]

7T22A—>A2: (XQ)

To + x1€ + a:252 — To + x10

are the surjective morphisms of rings.

Proof: Since 91, 12, ¢1 and @9 are the surjective morphisms of rings, and m; = 1 0 91, T2 = g 0 Pa,
then we have the result. O
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Corollary 2.4 Every element X € A, can be written as follows:

X = @51(7T2<X)) + 711 (X).e%

Proof: Let X = xg+x16+x2e2 € A. We have 13 (X ) = xo+x10, where 02 = 0 and (5 is the isomorphism
defined previously, so @5 *(m2(X)) = xo + z1€ + (20 + 21)e?. Hence, we have:

w;l(ﬁg(X)) + 7T1(X)82 =20+ 18+ (20 + x1)52 + (o + 21 + x2)52 = X.

d

Corollary 2.5 An element X = xq+x1€ + 2262 € A is invertible if and only if xo + x1 + xo is invertible
i A1, and xg + x10 1s invertible in As.

Proof: Since every element z¢ + x10 € As is invertible if and only if 2y # 0, and by using Remark 2.2
we deduce the result. O

3. Properties of an elliptic curve over the ring A

This section gives a definition of an elliptic curve, and their properties on the ring A = Foa[e]; €3 = £%;

noted by E,,(A), where a = ag + aje + aze?, b = by + bie + bae? € A. More precisely, we prove the
bijection:
Eab(A) = Er,(a),m1(6)(F2a) X Ery(a),ma(v) (A2)-

Firstly, we have the following definitions; see [3,13,16].

Definition 3.1 We define an elliptic curve over the ring A, noted E,,(A) as a curve given by such

Weierstrass equation:
Y2Z+XYZ =X3+aX*Z + 0273 (3.1)

where a, b € A, that b is invertible. The discriminant A = b, and the J-invariant is J = b~' noted by %.

We write:
Eop(A)={[X:Y:Z]€Py(A) | Y’ Z+XYZ =X>+aX?*Z+bZ%}

Definition 3.2 We define two reductions of E, ,(A), one is over Faoa, as a curve given by such Weier-
strass equation:

Y?Z+XYZ=X?*+m(a)X?*Z +m1(b)2° (3.2)
where T1(a) = ag + a1 + ag, m1(b) = by + b1 + by € Foa, and 71 (b) # 0, which noted by Er, (4) =, b)(Faa).
The second is over As = Ff;'([j)q as a curve given by such Weierstrass equation:

Y2Z 4+ XYZ = X? +ma(a) X2 Z + mo(b) 23 (3.3)

where mo(a) = ag + a0, ma(b) = bg + bio € Az, and wo(b) is invertible in As, which is noted by

Ery(a),ma(v)(A2)-
The discriminants A; = m;(b), and the J- invariants J; = (m;(b)) ™1, where i € {1,2}.

Proposition 3.1 We have A = @51(A2) + A -2, and the discriminant A is invertible in the ring A if
and only if Ay and As are invertible respectively in Fya and in As.

Proof: By using Corollary 2.4 and 2.5, we prove the proposition. O

Proposition 3.2 Let X = x¢ + x16 4+ 2262, Y = yg + y1€ + y262 and Z = zg + 216 + 2962 € A. Then,
(X :Y : Z] € Py(A) if and only if [mi(X) : m(Y) : mi(2)] € Pa(Ay), foralli € {1, 2}.
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Proof: =) Suppose that [X : Y : Z] € Py(A), so there exists (U, V,W) € A3 such that
U-X+V-Y+W-Z =1, then m(U) - m(X) + m(V) - (V) + (W) - my(Z) = 1, which implies that
[Wl(X) : 7Tl(Y) : WZ(Z)] S Pg(Al) forall i € {1, 2}

<=) Suppose that [1;(X) : m;(Y) : m;(Z)] € Pa(A;) forall i € {1, 2}, so there exists at least one of the
coordinates of the point [m;(X) : m;(Y) : m;(Z)] which is invertible in A;.

e For example, if mo(X) € A}, then we have two cases of 7 (X) :

1) If m(X) # 0, then X is invertible in the ring A; because 71 (X), m2(X) are invertible. Hence,
[X Y : Z] e Py (A).

2) If m(X) =0, then [71(X) : m1(Y) : m1(Z)] € Py(Faa) implies that 71 (Y) # 0 or m1(Z) # 0.
o If 11(Y) # 0, then:

w3 (m2(X)) + (M (V) + 637 (ma(X)) ) * =

zo + w16 + (w0 + 1)e” + (yo +y1 +y2 + o + T1E + (w0 + x1)€2)52
= I+ T1E+ (yo+y1 +y2+$0+$1)€2

= X+ (X+Y)?
(1+e)X +Ye%

is invertible in A, so there exists U € A such that:
U-1+eHX+U-Ye¥ =1.

Hence, [X : Y : Z] € Py(A).
o If 11(Z) # 0, with similar proof, we have [X : Y : Z] € Py(A).

o If my(X) ¢ A%, we have either mo(Y) € A% or m3(Z) € A3, so we follow the same proof. O

Proposition 3.3 Let (X,Y,Z) € A3 We have Y?Z + XY Z = X3 + aX?Z + bZ3 if and only if
mi(Y)2mi(Z) + mi( X)mi (V)i (Z) = 7(X)3 + mi(a)m(X) 2w (Z) + 7 (b)mi (Z)3, foralli € {1, 2}.

Proof: By using Corollary 2.4, we have:

Y2Z = @y (ma(Y22Z)) 4+ m(Y?2Z).E
XYZ = @, (m(XYZ)+m(XYZ).e?
X3+ aX?Z+07° = o (m(XP+aX?Z +02%)) + m (X3 +aX?Z +b23).62
Then:
=) Assume that Y2Z + XY Z = X3 + aX2Z + bZ3. So, we have:
1(Y?Z+XYZ) = m(X?+aX?Z+b27°),
m(Y?Z+XYZ) = m(X?+aX?Z+b2%)

Since 7o, m; are morphisms of rings, we obtain the result.
<=) Now, we assume that we have:

{ 7T2(Y)27T2(Z) + 7T2(X)7T2(Y)7T2(Z) = 7T2(X)3 + 7T2(a)7T2(X)27T2(Z) + 7T2(b)7T2(Z)3
7T1(Y)27T1(Z) +7T1(X)7T1(Y)7T1(Z) = 7T1(X)3 +771(a)7T1(X)27T1(Z) +7T1(b)7T1(Z)3.

{

which gives
2(Y22) + (XY Z) = mo(X3 + aX%Z + b23)
1(Y22) +m (XY Z) = m (X3 +aX?Z +bZ3)

30
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{ wgl(m(yzz)) +<,02—1(7r2(XYZ)) — wgl(ﬂz(xuaxzz%zg))
(Y2Z) +m (XY Z) = 1 (X3 + aX2Z + bZ%)

Thus, by using the above formulas, we deduce that Y2Z 4+ XY Z = X3 4+ aX?Z + bZ3. 0
Theorem 3.1 [X :Y : Z] € E,3(A) <= [1i(X) : (V) : mi(2)] € Er,a),m0)(Ai), Vi € {1, 2}
Proof: By using propositions 3.2 and 3.3, we prove the theorem. O

Corollary 3.1 For alli € {1, 2}, the correspondence 7; defined by:
i+ Eap(A) — Er(a),m(0) (Ad)

(X :Y:Z)— [m(X): m(Y) : m(2)]

18 a surjective mapping.

Proof: From the previous theorem, it is clear that 7; is the correspondence. Let [X : Y : Z] and
[X’: Y’ : Z'] two points in the elliptic curve E, ,(A4) such that [X : Y : Z] = [X’ : Y’ : Z'], then there
exists an invertible element U € A such that X' =UX, Y/ =UY and Z’' = UZ, thereby:

)i (YY) mi(Z)]

(XY Z") = [m(X Y i

(U)mi(X) : m(U)mi(Y) : mi(U)mi(2)]
i(

([

I
F

X):m(Y) : m(2)]; because m;(U) € Af
X:Y:2)

I
L

Therefore, 7; is well defined.

Further, let [z : y : 2] € By, (4).x, (1) (A1). For example, we have 7 ([ze? : 14 (1 +y)e? : ze?]) = [z 1 y : 2],
and for [zo + 210 @ yo + y10 : 20 + 210] € Er,(a),mp)(A2), we have mo([zo + 216 + (20 + x1)e? :
Yo +yie + (1 +yo +y1)e? 1 20 + 216 + (20 + 21)€?]) = [x0 + 210 : Yo + Y10 : 20 + 210]. Then, for all
i € {1, 2}, 7; is a surjective mapping,. O

Theorem 3.2 The mapping:

T Eap(A) — Er(a),m ) (A1) X Ery(a),m ) (A2)

(X:Y: 2] — ([m(X) (V) s m(2)], [ma(X) s ma(Y) ¢ 7r2(Z)})

is a bijection. The inverse of T is the mapping 7~ such that
7?_1([1‘2 DY2 22, [Tot+T10 Yo+ Y10t zo+z10]> = [zot+z1ie+ (zo+T1+22)e?  Yo+yie+ (Yo+y1+ya)e>
20 + 216 + (20 + 21 + 22)€?].

Proof:

(i) We have 7([X : Y : Z]) = (fl([X Y Z]), m([X Y Z]))7 since 711 and 7o are well defined, so 7
is well defined.

(ii) Let ([3?2 DY 2’2] [.TO + 10 : Yo + Y10 : Zo + zla]) € Eﬂ-l(a)’ﬂl(b)(Aﬂ X E7r2(a),7r2(b)(A2)7 then
[0+ 216+ (2o + 21 +12)e% : yo+y16+ (Yo +y1 +y2)e? 1 20+ 216+ (20 + 21 + 22)e?] is an antecedent
of ([:1:2 Dy2t 29), [0+ @10 Yo + Y10t 20 + 210]). Thereby, 7 is surjective.
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(iii) Let [X : Y : Z] = [xo + @16 + 2282 : yo + Y16 + y2e? 1 20 + 216 + 228%], and [X' : V' : 7] =
[zh + 2e + xhe? : yh + yie + yhe? : 2 + 2ie + 25e?] two elements of E, ;,(A) such that

A([X:Y:Z)=xr(X":Y":2')

Then:
([x0+x1+x2:y0+y1 + 21 20 + 21 + 22), [$0+$101y0+y10120+210]> =
(Iwh + o5+ o+ v + b+ 20+ 2 + 28], [+ a0+ g + yio : 2+ 210])

<= Ja € A} and 8 € A} such that;

xy+2)+xh = alzg+z1+ x2)
Yotyity: = oalyo+y+y2)
20+21+25 = alzo+ 21+ 22)
zo+ a0 = Blro+210) &= ¢y (g +210) = 3 (B(zo + 210))
Yoty = Blyo +1y10) < 93 ' (Yo +¥10) = 03 (Blyo + 410))
2+ 20 = Blzo+210) <= 03 (20 + 210) = 03 (B(z0 + 210))
which is equivalent to:
zh = oz +x1+x2) + (T + 7))
vy = a(yo+yr+u2)+ (yo + 1)
2y = alz+ 21+ 22)+ (20 + 21)
xh +ahe + (xh +2)e? = Blxo + x18) + Bwo + 71)e?
vo+yie+ (o +y1)e = Blyo +y1e) + Blyo +y1)e”
20+ e+ (2 + 21)e® = Blzo + 218) + B(z0 + 21)e?

so, as {1,¢,£?} is the basis of the ring A as a vector space over Iy, then we have:

xf) = Bzxg
$I1 = fx;
(xo +27) = Blzo+x1)

Thereby, X’ = B(xo+x18)+a(zo+21+22)e%+B(20+21)e2. This gives that, X’ = (B+(a+3)e?)- X,
and with the same technique, we find:

Y = B+ (a+pB)E?)Y

Z' = (B+(a+p)e?) - Z.

Since B+ (a+ B)e? is invertible in A, then [X': Y’ : Z'] = [X : Y : Z], so 7 is injective. Finally, we show
easily that:

S a1

mom " = 1dp, () 1 0)(A)XEny(a) myiy (A2)

and ﬁ_loﬁ:IdEaﬁb(A). O

Remark 3.1 Let P, Q € E, ,(A), we have:

P =Q <= 7(P) =7(Q) < m(P) = m(Q) and m2(P) = m2(Q).
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4. Classification of the elements of elliptic curve E, ;(A)

Firstly, we describe the different expressions of the points of this curve. After, we will regroup them
as a theorem.
Let [X :Y : Z] = [xo + @16 + 2% : yo + Y16 + Y22 : 20 + 216 + 2082] € Eqp(A).

1) If Z is invertible in the ring A, then [X : Y : Z] = [Z7'X : Z7'Y : 1], so it is of the form [X : Y : 1].

2) If Z is no invertible, then Z is either of the form Z = z;e+2,¢2 or of the form Z = zg+216+(20+21)e?,
we have:

(a) If Z = z1e + z9¢?, where (21, 22) € Fa,, then To([X : Y : Z]) = [0 + 210 : yo + y10 : z10] €
Eﬂ'z(a),ﬂ'g(b) (AQ), and since
Erya)mm(A2) ={[X:Y :1] | X;V € Ay : Y2+ XY = X?+my(a) X2 +m2(b) }U{[zo : 1: 0] |
x € Foa};see [15] then z; = 0, zg = 0 and yo # 0 in Foe, hence [X : Y : Z] = [z1e+2262 1 yo+
y16+y2e? ¢ z26?%). Further, since 71 ([X : Y : Z]) = [v1+@2 : yo+y1+y2 : 22] € Ex, (a),m1(0)(F2a).
Then, there are two subcases of yo + y1 + y2 € Foa :

— If yo + 1 + y2 # 0, then yo + y1€ + y2e2 is invertible in A, so [X : Y : Z] is of the form
[we + 2’ : 1 : 2¢2], where z,2/, z € Fqa.

— Ifyo +y1 +y2 = 0 ie : yo = yo + y1 mod(2) then yo +yie + y2e? = yo + y1e + (yo + y1)e?
is no invertible in A, so we have [X : Y : Z] = [x1e + 2282 : yo + y1e + (yo + y1)e? :
29¢?%], where [z + 22 :0: 29] € Er. (a),m (v (F2a), so in this case 2z € F},.

(b) If Z = 2y + 216 + (20 + 21)e2, where (29,21) € ]ng, then 7 ([X : Y : Z]) = [xo + 21 + x2 :
Yo+ y1+y2 0 0] € Er(a),mp)(Faa) so zo + 21 + 22 = 0, and yo + y1 + y2 # 0, hence
(X :Y :Z] =[zo+m1e+ (xo+ 1) : yo + Y16 + Y262 : 20 + 216 + (20 + 21)€2], s0 we have two
sub-cases of yy € Fqa :

— If yo # 0, then yo + y16 + y2e? is invertible in A, hence [X : Y : Z] = [z +2'e + (z +2')e? :
1:z+2'e+ (24 2)e%], where [z +2'0 : 1: 2+ 2/0] € Er,(a),mp)(A2).

— If yo = 0, then Y = y1& + y2¢? is not invertible in A, so we have [X : Y : Z] = [x¢ +
x1e+ (w0 +21)e? 1 Y16 + Y282 ¢ 20 + 216 + (20 + 21)€2], where [z + 210 : y10 : 20 + 210] €
Er,(a),ms(b) (A2), then it is necessary that zo # 0, and [X :Y : Z] = [z +2'c + (x+a")e?
ye+y'e® : 14ze+(142)e?], where y+y' # 0, and [z+2'0 : yo : 1+2¢] € Ery(4),my ) (A2).

From the previous description, we have the following theorem:
Theorem 4.1 The element of the elliptic curve Eqp(A) has one of these forms:
1) [we +a'e? : 1: ze?], where [x + @' : 1: 2] € Ex(a),m (b)(Faa) suchthat x,2’, z € Fau.

2) [we+a'e? cy+ye+ (y+y)e* : ze?], wherey # 0 and [z + 2 : 0 : 2] € Er (a),m, (v)(Faa). In this
case z € F3,.

3) lx+a'e+ (x+a")e? : 1:z+ e+ (24 2)e?], where [z 42’0 :1: 24 2'0] € Ery(a),myp) (A2).-

4) [x+2e+ (x+a2)e? i ye+y'e? i 14z + (1 +2)e?], wherey+y' #0, and [z +2'0 1 yo : 1+ z¢] €
E7T2((l),7r2(b)(A2)'

5) [X :Y : 1], where X, Y € A verify the equation:
Y24+ XY = X% +aX? 4.

5. The group law over the elliptic curve FE, ;(A)

In this section, we come to construct a group law over the set E, ;(A), using the bijection of theorem
3.2. We know that Er (4) x,»)(As), is an abelien group for all i € {1,2}, and has [0 : 1: 0] as a neutral
element, and the opposite of [X : Y : Z]is [X : X +Y : Z]. Moreover, if P = [X; : Y7 : Z3],Q = [X2 :
Ys : Z] € Er (a),m (b)(F2a) are two points, we have P + Q = [X3 : Y3 : Z3], which is computed by the

following theorem.
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Theorem 5.1 i) If P = Q, then:

X3 = X\NYZ+ XoV2Ys + X2V2 + X1 X2Y) + m(a) X2 XoYs 4 m1(a) X1 X2V +
T (a)X2X2 + 1 (W)X Y173 + 1 () XoYo Z2 + m (D) X222 + 1 (b)Y 1 Z5 71 +
71 (b)YaZ: Zo + 11 () X123 7.

Yz = YPYE+ XoV2Ys + m(a) X1 X3Y, 4+ m1(a)> X2X3 + my(0) X2 X270 +
T (X1 X2Z) +m (D) X1Y1Z2 + m (D) X222 + 71 (ab) X2 Z% + 71 (ab) X2 Z2 +
m(O\Y1 2,72 + 71 ()X 12, Z3 + 71 (ab) X1 2, Z5 + 71 (ab) X2 Z3 Zy +
m(0)?Z37Z3.

Zy = X2XoYo + X1 X2V, + Yoo + VY32 + XPX2 + Y2XoZy + X2YoZy +
11(a)X2YoZy + 1 (a) X3V Z) + X2 X0 Zy + 11 (a) X1 X221 +
T (WY1 2125 + 71(b)YaZi Zo + m1 () X1 2,1 Z3.

it) If P # Q, then:

X3 = XaY5Zi+ XoY{P 7o + X7YoZo + X3Y1Z1 + m1(a) X7 X2 Z2 +
71(a) X1 X321 + 1 (0) X121 72 + 711 (b) X0 Z2 7.
Y = XZXoYo+ X1 X2Y1 4+ Y2YoZo + VY2 Z) 4+ XY Zo + X2V 7, +

711(a) XY Zo + () X3Y1 Z1 + m1(a) X2 X0 Zy + 11 (a) X1 X237, +
T (D)1 2,75 4+ m(b)YaZi Zo + 71 (0) X1 21 Z3 + 711 (D) X2 Z3 Zs.

Zs = X2XoZo+ X1 X237\ +YPZ2 4+ Y222 + X\ 722 + XoYoZ2 + 11 (a) X222 +
m1(a) X273

Proof: See [3,19].

And for P = [X;1 : Y1 : Z1],Q = [X2 : Y2 : Zo] € Er,(a),7,0)(Az2), considering the projection:

7T02A2 —)FQd

r+2o—zx

We have P+ Q = [X3 : Y3 : Z3], which is computed by the following theorem.
Theorem 5.2 Z) ]f [7T0(X1) : 7T0(Y1) : 7T0(Z1)] = [7T0(X2) : Wo(}/g) : 7T0(Z2)], then:

X3 = XY+ XoV2Yo + X2V + X1 X2Y) + mo(a) X7 XoYs + mo(a) X1 X2Y7 +
72(a) X2 X3 4+ 1o (b)) X1Y1Z5 4 1o (D) X2 Yo Z7 4 mo (D) X2 Z3 + ma(b)Y1 227, +
o (0)YaZ2 Zo 4+ mo () X1 Z2 7.

Yz = YIVF+ XoVPYo + ma(a) X1 X3Y1 + ma(a)? X7 X5 + ma(b) X7 X220 +
T (b) X1 X2 Z1 + ma(b) X1 Y173 + ma(b) X3 Z2 + mo(ab) X3 Z7 4 o (ab) X2 Z3 +
o (b)Y1 2173 4+ 13 (b) X1 Z1 Z3 4 mo(ab) X1 2, Z2 + mo(ab) Xo Z2 Zy +
T (b)2 2173,

Zy = XiXoYa+ X1 X3Y1 + YYaZo + ViY5 20 + X1 X5 + Y X0 Zo + X1 Yo Zo +
72(a) X2YoZy + ma(a) XEV1Z1 + X3 X0 Zy + mo(a) X1 X3 7, +
o (0)Y1 21723 + mo(b)Ya Z2 Zo + o (D) X1 2, Z2.
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i) If [mo(X1) : mo(Y1) : mo(Z1)] # [mo(X2) : mo(Yz) : mo(Z2)], then:

Xs = X\YP7Z1+ XoYPZy + X3YoZo + X217 + mo(a) X2 X0 Zy +
7T2((Z)X1X2221 —+ wQ(b)XlZlZg + WQ(b)XQZ%ZQ.
Yy = X{XoYs+ Xy X3Yi + Y YaZo + YIV5 Z) + X{YaZo + X3Y1 7 +

79(a) X2YoZo + mo(a) X3V1 Z1 + 1o (a) X2 X0 Zy + mo(a) X1 X371 +
o (b)Y1 21723 4 mo(0)Y2 Z2 Zy + mo(b) X121 Z2 + mo(b) X2 Z2 Z,.

Zy = XiXoZo+ X1 X3Z) +YPZ3 4+ Y527 + X123 + XoYoZ7 + mo(a) X123 +
mo(a) X323

Proof: See [3,15]. O

Definition 5.1 Let P, Q € E,,(A). We define a law over E,,(A) as an addition law by P+ Q =
7 U7 (P) + 7(Q)).

Remark 5.1 With this definition, we have 7(P + Q) = 7(P) + 7(Q).

Proposition 5.1 The set (Eq5(A), +) is a commutative group with [0 : 1 : 0] as neutral element, and
the opposite of the point [X :Y : Z)is [X : X +Y : Z].

Proof: By using the fact that 7 is a bijection, and satisfies 7(P+Q) = 7(P)+7(Q), it is easy to show that
(Eap(A), +) is a commutative group, and its neutral element is [0 : 1 : 0]; because (Em(a),m(b) (Fya) x
Er,y(a),ma(0)(A2), —|—) is an abelian group, with neutral element is ([0 :1:0],[0:1: 0])

Let [X 1Y : Z] = [xo + x16 + 2262 : yo + Y16 + Y262 1 20 + 216 + 2262] € E,(A), with the same technique
as [19] we have:

X:Y:Z|+[X:X+Y:Z] = 7' #®(X:Y: Z)+#(X: X +Y:2])
- 7%_1([0:1:0]7[0:1:0})
= [0:1:0]

Corollary 5.1 For this law, the bijection T is an isomorphism of groups.

Proposition 5.2 Let P = [X1 : Y1 : Z1], Q = [Xo : Yo : Z3], and P+ Q = (X3 : Y3 : Z3] in E,(A).
Notice that:

M (X0): m (V) s m(Z0)] + [m(Xa) : m(Ye) : mi(Ze)] = X5V - v« Z§M],

and [my(X1) : wa(Y1) : mo(Z1)] + [ma(Xa) : ma(Y2) : ma(Z)] = &l + 2P0 : 8P + o+ 2P + 2P0,
Then, P+ Q = [X3 : Y3 : Z3] is given by:

X3 = :1782) + :1752)8 + (Xél) + (1’82) + 9:52)))52
v = e+ (0 4 o + )<

Z3 = z((f) + zf)s + (Zél) + (z(()z) + z§2))>52
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Proof: By using the definition P+ Q = 71 (ﬁ(P) + ﬁ'(Q)), we have:
P+Q=7(Ix{V v 2V, 1o + 2oy P 2P 4 2P0)),

So, with the expression of 77!, we will get:

X3 = xéQ) + x§2)s + (X:)El) + (méQ) + x?)))g
v o= e+ (v 4 o + )<
Zs = z((jz) + zf)a + <Z§1) + (z(()Q) + z§2)))€2

Corollary 5.2 The cardinal of the elliptic curve E, ,(A) is not a prime number, is equal to the cardinal
of Ery(a),m (b)(F2a) X Ery(a),myb) (A2)-

Proof: By applying the bijection of theorem 3.2, we have |Eq , (A) = Ex, (a),r, (5) (F2a )| X | Ery (a),ms 5) (A2) |-
We also know that |Er, ) r,0)(A2)] = [Eagby(Faa)| X [Faa|, where ag = mo(ma(a)), bo = mo(m2(b));
see [13,20]. On the other hand, since every element of Fya is a square, and one can easily verifies
that the points [0 : /w1 (b) : 1] € Er (a),m ) (Faa) and [0 : /by : 1] € Eqqp,(Faa), then the both
cardinal |Er, (q)x )(Foa)| and [Eqq b, (Faa)| are not equal to 1. Hence, the both |Ex, (4) x, ) (F2e)| and
| By (a),ma () (A2)| are not equal to 1, which gives the result. O

We finish this work with these important remarks, which allows us to perform such cryptosystem protocol.

e By using the theorems 4.1, 5.1, 5.2 and proposition 5.2, we can give the explicit formulas of the
addition law in (E,;(A), +) for every case of the theorem 4.1.

e The cardinal of E, ;(A) is not a prime number, but contains more elements.

e The discrete logarithm problem in E,;(A) is equivalent to the discrete logarithm problem in
Eri(a),m(0)(F2a) X Ery(a),my(5)(A2).

o Let Pe Ea,b(A) such that 7~T(P) = (Pl, PQ), where P € Eﬂ.l(a)ml(b)(FQd) and P € Eﬂ-2(a)’ﬂ2(b) (AQ)
If Iy is the order of Py and I is the order of Ps, then P is of order | = ppem(ly,12).

6. Conclusion
In this work, we have proved an explicit formula of the ismorphism
Eop(A) ~ Ex (0),7m,0)(F2a) X Ery(a),x,(5)(A2), and its reciprocal like; 771 such that
ﬁ_l([w Y2t 22), [Totai0 Yo tyr0 Zo+310]> = [zot+a1e+(zo+a1+22)e” : Yo+yre+(Yo+y1+y2)e® :

20 + 216 + (20 + 21 + 22)€?], which allow us to define a group law algorithm on the elliptic curve E, ;(4),
and the classification of its elements. The implementation of the algorithms can be done by using a Maple
program.
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