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The Littlewood-Paley g-function in quantum calculus*
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ABSTRACT: The purpose of this paper is to define and study, by the virtue of the g-Hardy-Littlewood
maximal function Mg (f) the so called LP-boundedness of the g-Littlewood-Paley g-function when p € (1,2].
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1. Introduction

The theory of Littlewood-Paley was developed by Stein in his book [17], which remains the best
reference in the study of this topic and has been an important impact in harmonic analysis. It plays an
important role in the study of many functional spaces like the Hardy space, Lipshitz space, and BMO
spaces. We point out that many authors have studied the Littlewood-Paley g-function, for instance one
can cite [1,2,16,18].

The usual Littlewood-Paley g-function is defined in the n-dimensional Euclidean space R™ according to
[17] by:

sy = ([ VP e,

where (P%)y~¢ is the usual Poisson semigroup defined by:

t — F(nT—H) tf(y)
P)= i | Pl

2 4+ |z —

and V = ( 9 9 Q) is the gradient.

Oz Oz, Ot
The well-known results is that the mapping f — g(f) is bounded from the Lebesgue space LP (R"dx),
€ (1,00) into itself.
The aim of this work is to define and study the g-function associated with the bessel operator using
many intermediary results in “Quantum calculus” or g-analogs, where the parameter ¢ is supposed to be
a number from the interval (0,1). Our interest in this paper is to prove one of well-known results:

Main Theorem. For p € (1, 2], there exit two constants A, ,, > 0 and B, 4 > 0 such that for
[ e LP(Rg 4, dgpia(z))

Bpga I f o, s dgua@n < 9()(@6%) Lo @y 1 dgpa @) < Apga | f lo@y 4 doaia)) -
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This theorem will be proved in the last section of this paper. The techniques used are inspired in
major part of the very interesting book of Stein [17].
This work is organized as follows. In the second section, we recall some g-harmonic analysis results
associated with the bessel operator related to g-calculus. In the third section we will define and study the
Poisson kernel and Poisson integral associated with the bessel operator and we present some technical
lemmas that will be useful for the proof of the main result of this manuscript. The last section will
be devoted, by the virtue of the g-Hardy-Littlewood maximal function Mg (f) to study the so called
LP-boundedness of the g-Littlewood-Paley g-function when p € (1, 2].

2. Preliminaries

The aim of this section is to introduce some notions of functions theory in the ¢-calculus. For a € C,
the ¢-shifted factorial (a;q)y is defined as a product of k factors

(a;9)o =1, (a;9)x = (1 —a)(1l —agq)...(1 — aqkfl), k=1,2,..

This definition remains meaningful for £ = co as a convergent infinite product

oo

(a; @)oo = [J (1 — ag®).

k=0

We also write (ay, ..., ar; q)g for the product of r g-shifted factorials

(G,l,' t aa’!’;Q)k = (al;Q)k---(aT;Q)ka k= 1527"'700

A g-hypergeometric series is a power series (for the moment still formal) in one complex variable z with
power series coefficients which depend, apart from ¢, on r complex upper parameters ay,...,a, and s
complex lower parameters by, ..., bs as

oo
aly' : am‘])k e EE-D e k
(b a17"'7a;b1a"' 34, -1 q 2 x,
s S( T S z:o bl,"' ) (q q) [( ) ]

where r,s = 1,2, ....

The g¢-derivative of a function f given on a subset of R or C is defined [9] by

f(@) — f(qx)
(1—q)

where z and gz should be in the domain of f. By continuity we set (D,f)(0) = £ (0) provided f'(0)
exists. For k =0,1,2, ...

Dq,g;f(.’l/') = ’ xaQ#0>

Eof(r) — (—1)k i @9k (ki) (h=i=1)/2 ¢ (ki gy
Daafle) = zk(1—g)* g( Y (@i s " A 21)

Moreover, for all n € N,

(@) = fgz)

Dye(f (@) = *H5 s Do @ [Zf’“ o) T @)Dy f@). (22)
n—1k—1 n—ln—k—2

Dyala® Dy (M @)] = 27 [ Y03 F1@)f (g2)- (Do f(02)) (Do f(@)) +a > D S 2)f (g)
k=0 1=0 k=0 =0

(D) ] 172 am) + [ 0 1@ a0)] £ 02) D@ Dy f ). (23)



THE LITTLEWOOD-PALEY ¢g-FUNCTION IN QUANTUM CALCULUS 3

Note that when ¢ + 17, (2.2) tend to nf"!(z)f'(x).
We begin by putting

Ry = {+¢" k€ Z}, Ryy ={¢"keZ}, [q.=

The ¢-Bessel operator is defined as follows

1 _ o _
Bgel (@) 3= s Do [ Dy | (4710) = P41 8 f(0) + Dy (a7 0)

and Ay, := A LD? ., where the g-shift operators is (A, f)(z) := f(¢"'x) and

q,z? q,T

A(La = Aq7a7x + A(Lt, (.T,t) € Rq X Rq7+. (24)
For a > 0 and a function f given on (0, a] we define the g-integral [9] by

/Oa fx)dgx == (1 — q)az flag™)q".

The improper integral is defined in the following way

00 too
/0 f@ydgr=(—q) Y £ (") d" (2.5)

k=—o0

Note that for n € Z, we have

/ODO fl"z)dgz = qln/ooo f(x)dqz, /0“ flq"x)dgr = qln/oaq“ f(x)d,z,

and if f and g are two suitable functions, the g-integration by parts is given by

/ Dy af0)g(o)iez = )] - | ' Ha)Dyug(a)dy (2.6)

We denote by p, the measure on Ry 1 given by

1 ("% ¢%) s 2041y

2a+1

dgpa(y) = Y = Cq.a¥

where the ¢-gamma function I'j2 (see [9,10], Section 1.3.) is defined by

Ly(z) = (E]Ci,(](]))(>o(l —¢)'7%, qe€(0,1), z#0,-1,-2,...

Let us now introduce some ¢-functional spaces which one will need in this work.

> D, q(Ry) the space of even functions infinitely g-differentiable on R, with compact support in R,.
We equip this space with the topology of the uniform convergence of the functions and their g¢-
derivatives.

> Cy q,0(Ry) the space of even functions f defined on R, continuous at 0, and satisfying

lim f(z) =0 and || f

Tr—r00

Cevgoi= SUD |f(2)] < 4o00.
r€ER,
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> LP(Rg 4, dgtia), p € [1,+00], the space of functions f such that || f [/, < 400, where

q,+7dquoc)

1

17 ey s = | [, P dpin(@)] < 4o, forp <o

where dgu(z) is given by (2.7) and

15 i dgiy= S0P | F@) < 400
Noting that
1 F i, dopy= sup | / J@h@dga|, 1p+1/m=1.  (28)
’ {h€D. g Ry)illRll Lm (v, =1}

2.1. One-parameter family of g-exponential functions

The one-parameter family of g-exponential functions with 8 € R has been considered in [8]

EP) (x Z /3”2/4 ) ", zeR. (2.9)

Two particular cases of this family with § = 0 and g = 1 are well known: they are the g-exponential

) B0 L O,

oo

1—ag)"
E,(x) = ¢ (2) = B (~q7/20) = (~(1 - q)i)oe = 3 002 =D
o (4 On
respectively. Another particular example of (2.9) corresponds to the value 8 = 5 and is
o] 1 — g\
Ey(x) = Eél/Q)(x) = Zq”z/zwx”. (2.10)
= (% @)n
Note that
Dy.E{"(z) = ¢*?E*(¢"x), (2.11)
and
— —n —
nh_}rrgcé' (") = o0, nh—>Holog (—q )—nh_%log (¢")=0. (2.12)

2.2. g-even translation and ¢-bessel Fourier transform

Let f be a function in L'(R, ), d,pta (), the g-even translation operators Tj, o . [6] are defined by

q,a,:vf / f q (x x,Y, )dq:U’Oé( )

where Dy o(x,y, 2) is defined for z and y in R, 4 by

Dyo(z,y,2) :=/ Ja(@t; %) ja(yt: ) ja(zt; @) dgpalt),
0

and the ¢-Bessel function given in [11] as a series of functions

0 n(n+1) St

(
Jalwsq®) = 3 (1) gyt 2 =3 (1) 0 (@ 0),

= (@®°7256%)n (45 ¢%)n vt
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< ( q2 q2)2 ( 20¢+2 2)2

On Ry, these functions are bounded and there they satisfy |jq(x; q2)’ CEeen 2)2

In [3], for f be an even function defined on R, such that D’q“,zf(x) is continuous at 0 for all k = 1,2, ...,
the authors proved that the g-even translation T} o , can be written in the following form

0 n(n+1)
q 2n An
TQa(XJ/f(x) = Z 2. .2 200+2. 2 Y Aq,a,xf(x)' (213)
(0P )n
h
where q—n(n+1) n ot q(k+n)(k+n+1)/2—2kn(q;q)2n x
Apaof (@) = F—5— > (k" f(qd"x). (2.14)

(@ Dtk (G QD

k=—n

The g-bessel Fourier transform F; , and the g-convolution product are defined for suitable functions f, g
as follows

Faal D) = [ £Oa 085N upat) (2.15)

f*q,agm:/ow Ty (0)0()dgtta(y).

Note that, the g-translation operators and g-bessel Fourier transform satisfies the following properties

(Py) L' — L*>®-boundedness ( [4], Proposition 5.1). For all f € L*(Ry +,dyfta), Fga(f) € LRy +,dgfta)

and (=4¢*) oo (¢** 15 ¢%) oo
I (=¢q")e(q™™
<
gl e ey o dypre) l1—gq (q;qz)io

T
(P2) Inversion theorem ([11]). Let f € LY (R, +,dgpa), such that F, o(f) € L*(Ry 4, dgta). Then

f(@) = Foa(Fgalf))(@), x€Ry.

(Ps) Plancherel theorem ([7], Theorem 7.7.). The ¢-bessel Fourier transform F, extends uniquely to an
isometric isomorphism of L?(R, 4, d4/a) onto itself. In particular,

||]:q(f)||L2(Rq,+qul‘a(x Hf||L2 Rq,+ qﬂa(z))

(Py) q-Gaussian function ( [5], Proposition 6.2). The function G (z,t;¢?) given by

Galz,t; ) LI v )
al\T, T; = 2\~
R W ORE) R C R EY
1= 2%+, —(1 — )2, % %)
where Ay (t,q%) = ¢ 71 (1 4 ¢)?*+2 (=1-d%q —(—q)a a7 q) t > 0, satisfies

(=(1—¢), —q2“+2, —¢*(1 = ¢*) 715 ¢%)oct* T
fq,a(Ga(~7t; q2))()\) = €q2 (—q72a71t>\2).

(Ps) g-Young condition [3]. Let p, q,r € [1,00] satisfies 1/p+1/g—1/r = 1. Then the map (f,g) = f*q9
extends to a continuous map from LP (R, 4, dgpta) X LY (R 4, dgta) to L™ (Ry 4+, dgite) and we have

”f *q g”LT(Rq#adqﬂa) S ||fHLP(Rq,+vqua)”gHLq(Rq#adqﬂa)'

Specially, we need the positivity of the g-even translation operator [6] for proving the following inequality
for f € Ll(Rq,-‘ra dq.u’a)a
HTq’O"mf”Ll(Rq#adqﬂa) S ||f||L1(Rq,+vdq:“'a).

This positivity property holds if ¢ € (0, qo], where qq is first zero of the function ¢ — 1¢1(0; ¢; q, q).
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3. ¢-Poisson kernel and ¢-Poisson integral

Definition 3.1 Consider the functions P;(z;¢?) called a-Poisson kernel given for t € R, | by

2c¢ 2 2 2 2
o + %) (€°307)0
PP (z;:¢%) = da (g2 hy aq =
FRC) = o g @+ PP Wern G /i) " T e (g B )
(3.1)
. L2\ L (.’13 q23q2)00 . . . . . 2 a_1/2
i =+/—1and W,(z;¢") := ————-—"-—, is the ¢g-binomial function which tends to (1 —x*)

(#2¢°°T %) oo
when g T 1.

Proposition 3.1 [1}] For z,t € R, +, we have

. e} +OOE2(_q2u) t2
() Prasat) = [ SEAG (0 i) o).

(i) | Galst:0®) s, . oy 1-
Furthermore, from (2.1), the Poisson kernel satisfies the following.

Lemma 3.1
(t2 +q2a+2x2)(t2 +q2a+3$2)(q2t2 2 )_ q (t2 + ¢ 2)(t2 +q2m2)2
(1 — @)@®xt>*(t* + 22)(¢*t* + 22) (8 + ¢*22)*Wop1 p2(iz/t; ¢%)
g (q2a _ q2a+2)$4 +(g?o+ — q4)t2m2 + (q2a+6 — gt
G = )20t (12 4 22) (%2 + 22) (¢42 + 22)Wayr 2 (i /qt; ¢2)

(i) Dy, P(; q2) =da,q

(ii) DqtPf(x3¢%) =

(iii) For allk € N, |DF,P,(;;¢? < O gt—20Hk+2)

)HLOO(]Rq,Jr,dqua) -
Proof. (i) and (ii) are obvious. (iii) follows from (2.1) and property (Py).

Definition 3.2 Let f € LP(R, ), p € [1,+00], the a-Poisson integral of f denoted u(f)(z,t;q¢?%) is
defined by

W8 = (PGt D) = [ FO T PG ia). (32
Noting that from Proposition 3.1(i), u®(f)(x,t;¢*) can be written us

“+oo o(— 2u 42
()t q?) = / B0 0% b0 o i),

ua—i—l
where
Tof(x) = Galt/a(1+0)*;¢%) #q,0 f(2) (3.3)
satisfying from property (Ps) and Proposition 3.1(ii)
I TEF@) e, ooy < F i, oy - (3.4)

Lemma 3.2 The g-bessel Fourier transform of the q-Poisson kernel P& (x;q?) is given by
Fo(PE(0)(N) = dagba (—q 272 A0),

where Ep(x) is given by (2.10) and 0, defined by

o}

(1 +q2a+2m)q2ma
0o =(1—¢q y .
D D D[R ARy )

m=—0o0
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1 +q20¢+1x2
@ 4+ 22)Woi1o(ix; g2)
~29=2g) is the unique solution of the problem (P)

Proof. Noting that f 2.5), 0, = dg2 e (x). T the 1 ,
roof. Noting that from (2.5), /0 0529 ¢2Ma (). To prove the lemma

we need to prove first that the function z — 6,€,2(—¢
given by
Ay ozt =1u

(P) lim u(q"x) =0,

n—r oo

ngrzloou(q x) =0.
In fact, by proceeding by the same way in [12,13]. For fi(z) = £,;2(—¢™ 2% 22) and fo(z) = Ep2 (¢~ 2 %),
we can easily verified from (2.11) that they are solutions of the problem (P). Thus, any solution can
be written in the form w(x) = p1(z)f1(x) + p2(x)f2(z), where p; and py are two periodic functions.
Moreover, by (2.12) and the second initial condition, we obtain that u(z) = p1(z)€,2(—¢~2* 2xz). So, by
the first initial condition, we deduce that p;(z) = 6,. Now, applying (2.15) and replacing P (z;¢?) by
its expansion (3.1), we have by the substitution x = yt

0 (q2a$2 +t2)

2 + 12)(2% + 1) W 2(ix/t; ¢)
e’} 1 +q2a+1x2

= da .

/ 1+ 22)(q2 + 02 Woay1/ (105 &

FaooPEGE)NA) = dayg ; Ja(Az; ¢*)dgpa ()

)ja(Aty; ¢*)dgpia(y).

1 4 g2o+1g2 ' , .

a(Aty; ¢7)dg e -

1+ 22)(¢? +x2)Wa+1/2(i$;q2)j (Aty; q7)dgpaly) veri
fies the problem (P). O

The result follows from the fact that A\t — / (
0

Proposition 3.2 For all f € LP(R, +), we have

WD) =0 [ (a2 NN F (DN ) = daboF (8 (~a7> ) Fa 1)) (@)
0
Proof. Applying the ¢-Bessel Fourier transform to both sides of the formula (3.2), we get

Faqu®(N) (60N = Faq(PP(50°) (M) Fag(HV).

So the result follows from property (P2) and Lemma 3.2. O

In the following, we give some technical lemmas concerning some properties of the Poisson integral
u(f)(z,t;¢%) and its g-derivatives.

Lemma 3.3 Let f € D, 4(R,) be a positive function and p € (1,00). Then
(i) u*(f)(z,t;¢%) = 0.
(i) Dgau®(F)(2:t:0%) = Dgaau®(F)(2,t6%) + Bgu(f)(z,t:¢°) =0
(i11) For all k € N, there exist Cq > 0 such that D’q“vtua(f)(:r,t; ¢%)| < O t~Ratht2),

Proof. The lemma follows directly from property (Ps) and Lemma 3.1, (iii). O

Lemma 3.4 Let f € D, ((R,) be a positive function and p € (1,00). Then for = large, there exist
respectively Ch,q,C2,4 > 0 such that

(i) u®(f)(@,t;¢%) < Ot gt +a%) "L,
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(ii)  |Dgou®(f)(x,t;4%)| < Copaq(t* + )~ 73/2,

Proof. (i) Since f € D, 4(R,), there exist a € Ry 4, such that supp(f) C [0,a]. Then from (2.13) and
(2.14), we can write

Tq, ,yPt&(ff' qz)

B Zb n(n+1) n 1 . q(k+n)(k+n+1)/2—2k:n(q;q)Qn Pa ko
- n,o y7 o Z ( ) . . t (q riq )
P (¢ Dnt 1 (G5 QD

_ oy i qn(q; q2)n an Z": (_1)n—kq(n—k)(n—k—1)/2 (q2(a+k)x2 —|—t2)
— a, 3

T (@) (G Dk (@G Dnre 22(qRa? + 12) (¢ + ¢2t2) War 2 (igFa [t ¢?)
_ 4 i 7" (¢:4°)n yzn[i (—1)"kgnR)(nk-1)/2 (2R 22 4 12)
- a, s

12 (o2 LT (G k@ Dk (PR 4 ) (g2 + P2 Wop ja(ig e b 6°)
N n ( 1)n+k (n+k)(n+k—1)/2 (q2(a7k)x2 + t2) ]

= (G Dntn(G Dok P (q77F2? + 1) (¢ %2 + P12)Wayr 2 (ig 2/t ¢%)
Thus,

Tq,yPta(I'-,QZ)

e n 2 n
_ 0" (G6%)n > { 1 1
S du.(t 2e T oata. N Y " . —+ -
! T;J (%5 )n ,; (%22 + 82)War12(iqha/t;q%) -~ (g2 +82)Wara (g2 /t; %)
-4 t,mi I Z Was1/2(iq"2/t;4*) + Wagaj2(ig "2/t )8 + ¢ [Wagaj2(ig¥2/t:¢%) + ¢ Wy o(ig Fa/t; ¢%))a?
- st (g% 22 + 12)Woy1)2(iqhx/t; ¢2) (g~ 222 4+ 12)Woy1/2(ig~ 2 /15 ¢2)
<d, .t Z e zn: 2Wa+1/2(i(17kw/t; ) + 2q2kq74kwa+1/2(iq7kl‘/t§ )z’
o,q s zkxz + tg)Wa+1/2(iku/t§ qZ)(q—ZkI2 + tz)Wa+1/2(iq_kx/t; q2)

n, 2n 2q_4k
= uqzq Z (g 2F22 + 12)

= g Warry2(ig %z /t; ¢%)
2

2 2\—a—1
STe-t-ar T

by using the fact that W, /2 (ig~Fz/t; ¢*) > t72%(2? +t%), we obtain

(D@t = (Pilid?) *a )@ / FO) Ty P (53 )t ()

a0 L)
lq* = 1] yepa | 1—qy? |
S Cl,a,q(t2+x2)_a_1~

(t2 4 932)70471

Thus the first inequality is proved.

Now, we will prove the second inequality. By derivation under the g-integral sign

Dyt®(f)(@, %) = Dyua (PR (5 62) # f)(a / F@) Dy Ty e P2 (53 ) o).
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But from Lemma 3.1(i)

Dq,chq,a,tha(?ﬁ q2)
= bna(i¢*) ey, (P (y; 0%))

n b q(k+n)(k+n+1)/272kn( .

— bna : 2\ —n(n+1) QaQ)QnD . x_gnpa kl’; 2
Z:: (s 0)e ,;_:n( (@ @)tk (T @)k ael ae)

q" (G D2n on o ki 4
Z 2a+2 D Y Z<_1)

k=—n

(k4+n)(k+n+1)/2—2kn

(6 D1 (G i <[_2n] RN )

Y g 2nD Pa(q . q2))

d 2n n
Z 0" )n (@ @)2n Y S (1)
(1 _ q) t20¢ qQoz—‘,—Z7 q)n (EQn

k=—n

q(k+n)(k+n+1)/2—2kn—2n A .
Ko (t g ;%)

(@ D1 (G Dnr

where

Ka(f . 2) _ (q2n _ 1)(t2 + q2ax2)(t2 + q2a+2l,2) _ (t2 + q2a+21‘2)(t2 + q2a+3x2)(q2t2 + 1,2) +q ( + q20¢$2)( 2 + q21‘2)2
nih 4 (12 4+ 22) (2 + 22) (12 + ?22)Wopr2(iz/t; ¢2) ’
Now by proceeding as the same way in the first inequality (i) and using the fact that there exist

Ca,q > 0 such that ‘Kg(t,qu; )+ Ko(t, g *a; q2)’ < Caa

Wagi)2(ig=*z/t;¢%)

Therefore,

—k(n+1)

a2 (q nq7 2ny q « -k, .. 2 «@ k... 2
Dy aTg.00 P (Y3 4 )‘ = (1- |35 | £2 Z (g2+2;q),, 22n Z (¢; ¢ [K"(t,q 73¢7) + Ky (t ¢ w5 g )}

=1 4 )nfk(Q;Q)an
2k
Caq a,q ny

<

>~ ( | T | t2a TZ .’I,'Z" Z cx+1/2(lq k.’L‘/t q2)

Ca,qla,g —2k 2(1 2
< t t
(1—q|T|t2an TZan Qf+ )

Ca,qd,
< a,q%aLq (t2 4 I2) « q (y/m 2n q72k
(1—q) ] Z kZ

< q72ca,qda,q | z |
T1=q7 2| 1= qy? | (2 +22)e

In the same manner, by the fact that | z |< (t2 4 22)Y/2 < (t? 4 22)3/?

2
q Ca,qda,q | f(y) | 2 2\—a—3/2
Dyou(f)(z,t;¢?) < sup (t" +a7)
! | 1—472 | yepoa | 1~ ay? |

C27q(t2 + x2)—o¢—3/27

IN

which gives (ii). O

Lemma 3.5 Let f € D, 4(R,) be a positive function and p € (1,00). Then

@ g [ [ Swete Pt = [ @,

(i) lim /0 /0 A g (W () (@, 1))P )t dgpa(z)dgt = 0.
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) ] Al (e 0 tdapel@) =1 £ e, -

Proof. Let f € D, 4(R,) be an even positive function and p € (1,00). To prove (i), from (2.2) and
g-integration by part formula (2.6), we get

R R
/()Aq,t((ua(f)(ﬂcvt))”)tdqt = /0Df,t((ua(f)(flr,Q’lt))p)tdqt
R

= Dl (F) ()P — ; Dae((u®(f)(x,q7"))")dgt

= R( (@ (N q R (), R ) Dy (f) (a7 R)

Thus

R ,p—l
[ St ottt = R [ (000 B )R ) Dy (1) ™ R0

k=0

[ e e + [ @

From Lemma 3.3(iii), we get easily respectively

R—o0’

‘/ R))Pdgp(z >‘ < Oy R7PEaFDR2042 — ¢y R-(P=DRet2) g

and

R p—1

R [ (S () R () P Dy (1) g™ R <

0 “k=o

p—1

Cz’qR2oc+2(ZR—k(20¢+2)R—(p—k—1)(2a+2))R (2a+3) _ = pCo R~ (P-D(2a+2) __, .
pard R— o

Which leads to the result.

(i) From the fact that

R R
/0 Ag e (W (f)(,1))7)dgpa(z) =/O Do (82 Dy o (w® () (g2, 0))7) g = [627 Dy ((u® () g~ 2, 6))7)] o

p—1

=R (W () R () R0 ) Dygu® (1) Ry 1)

k=0

(Zu“ Ju (@ R ) Dy (£)(0,1).
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Thus, from Lemma 3.4 we get
R (R
[ st () teyag| < e / (e (@ R D@ D RO ) Dy (Pa Bt

p—1
— (e O (D) g™ R ) Dy (00,0t
k=0 .
< 2pCzﬁqR2”+1/ (£ + R?)~D=1/2¢4 ¢
0

R
< 2])02 2p(<y+l)+2u/ tdqt
JO

=C,R™ (p=1)(20+2) __, ) .
R—o00

Which completes the proof of (ii). O

4. The g-Littlewood-Paley g-function

In this section, we define and study the so called LP-boundedness of the ¢-Littlewood-Paley g-function
when p € (1,2]. For this, we need first use the g-Hardy-Littlewood maximal Mg (f) function.

Definition 4.1 Let f € D, 4(R,). the g-Hardy-Littlewood maximal Mg (f) function is defined by

MG (f)(@) = sup [u(f)(z,1) ], 2 €Ry.

tERy,+

Proposition 4.1 Let f € D, 4(R,) and p € (1,00). Then there exist Cp, 4 > 0 such that

| Mg (f)(@) HLP(R(I’_*_,dq‘ua)g Cpaq ll f HLP(qu_,dqua) :

Proof. By changing variable y = ¢2/u in Proposition 3.1(i), we obtain

+oo
PP (aig?) = 2 / O(y/ )T F(2)d 2 ray): (4.1)

where ¢(y) = y~*/2E,2(—q*y~!) and TY f(x) is given by (3.3).
We verify easily that ¢(y) and yD, ,¢(y) belong to L*(R, +,dgpa). Then by g-integration by part in
(4.1) and relation (3.4) shows that

‘_/OOO (/Oy Tff(x)dqt)Dq,a,y¢(qy/t2)dqua(y))

[ ([ @) (1D tlan/ ) o)

| Py(2;4%) |

y oo
< sw |1y [ 1@ (02 | [5Dsasdlan/®)])dua(w)
YERy, + 0 0
y
< C, sup 1/y/ T f(x)d,
yERq, + 0
< CeMP (@),
y
where M;F"’(f)(x): sup 1/y/ Téf(x)dqt‘.
yERG + 0

So that
MG (f)() < MP(f) ().
The result follows by the Hopf-Dunford-Schwartz ergodic theorem [7, Theorem 7, p.693]. |
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Definition 4.2 The ¢-Littlewood-Paley g-function for f € D, 4(R,) is given by

o0 2 1/2

oDt = ([ [V (et 1)
where u(f)(x,t) is the ¢-Poisson integral and V is the ¢-gradient, defined by
2
Vau® (F)(w,456%)| = Dyt (£)(@,4:0%) + (D (f)(z, 1 6%))

Theorem 4.1 For p € (1,2], there exit two constants A, 40 > 0 and By go > 0 such that for f €
LP(Rg,+, dgpta)

By | F ey o dy <1 (D@02 o2y )< Apgia | F iy o ey -

We will go to prove the theorem. For this purpose, we will use the function g¢(f) given in [15] by

) 2 1/2
)= ([ oDue et ) PR

Obviously, we have
97 (F(5%) < g (@5 6°). (4.2)

To prove the theorem, we need the following lemma

Lemma 4.1 For fi, fo € D, 4(R,), there exist Ay q > 0, such that

[P0 (5052 Dy (12)(0 5 Pt dpials) = Ay [~ 1) o) o)
0 0 0
Proof. Let fi, fo € D, 4(R,), we have by applying twice Holder’s inequality
L[ ue et |[Po (s d o) < [0 () w1 () i)

<1 0" () o, ol 902 o, oy

Then using Fubini, property (Ps) and Proposition 3.2, we obtain

/0 / £D, u® (1) (2, £ %) Dot (2) (2, ) gt ()

L[ R (Pasn (06 @ ) OV (D ) 2)) )t Wt

/0 / tq 74(1/\252 2a/\t) Faa(f1)(AN)Fq (f2)( Ydgtdgpta (N)
/ AN I ANTATOV]| / R gt )
/ Faa(f1)N) Fga(f2) (A )(/0 U532(—u)dqu>dqu()\), w =g 2N

— Auy / Foo (PN Frm ) datia (A). Aag = /Oooua?z(—u)dqu
— A, /0 @) B@ ().
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Proof of the Theorem 4.1. Let p € (1,2], it is clear that from the density of D, 4(R,) in
LP(Ry +,dgpta) ([7], Theorem 4.28), taken f € D, 4(R;). Note that from (2.3), we have

n—1k-1 n—1ln—k—2 ) 2
Agaa(f [ filq (@) ( .o f (@ ))( qaf(q” ))‘qu Z figz) f~ (). ( q,a:f(x)>}
k=0 i=0 k=0 =0
><fn 2 [ka: )}fn 1( ) q,a7zf(x)-
Thus, using Lemma 3.3(ii) we obtain
p—1k—1 ) .
Aol (FP (@ tq) = 2 [a7 30 3w (F) (g b)) Dy () 1:4%). Dy i (F)(a 2 02)+
k=0 i=0
p—1p—k—2 ) P
Dy (), t56%) D () (07 1:6%) ) + 50 D7 w (1) (gt 2u ()7 @ t502)-(Tqu (N t56)) [ (572t ?).
k=0 i=0
So that from Lemma 3.3(i)
p—1p—k—2 , ] 2
Aol (1P 560) 2 [ 3 S0 w () (gt ) (1) st )| (P2 0, 1:.6%) (T (), ))
k=0 =0
we deduce that
2 p—1p—k—2 , 1
(Vo (s tia®) a2 [ 30 D w () st ()7 @t a)| ()P (@00 Dy au () (@, 4%)).
k=0 =0

Now, from Lemma 3.4(i) and the fact that f is positive, and the function = — u®(f)(z,; ¢?) is decreasing
we deduce that

p—1p—k—2 ‘ _ —1 p=lpk—2 . ) -1
[Z >, U“(f)’(qx,t;qQ)UO‘(f)*Z(Lt,(f)] < [ > w () gzt P (f) (b ¢°)
k=0 =0 k=0 =0
p—lp—k—-2 _
SR
P p(p—1)
we deduce that
Vo (anti®)|| € 2 (1) (o D) A 0 (1P . 156%) (@3)
q,T , 034 _p(p—l) , 05 q q,x , 054 . .
Using (4.3), we obtain
-2 [e%s)
@) < S [ e s (Y )
< MU [ A (Pt
S -1 0o e

Thus observe that (2 — p)/2 + p/2 = 1 and by Holder’s inequality, we get

2¢2

1o Ve, < 2] [ Mae @] [ s e ] dn

< [y ) M 15 [ [ a0 g )]
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Due to Lemma 3.4(iii), we obtain

2¢72 qp/2 o 2=p)(p/2) P2 /2
[m} H M ( ) HLP(RQ+ qlta)H f HLP(RQ&)

2¢~* @) ¢ e
ca,q[m} | A IGR) e
A

paa |l f HLp(Rq#,dqua) '

I 9% () (:4%) ”LP(Rq +odga)

IN

IN

Proving now the left inequality. Computing relations (2.8), (4.2), Lemma 4.1 and Holder inequality, we
have

]' > e} e}
oo Waa)| < [ g (Dasat)ap ((asa)dgta)
< ” gtll(f) ||LP(Rq,+7dqﬂa)|| gf‘(h) ||Lm(Rq,+7dqua)’ 1/p + 1/m =1
< Coma 97 (f) ||Lp(mq’+,dq#a)
S Cq,m,(l H ga(f) ||Lp(Rq,+7dqlLa) .
Which completes the proof of the theorem by taking the supremum. O
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