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Higher-order System of p—nonlinear Difference Equations Solvable in Closed-form with
Variable Coefficients

Ahmed Ghezal and Imane Zemmouri

ABSTRACT: In this paper, we investigate the solutions of the following system of p—nonlinear difference

equations
) it mod(p)
:cs_)H — n_(7?+1)mod( ),n,mGNo,pEN,i eA{1,...,p},
bn +cnz, ) P
where Ng = N U {0}, the sequences (an), (bn),(cn), are non-zero real numbers and initial values a:@.,

j€A{0,...,m},i€{1,...,p}, do not equal —bpey 1, for all n € No. Also, we investigate the behavior of positive
solutions of the above-mentioned system when variable coefficients. Finally, we give some numerical examples
which verify our theoretical result.

Key Words: Difference equations, local stability, periodicity, general solution, system of difference
equations.
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1. Introduction

In the recent years, there has been a lot of interest in studying nonlinear difference equations and systems.
Not surprisingly therefore,

several studies have been published on this topic (see, e.g., [1] -[24], and the related references therein).
Besides their theoretical value, most of the recent applications have appeared in many scientific areas
such as biology (population dynamics in particular), ecology, physics, engineering and economics (see, e.g.
[6], [7], [8], [17]). It is very worthy to find systems belonging to solvable nonlinear difference equations
systems in closed-form.
Since the paper by Brand [3], the following one-dimensional nonlinear difference equation of Riccati type,

ar, +d

—— . n € Ng, 1.1
cxn—|—bn 0 (1.1)

Tnt+1 =

where the initial value zq is a real number or complex number and the parameters a, b, c and d are the
real numbers with the restrictions ¢ # 0 and ab # cd, have the most diverse and interesting properties,
especially as regards the distribution of their cluster points. This finding, led Stevi¢ [19] to study the
solutions of the Eq. (1.1).
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2 A. GHEZAL AND 1. ZEMMOURI

In [18] the author presented the solutions of the following two-dimensional nonlinear difference equation
generalization of Eq. (1.1):

ar, +d ayn+d
xn—l—b’ Yn41 = yn—i—b

when a = b=c¢ =1 and d = 0. Its extension with nonconstant coefficients and higher-order is a system
of a huge interest. For this reason, system (1.2) can be extended by interchanging the parameters a,b
and ¢ with the sequences (an)n>0, (bn)n>0 and (¢,)n>0. More concretely, another extension of system
(1.2) is the following system of p—dimensional nonlinear difference equations

Tnt+1 = —F,n € NO) (12)

(i+1) mod(p)

xs_)H . _:C" ZLH)mOd(p),n,m € No,peNjie {1,...,p}. (1.3)

Now, we consider system (1.3) in the case when a a,, # 0 for all n € Ny. Noticing that in this case,
system (1.3) can be written in the form

) (l+1) mod(p)
x(zJ)rl _ Lp—m
n b + .z (z+1) mod(p)’

1, M € NOvp S Nvl € {1aap}

~ b ~ c
where b, = — and ¢, = —, for all n € Ny, we see that we may assume that a, = 1, for all n € Ny.
2% Ay
Hence we consider, without loss of generality, the system

() mod(p)

(%) Ln—m .
ol = b e (H—l)mod(p)’n’mENO’pEN’lE{1""’p}' (1.4)

using the same notation for coefficients as in (1.3) except for the coefficients a,,, assuming that a,, = 1,
for all n € Ny.

The remainder of the paper is organized as follows: In section 2, we study the solutions of the given
system of the p—dimensional nonlinear rational difference equations of first-order. In the next section,
the solutions of the Higher-order system of the p—dimensional nonlinear rational difference equations are
given. In the following section, we investigate the local stability of the equilibrium points and the global
behavior of the given system. Numerical examples to illustrate our results are given in Section 5. Section
6 concludes.

2. On the system of first-order difference equations (1.4)

In the following, we give the closed form of the solutions of the first-order system (1.4) :

(D) mod(p)

O .
Tnt1 = b +e, x(l—‘rl) mod(p) yn e NOap € N,Z S {1, 7]9} . (21)

In any such case, we need to define the recursion equation relating to xn +1 by using the backward recursion

of the system (2.1). So, we replace the right-hand side of the expression of xfﬂl in the penultimate

equation from the system (2.1), we get
(p) (1)
S0 al Tn-1 n>1.
et bn, + Cnm(p) bnbn—1 + (bncn—l + Cn) 331(1_)1 B

.. . . . (p—1) . .
Similarly, we replace the right-hand side of the expression of =, ,’ in the equation
xff:f) zP 1)/ (b + cpx (p 1)) from the system (2.1), we get

(p—2) Lp2
Tyl = ,n > 2,
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1 1
where 1:[1 b; =1 and Z: b; = 0if I < 1. More generally, by induction, we get the analog for a:,(i)rl and

Jj= Jj=1
1
331(1-',)-17

2) T p-2)

2 n—(p—

Tni1 p—2 p=2 (k-1 =pT s
TToesf+ 3 Tloes i
§=0 k=0 | j=0

1)

o _ Tn—(p-1) o1

Tni1 p—1 p—1 (k-1 =P
Iooms g2 T ons a2
§=0 k=0 | j=0

In the same context, the system (2.1) can be easily transformed into an equivalent to the following
nonlinear difference equation of p—order,

Lyy—(p—
Tp41 = n(p-1) JLZP—L

p—1 -1 [ k-1
an_j + Z an—j Cn—kTn—(p—1)
§=0 k=0 | j=0

Indeed, let z, (1) = xpnti,n € No,i € {0,1,...,p — 1}, we get

Tt (1) = #,n >p-—1,i€{0,1,...,p—1},
Qip + Bn Ln (Z)
, D , P k—1
where a,(f) = pr(,ﬂ_l)ﬂv_j and BSZ) = Z pr(n+1)+i_j Cp(nt1)4i—k- For this purpose, we
j=1 k=1 | j=1

consider the following nonlinear difference equation of first-order,

Tpt1 = ,n € Ng. (22)

S U
Qpn + ﬁnxn
Note that equation (2.2) can be written in the form

1 1 o
Tn+1 = ,6’_

——7n, € Np. 2.3
n /Bnan'f'/b)nmn " 0 ( )

Hence we can use the change of variables 4, = (o + 3, 2,) " in (2.3) and obtain

1

n

ntl <1 +an+1 /Bn ) — QnYn
ﬁn+1

If we use the following change of variables y, = z,/zn+1,n € Ny, in the last equation, we get the
homogeneous linear second order difference equation with variable coefficients,

Znt2 — (ﬁgﬂ + an+1> Znt+1 + (ﬁgH Otn> zp = 0,n € No.

Yn+1 = 6 ,n € Np.

In other words, we have that

ﬁnl

Znao — Qpi1Zpi1 — B—Jr (Zn+1 — @nzn) = 0,n € Ny. (2.4)
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1
=2 i1, n €
Br

u1,n € Np, thus we have the following linear first-order difference equation

Using the change of variables u,, = z, — a,—12n—1,n € N, equation (2.4) becomes u,, 2

anl

Ny, so its solution is u,, =

0
with variable coefficients,

Zn = Olp—12p—1 + (zl — apzp),n € N. (2.5)

ﬁo

Equation (2.5) can be solved in closed form in many ways, and its general solution is

1 n k—1
Zn Han j zo—|—5— 21 — Qp20) E Han_j B e
j=1 0 k=1 | j=1

Hence, we have

n
Han—j Yo + B_ (1 — aoyo)
=1 0

Yn =

1
Han i y0+—(1—aoyo)
7=0

S bl
M= | IM-
—
o
Il
i

~
Il
o

~
Il
=]

So, we get that the solutions of the difference equation (2.2) is

To
Ty = ,n € Ng.

n n k—1
HOén_j + zo E Han—j Bk
j=1 k=1 | j=1

From all above mentioned we see that the following corollary holds.

Corollary 2.1. Let {x”}nzf(pfl) be a solution of Equation (2.1). Then forn > —(p—1),

X

Tpnti = —— ——— ,ie{0,1,...,p—1}, (2.6)
(1) (1) (l)
[T ¢ +2id_ q TTen; p 827
j=1 k=1 | j=1
) p ‘ p k—1
where o)) = pr(n+1)+i—j and ﬁﬁf) = Z pr(n+1)+z'—j Cp(n+1)+i—k-
j=1 k=1 | j=1

Corollary 2.2. In the constant case, i.e., when the coefficients are constants (b, =b and ¢, = ¢ for
all n € N), in the Corollary (2.1), the solution (2.6) reduces to
Tpnti = nxi ,i€40,1,...,p—1},forn>—(p—1).
b+ cxy Y brk—lH-L
k=1

Theorem 2.3. Let {a:,(}),x% )7 ...,xglp)}nzo be solutions of system (2.1). Then {mgz;r)l)*j}nzo is given

by the formula forn >p—1,

mépfi*t)

yifi+t€{0,1,...,p—1}
(r—) 81 (nyist) + (82 (nyist) + 03 (nyi ) a0
Lp(n+t1)—i — (P s+1) ) (2.7)

— Jifi+te{p,..,2p—2}
01 (n,s,t) + (62 (n,s,t) + 03 (n, s t)) (p=s+1)
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where t € {0,1,

priate sequence can easily obtain and uniquely determined by {by,cn}, i.e.,

1(n,i,t) =

n p—i—t—1 t+1
(p— i—t— 1)
I Ia I I bp—i—t—j I Ibp(n+1)7ifj )
j=1 j=1

t+1 p—i—t—1 n k—1
E : (p—i—t—1)
bp (n+1)—i—j H anfj H bp—i—t—j Cp—i—t—k
. i1

1},

1| =1
t+1 (k-1
03 (nyit) = > [[botnsty—ivs ¢ Cotntn)—imrs
k=1 | j=1
n p—s— t
51 (n,s,t) Hapjs H bp—s—; pr,ﬂ_t_g_J ,
j=2 Jj=0 Jj=0
p—s—1 [ n k—1 n (k-1
CRUNIES 1 N COE A O 1 ISR R VO TS R |
§=0 k=0 | j=2 §=0 k=2 | j=2
t
03 (n, s,t) = prm s—j ¢ Conti—s—k-
k=0 | j=0
Proof. By Corollary (2.1), we obtain
(1)
gﬂpn i ief{0,1,..,p—1}.
Ha(p i) +x(1)z H (p l) ﬂ;p_—]j)
Using (2.1), we get
(p—i+1)
), = — %o e ie{0,1,...p—

H bp—i—j "‘mépiiﬂ) Z pr—i—j Cp—i—k
§=0 k=0 | j=0

p—i—1 p—i—1 "
" = gD (i)
Tpnt)—i = :EOP Ha p— H by b Z o
J=0 k=0 j=1
-1
k—1 ‘ | |
xepioprld T+ Z [[aP 8 aosdalr— |
j=1
fori € {0,1,...,p— 1} . By using the following recurrence relation
(1)
v = e tefol,..

an—j +Z an —j ( Cn— km()

€T =
n+1 t t _
=0 | =0

j=0 k

(p 1)

1y

B

(p—s)
n—k

k—1
[Lbo-i-;
=0

1},

5

wop—=1},i+t+ 1= smod(p) and (0 (n,i,t),gu (n,s,t),u=1,2,3) is the appro-

3
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we have
(r—1) xu() )
p—t p(n+1)—i—t—1 .
.= ,,tE 0,1,..., —1,
p(n+1)—i i1 t+1 [ k=1 ! { P }
(1)
pr(n+1)—i—j + Z pr(n+1)—i—j Cp(n+1)—i—kTp(ny1)—i—t—1
j=1 k=1 | j=1
that is,
(p—i—t)
(p—1) To e
T = — ifi+te{0,1,...,p—1},
PO Sy (i, t) + (62 (nyd t) + 8 (nydy 1) a7
and
(p—1) Y ,
Lplnit)—i = = ifi+te{p,...2p—2}.

01 (n;s,8) + (52 (n,s,) + 33 (n, s,t)) xé”_s“)’

Corollary 2.4. In the constant case, in the Theorem (2.3), the solution (2.7) reduces to

(p—s+1)
Lo

t

—s n—1 5
prn 1)L <bw+t DRSS EDS bk’) =D

k=1 k=0 =1 k=0
(p—t) ) ifi+t=s—-1€{0,1,....,p—1}
Tp(nt1)—i = L5 tD)
0
p—s n—2 D t ’
ppntltt—s 4 ¢ <bp(n1)+t Z bk + bt Z bk Z b+ Z bk) x(()p—s+1)
k=1 k=0 =1 k=0

iffitt=p+s—1€{p,...2p—2}
3. On the system of m—order difference equations (1.4)

In this section, we focus on the form of system (2.1) which generalizes (1.4) in a very agile way of planning.
In other words, we use an appropriate transformation reducing this system to the elegant system of first-
order difference equations by which the solution of system (1.4) can be established. We do this as follows,
let 2 (1) = mg?ﬁl)n_i, i€{0,....,m}, t € {l,..,p}, with this notation, we obtain the following system
of first-order difference equations
(t+1) mod(p) (.
®) () = , In @ ot € {Lph i €{0,m). (3.1)
bim+1)(nt+1)—i-1 F C(m+1)(n+1)—i~1%n (2)

System (3.1) is the same as the system (2.1). We are now in a position to state the following theorem
similar to Theorem 2.3.

Theorem 3.1. Let {xg) (1) Lz (i), oz (z)} be solutions of system (3.1), i € {0,...,m}. Then

n>0
{xgz;i)l)_u (i)}nzo is given by the formula for n >p—1,
(p—u—t) /.
g (4) ooy futte {01, p—1}
xgz;i)l)fu (Z) — 71 (Tl, u, t) + (72 (n’7 1;7(2)_;’;?)3 (Tl, U, t)) Lo (7') , (32)
0 .
— — — — yifu+t e p,..,2p—2}
T (n,5,8) + Tz (n,5,8) + 75 (n,5,6) 2~ (0)

wheret € {0,1,....,p— 1}, u+t+1=smod(p), i € {0,...m} and (v, (n,u,t),7, (n,8,t)),_, 5 5 is given

to replace {by,,cn} in (5v (n,u,t), 0, (n,s, t))v:1 bs by {B(met1)(nt1)—i—1> Clm41) (nt1)—i—1 } -
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Corollary 3.2. In the constant case, in the Theorem 3.1, the solution (3.2) reduces to

x?*”NJ

p—s ’
pp(n+1)+1+t—s | <bpn+tzbk + btzbkzbl + Zbk> (p— s+1) (i)
) k=1 k=0 I=1
- ifu+t=s—-1€{0,1,....p—1}
xp(n+1) u (Z)

(P—S+1) (i)

ppnA1+t— 9+C<bp(n 1)+t2bk+bt2bkzbl+zbk> (p—s+1) (i)
k=0 =1

fut+t=p+s—1€{p,..,2p—2}

)

The following theorem due to Theorem 3.1, gives us the main result for the system of p nonlinear difference
equations of high-order (1.4).

Theorem 3.3. Let {xﬁﬂ),xﬁf), ...w%m} be solutions of system (1.4). Then forn >p—1,
n>-—m

x(?ﬁ“*t)
2 (,, = Jifu+te{0,1,..,p—1}
L= _ )} i (must) + (2 (nust) + v (nyust)) 2
(mA1)(p(nt1)—u)—i =  (p=s+1) :
— ifut+tep,..2p—2}

1 (n,8,8) + (Fy (n, 8, 8) + 5 (0, 5,8)) 2?7

(3.3)
where t € {0,1,...,p— 1}, u+t+1=smod(p), i€ {0,....m}.

Corollary 3.4. In the constant case, in the Theorem (3.3), the solution (3.3) reduces to

(p s+1)

77/

pp(n+1)+14+t—s | ¢ <bpn+thk + btzbkzbl + Zbk> x(_pi—s+1)

k=0 I=1
fut+tt=s—-1€{0,1,....p—1}

2Pt _
Llm+1) (p(nt+1)—u)—i LpstD)
p— ’
ppntltt—s 4 ¢ <bp(n—1)+tzbk+btzbkzbl+Zbk> m(_p;erl)
k=1 k=0 =1

ifu+t=p+s—1€{p,..,2p—2}

Remark 3.5. In this remark we use the formulae in Theorem 3.3 to get solutions of system (1.3), when
an # 0 for n € No. So, we replace sequences (bn),cn, and (cn), ey, i formulas of Theorem 3.3 with

b Cn
sequences | — and | — .
Gn / neng An /J neNy

4. Global stability of positive solutions of (1.3)

In the following, we will study the global stability character of the solutions of system (1.3). Clearly, the
unique positive equilibrium of system (1.3) is

E— (ﬁ 2@, W) = (0,0,...,0).

Such as many system of p difference equations, it is usually beneficial to linearized system (1.3) about
the equilibrium point F in order to further simplify its study. For this reason, introducing the vectors
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X = (X, (1),...,X, (p) and X, (i) = (ng),xff)_l, ,x,flm) , for 1 < i < p. With these notations, we
obtain the following representation

Xy =M X, (4.1)
where
an

K T Om) = Ommy Omm)

(7%
Owm K =] = Owm Owm) /

" 0

M, = . : K = Y(m-1) )

. . . . . .an < I(m—l) Q(m—l)
Owm) Om) O@my -+ K T
(7%
3.7 O Owmy o Oy K

with O,y denotes the matrix of order k x [ whose entries are zeros, for simplicity, we set O := O, 1)
and Q(k) := O(1), J is m x m matrix each of whose entries are zeros except a 1 at the (1,m)th position
and I(,,) is the m x m identity matrix. We summarize the above discussion in the following theorem

Theorem 4.1. The unique positive equilibrium point E is locally asymptotically stable.

Proof. After some elementary calculations, the characteristic polynomial of M, is
Py, (A) = (=DP" T PN + (=1)™ Py (A), where P (M) = A7) and Py, (A) = aBb;P, then

n-'n

[P (A)] < |[P1 (N)],VA = |A| = 1. So, according to Rouche’s Theorem P; and P; + P, ,, have the same
number of zeros in the unit disc |\| < 1, and since P; admits as root A = 0 of multiplicity p (m + 1), then
all the roots of P, + P, are in the disc |A| < 1. Thus, the equilibrium point is locally asymptotically
stable. (]

Corollary 4.2. For every well defined solution of system (1.3), if

3 3
lim (min (Z Vo (re54) Z% (O ))) = +o0

, we have hmxglp_t) =0, for each 0 <t <p-—1.

3 3
Proof. From Theorem 3.1 and under the condition lim <min <Zﬁv (ce)s ZWU (- ))) = +o00, we

v=1 v=1
have me%p_t) =0, foreach 0 <t<p-1. O
The following Corollary is a direct consequence of Theorems 4.1 and Corollary 4.2.
Corollary 4.3. The unique positive equilibrium point E is globally asymptotically stable.

5. Numerical Examples

In order to illustrate and support theoretical results of the previous section, we consider several interesting
numerical examples in this section.

Example 5.1. We consider interesting numerical example for the difference equations system (1.3) with
the initial conditions

1 2 3 4 5
x71 = @’ x*l = E’ x*l = 5’ x*l = ?’ x*l = 5 (5.1&)
xél) _ 51;?, x(()z) _ %’ x(()s) _ 1?9’ x(()4) _ %7 x(()5) _ %
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Moreover, choosing the sequences a, = n+1, b, =n?+2 and ¢, = n+ 3, the system (1.3) can be written
as follows:

() (TL-I— 1) (1+1) mod(5)
n+1

)mod(5) e Noﬂ; € {17 2) 3745 5}7 (51b)

n? +2+4 (n+3) 2"

n=0,1,... The plot of the system (5.1b) is shown in Figure 1.

plot of system (5.1b)
T

0 5 ) 10 15 20 25 30

Figure 1: This figure shows the solutions of the system (5.10),when we put the initial conditions (5.1a).

Example 5.2. We consider interesting numerical example for the difference equations system (1.3) with
the initial conditions

2 =16, 2% =23 2%=39, 2% =101, 2% =34 29=83
<1> =5.2, <2> =45, <3> =83, <4> =13, <5> =32, 2% =31
17 o 5.2a
32_6.0, ” = 1.6, ” = 4.0, ” =43, ” =52, 29 =25 (5.22)
28 = 2.6, (2) = 6.0, 53) = 6.4, x((34) =24, 55) =120, ) =70

Moreover, choosing the sequences a, = (n+1)""

Jbp=n+2andc, =(n+1)""

, the system (1.3) can

be written as follows:

(H—l) mod(6)
(2) Lp—3

Ty, = )

n € No,i € {1,2,3,4,5,6}, (5.2b)

n=0,1,... The plot of the system (5.2b) is shown in Figure 2.
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plot of system (5.2b)
T

(1) 4(2) (3) ((4) (5) ,(6)
DL ) ) 6

Figure 2: This figure shows the solutions of the system (5.2b), when we put the initial conditions (5.2a).

Example 5.3. We consider interesting numerical example for the difference equations system (1.3) with
the initial conditions

1 2 3 4 5 6

2N =10, 2% =13 28 =01, 2W=70 28=21 =23

“) =02, <2) = 5.0, <3) = 3.0, <_4{ =82, 2" =112, <_6{ =50 . (5.3a)

1 2 3 4 5 6

g>_6.0, g>_0.7, g>_6.0, 2P =35 2P =20 =109
Moreover, choosing the sequences a, = 2, b, =4 and ¢, = 3, the system (1.3) can be written as follows:

‘ (1+1) mod(6)
0 = In2 n € No,ie{1,2,3,4,5,6}, (5.3b)

n+l = 443 (1+1) mod(6)’

n=0,1,... The plot of the system (5.3b) is shown in Figure 3.

plot of system (5.3b)
T

MHH
D2 408 90
=
T

Figure 3: This figure shows the solutions of the system (5.3b), when we put the initial conditions (5.3a).
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Example 5.4. We consider interesting numerical example for the difference equations system (1.3) with
the initial conditions

21

)= 120, )
1) )

b 2.3, x(i?
WD =5, ol -

12 G _421, W =70
g y . (5.4a)
4.0, 5, x(¥ =9.0, —17.0

<_ <_
Zo Lo

Moreover, choosing the sequences a, = e~ ", b, = n?>+1 and ¢, = In(n +2), the system (1.3) can be
written as follows:
—ng (i+1) mod(4)

(4) € Th .
Tphq = .n € Ny,i €{1,2,3,4}, (5.4b)
o n?+1+In(n+2) SH) mod(4)”

n=0,1,... The plot of the system (5.4b) is shown in Figure 4.

. ___plotof system (5.4b)

25 -

FUNCINCINCS

0 5 10 15 20 25 30

Figure 4: This figure shows the solutions of the system (5.4b), when we put the initial conditions (5.4a).

Example 5.5. We consider interesting numerical example for the difference equations system (1.3) with
the initial conditions

2N =16, 2@ =23 28 =51 2%W=110 20 =21 2%=123 =13 (5.50)
(1)—6.2, 2P =35 2 =30, V=32 x(()5) 1.2, 2% =50, xg7):14.0' '

Moreover, choosing the sequences a, = 0.11, b, = In (n2 + 1) and ¢, = 0.25, the system (1.3) can be
written as follows:

o 0.11z (1+1) mod(7)

2V, = , ,n € Noyi € {1,2,3,4,5,6,7}, (5.5b)
A (n2+1)+0.25x£jf11)m°d(7)

n=0,1,... The plot of the system (5.5b) is shown in Figure 5.



12 A. GHEZAL AND I. ZEMMOURI

plot of system (5.5b)
T

Figure 5: This figure shows the solutions of the system (5.5b), when we put the initial conditions (5.5a).

Example 5.6. We consider interesting numerical example for the difference equations system (1.3) with
the initial conditions

29 =16, % =23 2% =39 2% =101, 2 =34 2%=83
=52 2% =45 2% =83 +9=13 2%=32 =31
2Y =60, 2% =16 2% =40 2% =43 2 =52 29=25"
o) =26, 2 =60, 2V =64, V=24 2 =120, 2 =70

(5.6a)

Moreover, choosing the sequences a, = n+ 2, b, =n+1 and ¢,, = 1, the system (1.3) can be written as
follows:

@ _ (n+2) alty)mod®

n+l =™ n+ 14+ xs:j-;) mod(6) ’

n € No,i € {1,2,3,4,5,6}, (5.6b)

n=0,1,... The plot of the system (5.6b) is shown in Figure 6.
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plot of system (5.6b)
T
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Figure 6: This figure shows the solutions of the system (5.6b), when we put the initial conditions (5.6a).

6. Conclusion

In this paper, we represented the general solutions of p—dimensional systems of nonlinear rational differ-
ence equations with variable coefficients of (m + 1) —order. Firstly, we have obtained the closed-form of
well-defined solutions of first-order, i.e., m = 0, which enables us to use an appropriate transformation
reducing the equations of our system (1.3) to first-order. In addition, in the case where the coefficients are
constant in the system, we have obtained the solutions for this case. Secondly, we presented some results
about the general behavior of the solutions of this system. Finally, we will give the following important
open problem for system of difference equations theory to researchers. The system (1.3) can extend to
equations more general than that in (1.3). For example, the p—dimensional system of nonlinear rational
difference equations of (max (m, k) + 1) —order,

(4) .(i+1) mod(p)
x(’L) _ An Ly} !
T ) ) med(p)

n—

n,m,k € No,p e Nji e {1,...,p},

where Ny = N U {0}, the sequences (a,(f )>, (b,@) , (cg«f)) , are non-zero real numbers and initial values

, , -1
x(_lz, j €40,....max (m,k)}, i € {1,...,p}, do not equal mAQ) (cgf)) , for all n € Ny.
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