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A New Characterization of Groups B4(q)
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ABSTRACT: One of an important problems in finite groups theory is, characterizable of groups by specific
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property. In this paper, we prove that groups B4(q), where 3 < g and
determined by the largest elements order and the order of group.

is a prime number, can be uniquely
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1. Introduction

Let G be a finite group, 7(G) be the set of prime divisors of order of G and 7.(G) be the set of
elements order in G. We denote a set of primes by w. A natural number n with m(n) C 7, is called a
m-number, while a group G with 7(G) C 7 is called a m-group. We denote the largest elements order of
G by k(G). Also we denote a Sylow p-subgroup of G by G, and the number of Sylow p-subgroups of
G by n,(G). The prime graph I'(G) of group G is a graph whose vertex set is 7(G), and two distinct
vertices u and v are adjacent if and only if uv € m.(G). Moreover, assume that I'(G) has ¢(G) connected
components m;, fori = 1,2,...,¢(G). In the case where G is of even order, we always assume that 2 € .
One of an important problems in finite groups theory is, the characterization of groups by specific property.
Properties, such as elements order, the elements with the same order, etc.

One of the methods is group characterization by using the order of the group and the largest element
order. In fact, we say the group G is characterizable by using the order of group and the largest elements
of group if there is the group H, so that, k(G) = k(H), |G| = |H|, then G = H. However, in the way
the authors try to characterize some finite simple groups by using less quantities and have successfully
characterized simple K3-groups, sporadic simple groups, PSLs(q), PSLs(q) and PSUs(q) where ¢ is
some special power of prime, by using three numbers: the order of group, the largest and the second
largest element orders, of which some results can be seen in [12]. Also in [3], Li-Guan He and Gui-Yun
Chen proved a group PSLs(q) where ¢ = p"™ < 125 by largest element order and group order can be
characterized. In [4], Li-Guan He and Gui-Yun proved characterization K, -group of type PSLa(p) only
by using the order of a group and the largest element order, where p is a prime but not 2"”-1. Next,
Chen and etal in [2] proved that the sporadic groups are characterizable by using the largest element
order and second largest element order. Also the follow, Ebrahimzadeh and etal in [5,6,7,8,9,10] proved
that groups as the suzuki groups Sz(q), where ¢ — 1, ¢ + \/2¢ + 1 are prime number, the projective
special unitary groups PSU3(3"), the simple groups 2D,,(3), where (n = 2¢ + 2,e > 4), the projective
special linear groups PSL(5,2) and PSL(4,5), the symplectic groups PSP(8, q), where ¢ be odd prime
number and the symplectic group C4(gq), where ¢ > 2 and % are prime numbers by this method can be

characterized. Next, in this paper, we prove that groups By(q), where 3 < ¢ and % is a prime number,
can be uniquely determined by the largest elements order and the order of the group. In fact, we prove
the following main theorem.

Main Theorem. Let G be a group with |G| = |B4(q)| and k(G) = k(Ba(q)), where 3 < ¢ and LQH is a
prime number. Then G = By(q).
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2. Title Material

In this section, we denote the several lemmas and defintion where we for proving the main theorem
need them. Hence, we have the following Lemmas.

Lemma 2.1. [13] Let H be a finite soluble group all of whose elements are of a power prime order. Then
()| < 2.

Lemma 2.2. [11] Let G be a Frobenius group of even order with kernel K and complement H. Then
1. t(G) =2, m(H) and w(K) are vertex sets of the connected components of I'(G);
2. |H| divides |K|—1;
3. K is nilpotent.

Definition 2.3. A group G is called a 2-Frobenius group if there is a normal series 1 < H I K <G such
that G/H and K are Frobenius groups with kernels K/H and H respectively.

Lemma 2.4. [1] Let G be a 2-Frobenius group of even order. Then
1. t(G) =2, n(H)Un(G/K) =m and n(K/H) = m;
2. G/K and K/H are cyclic groups satisfying |G/ K| divides |Aut(K/H)|.
Lemma 2.5. [18] Let G be a finite group with t(G) > 2. Then one of the following statements holds:
1. G is a Frobenius group;
2. G is a 2-Frobenius group. In particular, a 2-Frobenius group is soluble.

3. G has a normal series 1 < H QK QG such that H and G/K are w1 -groups, K/H is a non-abelian
simple group, H is a nilpotent group and |G/K| divides |Out(K/H)|.

Lemma 2.6. [19] Let q,k,l be natural numbers. Then
1 (¢F=1,¢' =1) = ¢*b —1.

k.l . k !
2 (41 +1) = g®b 41 szothm andm are odd,
' (2,9 + 1) otherwise.
q*b 11 f ﬁ is even and ﬁ 1s odd,

3. (" —1,¢4+1) =
(@ 1 ) (2,9 + 1) otherwise.

In particular, for every ¢ > 2 and k > 1, the inequality (¢ — 1,¢" + 1) < 2 holds.

3. Mathematics

In this section, we prove that the groups By(gq) are characterizable by the order of the group and
the largest element order. In fact, we prove that if G is a group with |G| = |B| and k(G) = k(B4(q)),

4
where 3 < ¢ and q—2+1 is a prime number, then G = By(q). We divide the proof to several lemmas.

From now on, we denote the group B4(¢) and LQH by B, p respectively. Recall that G is a group with

G| = |B| = qlﬁ(qB—1)(116—;)014—1)((12—1) and k(G) = k(B) = q(q+1)2(q2+1).

Lemma 3.1. p is an isolated vertex of I'(G).

Proof. we prove that p is an isolated vertex of I'(G). Assume the contrary, thus there is t € 7(G) — {p}
2 2

such that tp € 7.(G). So tp > 2p = 2(L2+1) > w. As a result k(G) > w, which is a

contradiction. So t(G) > 2. O
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Lemma 3.2. The group G is not a Frobenius group.

Proof. Let G be a Frobenius group with kernel K and complement H. Now by Lemma 2.2, {(G) = 2
and m(H) and 7(K) are vertex sets of the connected components of I'(G) and |H| divides |K| — 1. Now
by Lemma 3.1, p is an isolated vertex of I'(G). Thus we deduce that (i) |[H| = p and |K| = |G|/p
or (ii) |H| = |G|/p and |K| = p. Since |H| divides |K| — 1, we conclude that the last case can not

occur. So |H| = p and |K| = |G|/p, hence g'+1 | e
’ ’ 2 at+1

2
(¢* + 1) | ((¢* + 1)(2¢%® — 2¢%0 — 6¢%* + 4¢*% + 10¢%° — 2¢'® — 144" + 16¢'2 — 16¢® + 16¢* — 16) + 15.
Therefore g* + 1| 15 where is a impossible. Hence G is not a Frobenius group. (]

— 1. So we conclude that

Lemma 3.3. The group G is not a 2-Frobenius group.

Proof. We prove that that G is not a 2-Frobenius group. For this purpose, by Lemma 2.5 we prove that
G is not a soluble group. On the contrary, we assume, G be a soluble group. Also r be prime divisor
of %, s # 3. Then there would exist a {p,r, s}-Hall subgroup H of G. Since B does not contain
any elements of orders pr, ps, rs. Thus all of elements of H would be of prime power order. But this

contradicts by Lemma 2.1. Hence, G is not a 2-Frobenius group.
O

Here, we prove the main theorem. In otherwords, the following isomorphic.

Lemma 3.4. The group G is isomorphic to the group B.

Proof. By Lemmas(2.2, 3.3), we have that third case of Lemma 2.5 is satisfies, as G has a normal series
1< H < K <G such that H and G/K are m1-groups and also K/H is a non-abelian simple group. On
the other hand every odd order components of G are the odd ordercomponents of K/H. Since p | K/H
so t(k/H) > 2. In conclusion according to the classification of the finite simple groups we know that the
possibilites for K/H are alternating group A,,, m > 5, 26 sporadic groups, simple groups Lie type. First,
since K/H is a non-abelian simple group, so K/H is isomorphic one of the following groups, for this
purpose, first we suppose K/H be isomorphic alternating groups, in otherwords, we have the following
isomorphic:

Step 1.Let K/H = A,,, where m > 5 and m = r, r + 1, r + 2. Then by [18] n(A,,) = r, r — 2 and
|Am| | |G]. So we consider % = r, r — 2. In the way if L;'l = r, then L;'g = r + 1, now since
r+11]|An]||G| hence q47+3 | |G|, which is a contradiction. Now we consider # =r—2, then L;S =r
again since 1 | |4, |||G|, hence ‘142—"’5 | |G|, which is a contradiction.

Step 2. If K/H be isomorphic sporadic groups, then by [14], k((S) = {11,13,17,19, 23,29, 31, 43,47,
67,71}, where S be a sporadic groups and also this number are the largest elements order of sporadic

groups. Now we consider %Q(q%rl) = 11,13,17,19,23,29,31,43,47, 67,71. For this purpose, for ex-

ample if %@ql) =11, then ¢* + ¢® + ¢ + ¢ — 22 = 0, which is impossible. If %2@“) =13, then
we can see easily a contradiction. For other groups we have a contradiction, similarily.

Step 3. In this case we consider K/H is isomorphic to a the group of Lie-type.

3.1.If K/H =2 Go(3?™*1), where m > 1 then by [14], k(2G2(3?™F1))) = 32m+1 4 3m+1 1 1. Now we
consider %@’QH) = 32mtl 4 3mHl 4150 ¢(B + @2 + g+ 1) = 2(327m L 4 3™ 4+ 1), As a result
2| qgand ¢® +¢*> +q+1 = 3>+ 4 3m+1 L 1. Now if 2 divide ¢, then there is a contradiction. Now if
CHq?+q+1 =324 3mHL 41 then q(¢? +q+1) = 3mFL(3™ +1). Hence, ¢ = 3™t ¢ +q+1=3"+1.
Since ¢ > 3, so 3™ > 3 as aresult m =1, ¢ = 9, since |?°G2(27)|||B4(9)|, which is contradiction.
3.2.If K/H =% Fy(q'), where ¢/ = 22"+ > 2 then by [14], k(?Fy(q') = 24m+24.23m+2 4 92m+1 4 om+1 4 1
So we consider %@2“) = 24m+2) 4 93m+2 4 92mAl 4 omtl 4 ] Ag a result, 2(24m+2) 4 23mF2 4
22m+1l 4 om+l 4 1) = q(¢® + ¢ + ¢ + 1), similarily there is a contradiction.

3.3.If K/H =% B,(22"+1), where m > 1 then by [14], k(2By(22™*1))) = 22m+1 4 2m+1l 4 1 also

2By (22| = ¢?(¢"*+1)(¢'—1) | qw(qgfl)(qﬁ721)(‘1471)@271). For this purpose, we consideriq(q“);f“) =

3
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22mtl 4 omH+l 4 1. As a result, 2(227 1 421 +1) = ¢(¢® + ¢* + ¢+ 1). Hence 2 | ¢, which is impossible

and 22+ 4 2mFl = (g3 4+ ¢% + ¢). So 2mTL(2™ + 1) = ¢(¢® + ¢ + 1), which is a contradiction.

3.4. If K/H = Gy(q), then by [14], k(G2(¢') = ¢'*> + ¢ + 1 and also |G2(q')| = ¢'°(¢° — 1)(¢* — 1) |
U 1)(‘1671)@ D@D Ror this purpose, we consider %@’QH) = ¢?>+¢ +1. As a result
(q +q +q+1) =2(q%+ ¢ +1), it follows 2 | gand ¢ + ¢> + ¢+ 1) = (¢* +¢ +1). Now if

C+¢*+q=17q(¢d +1),then q(¢*> + ¢+ 1) = ¢’ (¢ +1). On the other hand, we have (¢',q+ 1) = 1, so

q=4q,q¢ +1=¢q*>+q+1. Since |G2(¢')| 1 |G|, which is a contradiction.

3.5.1f K/H ~* A, (¢'), where n > 1.Then by [14], k(2A,.(¢')) = mqﬁliqf_il). Also we know |24, (¢')| | |G].

m(n+1)/2 H?:Jr;(q/i B (_1)i | qlﬁ(qs—l)(qﬁ—;)(lf—l)(qz—1). For this

First if n = 2, then we have MQ

’ 2
purpose, we consider q(‘”l)(q +) - (3?;11), now if (3,4 + 1) = 1, then w =q¢*—1, as a

result (¢ —1)(¢% +1) = %;qﬂ). Since 2 | (¢ — 1)(¢”* + 1), so 2 | %«’Zﬂ). It follows that
4 | ¢* + ¢ + q + ¢, which is impossible. Thus we have a contradiction. Another case is impossible,
similarily.

3.6.If K/H =2 D,(¢), Cn(¢'), where n > 4, n > 3, respectively. Then, we have a contradiction, similar-
ily.

3.7. If K/H =3 Dy(q'), then by [14], k(®*D4(¢")) = (¢"* — 1)(¢' + 1). Also we know |>D4(¢')| | |G,

16, 8 6 4 2

0 q’12(q’8 + q/4 + 1)(q/6 . 1)((]’2 —1) | (@ -1)(q *21)(11 D@D Now we consider (q'3 —1)(¢ +1) =

7q(q+1)2(q2+1). Asaresult ¢(¢® +¢®+q+1) =2(¢"* +¢®—¢' —1),50q | 2and ¢ +¢° —¢ -1 | P +¢*+q+1.
Now if ¢ | 2, then this is impossible.The other case is impossible.

3.8. K/H = Es(¢'), F7(¢"), Es(q’), Fi(¢'). For example if K/H = FEg(q'), then by[14] k(Es(q) =
(q/ + 1)(q/2 + q/ + 1)((]/5 _ 1). On the other hand, |E8(q/)| — q/120(q/30 _ 1)((]/24 _ 1)((]/20 o 1)(q/18 _
(g™ — 1)(¢"? — 1)(¢® — 1)(¢2 — 1) | a'°(¢*—1)(¢° 1)(q4*1)(q D Hence, we consider q(q+1)2(q2+1) _
(@' +1)(¢”? +4q +1)(¢"” 1), so (q 1)@+ +1(@° —1) < alg+1)(q* +1). As a result, ¢ < g, so
2% | ¢%°, but ¢%° t |G|, which is a contradiction.

For K/H % Es(q') ,E7(¢'), Fua(q'),we have a contradiction, similarily.

3.9.0f K/H =  Eo(¢), then by [U] k(CEe(g) = CEEED g ko
2Es(¢)| = q’36(q'2*(13)(q:’_1r)1)(q’6*1) | qw(qg*1)(q6*1)(q4*1)(q2*1) Now we consider q(q+1)2(q2+1)

q’
<‘I’+1>§g’z,++1;§‘f‘°’—1>. First if (3,¢' + 1) = 1, then w = (¢ +1)(¢? + 1)(¢® = 1). As a result

q'® < ¢*. Hence ¢"%% < ¢**, but ¢** |G|, which is a contradlctlon.

3.10.If K/H = L,4+1(¢'), where n > 1. For this purpose, first we assume n = 1, so we have K/H = Ls(q').
For this purpose, by [14], k(L2(¢")) = ¢’ + 1,¢’, where ¢’ be even, odd respectively. Now we consider
M =¢,¢+1. Asaresult, { =¢* + >+ +q,¢ =¢* + ¢ +¢* +q—1. Since |La(¢')| 1 |G,
Wthh is a contradiction. For n > 1, K/H % L,+1(¢'), similarily.

Hence, K/H = B. As a result |K/H| |B|. On the other hand we know that H < K < G, where
p is an isolated vertex of I'(G). Also by assumption we knowt that k(K/H) divide k(G). Hence

/2

q(q+1)(q +) _ 4@ +1)(q +D - As a result n = n/. Now since |K/H| = |B] and 1 < H < K <G, we
deduce that H =1 and G=K=B. O

Acknowledgments

We think the referee by your suggestions.

References

1. G. Y. Chen, On the structure of Frobenius groups and 2-Frobenius groups, J. Southwest China Normal University.
20(5)(1995), 485-487.

2. G. Y. Chen, L. G. He and J. H. Xu, A new characterization of sporadic simple groups, [talian journal of pure and
mathematics. 30(2013), 373-392.

3. G. Y. Chen, L. G. He, A new characterization of La(q) where ¢ = p™ < 125, Italian journal of pure and mathematics.
38(2011),125-134 .



10.

11.

12.

13.
14.

15.

16.

17.

18.
19.

A NEw CHARACTERIZATION OF GROUPS B4(q) )

G. Y. Chen, L. G. He, A new characterization o simple K4 -group with type La(p) Advanced in mathematics(china,).
(2012)doi: 10.11845/sxjz.165b .

. Ebrahimzadeh, B., Iranmanesh, A., Tehranian, A and Parvizi Mosaed, H., A characterization of the suzuki groups by

order and the largest elements order, Journal of sciences, islamic republic of iran . 27(4),(2016), 353-355.

Ebrahimzadeh, B., Mohammadyari, R., A new characterization of projective special unitary groupsPSUz(3™), Discus-
stones Mathematicae: General Algebra and Applications. 39 (1)(2019),35-41.

Ebrahimzadeh, B., A new characterization of simple groups 2Dy, (3), Transactions Issue Mathematics, Azerbaijan
National Academy of Sciences. 41 (4)(2019),57-62.

Ebrahimzadeh, B., Azizi, B., A characterization of projective special linear groups PSL(5,2) and PSL(4,5), Annals of
the Alexandru Ioan Cuza University-Mathematics. 68 (1)(2022),133-140.

Ebrahimzadeh, B., Sadeghi, M. Y., Iranmanesh, A and Tehranian, A., A new characterization of symplectics groups
PSP(8,q), Annals of the Alexandru Ioan Cuza University-Mathematics. 66 (1)(2020), 93-99.

Ebrahimzadeh, B., Mohammadyari, R and Sadeghi, M. Y., A new characterization of the simple groups C4(q), by
its order and the largest order of elements, Acta et Commentationes Universitatis Tartuensis de Mathematica . 23
(2)(2019), 283-290.

D. Gorenstein, Finite groups, Harper and Row, New York,(1980).

L. G. He, G.Y. Chen, A new characterization of L3(q) (¢ < 8) and Us(q) (¢ < 11), J. Southwest Univ. (Natur.Sci.),
27 (33)(2011), 81-87.

G. Higman, Finite groups in which every element has prime power order, J. London. Math. Soc), 32 (1957), 335-342.

W. M. Kantor and A, Seress, Large element orders and the characteristic of Lie-type simple groups, J. Algebra. 322
(2009), 802-832 .

A. S. Kondrat’ev, Prime graph components of finite simple groups, Mathematics of the USSR-Sbornik, 67(1)(1990),
235-247.

A. Khosravi, and B. Khosravi, A new characterization of some alternating and symmetric groups (II) Houston J. Math,
30(4)(2004), 465-478.

J. Li, W. J. Shi, and D. Yu, A characterization of some PGL(2,q) by maximum element orders, Bull. Korean Math.Soc.
322(2009), 802-832.

J. S. Williams, Prime graph components of finite groups, J. Algebra. 69(2)(1981), 487-513.
A. V. Zavarnitsine, Recognition of the simple groups L3(q) by element orders, J. Group Theory. T7(1)(2004), 81-97.

Behnam Ebrahimzadeh,

Department of Mathematics,

Persian Gulf University, Bushehr,

Iran.

E-mail address: behnam.ebrahimzadeh@gmail.com

and

Hamideh Hasanzadeh-Bashir,
Department of Mathematics, Ahar Branch, Islamic Azad University, Ahar, Iran.
E-mail address: hhb_68949@yahoo . com



	Introduction
	Title Material
	Mathematics

