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3-Prime Near-rings involving right n-derivations
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ABSTRACT: This paper explores the commutativity of 3-prime near ring M when it admits a right n-derivation
in which some algebraic identities are satisfied, specifically on semigroup ideals of M
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1. Introduction

M always denotes a left near ring with commutative center Z(R). Recall that M is called 2-torsion
free if 2z = 0 implies = 0 for all z € M and usually M will be 3-prime, if for each =,y € M,z My = {0}
implies 2 = 0 or y = 0. A nonempty subset A of M is called semigroup left ideal (resp. semigroup right
ideal) if MA C A (resp. AM C A ) and A will be labeled a semigroup ideal even though it satisfies the
criteria for both a semigroup left ideal and a semigroup right ideal. We suggest the reader to Pilz [19] for
further information conceming the near-rings. Let S be any mapping from M into itself, for any pair of
elements z,y € M, we define [z,y]s = 26(y) — yz and (z o y)s = zd(y) + yx, in particular [z, y]; = [z,y]
and (zoy); =xo0y.

There are a number of studies that make the claim that 3-prime near-rings with certain restricted
mappings exhibit behavior similar to that of rings (see [1-19] where further references can be found).
An additive mapping S from M into itself is said to be right (resp. left ) multiplier of M if S(zy) =
2S(y)(or,S(zy) = S(z)y) for each z,y € M. If S is both left and right multiplier then will be called
multiplier. Several authors studied the commutativity of prime and semiprime of near-ring M, which
satisfy suitable algebraic conditions on appropriate subset of the near-rings. For instance, we mention to
[16], where more references can be found.

There is a great deal of work regarding of symmetric bi-derivation, permuting triderivation, n-
derivations, generalized n-derivations, (o,7) — n-derivation, two sided a— n-derivations in near-rings.
The authors Oztiiurk and Park, in [17] and [18], were the first to present the ideas of symmetric bi-
derivation, permuting triderivation, and permuting n-derivation in the context of near-rings. Ashrafe
and Siddeeque [1] investigate the process of permuting n-derivations and identify some of the features
that are involved. In the year 2016, Majeed and the author [11] came up with a novel idea for the
near-ring that they named right n-derivation, and they acquired fresh findings that are significant for
academics working in this area. In addition to this, the author [10] presented the idea of generalized
right n-derivation, demonstrating that 3-prime near-rings that satisfy some identities involving general-
ized right n-derivations are commutative rings. This was accomplished by showing that these identities
involve generalized right n-derivations. Recall that a left near-ring M is called zero-symmetric if Ox = 0,
for all x € M, in [3] the author proved that when a near-ring M admits a right n-derivation, then M
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will be zero symmetric. According to [11] a right derivation has been defined to be: an additive map-
ping d from M into itself satisfying d(zy) = d(z)y + d(y)z, for each z,y € M and n-additive mapping
d: MxMx...x M — M is said to be right n-derivation of M if the following equations hold for

n-times
each x1,21", @9, 22", ..., Tp,xn' € M
d(x1m1 22, . 1) = d (21,22, . .., x0) ) +d (21,20, 1p) 11
d(x1, 20w’ . 1) = d (21, 22,...,20) Th +d(x1, 22", . .. ) T2
d(x1,29,...,200)) = d (1,22, ..., 2n) ) +d(x1,20,...,2),) Ty

For example, Let S be a left near-ring, define

0 =z vy
M= 0 0 2z |,z,y,2,0e€Sp,d: M—->Mandd, : Mx M x...x M— M such that:
000 n-times
0 = y 0 0 O
dl 0 0 z |=10 0 =z
0 0 O 0 0 O
0 =1 0 z2 ¥ 0 Zn yn 0 0 0
dy 0 0 =z 0 0 0 2 N I R | R = 0 0 z12z9...2n
0 0 O 0 0 O 0 0 O 0 0 0

After that, it is possible to establish beyond a reasonable doubt that d is a right derivation (which is
neither a left derivation nor a derivation) and d; is a right n-derivation which is not n-derivation.

We will give new essential results in this field; more specifically, we will consider right n-derivation on a
near-ring and show that 3-prime near-rings satisfying some identities involving right n-derivations and
semigroup ideals are commutative rings. These are some of the most recent and important results in this
field. The prior research that was carried out served as a source of inspiration for these discoveries. In
point of fact, our findings extend and expand upon a number of well-established theorems on near-rings,
which is a very exciting development.

From now, M is 3 -prime near-ring.

2. Preliminaries

Our starting point will be the subsequent lemmas that are required in order to develop the proofs of
our primary findings. In [6], there is evidence that bolsters the validity of the first three lemmas.

Lemma 2.1 (a) Ifz € Z(M) and x is any element of M such that xz or zx € Z(M), then x € Z(M).
(b) If Z(M) contains a nonzero element z for which z + z € Z(M), then M is abelian.

Lemma 2.2 If Z(M) contains a nonzero semigroup left ideal or semigroup right ideal, then M is a
commutative ring

Lemma 2.3 Let A be a nonzero semigroup ideal of M and x,y € M.

(a) If x A= {0} or Az = {0}, then x = 0.

(b) If Ay = {0}, then either x =0 or y = 0.

Lemma 2.4 Let A be nonzero semigroup ideal of M and ¢ is any mapping from M into itself,
(a) If [v,uls € Z(M) for any v,u € A, then either M is commutative ring or §(A) C Z(M)

(b) If 6 is additive mapping and (vou)s € Z(M) for any v,u € A, then either M is commutative ring
or §(—A) C Z(M).
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Proof: (a) Suppose that [v,u]s € Z(M) for any v,u € A, then
(vo(u) —uv) € Z(M) for any v,u e A (2.1)

Replace v by uv in (2.1) to get u(vd(u) — uv) € Z(M) for any v,u € A, using Lemma 2.1 (a) lastly
implies

either u € Z(M) or vé(u) = uv for any v,u € A (2.2)

If there uy € A such that ug € Z(M), replace v in (2.1) by ug, we obtain vd (ug) — upv € Z(M), putting
mv, where m in M instead of v in last relation implies m (v (ug) — upv) € Z(M) and using Lemma 2.1
(a) forces either M C Z(M) or vd (ug) = ugv, hence (2.2) becomes: either M is a commutative ring or
vd(u) = w for any u,v € A. If vé(u) = uv for any u, v € A, replace v by vt in last equation and use it to
get vtd(u) = wvt = vé(u)t for any ¢ € M, u,v € A. Which means A[§(u),t] = {0} for any ¢t € M,u € A.
Using Lemma 2.3 (a) lastly we find d(u) € Z(M).

(b) Using the same arguments in the proof of (a), we can get the desired result.

Lemma 2.5 Let A be a semigroup ideal of M and § is a left (or right) multiplier of M such that
d(A) € Z(M) or 6(=A) C Z(M), then M is a commutative ring.

Proof: Suppose that § is a left multiplier of M and 6(A) C Z(M), then 6(ut) = §(u)t € Z(M) for all u
in A and ¢ in M using Lemma 2.1 (a) to get d(u) = 0 for all w in A or M is a commutative ring , it is
obvious that the first case leads to 6 = 0 ( a contradiction) and the proof is complete. We can use the
same way when ¢ is a right multiplier.

Now, suppose that ¢ is a left multiplier of M and 6(—.A) C Z(M), then §(—tu) = 6(t(—u) = §(t)(—u) €
Z(M) for all win A and t € M replacing ¢ by —v, where v € A in last relation implies 6(—v)(—u) € Z(M)
and use Lemma 2.1 (a) to get 6(v) =0 or —A C Z(M), which means that M is a commutative ring or
d(v) = 0 according to Lemma 2.2, it is obvious that the second case leads to § = 0 (a contradiction).

If ¢ is a right multiplier of M and §(—A) C Z(M), then §(—tu) = §(t(—u) = té(—u) € Z(M) for
all u in A and ¢t € M use Lemma 2.1 (a) to get §(u) = 0 for all u € A or M is a commutative ring or
d(u) = 0, it is obvious that the second case leads to § = 0.

All cases conclude that M is a commutative ring.

Lemma 2.6 Let d be a right n-derivation of M and Ay, As, ..., A, are a nonzero semigroup ideals of

M, if d(Ay, Aay ..., Ay) =0 then d = 0.

Proof: From hypothesis d (uy,us,...,u,) = 0 for all u; € Aj,us € Ag,...,u, € A, it follows 0 =

d(zrug,ug, ... uy) = d(x1,u2,...,uy)u; for all u; € Aj,uy € As,...,u, € A,,x3 € M, that is
d(z1,ug,...,up) Ay = {0} for all uy € Ay,...,u, € Ay,x3 € M, using Lemma 2.3(a), we obtain
d(x1,u9,...,u,) =0 for all ug € As,...,u, € A,,x1 € M, replace us by xaus, in last relation and by
the same way as used above we obtain d (x1,x2,us,...,u,) =0 for all ug € As,...,u, € Ay, x1,x0 € M

proceeding inductively we conclude that d = 0.

3. Results

Theorem 3.1 Let d be a nonzero right n-derivation of M and Ay, As, ..., A, are a nonzero semigroup
ideals of M, § is a nonzero right multiplier of M, if it is true that any of the following statements:

(i) d(ur,uz, ..., [u,0)5,...,u,) =0
(ii) d(ul,ug,...,(ujonj)é,...,un) =0

hold for any uy € Ay ug € Ag, ... u5,05 € Aj, ..., u, € A,, then M is a commutative ring.



4 E. FARHAN

Proof: (i) Suppose that d (uy,uz, ..., [uj,05]5,...,u,) =0

foralluy € Ay ug € Ag, ... u5,05 € Ay, ..o u, € Ay (3.1)
Putting vju; instead of u; in (3.1) and use it implies
0=d(ur,u2,..., (055,055, ..., u,) =d (ug,u, ..., 05 [uj, 055, ..., up,)
=d (ug,u2,...,05,...,Uy,) U5, 0]
It follows, d (u1,ug,...,9j,...,uy) U6 (vj) = d(ug,u2,...,05,...,1,) 0515, Put u;jt, where t € M instead

of u; in last relation and use it to obtain
d(ul,ug, RPN o ,un) .Aj [t,é (Uj)} = {0} for any u; € Aj,uy € A, .. ., 05 € .Aj, coo Uy, € Ay According
to Lemma 2.3 (b), it follows Either d (uj,ug,...,0j,...,u,) =0 or é (v;) € Z(M)

foranyu; € Aj,up € Ag, ..., 05 € Ay, ... uy € Ay (3.2)
If there is vjo € Aj such that ¢ (vj9) € Z(M), replacing u; by d (v;0)u; in (3.1) and using it once
more involves d (uy,ug, ..., uj—1,6 (0j0) , Ujt1, ..., Uy) [U5,05]5; = 0 for any u; € Aj,up € Ag,...,u_1 €
Aj,l,uj,nj S Aj,uj+1 S .Aj+1, coo Uy, € Ay
Afterward, for any u; € Ay, us € As, ... yUj—1 € Anfhujmj S .Aj,qu € Ang1, .., uy, € Ay
d(ul,ug, . ,Llj_l,(S(Djo) y Uiy - ,un) Uj5(0j) = d(ul,ug, . ,Uj_1,5(tlj0) y Ui,y - ,un) b;u;.

Put w;t, where ¢t € M instead of u; in last equation and use it to find

d(uy,ug,... yWi—1, ) (Ujo) s W1, JUp) .Aj [t,0 (Uj)} = {0} for any u; € Aj,uy € Ao, ... yUj—1 € .Aj_l, v; €
Aj,Uj+1 S .Aj+1, co Uy € Ayt € M.

According to Lemma 2.3 (b) it follows either d (ui,u2,...,uj-1,8 (050) ,Uj41,...,up) = 0 or §(A;) C
Z(M) for any W € Aj,ug € Ao, .., u5-1 € Aj_1,u541 € Ajpq,...,u, € A, Using Lemma 2.5
implies:

Either M is a commutative ring or d (u1,ug, ..., u;_1,0 (v,0) , Wjq1,...,U,) =0
fOT‘ any uy € A1,u2 € Az, S U1 € .Ajfl,uj+1 S -Aj+1, Lo Uy € A (33)
From (3.2) and (3.3), we can say
Either M is a commutative ring or d (u1,us,...,u-1,0 (vj) , Uj41,...,U,) =0
for any u; € Aj,up € Ag, ..., uj—1 € Aj_1,05 € Aj,uj41 € Ajqq,...,u, € Ay, If the second case hold,
then
0= d(ul,ug, - ,uj,1,5(xj0j) s W1, . ,un) = d(ul,ug, . ,uj,1,$j5 (Uj) s W1, . ,un)
= d(ul,ug, ce W1, T W, ,un)é (Uj)

for any uy € A1,Ll2 €A, ... yUji—1 € .Ajfl,bj S .Aj,qu S Aj+1, LUy € An,xj e M.

Therefore,

0 = d(ul,ug, e W1, T, Ui, - ,un)é (Uj) = d(ul,ug, e Wi, T, U1, - e ,un) to (Uj) for any up €
A ug € Aoy w1 € Aj_q, 05 € Ajuiq € Ajya, ..o, € Ay x5 € M. Three primeness of M implies
d(ur,u2,. .., U1, &5, Uj1, ..., Up) t = 0 or § (vj) =0, when ¢ (v;) = 0 for any v; € A;, we can easily find
that § = 0 ( a contradiction)

Continuing inductively, we obtain either d (z1,22,...,%;,...,Z,) = 0 for any

T1,22,...,%j,..., Ty € M or there is j € {1,2,...,n} such that § (A;) C Z(M), since d # 0, hence M

is commutative ring according to Lemma 2.5

(ii) Assume that d (ui,uz,...,(400))5,...,uy) =0
for any u; € Aj,us € AQ,...,Uj,Uj € Aj,...,un e A, (3.4)

Putting v;u; instead of u; in (3.4) and use it implies:

0=d(ui,uz,...,(0u5005)5,...,u,) =d (U, ug,...,05(Uj005)s,...,Uy,)
:d(ul,ug,...,nj,...,un) (ujOUj)(;.
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It follows, d (u1,ug,...,05,...,u,) 16 (0;) = —d (U1, u2,...,0j,...,uy,) vju;. Put u;t, where t € M instead
of u; in last relation and use it to obtain

d(ug,ug, ..., 05, ..., u,) A [t,0 (—0;5)] = {0} for any u; € Aj,ug € Ag,...,0; € A,...,u, € Ay. Accord-
ing to Lemma 2.3(b), it follows either d (uy,uz,...,0;,...,u,) =0 or § (—v;) € Z(M)

forany u; € Aj,up € Ay, ... 05 € Ay, .. u, € A, (3.5)

If there is vjy € A; such that 6 (—v;9) € Z(M), replacing u; by 6 (—v,o)u; in (3.4) and using it once
more involves

d(ul,ug, AN ,uj_l,(s(*ﬁjo) s Ui, .- ,un) (uj o Uj)& =0
for any u; € Aj,up € Ao, ... yUj—1 € An_l,uj,bj € Aj,uj+1 € Anit, ., uy €A,
Afterward, for any uy € Aj,us € Ag, ..., uj_1 € Aj_1,u5,05 € Aj, 41 € Ajp1,..., Up € An.
d(ul,ug,...7uj,17(5(—0j0),u;+1,...,un)ujé(bj) = —d(ul,ug,...7uj,1,(5(—0j()),Uj+1,...,un) v u;.

Put u;t, where ¢t € M instead of u; in last equation and use it to find

d(ul,ug, S U, ) (—Ujo) S Ui, .- ,un) Aj [t, 1) (—Uj)] = {0}

According to Lemma 2.3(b) it follows either d (uq,ug,...,u-1,6 (—=050) , Ujt1,...,U,) = 0 or 6 (—A4;) €
Z(M) for any u; € Aj,up € Ao, ... ui-1 € Aj_1,Uj41 € Ajp1,...,u, € Ay Then (3.5) becomes
(5(—Aj) S Z(M) or d(uhug,...,uj,l,é(nj),uj+1,...7un) = 0 for any w3 € Aj,uy € A27...,uj,1 S
Ai_1,05 € Aj,uiq1 € Ajpq, ..., uy, € Ay, If the second case hold, then

0 = d(ul,ug,...,uj_l,é(xjnj),uj+1,...,un)
= d(ul,ug,...,uj_l,xj(S(nj),uj+1,...,un)
= d(uhug,...,uj,l,xj7uj+1,...,un)é(nj)

for any u; € .Al,ug € .AQ, Sy U1 € .Aj_l,Uj S Aj,uj+1 € Aj_;,_l, o Up € An,Ij e M.

Therefore, for any u; € Aj,up € As,...,uj—1 € Aj—1,vj € A, 0541 € Ajy1,...,un € Ay, z; € M,
0=d(u1,u2,. .., Uj—1,Tj, Ujp1, .-, Upn) 0 (taj) = d (w1, Us,s . .., Ujp1, Tj, Ujq1, ..., Up) T (05).
3-primeness of M implies

d(ul,u2,...7uj,1,xj,uj+1,...,un) =0 or 5(Uj) =0
for any u; € Al,UQ S Ag,. s W1 € .Aj_l,Uj S .Aj,llj.:,_l S .Aj_;,_l, oo, u, € Au,l‘j e M.
When 6 (v;) = 0 for any u; € A;, we can easily find that § = 0 (a contradiction).
Continuing inductively, we obtain either d (z1,x2,...,2;,...,2,) = 0 for any

T1,%2,...,%f,...,Tn € M or there is j € {1,2,...,n} such that 6 (—A;) C Z(M), since d # 0 hence M
is commutative ring according to Lemma 2.5.

Corollary 3.1 Let d be a nonzero right n-derivation of M and Ay, Ao, ..., A, are nonzero semigroup
ideals of M, if one of the following assertions:

(i) d(ulaUQa"'a[uhvj]a'-'aun):O
(i)  d(ur,ug,...,(ujov;),...,u,) =0
hold for any uy € Aj,ug € Az, ..., u5,vj € Aj,...,u, € Ay, then M is a commutative ring.

Corollary 3.2 Let d be a nonzero right derivation of M and A is a nonzero semigroup ideal of M, 0 is
a nonzero right multiplier of M, if it is true that any of the following statements:

@) d(luvls) =0
(i) d((wov)s) =0

hold for any u,v € A, then M is a commutative Ting.



6 E. FARHAN

Corollary 3.3 Let d be a nonzero right n-derivation of M and 0 is a nonzero right multiplier of M, if
it is true that any of the following statements:

(i)  d@i,ze,. (@l a0) =0
(i) d(z1,z2,...,(z50¥)5,-.-,Tn) =0
hold for any x1,x2,...,%j,Yj,...,Tn € M, then M is a commutative ring.

Corollary 3.4 Let d be anonzero right n-derivation of M, if it is true that any of the following state-
ments:

(i) d(zi,z2,...,[25,y),...,2n) =0
(i) d(z1,22,....(xjoy;),...,zn) =0
hold for any x1,%2,...,%j,%j,...,Tn € M, then M is a commutative ring.

Corollary 3.5 Let d be a nonzero right derivation of M, if one of the following assertions:
(i) d([z,y]) =0
(i) d(zoy)=0

hold for any x,y € M, then M is a commutative ring. The following corollary is direct result of Corollary

Corollary 3.6 Let M be a near ring admitting anonzero n-derivation d were (M,+) is abeliain then
M is a commutative Ting.

Proof:Since (M, +) is abelian, then d (z1,x2,..., [z, ¥j],...,zn) = 0 for any z1,22,...,2j,%j,...,2n €
M, it follows that then M is a commutative ring according to Corollary 3.4(3).

Theorem 3.2 Let d be a nonzero right n-derivation of M and Ay, As, ..., A, are nonzero semigroup
ideals of M, if d (A1, Aa, ..., A,) C Z(M), then M is a commutative ring.

Proof:If d(A;, As,..., A,) = {0} then by Lemma 2.6, we obtain d = 0, which contradicts our as-
sumption, then there is uy € Aj,uy € As,...,u, € A,, all being nonzero such that d (uy,us,...,u,) €
Z(M)/{0} and d (u1 + u1,ug, ..., upn) = d (w1, U2, ..., up) + d(ug,ug, ..., u,) € Z(M), therefore (M, +)
is abelian according to Lemma 2.1(b), by Corollary 3.6, we conclude that M is a commutative ring.

Theorem 3.3 Let d be a nonzero right n-derivation of M and Ay, As, ..., A, are a nonzero semigroup
ideals of M, is a nonzero right multiplier of M, if one of the following assertions:

(i) d ([ur,01]5, [u2,02]5, o [0y, 05]5 5 [un, 00]5) =0
(ii) d((urov1)s,(uz002)s5,...,(U;005)5,...,(Up00,)s) =0
hold for any uy,v1 € Aj,ug,02 € Aa, ..., u5,05 € Ay, ... u,,0, € Ay, then M is a commulative ring.
Proof: (i) Suppose that d ([u1, 01]s, [u2,02]5,. .., [u5,05]5, -, [Un, 05]5) =0
for all uy,v1 € Aj,up,00 € Ao, ... u5,05 € A, ... up, 0, € A (3.6)

Putting vju; instead of u; in (3.6) and use it implies

0= d([u1,01]5,[ug,n2]5,...,[njuj7uj]5,...,[un,nn]5)
= d([ur,01]5, [u2, 025, -, 05 w5, 05]5, . [un, On]s)
= d([ul,nl]é,[uz,ug]é,...,nj,...,[un,nn}é) [uj,Uj]6
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It follows, for any u;,v; € Ay, u,00 € Ag, ... 15,05 € A, ..., u,,0, € A, we have

d([ula 01]5 3 [uQa 02]5 TR [una Un]é) ui(s (Uj) = d([ula t)1](5 ; [uQv 02]5 yeees Djye, [una Un]é) 04
. Put u;t where ¢ € M instead of u; in last relation and use it to obtain
d([U1, 01]5 ) [uQa 02]5 PR Uia ) [un’ Un]é) ’Aj [t75 (Uj)] = {O}
for any t € M, uy, 01 € Ay, us, 09 EAQ,...,UJ’,UJ' E.Aj,...,un,bn e A,

According to Lemma 2.3(b), it follows
Eitherd([ul, Ul]é R [UQ, 02]6 S U T [un, Un](;) =0ord (Uj) S Z(M)

for any ug, v € Al,ug,Ug S AQ,...,Uj € Aj7...,un,nn cA,. (37)

If there is vjo € A; such that 6 (vj0) € Z(M), replacing u; by ¢ (vj0) u; in (3.6) and using it once more
involves

d([u1,01]5 ) [u2’02]6 ye ’6(03'0) st [unﬁnn]é) [ujvni}é =0
for any uy, v € Al,ug,UQ € ./42, S Uy, 05 € Aj,. LUy, € A,
Afterward,d([u1,01]5 s [u2,02]5 S .,5(Uj0) e [un,un]5) ujé (Uj) =

d([U1, tJ1]5 ) [UQ, 02]5 P 4] (njO) P [un, Un]&) UjUj
Put u;t, where ¢ € M instead of u; in last equation and use it to find

d([u1,01]5 ) [u2702]67' . ’5(Uj0) PR [un’nn]é) Aj [t,é(bj)] = {O}
for any uy,v1 € Aj,ug,02 € A, ..., 05 € Aj, ... up,0, € Ay

According to Lemma 2.3(b) it follows
Either d([ul,bl](s,[ug,Ug]é,...,(s(Ujo) [un, ] ) —OOI'(S(AJ) CZ(M)

for any uy,v; € Aj,up, 00 € A,...,Uj S Aj,...,un,nn € A,
Therefore (3.7) becomes
Either (5(./4]) - Z(M) or d([u1,01]5 s [u2,02]5 . .,5(UJ‘) Sy [un,nn}é) =0
for any uy,v; € Aj,ug,09 € AQ,...,Uj S Aj,...7un,0n € A,

If the second case hold, then

0:d([ulvul]év[uQaUQ]év"'vé(‘rjni) [uﬂvbn]é)
:d([ulanl]éa[u2an2]5a"' €5 6( ) [un’nn 6)
:d([u17nl]67[u27n2]57"'7xj [umnn] )5(01)
for any uj, vp 6./41,112,02 G.AQ,...,Uj EAj,...7un,Un GA;‘,IL’]' e M.
Therefore,
0:d([ul,Ul]é,[ug,Ug]é,...7£Cj,...,[un,Un](s)(S(ij)
:d([ulanl]év[u2302]5a~“7xj""ﬂ[u7laun]§)y5(ui)
for any ug, 01 € Aj,ug,09 € Ag,...,05 € Aj, ..., uy, 0, € Ay, x5,y € M. Three primeness of M ensures

that either d ([u1,01]s, [u2,02]5,...,25,... [un, nls) =0o0rd(v;) =0
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for any uy,0; € Aj,ug,05 € .AQ,...,UJ' S A;,...,un,bn S An,l’j e M.
The second case: 0 (vj) = 0 for any v; € A; leads to § = 0, which is a contradiction.
Continuing inductively, we obtain either d (z1,x2,...,2;,...,2,) = 0 for any
1,22, &j,..., Ty € Morthereis j € {1,2,...,n} such that 6 (4;) C Z(M), since d # 0, we conclude
M is commutative ring according to Lemma 2.5.
(ii) Suppose that

d((uony)s,(ugona)s,...,(Uj005)5,...,(Up00y)s) =0
for any ujp, v € A, us, 00 € Az,...,ui,nj S Ai,...,un,nn € A,. (38)
Then,
Ozd((ul001)5,(u2002)5,...,(njujonj)é,...,(unonn)g)
=d((ur001)s, (uz002)5,...,05 (45 005)5,..., (U 0 bp)s)
:d((u1001)5,(u2002)5,...,Uj,...,(unonn)é) (ujOUj)(;
for any uq, v €A17u2,02 E.Ag,...,uj,l]j E,Aj,...,un,t)n cA,.
Therefore,
d((U1001)5,(UQOUQ)(S,...,Uj,...,(unOﬁn)ﬁ)ujd(bj) =
—d((u1on1)5,(ugong)(;,...,n;,...,(unobn)é)njuj.

Put u;t, where ¢t € M instead of u; and use it to obtain
d((ul ° t)1)5 ) (u2 ° t)2)5 yeees Oy (un ° Un)(;) ‘Aj [ta d (701')] = {O}
for any uq,v1 € A17u2,02 S AQ, -, U5, 05 € .Aj, R T A,

According to Lemma 2.3(b), it follows
Either d((u1 001)6,(112 002)6,...,0j,...,(un 0%)5) =0or 5(*0j) S Z(M)

for any uy, vy € Al,uQ,UQ € AQ,...,Uj € Aj,...,un,t)n e A, (3.9)

If there is vjo € A; such that § (—vjo) € Z(M), replace u; by 6 (—v;0) u; in (3.8) implies

d((ul 001)5,(112 002)5a--~a5(_uj0)7'~'7(un OUn)(;) (uj OUj)& =0
for any uy, 01 € Aj,ug,02 € Ag, ... u5,05 € Aj, .. up, 0, € Ay
Therefore,
d((u1 001)5,(1.12o02)5,...,6(709-0),...,(%onn)é)ujé(bj) =
—d((ll1 001)5,(112 002)57...,5(—0J‘0),...,(un OUn)[S)Uin.

Put u;t, where t € M instead of u; in last equation and use it to conclude
d((ul o D1)5 ) (u2 o U2)5 — (7nj0) PRI (un o Un)é) Aj [ta 4 (7Uj)] - {O}
for any uy,v1 € Aj,u2,ve € Ag, ..., vj €A, ... Uy, vy € Ay,
According to Lemma 2.3(b) it follows
either d((ug 001);, (U2 002)5,...,8(0j0),..., (U 00,)s) = 0 or §(—A;) € Z(M) Therefore, (3.9) be-
comes: either § (—A;j) € Z(M) or d((u1 001)s, (U2 009)5,...,0(0;),...,(up00,)s) =0

for any uy, v, € Aj,us, vy € AQ,...,Uj € Aj,...,un,vn €A,
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If the second case hold, then

for any uy,v1 € Aj,up,02 € Ag, ..., 05 € Aj, ... up, 0, € Ap, x5 € M, we have
O:d((ul001)6,(112002)6,...,5(:Ejt)j),...,(un00n>6)
:d((u1001)5,(u2002)5,...,xjé(bj),...,(unonn)ﬁ)
:d((u1on1)5,(u2002)5,...,xj,...7(unonn)(;)é(pj)

It follows, for any ui,v1 € Ay, u2,02 € Ag,...,05 € Aj,... 0,0, € Ay, 25,y € M :

O:d((u1001)5,(112002)5,...,33j,...,(unonn)é)é(ynj)
:d((u1001)5,(u2002)57...,xj,...,(unonn)é)yé(uj)
By three primeness of M, we obtain, for any uj,v; € Aj,uz,00 € Ag,...,0; € Aj,... ,uy,0, € A,,
l‘jEM
d((ul001)6,(112002)6,...,1'3',...,(11”OUH)(S):OOI‘(s(Uj):O

The second case leads to § = 0 (contradiction). Continuing inductively, we obtain either
d(z1,22,...,24,...,2,) = 0 for any x1,29,...,2;,...,2, € M or there is je{1,2,...,n} such that
0 (—A;) € Z(M), since d # 0, we conclude M is commutative ring according to Lemma 2.5.

Corollary 3.7 Let d be a right n-derivation of M and Ay, Aa, ..., A, are nonzero semigroup ideals of
M, if one of the following assertions:

(iii) d([ul,bl],[ug,bz],...,[uj,Uj],...,[un,Un]) =0
(iV) d((ul001),(UQ002),...,(1110ﬁj),...,(unobn)):0
hold for any uy,v1 € Aj,ug,02 € Aa, ..., u5,05 € Aj, ... Uy, 0, € Ay, then M is a commulative ring.

Corollary 3.8 Let d be a nonzero right n-derivation of M and 0 is a nonzero right multiplier of M, if
one of the following assertions:

(i) d([mla yl](; ’ ['1:27?/2}5 PR [-/Ejay]]g PR [xna yn]g) =0
(i) d((zroyr)s, (@20u2)5,-- (@ 0Ui)s,-- s (Tn o Yn)s) =0
hold for any x1,y1,X2,Y2,-- s Tj,Yjs - - -, Tn, Yn € M, then M is a commutative ring.

Corollary 3.9 Let d be a nonzero right n—derivation of M, if it is true that any of the following state-
ments:

(i) d([mlayl] ) [332,y2] Yooy [xj?y]] Yy [xnayn]) =0.
(i) d((z1091),(x20y2),..-,(zjoy),...,(®poyy)) =0.
hold for any x1,y1,X2,Y2,- .., T§,Yj, - - -, Tn, Yn € M, then M is a commutative ring.

Theorem 3.4 Let d be nonzero right n-derivation of M,d is a nonzero a right multiplier of M and

A1, Aa, ..., Ay are nonzero semigroup ideals of M, if any of the following assertions hold:
(i) d(ui,ug, ... [u,zls, ... us) = 5,4
(ii) d(ui,ug,...,(4oa)s,..., uy) = (Yo )4

forany x € M,u; € Aj,up € Ao,...,u5 € Aj,...,uy € Ay, then M is a commutative ring
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Proof:(i) Suppose that: for any v € M,u; € Aj,us € Ay, ,u; € A5, u, € A,
d(ug,u, .. Uy, x]s, .., ue) = Uy, 2, (3.10)

Replace u; by zu; in (3.10) to get d (ug,ug, ..., 2 [uj,x];5,...,uy) =  [uj, 2]; for any 2 € M, u; € Aj,up €
Ag,oou5 € A, uy € Ay Tt follows,

d(ul,ug, RN ,un) [Uj,l‘][s + [uj,x]5a: = [uj,x]5 (311)
Put [v;, 2] instead of z in (3.11) to get
d(up,ug, oo [vg, @ls s un) [y, [0y, @)5)5 4 Tw, oy, 2] (v, 2l5 = [vg, 215 [0, [0, 255

Use hypothesis in previous relation to get

[uj, [vj, 7]5] 5 [vi, 2] = 0 for any x € M, u;,0; € A; (3.12)
Therefore
O:d(u17u2""7[uj7[7]iax]§]5 [Uiam]5a'~'aun)
:d(ul,uz,--.,[uj,[vj,x]é]é,...,ur) [vs, x5
+d (ug,uz, ..., [v5, 2], ) [, [0y, )] s
= [uiv [Ui7x]6}5 [Ui’wb —+ [’Uj,x}(; [ui’ [Ui’x}é]é
= [Ujvx]é [uiv[viax]a}g (3.13)

for any x € M, uy,vj € A

Which means that [vj, z]5 w6 ([vj,2]5) = [v5, 2]5 [v5, 2]5 W5 for any € M, uj,0; € Aj, taking ujn in place
of u; in last equation and using it implies that

[05, 2] 5 A;j [0 ([05,2]5) ,n] = {0} for any z,n € M, v; € A;, and Lemma 2.3 (b) ensures that either [v;, z]5 =
0 or ¢ ([vj,z];) € Z(M) for any z € M, v; € A;j, which can be reduce to

d ([v,x]5) € Z(M) for any =€ M,v; € A (3.14)

Replace vj by zvj in (3.14), we obtain x4 ([vj, z];) € Z(M) for any @ € M, v; € A;. Using Lemma 2.1 (a)
lastly implies

x € Z(M) or 6 ([vj,z]s) =0 for any x € M,v; € A;. (3.15)

If there is o € M such that o € Z(M), from (3.14), we obtain 0 ([v;, zols) = d (vj0 (o) — zov;) =
v;0 (8 (zg) — zo) € Z(M) for any v; € A;. It follows tv;d (6 (x9) — x0) € Z(M) for any t € M, v; € A;,
using Lemma 2.1 (a) another time ensures that ¢ € Z(M) for any ¢t € M or v;0 (6 (xo) — xo) = 0 for
any v; € A;, first case leads to the required result and the second case implies 0 = vj6 (8 (z) — o) =
d (vj6 (o) — zovy) = 6 ([, z0]4) for any v; € A;.

Therefore (3.15) becomes either M is commutative or ¢ ([vj,z];) = 0 for any x € M,v; € A;. Last
result with (3.12) implies [vj, 25y [vj, 2|5 = 0 for any = € M, u;,v; € A;, using Lemma 2.3 (b) to con-
clude [vj,z]; = 0 for any z € M,vj € A;. Then M is commutative according to Lemma 2.4 (a) and
Lemma 2.5.

(ii) By assumption, we get

d(ul,ug,...,(uj ox)é,...,un) = (Uj Ol‘)(;

for any x € M,u; € Aj,up € As,...,u5 € Aj, ..., u, € As.

It follows, d (u,uz,...,(zuj0a)s,...,u,) = (zujo0x)s, that is d(u,uz,...,z (w0 z)s,...,u,) =
x (ujox)s. Which implies d (uy,uz,...,z,...,u,) (4jox)s + (yjox)sr = x(yjox)s, Put (vjox)s in-
stead of x in last relation to get d (u1,uz,...,(vjox)s,...,u;) (ujo(vjox)5)6+(ujo(vjox)(;)é(vjox)d:
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(vjom)s (ujo (vjowx)s)s, Use hypothesis to get
(uj o (vjom)s),s (vjox)s =0 for any x € M, uj,v5 € A;. thus

(ujo (vjox)s)s (vyox)s =0 for any x € M, uj,v5 € A; (3.16)
Therefore,

0=d (ur,uz,..., (0 (vyox)s)s(vyox)y,... uy)
=d (up,uz,..., (4o (vjox)y)s,. ., un) (vjox)s
+d(ug,uz,..., (vjox)s,. .. uy) (U0 (vjox)s)s
= (w5 0 (v 0 m)s); (v 0 )5 + (v 0);5 (w0 (V) 0)5) 5
= (vjox)s(ujo(vjom)s), for any x € M, u;,vj € Aj. (3.17)
Thus, (vj o x)sui0 ((vjox)s) = — (vyox)s (vj o x)suy for any x € M, uj,v; € Aj, taking ujn in place of u;
in last equation and using it implies that

(vjox)sAj [6 (= (vjox),),n] = {0} for any z,n € M, vj € Aj, and Lemma 2.3(b) ensures that (vj o z); =
0oré(—(vjox)s) € Z(M) for any x € M,v; € A;. Thus

d(—=(vjox)s) € Z(M) for any x € M,v; € A; (3.18)

Replace vj by zvj in (3.18), we obtain 6 (— (vj o x),;) € Z(M) for any x € M, v; € A;.
Using Lemma 2.1 (a) lastly implies

x € Z(M)ord((vjox)s) =0 for any x € M,v; € A; (3.19)

If there is x9 € M such that zg € Z(M), from (3.18), we obtain —d ((vj 0 zg)s) = —6 (0;0 (x0) + 2ob;) =
0;0 (— (0 (20) + 20)) € Z(M) for any p; € A; It follows tv;6 (— (6 (z0) + 20)) € Z(M) for any
t € M,v; € A;, using Lemma 2.1 (a) another time ensures that t € Z(M) for any t € M or
00 (— (8 (mo) + z9)) = 0 for any ¢t € M,v; € A;, first case leads to the required result and the sec-
ond case 0 = v;0 (— (d (z0) + o)), that is 6 (— (v0 (z0) + xov;)) = 6 ((vj 0 x0)s) = 0 for any v; € A;.
Therefore (3.19) becomes either M is commutative or ¢ ((vjox)s) = 0 for any x € M,v; € A;. Last
result with (3.16) implies (vj o x);u; (vjox); = 0 for any x € M, u;,v; € Aj, using Lemma 2.3 (b) to
conclude (vj o z)s = 0 for any z € M, vj € A;. Then M is commutative according to Lemma 2.4 (b)and
Lemma 2.5.

Corollary 3.10 Let d be a nonzero right n-derivation of M and Ay, As, ..., A, are nonzero semigroup
ideals of M, if any of the following assertion hold:

(iii) d(ui,ug, ..., uj,2],...,uy) = [uj, 7]
(iv) d(ui,u2,...,(ujo0x),...,uy) = (uj o )
for any x € M,u; € Aj,us € As, ... ,u3 € A, then M is a commutative ring

Corollary 3.11 Let d be a nonzero right derivation of M and A is a nonzero semigroup ideal of M, 6
is a monzero right multiplier of M, if one of the following assertions:

(1) d([u,z]5) = [u, z]s5
(ii) d((uox)s) = (uox)s
hold for any u € A, xinM then M is a commutative ring.

Corollary 3.12 Let d be a nonzero right n-derivation of M, ¢ is a nonzero a right multiplier of M, if
any of the following assertions hold:

(i) d(zy,22,... [z5,2]5,. .., 20) = [25,2]5
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(ii) d(z1,22,...,(zj02)5,...,2n) = (zj02)4
for any x1,x2,...,21,...,Tn,x € M, then M is a commutative ring

Corollary 3.13 Let d be a nonzero right n-derivation of M, if any of the following assertions hold:

(i) d(z1,22,..., [z, 2],...,20) = [z5, 2],
(i) d(z1,22,...,(z;02),...,xy) = (z; 0 )
for any x1,x2,...,%4,...,%n, & € M, then M is a commutative ring
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