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Automorphisms of Projective Manifolds

Tsemo Aristide

ABSTRACT: Let (M, PV ;) be a compact projective manifold and Aut(M, PV ) its group of automorphisms.
The purpose of this paper is to study the topological properties of (M, PV ) if Aut(M, PV r)) is not discrete
by applying the results of [13] and the Benzekri’s functor which associates to a projective manifold a radiant
affine manifold. This enables us to show that the orbits of the connected component of Aut(M, PV ;) are
immersed projective submanifolds. We also classify 3-dimensional compact projective manifolds such that
dim(Aut(M, PV ) > 2.
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1. Introduction

The purpose of this paper is to study the group of automorphisms of projective manifolds. Firstly
we recall the definition of (X, G) manifolds, their group of automorphisms and morphisms between
(X, G)-structures. We applied the results described in the general framework of (X, G)-manifolds to
the category of affine manifolds and projective manifolds. Benzekri has constructed a functor which
associates to a projective manifold (M, PV ) a radiant affine manifold (B(M), V g(ar)) whose underlying
topological space is M x S. It enables us to show that there exists a surjective morphism between the
connected component Aut(B(M), V g(ar))o of the group of affine automorphisms of (B(M), Vg(r)) and
the connected component Aut(M, PV yr)o of the group of projective automorphisms of (M, PV ).

Let (M, V) be a compact affine manifold, in [13], I have studied the relations between Aut(M, V)
and the topology of M. This enables us to show that the orbits of Aut(M, PV ys)o are projective immersed
submanifolds. In the last section, we study the automorphisms group of 2 and 3 dimensional projective
manifolds. We remark that a 2-dimensional projective manifold whose group of automorphisms is not
discrete is homeomorphic to the sphere, the 2-dimensional projective space or the two dimensional torus.
Finally we show that a 3-dimensional projective manifold (M, PV ;) whose developing map is injective
and such that dim(Aut(M, PV ;) > 2 is homeomorphic to a spherical manifold, S% x S!, or a finite cover
of M is the total space of a torus bundle.

Remark that (X, G) manifolds play an important role in low dimensional topology: seven of the eight
geometry of Thurston are examples of projective geometry (see Cooper and Goldman [8] p. 1220). In
[12] p.17, Sullivan and Thurston note that the existence of a (X, G)-structure on every 3-manifold implies
the Poincare conjecture.
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2. (X, G)-manifolds

A (X,G) model is a finite dimensional differentiable manifold X, endowed with an effective and
transitive action of a Lie group G which satisfies the unique extension property. This is equivalent to
saying that: two elements g, ¢’ of G are equal if and only if their respective restrictions to a non empty
open subset of X are equal.

A (X, G) manifold (M, X, G) is a differentiable manifold M, endowed with an open covering (U;)cs
such that for every ¢ € I, there exists a differentiable map f; : U; — X which is a diffeomorphism onto
its image and f; o fj_1 coincides with the restriction of an element g;; of G to f;(U; NU;). The map f; is
called an (X, G) chart.

A (X,G) structure defined on M can be lifted to the universal cover M of M. This structure is
defined by a local diffeomorphism Dy : M — X. This implies that a (X, G) chart of this structure is an
open subset U of M such that the restriction of Dy to U is a diffeomorphism onto its image.

Let (X, G) and (X', G’) be two models, ¢ : X — X' a differentiable map and ® : G — G’ a morphism
of groups such that for every g € G, the following diagram is commutative:

X L X
¢l 1o
x M x

Let (M,X,G) (resp. (M',X’',G")) be a (X,G) manifold (resp. a (X’,G’) manifold). A (®,¢)-
morphism f: (M, X,G) — (M’',X',G) is a differentiable map: f : M — M’ such that for every chart
(Ui, fi) of M such that f(U;) is contained in the chart (Vj, f7) of M’, there exists an element g € G such
that the restrictions of f o fo f;! and ®(g) o ¢ to f;(U;) coincide.

We will denote by Aut(X,M,G) the group of (Idg,Idx)-automorphisms of (M, X,G) and by
Aut(M, X, @) its connected component. It is a Lie group endowed with the compact open topology. For
every element g € Aut(M,X,G), the developing map defines a representation Hy, : Aut(M,X,G) — G
such that the following diagram is commutative:

M <, M
Dyl 1 Dy
x myox

Remark that the group of Deck transformations that we identify to the fundamental group 71 (M), of
M, is a subgroup of Aut(M, X, G). The restriction hys of Hys to the fundamental group 71 (M), of M is
called the holonomy representation of the (X, G) manifold (M, X, G).

The pullback pas(f) of an element f of Aut(M,X,Q), by the universal covering map, pas : M — M
is an element of Aut(M,X,G) which belongs to the normalizer N (71 (M)) of 71(M) in Aut(M, X, G).
Conversely, every element g of N(m(M)) induces an element Aps(g) of Aut(M,X,G) such that the
following diagram is commutative:

M L M
pum L pm
Mo M9y

The kernel of the morphism Ay : N(m1(M)) = Aut(M, X, G) is w1 (M) and Ajy is a local diffeomor-
phim. We will denote by N(m1(M))o the connected component of N(m1(M)), it is also the connected
component of the commutator of 71(M) in Aut(M,X,G). Since Ay is locally invertible, it induces
an isomorphism between the Lie algebra n(wi(M)) of N(m1(M)) and the Lie algebra aut(M, X, G) of
Aut(M, X, Q). It (M, X,G) is a compact (X, &) manifold, aut(M, X, G) is isomorphic to the subspace
of elements of G, the Lie algebra of G, which are invariant by hps (71 (M)).
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3. Affine and projective structures

Let R™ be the n-dimensional real vector space. We denote by Gi(n,R) the group of linear automor-
phisms of R and by Af f(n,R) its group of affine transformations. If we fix an origin 0 of R™, for every
element f € Af f(n,R), we can write f = (L(f),as) where L(f) is an element of GI(R") and ay = f(0).
The couple (R™, Af f(n,R)) is a model. A (R™, Af f(n,R)) manifold is also called an affine manifold.
Equivalently, an (R™, Af f(n,R)) manifold is a n-dimensional differentiable manifold M endowed with a
connection Vj; whose curvature and torsion tensors vanish identically.

Remark that the linear part L(has) of the holonomy representation hys of an affine manifold (M, V)
is the holonomy of the connection V ;. We say that the n-dimensional affine manifold (M, V) is radiant
if its holonomy h s fixes an element of R™, this is equivalent to saying that hps and L(hys) are conjugated
by a translation.

The n-dimensional real projective space RP™ is the quotient of R"*! — {0} by the equivalence relation
defined by z ~ y if and only there exists A € R such that 2 = A\y. If z is an element of R"*! — {0},
we will denote by [z]gpr its equivalent class. The group Gl(n + 1,R) acts transitively on RP™ by the
action defined by g.[z]gpn = [g.z]gp» the kernel of this action is the group H,41 of homothetic maps.
We denote by PGl(n + 1,R) the quotient Gl(n + 1,R) by H,. The couple (RP", PGl(n + 1,R)) is a
model. A (RP™, PGl(n + 1,R)) is also called a projective manifold. Equivalently, a projective manifold
can be defined by a differentiable manifold M endowed with a projectively flat connection PVy;. We
will denote it by (M, PV ).

The n-dimensional sphere S™ is the quotient of R"** — {0} by the equivalence relation defined by
x =~ y if and only if there exists A > 0 such that z = \y. Let x be an element of R"™ — {0}, we will
denote by [z]gn its equivalence class for this relation. Remark that if (,) is an Euclidean metric defined
on R"*! there exists a bijection between the unit sphere Sty={z:2¢€ R (z,2) = 1} and S™ defined
by the restriction of the equivalence relation to S?,)

There exists amap Dgn : S™ — RP™ such that for every element = of R"**—{0}, [z]rpn = Dgn ([z]gn).
The map Dgn is a covering, thus is the developing map of a projectively flat connection PV gn defined
on S™.

A p-dimensional projective submanifold (F, PVg) of the projective manifold (M,PV ) is a p-
dimensional submanifold F of M endowed with a structure of a projective manifold, such that the
canonical embedding ip : (F, PVg) — (M, PV ) is a morphism of projective manifolds.

Let F be the universal cover of F, we can lift i to a projective map ip : F— M The image of
Dysoip is contained in a p-dimensional projective subspace U of RP™. The map Djso ir: P> Urisa
developing map of F. There exists a canonical morphism 7g : 71 (F) — 71 (M) induced by ip. Let v be
an element of mq (F'), the holonomy hg(7) is the restriction of hys (7 (v)) to Up. If there is no confusion,
we are going to denote hps(mp(7y)) by has(7).

Proposition 3.1. The group of automorphisms of the n-dimensional projective manifold S™ is isomorphic
to Sl(n + 1,R), the group of invertible (n + 1) x (n 4+ 1) matrices such that for every element A €
Sl(n+ 1,R), |det(A)| = 1.

Proof. Let g be an element of S{(n+1,R). For every [z]s» € S™, we write ug(x) = [g(x)]sn. Let [g] be the
image of g by the quotient map Sl(n+1,R) — PGl(n+1,R), we have [g]o Dgn = Dgn ou,. This implies
that u, is an element of Aut(S,,, PVgn). Suppose that uy, = Idgn, it implies that for every [z] € S™,
g(x) = M)z, \(z) > 0, we deduce that g(z) = AMdgn, A > 0, and A"t = 1 since g € Si(n + 1,R).
This implies that A\ = 1. We deduce that u : Sl(n + 1,R) — Aut(S™, PVg») defined by u(g) = ug is
injective. Let f be an element of Aut(S™, PVgn), there exists an element [g] € PGl(n + 1,R) such that
[g] o Dgn = Dgn o f. Consider an element g € Sl(n + 1,R) whose image by the quotient map is [g],
f = ug. This implies that v is an isomorphism. t

The Benzecri correspondence.
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Consider the embedding i& : GI(n,R) — Gl(n + 1,R) defined by i¢(A) =

A0
(%)

and the open embedding i, : R™ — RP™ defined by i,(x1,...,25) = [T1,...,Zn, 1]. For every elements
z € R™ and g € GI(n,R), we have i,(g(z)) = i%(g)(in(x)). We deduce that for every affine manifold
(M, V ) whose developing map is Dy, there exists a projective structure defined on M whose developing
map is ¢, o Day.

Benzecri [4] p.241-242 has defined a functor between the category of projective manifolds of dimension
n and the category of radiant affine manifolds of dimension n + 1 which can be described as follows:

Firstly, we remark that since the universal cover M of the projective manifold M is simply connected
and Dgn : S™ — PR™ is a covering map, the theorem 4.1 of Bredon [5] p.143 implies that the development
map Dy : M — PR”, can be lifted to a local diffeomorphism Dy, - M — S™ which is a projective
morphism. Let N(71(M)) be the normalizer of 71 (M) in Aut(M, PV ), for every g € N(my(M)), there
exists H},(g) € Aut(S™, PVgn) such that the following diagram is commutative:

M AN M
Dy L Dy,
gn M) gn

We will denote by 'y, the restriction of H), to i (M).

There exists a local diffeomorphism Dy, ¢ @ M x R% — R — {0} defined by Dy, g (7,t) =
tD';(z), which is the developing map of a radiant structure defined on M x S! whose holonomy rep-
resentation hyswgr @ m (M x S1) — Gl(n + 1,R) is defined by hyswsi(y,n) = 2"k, (y). This radiant
affine manifold M x S! is the construction of Benzecri, we will often denote this affine structure by
(B(M),V (ry) and by pg(ary : M x St — M the projection on the first factor.

Let f: (M,PVy) — (N,PVy) be a morphism between n-dimensional projective manifolds; f can
lifted to the projective the morphism f : M — N. We deduce the existence of a morphism of affine
manifolds f : M x RY — N x R% defined by f'(x,t) = (f,t). The morphism f’ is equivariant with
respect to the action of m(B(M)) on M x R* and 71(B(N)) on N x R%, and covers a morphism
b(f): B(M)— B(N).

Let (N,Vy) be a n-dimensional radiant affine manifold. We suppose that the holonomy of N fixes
the origin of R™. The vector field defined on R™ by X}l_%n (z) = z is invariant by the holonomy. Its pullback
by the developing map is a vector field X of N invariant by 71 (N). We deduce that X5 is the pullback
of a vector field X& of N called the radiant vector field of N.

Proposition 3.2. Let (M,PVy) be a compact projective manifold. There exists a surjective mor-
phism of groups between the connected component of Aut(B(M),V g(ry) and the connected component
of Aut(M, PV ).

Proof. Let f be an element of Aut(B(M),V () )o, the connected component of Aut(B(M),Vpr)-
Consider an element f of Aut(M x R )o over f. For every # € M and ¢t € R*, we can write f(z,t) =

(9(2,1), h(2,1)). The flow of X%Hl is in the center of GI(n 4 1,R), we deduce that f commutes with the

flow Xg(M), 9(Z,t) does not depend of t and h(Z,t) = th(z,1).

Let v be an element of my (M), since (v,2).(Z,t) = (y(Z),2t) is an element of 71 (B(M)) and f is
an element of N(w1(B(M)))o, we deduce that (v,2) commutes with f and § commute with ~. This
implies that there exists an element g of Aut(M, PV ;) whose lifts is g. Remark that since f is an affine
transformation, h(z,1) is a constant. The correspondence P : Aut(B(M),V g )o — Aut(M, PV r)o
defined by P(f) = g is well defined and is surjective morphism of groups since for every element f €
Aut(M, PVar)o, P(0(f)) = f. U
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Let (M, PV ;) be a projective manifold M, the orbits of the radiant flow (st(M) of Xg(M) are

compact. The images of the elements of qStB (M) by P are the identity on (M, PV ). This implies that
dim(Aut(M, PV ) + 1 < dim(Aut(B(M),Vnry))). We deduce that if (M, PVy) is a projective
manifold, such that Aut(M, PV ) is not discrete, the dimension of Aut(B(M), V() is superior or
equal to 2.

4. Automorphisms of projective manifolds and automorphisms of radiant affine manifolds

Let (N,Vy) be an affine manifold. In [13], T have shown that aut(N,Vy), the Lie algebra of
Aut(N,Vy) is endowed with an associative product defined by X.Y = Vj;xY. We deduce that V()
defines on aut(B(M), V p(ar)) an associative structure which can be pulled back to n(m1(B(M)). It results
that the Lie algebra Hpn(n(B(M), Vg )) of the image of N (w1 (B(M))) by Hp(ar is stable by the
canonical product of matrices which is the image of the associative product of n(m1(B(M))) by Hpg(ar)-
Remark that Hp(ar)(n(B(M),V g(ary)) is isomorphic to n(B(M),V g(ary). The theorem 23 of chap. IIT
of [1] implies that we can write: Hp(p)(n(B(M),Vpar)) = Su @ Ny where Sy is a semi-simple
associative algebra and N); a nilpotent associative algebra.

In [14], by using this associative product, I have shown that the orbits of the canonical action of
Aff(N,Vn)o on N are immersed affine submanifolds of (N,Vy) and are the leaves of a (singular)
foliation. This leads to the following result:

Proposition 4.1. Let (M, PV ) be a projective manifold. The orbits of the action of Aut(M, PV ar)o
on M are immersed projective submanifolds and are the leaves of a singular foliation.

Proof. The orbits of Aut(B(M),V () )o are immersed affine submanifolds of B(M). The proposition
3.2 shows that there exists a surjective map P : Aut(B(M),Vpr))o — Aut(M, PV ) such that, for
every g € Aut(B(M),Vy)o and x € B(M), pp(g(x)) = P(g)(ps(x)). This implies that the orbits
of Aut(M, PV r)o are the images of the orbits of Aut(B(M), V() )o by the quotient map B(M) — M.
U

Theorem 4.2. Let (M, PV ) be a compact oriented projective manifold of dimension superior or equal
to 2. Suppose that Hp(N(m1(M))) acts transitively on RP™, then (M, PV ) is isomorphic to a finite
quotient of KP™ by a subgroup of K where K is the field of real numbers, complex numbers, quaternions
or octonions. The action of w1 (M) on KP™ is induced by its action on K™t by homothetic maps.

Proof. The fact that Hp(N(w1(M))) acts transitively on RP™ implies that Hj,(N (w1 (M))) acts transi-
tively on S™. The theorem of Montgomery Zipplin [11] p.226 implies that a connected compact subgroup
K’ of Hj;(N(m1(M))) acts transitively on S™. The theorem I p. 456 of Montgomery and Samelson [10]
implies that a connected compact simple subgroup C’ of K’ acts transitively on S™. The Lie algebra of
the connected component C' of H'y; (C') is isomorphic to the Lie algebra of C’ since the kernel of H M
is discrete. This implies that C' is compact. Remark that the orbits of the action of C on M are open.
We deduce that C' acts transitively on M and M is compact. This implies that Dy, - M — S™is a
covering since it is a local diffeomorphism defined between compact manifolds. This implies that D), is
a diffeomorphim since S™ and M are simply connected.

We can write R” = @,¢;U; where U; is an irreducible component of the action of 2/, (71 (M)) since
w1 (M) is finite.

Let i, j € I, consider two non zero elements z; € U;,z; € Uj, since H);(N(m1(M))o) acts transitively
on S™ there exists B € H);(N(m1(M))o) such that B(x;) = cz;, B(U;) NUj is invariant by H),(m1(M)),
we deduce that B(U;) = Uj since Uj is irreducible and B is an isomorphism.

The group of automorphisms of the irreducible representation U; is K where K = R, C,H or O. We
deduce that R"*! is a K vector space and the action of Hj,(m1(M))o) on K™ is induced by its action on
K by right multiplication of elements of K. O

Remark.

Suppose that the dimension of M is even, and H s (N (71 (M))o)) acts transitively on RP™. The proof
of the previous theorem can be simplified as follows: Every element of H},(m1(M)) has a fixed point
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since every element of GI(2n + 1,R) has a real eigenvalue. We deduce that Hj,(71(M)) is the identity
and there exists a map f : M — RP™ such that Dy; = f o pas. This implies that f is a covering map
and M is homeomorphic to S™ or RP™.

Let (M, PV ) be a projective manifold, suppose that Aut(M, PV ) is not solvable. This implies
that Aut(B(M ),V (r))o and the connected component of the normalizer N (71 (B(M)))o of 71 (B(M))

—~

in Aut(B(M), VE?(\JVT)) are not solvable. We deduce that the image of N(my(B(M)) by Hps) contains

a subgroup Hg: isomorphic to S'. We denote by X §3( M) & vector field which generates the Lie algebra
of Hgu, its pullback by the developing map Dpg() of B(M) is a vector field XB(M) invariant by the
fundamental group of B(M). We deduce that there exists a vector field X () of B(M) whose pullback
by the universal covering map is X B(M)- Suppose that the developing map is injective, the flow of Xp(ar)
defines an action of S! on B(M) which is transverse and commutes with the radial flow. This implies
there exists a vector Xs on M which is the image of Xp(5s) by the map induced by pgp) : B(M) — M.
The vector field X, induces an action of S on M: We have:

Proposition 4.3. Let (M, PV ) be a compact projective manifold whose developing map is injective,
suppose that Aut(M, PV yr)g is not solvable, then M is endowed with a non trivial action of S*.

5. Automorphisms of projective manifolds of dimension 2 and 3

In dimension 2, we have the following result:

Proposition 5.1. Let (M, PV ;) be a 2-dimensional compact connected oriented projective manifold,
suppose that Aut(M, PV p) is not discrete, then M is homeomorphic to the 2-dimensional torus or to the
sphere.

Proof. Suppose Ny # 0, there exists a non zero element Ay € Ny such that A%, = 0, we deduce that
dim(ker(Anr)) = 2,dim(Im(Ap)) = 1. Remark that Im(Aas) is fixed by the holonomy.

Suppose that Ny = 0, we deduce that dim(Sys) > 2, there exists a non zero element distinct of
the identity ep; € Sps such that 6?\/1 = epr. To see this remark that Sj; contains either an associative
algebra isomorphic to the associative algebra of 2 x 2 real matrices or two idempotents which are linearly
independent. The linear map ey; is diagonalizable and its eigenvalues are equal to 0 and 1. Since the
flow of ey is distinct of the radial flow, we deduce that 0 is an eigenvalue of ej;. This implies that either
the dimension of the eigenspace associated to 0 is 1, or the the dimension of the eigenspace associated to
1 is 1. We deduce that the holonomy preserves a vector subspace of dimension 1.

We conclude that if Aut(M, PV y;)) is not discrete, its holonomy fixed a point of PR?. The lemma
2.5 p. 808 in Goldman [9] implies that the Euler number of M is positive. O

Dimension 3.

In this section, we study the group of automorphisms of a connected 3-dimensional compact projective
manifold (M, PV ;) whose group of automorphisms is not discrete.

Aut(M, PVr)o is not solvable.

Suppose that Aut(M, PVyr)o is not solvable, then Aut(B(M),V g )o and N(m1(B(M)))o are not
solvable. We deduce that the connected subgroup of GI(n+1,R), Hg(ar) (N (m1(M))o) contains a subgroup
H” isomorphic to S'. We denote by X" B(um) a vector field which generates the Lie algebra of H”. The
pullback XjB(M) of X”g(ary by Dp(ary is the pullback of a vector field X () of B(M) by prar-

Suppose that the set of fixed points of H” is not empty, we can write R* = U @ V where U is a
2-dimensional vector subspace corresponding to the non trivial irreducible submodule of H” and V the
set of fixed points. Remark that hp(as) (71 (B(M))) preserves U and V since it commutes with H”. This
implies that there exists a foliation Fyy (resp. Fy) on B(M) whose pullback by the universal covering
map is the pullback by Dpas) of the foliation of R* whose leaves are 2-dimensional affine spaces parallel
to U (resp. parallel to V).
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Proposition 5.2. Suppose that V- N Dy (B(M)) is empty. Then a finite cover of M is a total space
of a fibre bundle over S' whose fibre is T?.

Proof. The vector field defined by Y”(u,v) = u;u € U,v € V is invariant by the holonomy of B(M).
To show this, remark that the restriction of H” to U defines on it a complex structure and since
hpn(mi(B(M))) commutes with H”, its restriction to U are morphisms of that complex structure.
The pullback of Y7 by Dp(p is the pullback of a vector field Yp(ar) of B(M) by the universal covering
map. The image Yas of Ypar) by pp(ay and Xy commute and generate a locally free action of R? on

M since VN Dy (B(M)) is empty. Chatelet, Rosenberg and Weil [6] implies that M is the total space
of a fibre bundle over S whose fibre is T2, g

If Fy has compact leaf, we have the following result:

Proposition 5.3. Let (M, PV ) be a 3-dimensional compact projective manifold whose developing map

is injective. Suppose that Aut(M, PV r)o is not solvable and V- Dgary(B(M)) is not empty. Then the
holonomy of (M, PV pr) is solvable.

—~—

Proof. Let Ey be a connected component of V N D B (B(M)) its image by the universal covering map
is a compact leaf Fy compact leaf of Fy, which is a 2-dimension compact affine manifold, we deduce that
its fundamental group is solvable. Let r be the restriction of h(m(B(M)) to V, since hpp (m1(B(M))
preserves V', we have an exact sequence:

1 — Ker(r) = hpan (i (B(M)) — Im(r) — 1

The groups Ker(r) is solvable since it restriction to U commutes with a non trivial linear action of S*.
The group I'm(r) is also solvable since it is contained in hp, (71(Fp)), we deduce that hpap (m1(B(M))
is solvable. 0

Aut(M, PVr)o is solvable.

In this section we study 3-dimensional projective manifolds whose group of automorphisms is solvable.
We can decompose the associative algebra n(mi(B(M)) by writing: n(m(B(M)) = Sy & Ny, where Sy
is a semi-simple associative algebra and Nj; a nilpotent associative algebra. We deduce that Sy, is the
direct product of associative algebras isomorphic to either R or C and is commutative. It results that
the fact that Aut(M, PV r)o is not commutative implies that Ny is not commutative.

Aut(M, PV r)o is solvable and is not commutative.

Theorem 5.4. Suppose that Ny is not commutative, then hpyy (71 (B(M))), the image of the holonomy
of B(M) is solvable.

Proof. First step:

Suppose that the square of every element of N, is zero.

Let A, B € Ny such that AB # BA. Suppose that dim(ker(A)) = 3. It implies that dim(Im(A)) = 1.
Since (A + B)? = 0, we deduce that AB + BA = 0 and B(Ker(A)) C Ker(A), B(Im(A)) C Im(A)), we
deduce that the restriction of B to I'm(A) is zero since B is nilpotent and dim(Im(A)) = 1. This implies
that BA = 0, we deduce that AB = 0 and AB = BA. Contradiction.

Suppose that that dim(Ker(A)) = dim(Im(A)) = dim(Ker(B)) = dim(Im(B)) = 2. We deduce
that Im(A) = Ker(A), Im(B) = Ker(B) since A2 = B2 =0. If Ker(A) N Ker(B) =0, R* = Ker(A) ®
Ker(B) and AB = BA =0 since AB+ BA = 0. If Ker(A) = Ker(B), AB = BA = 0 since Im(A) =
Im(B) = Ker(A) = Ker(B). Contradiction.

We deduce that dim(Ker(A)NKer(B)) = 1. We can write R* = Vect(ey, ea, €3, e4) where Vect(e1) =
Ker(A)NKer(B), Vect(e1,e2) = Ker(A) and Vect(er, e3) = Ker(B). Every element in hg(ap (71 (B(M))
preserves Ker(A)NKer(B), Ker(A) and Ker(A)+ Ker(B) since it commutes with A and B. We deduce
that 71 (B(M)) is solvable since it preserves a flag.
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Step 2.

Suppose that there exists an element A € Nj; such that A% # 0.

If dim(KerA) = 1, we have (A?)? = 0 implies that Im(A?) C Ker(A?). Remark that x € Ker(A?)
if and only if A(z) € Ker(A) and x € A~ (Ker(A)); dim(A~'(Ker(A)) = 2 since dim(Ker(A)) = 1.
We deduce that dim(Ker(A?)) = dim(Im(A?)) = 2, and Ker(A) C Ker(A?) = Im(A?) C Im(A) and
m1(B(M)) preserves a flag since it commutes with A and dim(Im(A)) = 3.

Suppose that dim(ker(A)) = 2, we deduce that dim(I'm(A)) = 2. Suppose that Ker(A)NIm(A) =0,
we deduce that R* = Ker(A) @ Im(A). This is impossible since A is nilpotent. We also remark that
Ker(A) is distinet of Im(A) since A% # 0. This implies that dim(Ker(A) N Im(A)) = 1. Every element
of m1(B(M)) preserves, Ker(A) N Im(A), Ker(A) and Ker(A) + Im(A) and thus preserves a flag. We
deduce that hg(ap (m(B(M))) is solvable. O

Aut(M, PV r)o is commutative.

Suppose that the developing map is injective and Aut(M, PV r)o is commutative and its dimension
is superior or equal to 2. Let Xj; and Yjs two projective vector fields linearly independent. We denote
by Xpry and Yp(ar) two affine vector fields of B(M) whose respective images by pp(ar) are Xy and
Yar. There exist affine vector fields X} ,,, and YE’;( M) of R* whose respective images by the covering
map are X p(y) and Yp(p). Remark that if the group generated by Xy, and Yis acts freely on M, then
Chatelet, Rosenberg and Weil [6] implies that M is the total space of a torus bundle.

In the rest of this section we assume that the set of zero of X is not empty. This implies that we can
assume that the set of zero U of X} (1) 18 not empty by eventually replacing X j (ar) With X ;5,( ) T ¢XR

where ¢ € R and X is the radiant flow. We denote by B(N) the image of UN Dpa)(M) by the covering
map. Remark that B(N) is not empty.

Proposition 5.5. Suppose that dim(U) = 3 then w1 (M) is solvable.

Proof. Suppose that the restriction of Yé( M) to U is not zero. This implies that the restriction of Yp(ar)
to B(N) is not zero. This implies that the group of projective automorphisms of N, the quotient of B(NN)
by the radiant flow is not discrete. The proposition 5.1 implies that N has a finite cover homeomorphic
to S? or T2. This implies that 71 (B(N)) is solvable. The restriction of 71 (B(M)) to U induces an exact
sequence whose image is contained in the image of the holonomy representation of B(N) and whose kernel
is solvable. We deduce that 71 (B(M)) and 71 (M) are solvable. If the restriction of Y]’g( ay to U vanishes,
let V' be the image of XjB(M), if V is not contained in U, then R* = U @ V, and since Yé(M) commutes
with X %( > 1t preserves V. This implies that X jg( Ay and Yé( ary are linearly dependent contradiction.
Suppose that V is a subset of U, let W be the image of YE';(M), if W is not contained in U, then
we can apply the previous argument to obtain a contradiction by replacing X %( M) by Yé( M) Suppose
that W is contained in U, VN W = {0} since X, and Yp ) are linearly independent. We deduce

that, the holonomy of B(M) preserves, V,V @ W and U. This implies that the holonomy of B(M) and
w1 (B(M)) are solvable. O

Proposition 5.6. Suppose that dim(U) = 2, then w1(B(M)) is solvable.

Proof. Suppose that U & Im(X} ) = R,

Step 1.

If the restriction of XjB(M) or Yé(M)to Im(X%(M)) are not a multiple of the identity, we deduce that
r(m1(B(M)), the image of the restriction of 71 (B(M)) to Im(X%(M)) is solvable since it commutes with
XjB(M) and YE';(M). The restriction of m;(B(M)) to Ker(Xpgr)) is contained in the holonomy group

the 2-dimensional closed affine manifold B(NN), we deduce that it is solvable. This implies 71 (B(M)) is
solvable.

Step 2.

Suppose that the restriction of X7, and Yz ,py to Im(Xp,)) are multiple of the identity. If the

restriction of YE’;( M) to U is equal to aly, we deduce that Yé( M) I8 contained in the vector space generated
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by Idgs and X jg( M)- This implies that the dimension of the vector space generated by Xj,; and Y, is 1.
Contradiction. We deduce that the restriction of Yé( ) to U is not a multiple of the Idy. There exists
a real a such that the restriction of Z = YE’;(M) + aldgs to Im(Xg(M)) is zero. The restriction of Z to U
is distinct of a multiple of the identity, we conclude that 71 (B(M)) is solvable by replacing Y, by Z
in the first step of the proof.

Suppose that dim(U N Im(Xp ) = 1. The vector subspaces, U N Im(Xpyy)), U, U & Im(X )
are stable by the holonomy. We deduce that 71 (B(M)) preserves a flag and is solvable.

Suppose that U = Im(X},p)-

We can write R* = Vect(ey, €2, €3, e4) where Vect(ey,ez) = U and X;B(M) (e3) = ey, X}B(M)(a;) = es.
Let v be an element of 71 (B(M)), if we write the fact that the matrix M (vy) of v commutes with the
matrix of XjB(M) in the basis (e1, €2, €3,€4), we obtain that:

M(y) =
ar by o di
ag bg C2 dQ
0 0 al b1
0 0 a2 b2
Since the restriction of 71 (B(M)) to U is contained in the holonomy of 1 (B(N)) which is solvable,
we deduce that 71 (B(M)) is solvable. O

Proposition 5.7. Suppose that dim(U) = 1, then m(B(M)) is nilpotent.

Proof. We can write n(my(B(M)) = Sy @ Nay where Sy is semi-simple and Njy nilpotent. Suppose
that Njs is not zero, and consider n € Ny, if n? # 0, (n?)? = 0, dim(Ker(n?)) > 2, if n? = 0,
dim(Ker(n)) > 2. We can apply the proposition 5.4 and the proposition 5.5.

Suppose that Ny = 0, n(B(M)) contains a non zero idempotent u; which is not a multiple of the
identity, since it does not generates the radiant flow. If the eigenvalues of u; are 0 or 1, this implies that
dim(Ker(u1)) > 2) or dim(Ker(uy) — Idga) > 2, we can apply the proposition 5.4 and the proposition
5.5 to deduce that 71 (B(M)) is nilpotent. O

Theorem 5.8. Let (M, PV ) be a 3-dimensional projective manifold whose developing map is injective,
suppose that dim(Aut(M, PV yr)) > 2, then M is homeomorphic to a spherical manifold, S* x S* or a
finite cover of M is a torus bundle.

Proof. Suppose that Aut(M, PV r)o is not solvable, the proposition 5.2 and the proposition 5.3 imply
that either M is the total space of a bundle over S* whose fibre is homeomorphic to T? or 71 (M) is
solvable. If Aut(M, PV r)o is solvable, the theorem 5.1, the propositions 5.4, 5.5 and 5.6 show that
w1 (M) is solvable. In [2], it is shown that a 3-dimensional closed manifold whose fundamental group
is solvable is homeomorphic to a spherical manifold, S' x S2?, a finite cover of M is a torus bundle, or
RP3#RP3. Benoist [3] and Goldman and Cooper [8] have shown that there does not exist a projective
structure on RP3#RP3, O
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