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Mappings of x-derivation-type on sum of products aob — ba* on x-algebras

J. C. M. Ferreira® and M. G. B. Marietto

ABSTRACT: Let A be a prime complex x-algebra equipped with a new product {a,b}+« = a 0 b — ba*, for all
a,b € A, where o is the special Jordan product. In this paper, we proved that every mapping ¢ : A — A
satisfying 6({a,b}+) = {d(a), b}« + {a,5(b)}«, for all a,b € A, is an additive *-derivation.
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1. Introduction

Let A be a x-algebra over the complex field C. A mapping § : A — A is called additive x-derivation
if it is an additive derivation and satisfies §(a*) = é(a)*, for all a € A. The study of mappings between
x-algebras characterized by the new product [a,bl. = ab — ba™*, for all a,b € A (called x-Lie product),
introduced by Bresar and Fosner [3], has received fair amount of attentions (for example, see the works
[1], [2], [4], [6], [7] and [8]). In particular, Cui and Li [4] proved that every bijective map preserving
*-Lie product on factor von Neumann algebras is a x-ring isomorphism and Yu and Zhang [8] proved
that every *-Lie derivation on factor von Neumann algebras is an additive x-derivation.

Inspired by [3], we introduce a new product on .4, defined by

{a,b}, =aob—ba",

for all a,b € A, where aob = %(ab + ba), for all a,b € A (called special Jordan product).
A mapping 0 : A — A is called *-derivation-type with respect to the product {a, b}, or x-derivation-type
on sum of products a o b — ba* if

5({&, b}*) = {5(@), b}* + {a'7 5(b)}*’

for all a,b € A.
The following lemma is technical and straightforward.

Lemma 1.1 Let A be a complex x-algebra. Then:

(1) {a+b,cts = {a,cti+{b,c}s, {a,b+c}. = {a,b}.+{a,c}s and {a, Ab}. = Ma, b}, foralla,b,ce A
and A € C.

(i) A mapping 6 : A — A is a x-derivation-type with respect to the product {a,b}. if only if
d0(aob—ba*)=0d(a)ob+aod(b)—db)a* —bi(a)”,
for all a,b € A.

Ferreira and Marietto [5] proved that every mapping preserving product {a,b}. on factor von Neu-
mann algebras is a *ring isomorphism. Based on this last result and on the results in [4] and [8], the
aim of this paper is to prove that a mapping of *-derivation-type with respect to the product {a, b}, on
a prime complex *-algebra is an additive *-derivation.

Our main result reads as follows.

* Corresponding author

Submitted May 22, 2022. Published July 04, 2024
2010 Mathematics Subject Classification: 46110, 47B49.

Typeset by BS% style.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.63665

2 J. C. M. FERREIRA AND M. G. B. MARIETTO

Theorem 1.1 (Main Theorem) Let A be a prime complex x-algebra with 14 its identity and such
that A has a nontrivial projection. Then every x-derivation-type with respect to the product {a,b}, is an
additive x-derivation.

2. The proof of the main theorem

The proof of the Main Theorem is made by proving several lemmas.

Lemma 2.1 Let A be a *-algebra and a mapping § : A — A of x-derivation-type with respect to the
product {a,b}.. Then 6(0) = 0.

Proof: Indeed, §(0) = 6({0,0}.) = {6(0),0}. + {0,6(0)}. = 0. O

Lemma 2.2 Let A be a prime complex x-algebra with 1 4 its identity and such that A has a nontrivial
projection. Then every mapping § : A — A of x-derivation-type with respect to the product {a,b}. is
additive.

Following the techniques used by Cui and Li [4], Yu and Zhang [8] and Ferreira and Marietto [5],
we shall organize the proof of Lemma 2.2 in a series of properties. We begin, though, with a well-known
result that will be used throughout this paper.

Let p; be an arbitrary non-trivial projection of A and write po = 14 — p;. Then A has a Peirce
decomposition A = Aj1 & Az @ A1 & Agg, where A;; = p;Ap; (i, = 1,2), satisfying the following
multiplicative relations: A;;Ai C ;5 As, where d;p is the Kronecker delta function.

Property 2.1 For arbitrary elements a;; € A;j, fori,j € {1,2}, hold: (i) §(a11 +a12) = 6(a11) +0(ai2),
(Z’L) (5(@114—&21) = 5(0,11)4—5(0,21), (ZZZ) 5(0,124-(122) = 5(&12)4—(5(&22) and (ZU) 5(&214—@22) = 6(@21)4—6(@22).

Proof: First, note that {ips,a;;}« = 0 which implies that {ips,a11 + a12}« = {ip2, ai2}«, by Lemma
1.1(i). Hence, we compute

{6(ip2), a11 + @12}« + {ip2,d(a11 + a12) }«
=0({ip2, a11 + a12}+)
=0({ip2, a11}+) + 0({ip2, a12}+)
={0(ip2), ar1}« + {ip2,0(a11) }« + {0(ip2), ar12}« + {ip2,6(a12) }«
={d(ip2), a11 + a1z}« + {ip2, d(a11) + 0(a12) }+

which results that
{ip2, (a1 + a12) — 6(a11) — 0(a12)}« = 0.

Set t = 5(&11 + 0,12) — 5(&11) — 5(@12) = tll + t12 + t21 + t22. SO, this leads to

{ip2,t11 + tiz + to1 + taots = (ip2) © (t11 + iz + to1 + t22) — (f11 + t12 + to1 + t22)(ip2)” = 0

which yields that %tlg + %tgl + 2t22 = 0. It follows that tlg = t21 = t22 = 0. Next, note that {’Lpl —
%ipg, a2}« = 0 which shows that {ip; — %z’pg, a1 + arz}s = {ip1 — %in, a11}«. Hence, we compute

{8(ip1 — 3ip2), a11 + ar2}s + {ip1 — 3ip2,6(a11 + a12)}s
=0({ip1 — 3ip2,a11 + ai2}.)
=6({ip1 — 3ip2,a11}s) + 0({ip1 — 3ipa2, a12})
={6(ip1 — 3ip2), a11}s + {ip1 — 3ip2, 6(ar1)}s + {8(ip1 — %ip2), ar2}s + {ip1 — 2ip2, 6(a12)}.
={0(ip1 — 3ip2), a11 + ar2}s + {ip1 — §ip2,6(a11) + 6(a12)}.
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which implies that

{ipy — %ipa, 6(a11 + a12) — 6(a11) — 6(ar2)}x = 0.
We then obtain
{ipy — ipa, t11 } = (ipy — %ipa) o t1y — t1y(ipy — 3ip2)* =0
which leads to #7117 = 0. As a consequence, we have §(a1; + aj2) = d(a11) + d(a12).

Using a similar reasoning as above, we prove the cases (ii), (iii) and (iv). O

Property 2.2 For arbitrary elements a;; € A;j, for i,j (i # j) € {1,2}, holds §(a12 + a21) = d(a12) +
(5((121).

Proof: Note that {ip; — %z’pg,alg + ag1 be = {ip1 — %ipg,agl}*. Hence, we compute

{6(ip1 — 3ip2), a12 + az1 }i + {ip1 — 3ip2, 6(a12 + az1)}s
=6({ip1 — %Z'P%au + a2 }s)
=0({ip1 — §ip2,a12}+) + 6({ip1 — Lip2, az1})
={0(ip1 — §ip2), ar2}« + {ip1 — 3ip2,6(a12) s« + {6(ip1 — 3ip2), a1} + {ip1 — Lip2, 6(az1)}.
={0(ip1 — 3ip2), a12 + az1 b« + {ip1 — §ip2,6(a12) + 6(az1)}x

which yields that
{ip1 — §ip2,6(a12 + az1) — 6(a12) — 6(az1 )}« = 0.
Set t = §(a12 + az1) — 6(a12) — 8(ag1) = t11 + t12 + ta1 + ta2. Then
{ip1 — %ipa, t11 + t1z + to1 + taz by = (ip1 — §ip2) o (t11 + t12 + to1 + t22)
— (t11 + t12 + t21 + t22)(ip1 — §ip2)* =0

which implies that 2t1; + %t21 — %tzg = 0, by which we obtain that t;; = t9; = tog = 0. Next, since
{ip1 — 3ipa,az1 }« = 0, then {ip; — 3ip2, a2 + az1 }« = {ip1 — 3ipa, a1z}« It follows that

{0(ip1 — 3ip2), a12 + az1 }« + {ip1 — 3ip2, 6(a12 + a21) }«
:5({ip1 — 3ip2, a1z + a21}*)
=0({ip1 — 3ip2, ar2}s + 0({ip1 — 3ip2, a1 }+)
={d(ip1 — 3ip2), a12}« + {ip1 — 3ip2, 0(a12) }« + {0(ip1 — 3ipz), az1 b« + {ip1 — 3ip2, 6(az1)}«
={d(ip1 — 3ip2), a12 + a1}« + {ip1 — 3ip2, 6(a12) + d(az1)}«

which results that
{ip1 — 3ip2,d(a12 + a21) — 0(a12) — §(ag1) }» = 0.
As a consequence, we have
{ip1 — 3ipa, tia}s = (ip1 — 3ip2) o 1z — t12(ip1 — 3ip2)" =0

which leads to 15 = 0. Therefore, d(a12 + a21) = d(a12) + 0(az1). O

Property 2.3 For arbitrary elements a;; € A;j, fori,5 € {1,2}, hold: (i) 6(a11 + a12 + az1) = 6(a11) +
5(&12) —+ 5((121) and (Z’L) 5(@12 —+ ag1 —+ a22) = 6((112) + 5(&21) —+ 5(0,22).
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Proof: By Property 2.2, we have

{0(ip2), a11 + a12 + a21 }« + {ip2, 0(a11 + a12 + a21) }«
=0({ip2, a11 + a12 + a1 }+)
=0({ip2, a11}«) + d({ip2, a12}+) + 6({ip2, a1 }+)
={d(ip2), a11}« + {ip2,0(a11) }« + {0(ip2), a12}« + {ip2, 0(a12) }«
+ {(5(2])2), a21}* + {ip% 6(0’21)}*
={0(ip2), a11 + ai2 + az1 b« + {ip2,6(a11) + d(ai2) + 6(az1)}«
which implies that
{ip2,0(a11 + a12 + a21) — d(a11) — d(a12) — d(az1)} = 0.
Set t = 5(&11 + a2 + CL21) - (5(0,11) — 5(&12) — 6((121) = tll + t12 + t21 + t22. This produces
{ipa, t11 + tiz + tor + tao}s = (ip2) 0 (t11 + t1g + to1 + taz) — (t11 + tiz + a1 + ta2)(ip2)* =0

which yields that %tlg + %tgl + 2t95 = 0. Thus we conclude that t1o = to; = tos = 0. Next, by Property
2.1(i), we compute
{0(ip1 — 3ip2),a11 + a12 + a2}« + {ip1 — 3ipa, 6(a11 + a12 + a21)}s
=0({ip1 — 3ip2, a11 + a1z + a1 }+)
=0({ip1 — 3ip2, a11}+) + 0({ip1 — 3ip2, a12}+) + ({ip1 — 3ip2, az1 }+)
={0(ip1 — 3ip2), a1}« + {ip1 — 3ip2, 6(a11) }x + {6(ip1 — 3ip2), ar2}+ + {ip1 — 3ip2, 6(a12) }«
+ {8(ip1 — 3ip2), az1 }« + {ip1 — 3ip2, (az1)}«
={d(ip1 — 3ip2, a11 + a12 + a1}« + {ip1 — 3ipa, 0(a11) + d(ar2) + 6(a1) s
which implies that
{ipy — 3ip2, (a1 + a12 + az1) — 6(ai1) — 6(a2) — 6(az1)}s = 0.
It follows that
{ip1 — 3ipa, t11}« = (ip1 — 3ip2) o t11 — t11(ip1 — 3ip2)* =0
which shows that ¢t1; = 0. Therefore, we can conclude that 6(a11 + a12 + a21) = §(a11) + d(a12) + d(ag1).

Using a similar reasoning as above, we prove the case (ii). O

Property 2.4 For arbitrary elements a;; € Aj;j, for i,j € {1,2}, holds 6(a11 + a12 + a1 + aze) =
5(&11) + 5(@12) + 5(&21) + (5(0,22).

Proof: By Property 2.3(i), we compute

{6(ip1), a11 + a12 + ag1 + azz}x + {ip1,0(a11 + a12 + ag1 + a2) }«
=0({ip1,a11 + a12 + as1 + azn}s)
=0({ip1,a11}«) + 0({ip1, a12}s) + 6({ip1, a1 }+) + 0({ip1, az2}+)
={d(ip1), a1}« + {ip1,0(a11) b + {6(ip1), ara}s + {ip1,6(a12) }«
+{0(ip1), az1 }« + {ip1, 6(az1) b + {6(ip1), aza }s + {ip1, 6(a22) }
={0(ip1),a11 + a1z + a21 + a2}y + {ip1,9(a11) + d(ba1) + d(az1) + d(a22)}«

which implies that

{ip1,0(a11 + a12 + az21 + az2) — 8(ai1) — 6(ai2) — 6(az1) — 6(az)}ts = 0.
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Set t = (S(Clll +aig+as + a22) - 5(0,11) - 5((112) - 5(0,21) - (5(0‘,22) = tll +t12 +t21 +t22. It follows that
{ip1,t11 + tiz + to1 + taots = (ip1) 0 (t11 + t12 + to1 +to2) — (f11 + t12 +to1 + t22)(ip1)* =0

which results that 2t1; + %tlg + %tgl = 0. Thus we conclude that ¢t1; = t1o = t91 = 0.
Using a similar reasoning as above and the Property 2.3(ii), we prove that to5 = 0. As a consequence
we have, 5(&11 “+ a2 + ag1 + a22) = 5((111) + 6((112) + 6(&21) + 5((122). O

Property 2.5 For arbitrary elements a;j,b;; € A;j, for i,j (i # j) € {1,2}, hold: (i) 6(a12 + b12) =
5(&12) + 5(b12) and (Z’L) 5(@21 + bgl) = 5(&21) + 6(()21)

Proof: First, we note that the following identity holds

{p1 + a12,p2 + bia}s =(p1 + a12) © (P2 + b12) — (p2 + b12)(p1 + a12)”

_1 1 * *
=30a12 + §b12 — Q19 — b12a12~

Hence, by Property 2.4, we compute

8(Farz + 3b12) + 6(—aiy) + 6(—bizaj,)
=6(3a12 + 3b12 — aly — biaai,)
=0({p1 + a12,p2 + bi2}s)
={d(p1 + a12),p2 + bia}« + {p1 + a12,6(p2 + b12) }«
={0(p1) + d(a12), p2 + br2}« + {p1 + a12,0(p2) + 6(b12) }+
={0(p1), P2} + {P1,0(p2) }+ + {6(p1), bra}s + {p1, 0 (D12}
+{d(a12), po}s + {a12,0(p2) }+ + {0(a12), biz}« + {a12,6(b12) }«
=0({p1,p2}s) + 0({p1,b12}s) + d({ar2, p2}s) + 6({a12,b12}4)
=0(3b12) + 8(3a12 — afy) + 8(—bi2aly)
=0(za12) + 0(3b12) + 8(—ais) + 6(—bizai,)
which implies that §(1a12 + 2b12) =6

0(b12).
Similarly, we prove the case (ii) using the identity

(%alg) + 5(%[)12) It therefore follows that 5(@12 + blg) = 5(0,12) +

{p2 + az21,p1 + bar }« =(p2 + a21) o (p1 + b21) — (p1 + ba21)(p2 + a21)”

1 1 * *
=35021 + 5521 — a3, — ba1as;.
O

Property 2.6 For arbitrary elements a;;, by € Ay, for i € {1,2}, hold: (i) 6(a11 +b11) = d6(ar1) +0(b11)
and (’LZ) 5(@22 + b22) = 6((122) + 6(b22)

Proof: By Lemma 2.1, we compute

{0(ip2), @11 + bi1 }s + {ip2, 6(ary + b11)}s
=0({ip2, a1 + b11}+)
=0({ip2, a11}+) + 6({ip2,b11}+)
={0(ip2), a11}+ + {ip2, 6(a11) }+ + {9(ip2), b11 }« + {ip2, d(b11)}+
={0(ip2),a11 + bi1 }« + {ip2,0(a11) + 0(b11) }«

which implies that

{ip% 5(a11 + bll) - 5(011) — 5(1711)}* =0.
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Set t = 5((111 + bll) - (5(0‘,11) - 5([)11) = tll + t12 + t21 —+ t22. Then
{ip2,t11 + tia + tor + tao}s = (ip2) 0 (t11 + t12 + to1 +t22) — (t11 + t12 + a1 + t22)(ip2)* =0

which results that %tlz + %tzl + 2t99 = 0. As a consequence, we obtain t15 = to; = tos = 0. Next, by
Property 2.5(i), for an arbitrary element cj2 € A;2, we compute

{0(a11 + b11), c12}s + {a11 + b11,0(c12) b«
=0({a11 +b11,c12}+4)
=d({a11, c12}x + {b11,c12}4)
=0({a11,c12}+) +0({b11, c12}+)
={0(a11),c12}+ +{a11,0(c12) }« + {0(b11), c12}s + {b11,6(c12) }+
={d(a11) + 0(b11), c12}+ + {a11 + b11,0(c12) }+-

As a consequence, we obtain
{6(a11 +b11) — 0(a11) — 0(b11),ci2}« =0

which results that

E3
{ti1,c12}« = ti1 0 c12 — 12t} = 0.

It therefore follows that t11¢12 = 0 which yields ¢1; = 0, in view of primeness of A. As a consequence,
we obtain 6((111 + b11) = 5(@11) + §(b11)
Similarly, we prove the case (ii). O

Property 2.7 § is an additive mapping.

Proof: The result is a direct consequence of Properties 2.4, 2.5 and 2.6. O

In the rest of this paper we prove that J is a *-derivation. We assume that all lemmas satisfy the
conditions of the Main Theorem.

Lemma 2.3 The following assertions hold: (i) 6(14) = 0 and 6(il4) = 0, (i) 6(a*) = §(a)*, for all
a € A, and (i) 6(ia) = id(a), for all a € A.

Proof: First, by Lemma 1.1(ii) we have

d(1a)ola+1400(14)—0(1a)1y —140(1a)* =06(1aolg—141%)=0

and
6(ila) o la+ (ila) 0d(1a) — 0(La)(ila)" — 1ad(ila)" = 6((ila) 0 La — La(ila)") = 25(ila)

which implies that §(14) — 6(14)* = 0 and 2i6(14) = §(i14) + 5(il4)*, respectively. Note that the
element 2i5(1 4) is self-adjoint and as a consequence we get 6(1 4)+3(1.4)* = 0. It follows that §(1.4) = 0.
Next, by Lemma 1.1(ii) again, we have

0=6((i1a) o (ila) — (i14)(i14)")
=0(ila) o (ila) + (ila) 0 0(ila) — 6(11.4)(i14)" — (i14)0(i14)"
=i(36(i14) — 8(i14)").
This results that 36(il4) — (il 4)* = 0 which leads to d(i14) = 0. Thus, for an arbitrary element a € A,

we have

5(a) — 8(a)* = 8(a)o 1o +aod(la) —6(14)a* — 148(a)* = 8(ao 1 — 14a*) = &(a) — 8(a*)
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and

26(ia) =6((ila) o a —a(ila)*)
=§(ila)oa+ (ila)od(a) — 6(a)(ila)" —ad(ila)*
=2i0(a).

Therefore, §(a*) = d(a)* and d(ia) = id(a), for all a € A.
Lemma 2.4 The mapping § is a derivation.

Proof: For arbitrary elements a,b € A, we have

§(boa) — d(ab*) =d(boa — ab*)
=§(b)oa+bod(a)—d(a)b* — ad(b)*,

by Property 2.7. Replacing b by ib in (2.1), we get

5((ib) o a) — (a(ib)*) =6((ib) o a — a(ib)*)
=4(ib) o a + (ib) o §(a) — 6(a)(ib)* — ad(ib)*

which implies that
d(boa)+d(ab*) =3d(b)oa+bod(a)+ d(a)b” + ad(b)*,
by Lemma 2.3(iii). Hence, subtracting (2.1) from (2.2), we get
0(ab*) = 0(a)b™ + ad(b)™.
Therefore, from the Lemma 2.3(ii), we can conclude that
d(ab) = d(a)b+ ad(b),

for all a,b € A. Consequently, the mapping J is a derivation.

d

Finalizing the proof of the Main Theorem, we conclude that § is a x-derivation, by Property 2.7 and

the Lemmas 2.3(ii) and 2.4.
As a consequence of the Main Theorem, we have the following result.

Corollary 2.1 Let 52 be an infinite dimensional complex Hilbert space, B(.5) the algebra of all bounded
linear operators on H and § : B(H) — B(H) be a mapping of x-derivation-type with respect to the
product {a,b}.. Then there exists an element t € B(IH) satisfying t+t* = 0 and such that §(a) = at —ta,

for all a € B(H).

Proof: The prove is the same as in [8, Corollary 2.1.].

O
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