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On Fuzzy Annihilators and Primitive fuzzy Ideals of a Ring

H. M. Imdadul Hoque* and Helen K. Saikia

ABSTRACT: In this paper our attempt is to study the concept like Noetherian quotient in fuzzy setting. If
u and o are fuzzy ideals of a ring R, then we define, (1 : o) = V{n|ne C u} and it is proved that (u : o)
is a fuzzy ideal of R. Using this notion annihilator of fuzzy subset of a ring is defined and we introduce
the notion of fuzzy primitive ideal via fuzzy Noetherian quotient. Some results on fuzzy primitive ideal and
various properties of fuzzy annihilators have been established.
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1. Introduction

The concept of a fuzzy set that was earlier proposed by Zadeh in 1965 [13], which was applied to the
elementary theory of groupoids and groups in Rosenfeld [7]. Rosenfeld proposed that p is called a fuzzy
subgroupoid of S if, for all z,y € S, pu(zy) > min(u(x), u(y)). This has opened up a new perception in
the field of Mathematical science. From that time only, the study of fuzzy algebraic structure has been
followed and applied in many different direction such as groups, rings, semi-rings, near-rings etc. Wang-
Jin Liu [12], developed the concept of fuzzy subrings and fuzzy ideals of a ring in their paper “Fuzzy
Invariant subgroups and Fuzzy Ideals”. Later on, Mukherjee et al. [4], Swamy and Swamy [11] fuzzified
some of the concepts and results on rings and ideals. Rosenfeld [7] also studied some of the properties of
fuzzy homomorphism where he investigated the characteristics of homomorphic image and homomorphic
preimage of a fuzzy subgroupoid. Fuzzy submodules were first proposed by [5] Negoita and Ralescu. Pan
[6] studied the fuzzy finitely generated modules and fuzzy quotient modules. After that many researchers
have studied fuzzy submodules. Saikia et al. 2009 [8] investigated certain characteristics of annihilator
of fuzzy subsets of modules.

In our study, we shall apply the concept of fuzzy sets to the notion of Noetherian quotient that will
lead to the theory of fuzzy primitive ideals. And as a result, the concept of fuzzy annihilators will open
up a new fuzzy structure namely Goldie fuzzy ring and related concepts. In this paper, we will present
some properties of fuzzy primitive ideals and fuzzy annihilators.

2. Basic Definitions

In this paper R denotes commutative ring with unity and FI(R) denotes the set of all fuzzy ideals of
R.

Definition 2.1 [1] Let u be a fuzzy subset of R then p is said to be a fuzzy ideal of R if and only if it
satisfies,

(i) p(z —y) = p(x) A ply) and

(it) p(zy) = p(@) V uly), for all z,y € R.

* Corresponding author

Submitted May 25, 2022. Published March 18, 2025
2010 Mathematics Subject Classification: 03E72.

Typeset by 85% style.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.63718

2 H. M. I. HoQUE AND H. K. SAIKIA

Definition 2.2 [1] Let p and o be fuzzy ideals of R then their sum is defined as,
(u+o)(z) =V{uly) ANo(2)|ly,z € R,x =y + 2} and their product is defined by,
(no)(x) = V{u(y) No(2)ly, 2 € R,z = yz}.

Definition 2.3 [1] Let p be a fuzzy ideal of R then u is said to be a fuzzy prime ideal of R if for any
fuzzy subsets o, v of R such that oy C p, then either o C pu or v C u.

Definition 2.4 Let u be a fuzzy ideal of R then annihilator of u, denoted by ann(u) and is defined as,
ann(u) = V{nln € [0,1)%, nu C xo}, where xo is the characteristics function on {0} and 0 means the
additive identity of R.

Definition 2.5 [8] Let p1 be a fuzzy ideal of R. Then p is said to be a fuzzy faithful ideal if ann(p) = xo-

Definition 2.6 Let o be a fuzzy subset of R then fuzzy ideal of the form ann(o) is called a fuzzy annihi-
lator ideal of R. Thus, p is a fuzzy annihilator ideal if and only if p = ann(c), where o is a fuzzy subset
of R such that o(0) = 1.

Definition 2.7 Let o be a maximal fuzzy right ideal of R. Then (u : o) = V{nlun C o} is a right
primitive fuzzy ideal of R, where 1 is a fuzzy subset of R.

Example 2.1 We define a fuzzy subset pu of Zg by,

(@) = {0.9, z €{0,2,4,6}

0, otherwise

Then p is a fuzzy primitive ideal of Zsg, the ring of integer modulo 8.

3. Preliminary Lemmas

In this section we provide some preliminary lemmas those are derived from [8] are used in our main
results.

Lemma 3.1 Let p be a fuzzy subset of R. Then the level subset p, = {x € R|u(z) > t} is ideal of R if
and only if p is a fuzzy ideal of R.

Lemma 3.2 Let u be a fuzzy ideal of R then u is a fuzzy prime ideal of R if and only if p: is prime ideal
of R, t € Im(u), the image of p.

Lemma 3.3 If p; be a fuzzy ideal of R then ﬂA,ui is also a fuzzy ideal of R, i € A non empty index set.
1€

Lemma 3.4 Let p, v be fuzzy ideals of R and o be any fuzzy subset of R then o(u—+7) C ou + o7y.
Lemma 3.5 If i is a fuzzy ideal of R then xo C ann(u).
Lemma 3.6 Let u be a fuzzy ideal of R. Then ann(u)u C xo. Also, if u(0) =1, then ann(u)p = Xo-

Proof: Let z € R, since p is a fuzzy ideal and ann(u) € [0, 1]%.

1]
So, (ann(p)u)(z) = v {ann(p)(r) Ap()lr.y € RY = v [{Vin(r)ln € [0.1]%,nu © xo}} A ply)lry €
Rl = v {n(r) Ap(ln € [0.1]% 0 € xob < v {w)(ry)ln € [0,1]%,nn S xo} < V{xo()ln €
[0,1]%,n1 € X0} = xo(x), Y2 € R. So, ann(u)p < Xo-
Again by Lemma 3.5, xo C ann(p) = x0(0) < ann(p)(0) = 1 < ann(p)(0) = ann(u)(0) =
1. Now, (ann(p)u(0) = V{ann(u)(r1) A u(r2)lr1,r2 € Ryrire = 0} > ann(u)(0) A p(0) = 1. So
(ann(p)(1)(0)) = 1. =
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Lemma 3.7 Let o be any fuzzy subset of R and if u be a fuzzy ideal of R then ou C xo if and only if
o Cann(p). Also, if 0(0) =1 and u(0) =1, then op = xo if and only if o C ann(p).

Lemma 3.8 Let p; be fuzzy ideals of R, where i is in non-empty index set, say A then
Uu;)= N i)
ann(ieA,u ) ieA(mn(M )
Lemma 3.9 Let p and n be finite valued fuzzy ideals of R. Then (u+n)s = g + ne, Ve € [0,1].

Proof: Let z € (u+n)y = t < (p+n)(x) = zi\?jﬂ(,u(y) An(z)) = p(r1) An(ry), for some r1,79 € R,

such that © = r{ + ra.

= t<pu(r1),t<nlre) = M Em, ro €M = x=11+7r2 € g + M.

Therefore, (1 +n): C pe + 1

Conversely let, u € us + 7:. Then there exists a,b € R such that a € pus, b € 5, and u =a + b.
So, pu(a) > t, n(b) >t = wu(a) An(b) >t, where u =a+ 0.

- Z:gﬂ(u(p)m(q)) >t = (u+n)(u) >t = ue (pt+n):

Hence, (1 + )¢ = pe + ¢, Vt € [0, 1].

4. Main Results

In this section we provide the main results.

Theorem 4.1 Let p and o be fuzzy ideals of R then (u: o) = V{n|no C u} is a fuzzy ideal of R, 1 is a
fuzzy subset of R.

Proof: Let z,y € R such that (u: 0)(x) =t; and (p: 0)(y) =t2 with t1 #0, t2 #0, t1 < ta.

If t; <ty then (p: o), C(u:0o).

Now, (n:0)(x) =ts = € (n:0), and (p:0)(y)=t1 = y € (u:0)y.

Thus we get, 2,y € (i : 0)¢,. Therefore, x—y € (p:0)y, = (L:n)(x—y) >t1 > (u:n)(@)A(u:n)(y).
If (:m)(x) =0 and (p:n)(y) =t then (u:n)(z—y) = 0= (u:n)(x) A (L:n)y).

Again, let z,y € R such that (u:0)(z) =t and (u: 0)(y) = t2, where 0 < t; < ts.

So, (:0)ty, C (pt:0)y. Thus we get, 2,y € (L:0)yy, = zy € (u:0)y,

= (u:n)(@y) = t1 = (u:n)(@)V (b:n)(y).

If (uw:n)(xz) = 0 and (p:n)(y) =t then zy € (1 : 1)
(1 :n)(x) = 0and (p:n)(y) =0 then (p: n)(zy) =
ideal of R.

t = (pen)(zy) >t=(u:n)(@)V(e:n)(y). If
0=(u:n)(z)V(u:n)(y). Hence (i : n) is a fuzzy

a

Theorem 4.2 Let i and o be fuzzy ideal of R. If p C o then ann(o) C ann(p).

Proof: Let, v be a fuzzy subset of R. So for r,z € R we have, v(r) A p(x) < v(r) A o(x).
= V{v(r) Au(z)|r,x € Rt =rz} < V{y(r) Ao(x)|r,z € R,t =rz} .

So, (yu)(t) < (vo)(t), for all t € R. Hence, yu C yo. Therefore, vo C xo = v C Xo.
Hence, {7[v0 C xo} C {7l € xo} == ann(o) C ann(u).

Theorem 4.3 If yu and o be fuzzy ideals of R, then ann(p + o) = ann(u) Nann(o).

Proof: Let p and o be fuzzy ideals of R then p + o also be a fuzzy ideal of R.
So, u Cp+ o and 0 C g+ o. So by Theorem 4.2, we get ann(u + o) C ann(p) and
ann(p+ o) Cann(o) = ann(p+ o) C ann(p) Nann(o). ...(1)
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Also, ann(u) Nann(o) = (U{nln € FI(R),mp C xo}) N (U{12|72 € FI(R), 720 € Xo})

= U{7 N2l71,72 € FI(R),y11t € X0,720 € X0} € U{y[y =1 N2 € FI(R), vt € Xx0,77 € Xo}
C U{yly € FI(R),v(n+0) C xo} = ann(p + o)

Therefore ann(p) Nann(c) C ann(p + o). ...(2). Hence, ann(p + o) = ann(p) Nann(c).

Theorem 4.4 The following two conditions are identical:

Let p and vy be fuzzy ideals of R ,

(i) ann(v) = ann(u) for all v C i, v # xo-

(ii) yvo C xo = ou C Xo, for all v C u, v # Xo, 0 is a fuzzy subset of R.

Proof: (i) = (ii). Let, yo C xo. Then using Lemma 3.7, we have, o C ann(y) = ann(u).

So, 0 C ann(u) = op C xo, by Lemma 3.7.

(i) = (i). Since, v is a fuzzy ideal of R, so by Lemma 3.6, we have ann(y)y C xo.

So, (ii) implies that ann(y)pw C xo, where v C pu, v # xo. Again by Lemma 3.7, which implies that
ann(y) C ann(p). Also, v C p = ann(u) C ann(y), by Theorem 4.2. So. ann(y) = ann(pu).

O
Corollary 4.1 If v(0) = 1 and u(0) = 1, then the following conditions are identical:
(i) ann(y) = ann(p) for all v € p, ¥ # Xo-
(i) yo = xo = ou = Xxo, for ally C u, v # Xo, 0 is a fuzzy subset of R.
Proof: It is obvious by using Lemma 3.6 and Lemma 3.7. O

Theorem 4.5 Let p be a fuzzy ideal of R. Then ann(p) = V{ra|r € R,a € [0,1],r41 C X0}, where rq
s a fuzzy subset of R,

ro(z) = {a, ifr=r

0, otherwise

Proof: Since, {r,|r € R,a € [0,1]} C [0,1]%.
So, {ra|r € R,a € [0,1],rap € xo} € {nln € [0,1]%, 71 C xo}-
= V{ralr € R,a € [0,1],7ap C xo} € V{nln € [0,1]%,nu C xo} = ann(p).
Therefore, V{rq|r € R,a € [0,1],7apt € x0} C ann(p).
Again let, 1 € [0, 1] such that nu C xo and (r) = o, r € R.
Now, (rop)(x) = V{ra(s) Au(y)|s,y € R, sy =x} = V{o(r) Apy)ly € R,ry =z} < V{o(s) Au(y)ls,y €
R, sy =z} = (op)(z) < xo(z),Vz € R. Thus, rop C xo. So, ann(u) C V{r.|r € R,a € [0,1],rop C Xo}-
Hence ann(p) = V{ra|r € R,a € [0,1], 7o C Xo}-
O

Theorem 4.6 Let i be a fuzzy ideal of R. If v is faithful and R is non zero then u # xo-

Proof: Since, p is faithful. So, ann(u) = xo. If u = xo, then ann(p) = ann(xo) = xr, which implies
that xo = xr. Hence, R = {0}, a contradiction. Thus, u # xo.
O

Theorem 4.7 Let pu be a fuzzy ideal of R with u(0) = 1. Then u C ann(ann(u)) and
ann(ann(ann(p))) = ann(u).
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Proof: If u is a fuzzy ideal of R then by Lemma 3.6 we get, ann(u)u C xo. Again by Lemma 3.7,
1 C ann(ann(p)), by using Theorem 4.2, ann(ann(ann(u))) C ann(w).
Also, ann(u) C ann(ann(ann(p))). Thus, ann(ann(ann(w))) = ann(w).

As a consequence of Theorem 4.5, we get corollary 4.7A.

Corollary 4.2 If i is a fuzzy annihilator ideal of R then ann(ann(u)) = p.

Theorem 4.8 If i be a fuzzy prime ideal of R then ann(u) is also a fuzzy prime ideal of R.

Proof: Let p be a fuzzy prime ideal. To show ann(u) is a fuzzy prime ideal, so let oy C ann(u), where
o, 7y are two fuzzy subsets of R such that v € ann(u). Then xo # yu C p.
Now, oy C ann(p) = (oy)pu C ann(u)p = xo, by Lemma 3.6. So, o C ann(yu) = ann(p), since u is
fuzzy prime ideal. So. ann(u) is also a fuzzy prime ideal.

O

Theorem 4.9 Let p be a fuzzy ideal of R then [ann(u)]: € ann(u:), Yt € (0,1].

Proof: Let z € [ann(p)]; = ann(p)(z) >t >0 = V{n(z)n € [0, 1%, nu C xo} > t.
= n(x) >t for some n € [0, 1]%, with nu C xo-
Suppose = ¢ ann(u;) then there exists y € p; such that zy # 0.
Now, (nu)(zy) > n(x) A u(y) >t > 0, a contradiction to nu C xo. So, € ann(u;). Hence, [ann(u)]; C
ann(u), vVt € (0,1].
O

Theorem 4.10 If p is a primitive fuzzy ideal of R then the support u* is a primitive ideal of R and the
level set py for t € [0,1] is also a primitive ideal of R.

Proof: Let p be a fuzzy primitive ideal of R and z € p* then u(x) > 0. Since, p is a fuzzy primitive
ideal, so p is the largest fuzzy ideal contained in some maximal fuzzy ideal o. So, o(z) >0 = z € o*.
Therefore,u* C o*. If o is a maximal fuzzy ideal so, ¢* is a maximal ideal and thus, p* is the largest
ideal contained in o*. So, p* is a primitive ideal of R.
In a similar manner it can be shown that, the level set p, for ¢ € [0, 1] is a primitive ideal if p is a
fuzzy primitive ideal of R.
O

Theorem 4.11 Let p be a fuzzy ideal and o be a mazximal fuzzy right ideal of R.
Then (u: o) = V{nlun C o} is a right primitive ideal of R, where 1 is a fuzzy subset of R .

Proof: Let P = (i : o) then by Theorem 4.1, P is a fuzzy ideal of R. Now let, x € P then pz C o.

1, z€R

0, otherwise

— 2t - |

This implies, x € 0. Hence, P C 0.
Now, to show P is the largest ideal contained in o. Let, J be any fuzzy ideal such that J C o.
Let,je Jthen p; CJCo = pj; Co = j€ P = J C P. So, P is the largest ideal contained in
0. Hence, P is a right primitive fuzzy ideal of R.
O
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Theorem 4.12 Fvery primitive fuzzy ideal is a fuzzy prime ideal of R.

Proof: Let P = (u : o) be fuzzy primitive ideal of R, where o is a maximal fuzzy right ideal of R. Let, 6,
and 0, are two any fuzzy ideal of R such that 6,6, C P C 0. Since, 100 C P Co < o0 Co:0; CR.
So,0:0; =0 or o:0,=R. In the first case, 0y Co:0 =0 — 6; C P.

Secondly, 03 C (0 : 02)02 C o => 0 C P. So, P is a fuzzy prime ideal.

Conclusion:

In this paper we have studied the fuzzy Noetherian quotient, fuzzy annihilator as well as primitive
fuzzy ideal of a ring. The concept of fuzzy annihilator will open up a new fuzzy structure namely Goldie
fuzzy ring and associated concepts.
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