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On Almost Kenmotsu Manifolds admitting Conformal Ricci-Yamabe Solitons

Jay Prakash Singh and Chhakchhuak Zosangzuala™

ABSTRACT: This paper aims to characterize almost Kenmotsu Manifolds admitting conformal Ricci-Yamabe
solitons. First, we studied (x, 1)’ and generalized (k, )’ — almost Kenmotsu manifolds which admits conformal
Ricci-Yamabe soliton. We have shown that a (k, 1)’ almost Kenmotsu manifold M2?*1admitting a conformal

Ricci-Yamabe soliton is locally isometric to H?*1(—4) x R™ provided 2\ — BT # 4ank — (p + ﬁ) Also, we

give conditions for the conformal pressure when the soliton is expanding, steady or shrinking. It is shown that
if the manifold admits a conformal gradient Ricci-Yamabe soliton, then the potential vector field is a strict
infinitesimal contact transformation. Finally, we construct an example of a 3—dimensional almost Kenmotsu
manifold satisfying conformal Ricci-Yamabe soliton.

Key Words: Conformal Ricci-Yamabe soliton, conformal gradient Ricci-Yamabe soliton, locally iso-
morphic, contact transformation, almost kenmotsu manifolds.
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1. Introduction

The theory of geometric flows shapes the foundation in understanding the geometric structures arise in
Riemannian geometry. Hamilton [11] introduced the Ricci flow and used it to prove a three dimensional
sphere theorem [12]. The Ricci flow plays the main role in forming the proof of the well known Poincaré
conjecture. The Ricci soliton on a Riemannian manifold (M, g) is defined by

(L’Vg)(Xl,Xg) + QRiC(Xl,XQ) = 2)\g(X1,X2),

for all vector fields X7, Xo on M. Here, Ly g denotes the Lie derivative of the metric g along a potential
vector field V', Ric is the Ricci tensor of M and A € R. The Ricci soliton is a limiting solution of the Ricci
flow: %g(t) = —Ric(t), where g(0) = g; and is said to be expanding, steady and shrinking according as A
is negative, zero and positive respectively. When the vector field V is the gradient of a smooth function
¢ on M, that is, V = V(, then we say that the Ricci soliton is gradient.

Hamilton bring forth the idea of Yamabe flow to deal with the Yamabe problem on manifolds of
positive conformal Yamabe invariant. The Yamabe soliton is a self-limiting solution to the Yamabe flow.

The Yamabe soliton on a Riemannian manifold (M, g) is given by
(Lvg) (X1, X2) = 2(7 — N)g(X1, X2),

for any vector fields X1, Xo on M, where 7 is the scalar curvature of the manifold and A\ € R. The
Yamabe soliton is equivalent to Ricci soliton in dimension 2, but not for dimension n > 2.

Recently, in 2019, Giiler and Crasmareanu [10] introduced and studied a new geometric flow which is
a scalar combination of Ricci and Yamabe flow under the name Ricci-Yamabe map. The authors defined
in [10] the Ricci-Yamabe map as:
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Definition 1.1 [10] A Riemannian flow on M is a smooth map:

g: I CR— Riem(M),
where I is a given open interval.

Definition 1.2 [10] The map RY(*#9) . [ — T5 (M) given by

RY (@59 (1) .= %(t) + 2aRic(t) + BR(t)g(t),

is called the (a, ) —Ricci-Yamabe map of the Riemannian flow (M, g). If RY(®5:9) =0, then g (-) will
be called an («, ) —Ricci-Yamabe flow.

The (a, 8) —Ricci-Yamabe map can be Riemannian or semi-Riemannian or singular Riemannian flow
since o and 3 can have positive and negative signature. The Ricci-Yamabe soliton emerges as the limit
of solution of Ricci-Yamabe flow. A soliton to the Ricci-Yamabe flow is called Ricci-Yamabe soliton if
it moves only by one parameter group of diffeomorphism and scaling. The Ricci-Yamabe soliton can be
defined as the data (g, V) A\, a, 3) satisfying

Lyvg+ 2aRic= 2\ — 1) g, (1.1)

where A, o, 5 are real constants. If V' = D(, where D is the gradient operator and (, a smooth function
on M, then the soliton is called gradient Ricci-Yamabe soliton (in short, GRYS) and then (1.1) can be
written as

V¢ + aRic = ()\ - ;57> g, (1.2)

where V2( is the Hessian of (.
According as A > 0, A < 0 or A = 0, then (M, g) is called Ricci-Yamabe shrinker, Ricci-Yamabe expander
or Ricci-Yamabe steady soliton respectively.

A Conformal Ricci-Yamabe soliton (CRYS) on an almost Kenmotsu manifolds with dimension (2n+1)
can be defined as the data (g, V, A, a, B) satisfying

. 2
Lyvg+ 2aRic = [2)\ — BT — (p+ Y 1)} g (1.3)

where Ric, Ly are the Ricci tensor and Lie derivative along a vector field V' respectively. In [18], Wang
proved that a (k, 1)’ — akm admitting Ricci soliton is locally isometric to H"*1(—4) x R", the authors in
[17] proved the same result for a gradient p—FEinstein soliton. Also, the result is extended by the authors
in ([6],[7]) for Ricci-Yamabe soliton and for conformal Ricci soliton. So, a logic question arise as:
Question. Would the above result also holds true if a (2n + 1) dimensional (k,p) — akm admits a
conformal Ricci-Yamabe soliton or a conformal gradient Ricci- Yamabe soliton?

We will give concrete answer to the question raised above in this paper. The paper is organized as
follows: After Preliminaries, in section 3, following the methods of Dey and Majhi [7], we generalize their
results on (k, u)’—almost Kenmotsu manifolds admitting a conformal Ricci-Yamabe soliton. We proved

that the manifold is locally isometric to H"*1(—4) x R™ provided 2\ — 57 # 4ank — (p + Qiﬁ) We

also proved that a generalized (k, 1)’ —almost Kenmotsu manifold admitting a conformal Ricci-Yamabe
soliton is n-Einstein. In section 4, we studied (k, )’ —almost Kenmotsu manifold admitting a conformal
gradient Ricci-Yamabe soliton and showed that the potential vector field is a strict infinitesimal contact
transformation. Lastly, we construct an example of a 3—dimensional (k, 1)’ —almost Kenmotsu manifold
which verifies our results.
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2. Preliminaries

A differentiable manifold M?"*! is said to have a (¢, &, n) structure or an almost contact structure if
it admits a (1,1) tensor field ¢, a Reeb vector field £ and a 1—form 7 satisfying ( [2], [3]):

¢’ =-IT+n®E nE) =1 (2.1)

where I is the identity endomorphism. If a manifold M?"*! with the above structure admits a Riemannian
metric g such that

9(pX1,0X2) = g(X1, Xo) — n(X1)n(X2)

for any vector fields X7, X5 on the manifold, then the manifold is known as an almost contact metric
manifold. Almost contact metric manifolds such that 7 is closed and d® = 2n A ® are studied by many
geometers (see [8],[9],[15]) and this type of manifolds are called almost Kenmotsu manifolds. A normal
almost Kenmotsu manifold is called a Kenmotsu manifold [13]. Let us denote the distribution orthogonal
to £ by O defined by [7]: © = Ker(n) = Im(¢).O is an integrable distribution on an almost Kenmotsu
manifold as 7 is closed.

Many geometers studied and characterize almost Kenmotsu manifold admitting solitons and deduce
some notion and conditions on the manifold (For details, see [1],[14],[16]) and also on Kenmotsu manifold
[4]. Let M?"*! be an almost Kenmotsu manifold (in short, akm). We denote by h = £ L¢¢ and | = R(-,€)¢
on M?" 1. The tensor fields [ and h are symmetric operators and satisfy the following relations [15]:

he =0, 16 =0, tr(h) =0, tr(hg) =0, hé = ¢h =0
Vx,§ = X1 —n(X1)§ — ohXy

¢l — 1 = 2(h* — ¢°)

(2.2
(2.3
(2.4
R(X1, X2)§ = n(X1) (X2 — ¢0hXo) — n(X2) (X1 — ¢hX1) + (Vx,0h) X1 — (Vx, oh) X2 (2.5

NN NN

for any vector fields X7, X5. From (2.3), we see that
Vel =0. (2.6)

We define the (1, 1)-type symmetric tensor field &' by h' = h o ¢ where I’ is anti-commuting with ¢
and h'¢ = 0. Also,

h=0 < W =0, W =(k+1)¢*( <= h*=(k+1)¢?) (2.7)

On an almost Kenmotsu manifold, the authors in [8] defined for any ¢ € M and ,p € R the
(k, p)’ —nullity distribution as

Nq(li,,u)/ = {Z S Tq(M) : R(X17X2)X3 = H[g(XQ,Xg)Xl — g(Xl,XS)XQ]
+ plg (X2, X3)h' X1 — (X1, X3)h' Xo]} (2.8)

This is called generalized nullity distribution when &, u are smooth functions.

Let X; € O be the eigenvector of h’ analogous to the eigenvalue 4. Then, from (2.7) it is obvious
that v2 = —(k + 1), a constant. Therefore k < —1 and v = +y/—x — 1. We denote [y]’ and [—7],
the corresponding eigenspaces akin to the non-zero eigenvalues v and —y of A’ respectively. It has been
proved in [8] that in a (k,u) — akm M?" "1 with i/ # 0, k < —1, p = —2 and Spec(h’) = {0,v, -}
with 0 as a simple eigenvalue and v = v/—k — 1. also,

(Vx, W)Xy = —g(W X1 + 12X, Xo)¢ — n(Xo) (W X1 + h?X;) (2.9)
Further, from [19] we have
QX1 = —2nX; + 2n(k + 1)n(X1)€ — 2nh' X, (2.10)
From (2.10), the scalar curvature of M2"*! is 2n(k — 2n). From (2.8), we have

R(X1, X2)€ = k[n(X2) X1 — n(X1) Xa] + pu[n(X2)h' X1 — n(X1)h' Xa] (2.11)
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where k, p € R. Again, from above equation, we get

R(&, X1)Xa = klg(X1, X2)€ — n(X2) X1] + plg(h' X1, X2)€ — n(Xa)h' Xi] (2.12)

Contracting X in (2.10) yields
S(X2,8) = 2nkn(X2) (2.13)

Using (2.3) and (2.6), we have
(Vax,m) Xz = (X1, X2) — n(X1)n(X2) + g(h' X1, X>) (2.14)

In [5], the authors define an infinitesimal contact transformation on M as

Definition 2.1 A potential vector field V' is infinitesimal contact transformation on an almost contact
metric manifold if Lyn = (n for some function (. In particular, if Lyn =0, then V is said to be strict
infinitesimal contact transformation.

3. Conformal Ricci-Yamabe Soliton (CRYS) on (k, u)'—almost Kenmotsu manifolds

In this section, we study (x,p)’ — akm and generalized (k,u) — akm admitting a conformal Ricci-
Yamabe soliton.

Lemma 3.1 [7] In a (k,p)" — akm M2 with ' # 0, we have
(VXBRZ'C)(Xth) - (VXlRiC)(X27X3) - (VX2RiC)(X1,X3) = —4n(/<a + 2)g(h’X1,X2)n(X3)

Lemma 3.2 [7] In a (k,p) — akm M***', (Lx,h') Xy = 0 for any X1,X2 € [y]' or X1, Xz € [],
where Spec(h’) = {0,~v, —v}

Theorem 3.1 A conformal Ricci-Yamabe soliton (CRYS) with «,8 > 0 on a (2n + 1)— dimensional
(k, ) — akm is locally isometric to H" 1 (—4) x R™, provided that 2\ — Bt # 4ank — (p + TQ_H) or the
CRY'S is (i) expanding, (ii) steady or (iii) shrinking, according to whether the conformal pressure p is

(1) p < 2nB(2n — k) — dank —
(2) p=2np12n — k) — dank —

2nB(2n+1)2+4an(2n+1)—2
(3)p> nB(2n+ )2;;4_0;”( n+1)

_2
2n+1
_2
2n+1

Proof: From the soliton equation (1.3), we have

(ng)(Xl,Xg) + QOéRiC(Xl,XQ) = |:2)\ — ﬁT - (p + om T 1):| g(Xl,Xg) (31)
Taking covariant derivative of (3.1) along any vector field X3 yields
(VXBEVQ)(Xth) = —QOt(VX3RiC)(X1,X2) (32)

Using the result of Yano [20], we have
(LvVx,9 —Lx,Vvg — Vivx,19) (X2, X3) = —g((Lv V) (X1, X2), X3) — 9((Lv V)(X1, X3), X2)
Since g is parallel with respect to the Levi-civita connection V, then the above relation becomes
(Vx,Lvg) (X2, X3) = g((Lv V) (X1, X2), X3) + 9((Lv V)(X1, X3), X2) (3.3)

Since Ly'V is symmetric, then from (3.3), we obtain

o((Ev V) (X1, Xa), Xs) = 3V, Lva) (X, Xo) + 5 (VaaLrg) (Ko, Xs) = 3 (VxLvg) (X1, Xa) - (34)

1
2
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Utilizing (3.2) in (3.4), we get
g((LyV)(X1, X2), X3) = a[(Vx, Ric)(X1, X2) — (Vx, Ric)(X2, X3) — (Vx, Ric)( X1, X3)
In view of Lemma 3.1, (3.5) can be written as
9((LvV)(X1, X2), X3) = —4na(k + 2)g(h' X1, X2)n(X3)

which implies
(LyV)(X1, X2) = —dna(k + 2)g(h' X1, X2)€.

Taking X = & in (3.6), we get
(LvV)(X1,€) =0

From the above expression, we can have Vi, (L V)(X1,€) = 0, which results in

(Vx, LvV)(X1,8) + (Lv V) (Vx, X1,8) + (LvV)(X1, Vx,§) =0
Using (Ly'V)(X1,€) =0, (3.5) and (2.3) in (3.7) we get

(Vx, Ly V)(X1,€) = dna(k + 2)(g(W' X1, X2) + g(W* X1, X2))E.
It is known that [20]

(Lv R) (X1, X2) X3 = (Vx, Lv V) (X2, X5) — (Vx, Ly V) (X1, X3),
Taking Xo = X3 = £ in (3.8) and utilizing the result in the foregoing equation, we have

(LvR)(X1,£)§=0

Now, setting Xo = ¢ in (3.1) and in view of (3.18), we obtain

(Lva)(61.9) = 22— 67— anan = (p+ 5.2 )] nx)

Taking Lie differentiation of ¢(X1,£) = n(X;) along V' and using (3.10) yields

(Lyn) X1 —g(Xy,LyE) = [2/\ — BT — dnak — (p+ 2n2+ 1)} n(X1)

Putting X; = £ in the foregoing expression, we get

n(Lyé) = [2/\ — BT — dnak — (p—i— 2n2—|— 1)}

From (2.11) we have
R(X1,6)¢ = w(X1 —n(X1)§) — 20/ X,

Utilizing (3.11)-(3.13) and (2.11)-(2.12), we get

(v R) (X, )¢ = n [m ~ Br — dnan — (p g 1)} (X1 — n(X1)E) — 2Ly )X,
_9 {2)\ — B1 — 4dnak — <p + 2n2—l— 1)] R Xy —2nn(X1)h (LvE)

—29(h' X1, Ly €)E.

(3.6)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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Equating (3.9) and (3.14) and then taking an inner product with X5, we obtain

K {2)\ — BT — dnak — (p + )] [9(X1, X2) — n(X1)n(X2)] —29((Lvh) X1, Xs) (3.15)

2n +1

—2[2)\—57—4nam—(p+2n+1

—29(hW' X1, LyE)N(X2) =0

)} 0(W X1, X) — 20m(X2)g (R (Ly€), Xo)

Replacing X7 by ¢X; in the foregoing expression, we obtain

K [2)\ — Br — 4nak — (p + ﬂ g(6X1, X3) — 29((Ly B X1, X3) (3.16)

2
2n+1

-2 {2)\ — BT — dnak — <p+ )] g(W9X1,X2) =0.

2n + 1

Letting X; € [—7] and V € [y)/, then ¢X; € [y]’. Thus (3.16) yields

(k —27) [2)\—57—471@,%— (p—i— T 1)} 9(¢ X1, Xo) (3.17)
- 29((£Vh/)¢X17 XQ) = 0

Since V, ¢X; € [7]’, using Lemma 3.2 we have (Lyh')¢pX; = 0. Therefore (3.17) becomes

(k —27) {2)\5747104& <p+ ﬂ 9(6X1,X2) =0

2n+1

which implies either kK = 2y or 2\ = 87 + 4dank + (P + 2,L2+1>

Case I: If K = 2, then from v2 = —(k+1), we get v = —1 and thus x = —2. Therefore, from Proposition
4.2 of [8], we have
R(X1,,X2 )X3 =0

and
R(X1,, X2 ) X3, = —4[g(Xa_ , X3_ ) X1 —g(X1_,X3_ ) X2 ]

for any X1 ,Xo , X3 €[y]"and X;__, Xy ,X3 € [—9). Also, p = —2, it follows from Proposition
4.3 of [8] that k(X1,£) = —4 for any X; € [—9] and x(X1,£) =0 for any X; € [y]'. Again, we see that
k(X1, X2) = —4 for any X1, X € [—7] and k(X1, X2) = 0 for any X3, X5 € [7]’. As is shown in [8],
the distribution [£] @ [v]’ is integrable with totally geodesic leaves and the distribution [—v] is integrable
with totally umbilical leaves by H = —(1 — v)¢, where H is the mean curvature tensor field for the leaves
of [—7])" immersed in M?"*+1. Here, v = —1, then both the orthogonal distributions [¢] @ [y]" and [—v)’
are integrable with totally geodesic leaves immersed in M?2"*+!. Then we can say that M?2"*! is locally
isometric to H"t1(—4) x R™.

Case IT: Let 2\ = 7+ 4nak + (p + Qfﬁ) Since 7 = 2n(k — 2n) in an akm of dimension 2n + 1, we get

2
2\ = 20n(k — 2n) + dank + <p+ T 1)

Now the CRYS is expanding, steady or shrinking depending on whether A < 0, A = 0 or A > 0 respectively.
Therefore the CRYS is expanding when

2

< —dank — 28n(k — 2n) — ———
P ank Bn(k n) il
steady when

= 28n(2n — k) — dank — ———
p=206n(2n — k) — dank 1’
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and shrinking when

> 28n(2n — k) — dank — ,
p > 26n(2n — k) — dank 1

the last expression is obtained by taking x = —1 which completes the proof. O

Theorem 3.2 If (9,&, N\, «, 3) is a CRYS in a generalized (rk,u) — akm M?"*1 then the manifold is
1n— Finstein provided 2na — 1 # 0 and the expression for X is given by

A=y

5 2n+1+@a+5hnf%fﬂ (3.18)

Proof: From the soliton equation (1.3) we have

(Leg)(X1, Xo) + 2aRic(X1, X) = [2>\ — pr - (p e 1)} 9(X1, X2) (3.19)
Using (2.3), we get
(Leg) (X1, X2) = 29(X1, Xa) — 2n(X1)n(Xz) — 29(ph X1, Xa) (3.20)
Utilizing (3.20) in (3.19), we obtain
29(X1, X2) — 29(X1)n(X2) — 29(0h X1, X>) (3.21)
+Zﬂ%dXth::PA—BT—<p+2n+1>]MXhXQ
From (2.10), we get
9(6h X, Xs) = 5 Rie(X2, X2) + g(X1, Xz) — (s + DX )(X) (3.22)
Now substituting (3.22) in (3.21), we get
Ric(y, ) = "R 20 0t ety 2 ) 62

which implies that the manifold is n—Einstein. Now taking X; = X5 = £ in (3.23) yields (3.18). This
completes the proof. O

4. Conformal Gradient Ricci-Yamabe Soliton on (k, u)'—almost Kenmotsu manifolds

From (1.3), we get the conformal gradient Ricci-Yamabe soliton equation by considering the vector
field V' to be a gradient of some smooth function ¢ on the manifold as

VV( + aRic = {2)\ — BT — <p+ 2n2+ 1)] g (4.1)

Lemma 4.1 If (g9, D¢, A\, «, B) is a conformal gradient Ricci- Yamabe soliton (CGRYS) with a # 0 on a
(K, p)" — akm M?" L then following relation:

R(Xl, XQ)DC = Oé[QTL(KJ + 2)(’)7(X1)h/X2 — T](Xg)h/Xl)]

holds. Here, ( is a smooth function such that V = D(, where D is the gradient operator.
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Proof: From (4.1), we have

Vi, DC = {A—ﬁ;— (12’+2n1+1>}xl—a@x1 (4.2)
Covariant derivative of the above relation along X, yields
Vi, Vi, D¢ = {A _br_ (p - ﬂ Vi, X1 — aVx, QX (4.3)
2 2 2n+1
Interchanging X; and Xz in the above equation yields
Vi, Vx,DC = [\ — % - (g + ﬁwxlx? — aVyx,QXo (4.4)
Again, from (4.2), we get
Vix,xa D¢ = [A - % - (Z +3 ! ﬂ (Vi, Xo — Vi, X1) — aQ(Vx, Xz — Vi, X1) (4.5)
n+1

Utilizing (4.3)-(4.5) in the equation
R(X1,X2)D¢ =Vx,Vx,D{ —~Vx,Vx,D(—Vx, x,1D¢

results in
R(X1,X2)D¢ = a[(Vx,Q) X1 — (Vx, Q) X2] (4.6)
Now, utilizing (2.3), (2.9), (2.10) and (2.14) we obtain
(Vx,Q) X1 = Vx, X1 — Q(Vx, X1)

=2n(k + 1)[g(X1, X2) — n(X1)n(X2) + g(h' X1, X2)]¢

+ 2n(k + 1)n(X1)(X2 — n(X2)€§ — 9hXa) + 2ng(h' Xy + h'* Xy, X1)E

+ 2nn(X 1) (W' X + h%X3) (4.7)
Interchanging X; and X» in (4.7) yields the expression for (Vx, @)X2. Then, on simplification and using

(2.7), (4.6) becomes
R(X1, X2)D( = a2n(k + 2)(n(X1)h' Xa — n(X2)h' X1)]

which completes the proof. O
Theorem 4.1 A (k,p)’ —akm M with b' # 0 admitting a conformal gradient Ricci- Yamabe soliton

with o # 0 is locally isometric to H" 1 (—4) x R™ provided V is not pointwise collinear with the Reeb
vector field, otherwise the manifold does not admit a conformal gradient Ricci- Yamabe soliton.

Proof: Setting X; = £ in Lemma 4.1 and then taking inner product with X; yields
9(R(&§, X2) D¢, X1) = a2n(k + 2)g(h' X2, X1) (4.8)
Again from (2.12), we have

g(R(€7X2)D<aX1) = _g(R(gvXZ)XlaDC)
= —rg(X1, X2)(£0) + rn(X1)(X20) + 29(h' X1, X2)(€C) — 2n(X1) (M X2)¢)  (4.9)

Equating (4.8) and (4.9) we get

—kg(X1, X2)(£C) + rn(X1)(X20) + 29(h' X1, X2)(£C)
—2n(X1)((h' X2)¢) = 2n(k + 2)ag(h' Xa, X1)
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Antisymmetrizing the above relation results in
kn(X1)(X2C) — rn(X2)(X1€) — 2n(X1) (M X2)¢) + 2n(X2) (W X1)¢) =0 (4.10)
Putting X; = & in (4.10) yields
K(X2C) — K(EQN(X2) = 2((MX2)¢) =0

which implies

K[(DC) = (§6)¢] — 21 (DC) =0 (4.11)
Operating on &’ in the above equation and using (2.7), we get
w0 = -2 e (112)

Utilizing (4.12) in (4.11) yields

(5 +2)*[D¢ = (£6)¢] = 0
which implies either k = —2 or D¢ = (£¢)€. Let us consider these two cases in the following:
Case I: For k = —2, then by the same argument made in Case I of Theorem 3.1, the manifold M?"*! is
locally isometric to H"*1(—4) x R™.
Case II: For V. = D¢ = (&), then V is pointwise collinear with the Reeb vector field £. Then,
Differentiating D¢ = (£¢)¢ covariantly along X; and using (2.3), we obtain

Vx, D¢ = (X1(£0))€ + (O (X1 — n(X1)§ — ohXy) (4.13)
Equating (4.2) and (4.13), we obtain
1
0@ = (3= 5 = (54 57 )| - €0) 3+ (eomtx) - xae0ne + €onxs (aaa)
Comparing (2.10) and the above equation, we get
Bt (p 1 _
[)\—2—<2+2n+1)]—§ﬁ——2na (4.15)
(€On(X1) — X1(£C) = 2n(k + 1)n(X1) (4.16)
(£C)ph = —2nh’ (4.17)
Utilizing (4.17) in (4.15) and (4.16) we get
/\:ﬂ27—+<]2)+2n+1)+4n(1—a) (4.18)
and
2nn(X1) = 2n(k + 1)n(X1) (4.19)
for any vector field X; which implies k = 0 which is a contradiction as x < —1. This completes the proof.

d

Moreover, if V = D¢ = (£¢)€ = d€, where d = £C is a smooth function on the manifold M?"+1. By (2.3),

we have
(Lagg) (X1, X2) = (Xad)n(X2) + (Xad)n(X1) + 2d[g(X1, Xo2) — n(X1)n(X2) — g(¢hX1, X2)]  (4.20)
Utilizing (4.20) in (3.1), we obtain
(X1d)n(Xz) + (Xed)n(X1) + 2d[g(X1, X2) — n(X1)n(X2) (4.21)

— g(phX1,X2)] = [2/\ — pT — (p + )} 9(X1, X2) — 2aRic(X7, Xa)

2n+1



10 J.P. SINGH AND C. ZOSANGZUALA

Setting Xy = X5 = £ in the foregoing relation and utilizing (3.18) yields

2(ed) = {m —Br— <p + 2n2+ 1)] — dnak (4.22)

Again, considering the orthonormal basis of the tangent space {E;} at each point of the manifold and
setting X1 = Xy = Ej in (4.21) and then summing over j results as

2(¢d) = [2/\ — BT — (p + )} (2n +1) — 2a7 — 4nd (4.23)

2n+1

Since a, 8, A\, T, p are all constants, so, from (4.22) and (4.23) d is also a constant. Therefore, (4.22) results
in

[2)\ — pT — (p + >} = 4dnak (4.24)
Further, since d is constant, we get L,¢ = 0. Utilizing (4.24) in (3.10) yields (Lyn)X; = 0 for any vector
field X;. Now, substituting £y§ = 0 and (4.24) in (3.15) results in (Lyh')X; = 0 for any vector field
X1, which implies that V leaves h’ invariant.

Thus, we can state the following:

2n +1

Corollary 4.1 On a (k, ) — akm M"Y with k # —2 admitting a conformal gradient RYS, then V is
a constant multiple of & which further implies the potential vector field V is a strict infinitesimal contact
transformation and leaves h' invariant.

5. Example of a 3-dimensional (k, )’ — akm satisfying CRYS

Consider a 3-dimensional manifold M3 = {(z1,22,73) € R3} where (z1,2,73) are the standard
coordinates in R3. Let us take F;, E5 and F3 to be the three vector fields in R3 which satisfies

[E17E2] = E27 [E17E3] = E3 and [EHE]] =0V 17] = 273
and let g be the Riemannian metric such that

1, i=j

B, E;) =
o) {o,i#j,w,jzl,z,?)

Here, we take F; as the Reeb vector field. Suppose ¢ is the (1,1)—tensor field and 1 be the 1—form
defined such that

¢(E1) =0, ¢(E2) = Es, ¢(E3) = 2E;
n(X4) = g(Xy, By ) for any Xy € T(M?)
Moreover, let 'Ey; =0, h' By = Es, I E3 = E3. By the linearity of ¢ and g, we have
N(E) =1, ¢*(Xa) = —Xa +10(X0)E1, 9(¢Xa,¢Xs5) = g(Xa, X5) — n(Xa)n(Xs)
The following relations are obtained directly by using Koszul’s formula:
Ve, E1=0, Vg, Ey =0, Vg, E3 =0,

1
Ve, By =—FE3, Vg, Ey = Ey — ok Ve, E3 =0,

1
Vi, By = —Es, Vi, By =0, Vi, By = B — 5.

From the above relations, we get that

Vx, B = —¢* X1 + ' Xy
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for any X; € T(M?). Thus, the structure (¢, E1,7,g) is an almost contact metric structure so that M3
is an almost Kenmotsu manifold (akm) of dimension 3. Utilizing the above results, we can calculate the
components of the curvature tensor R as follows:

R(Ey, E2)E1 = R(Es5, E2)E3 = 4E,
R(E1, E2)Er = R(E1, E3)E3 = —4E,
R(E1, E3)Ey = R(E2, E3) By = 4E3
R(E2, E1)E; = R(Es, E3)E3 = —4F,
R(Es,E1)E1 = R(Es, Ey)Ey = —4F5
R(Ey, E2)Ey = R(FEs, E1)E3s = 4E,

In view of the above results obtained for the curvature tensor R, we observe that the Reeb vector field
E; belongs to the (k,u) —nullity distribution where k = —2 and g = —2. Thus, from the formula
7% = —(k + 1), we get v = £1. Considering v = —1, thus, by the same argument made in Case I of
Theorem 3.1, we conclude that M? is locally isometric to H?(—4) x R.

Using the curvature tensor formula, we have

R(X1, X2) X3 = —4[g(X2, X3) X — g(X1, X3)X]
From the foregoing equation, we obtain
Ric(Xs, X3) = —8g(X2, X3)
which implies 7 = —24. Now, we can easily see that

(Lp,9)(Er, Er) =0, (Lp,9)(E2, E2) = (Lp,9)(Es, E3) = —2.
Consider V' = E; and then tracing the soliton equation (1.3), we get

p 1 2
=—+-—4(2 - =
A 2+3 (2 + 3P) 3

Hence, (g, E1, A\, a, 3) is a CRYS on M3. Therefore, Theorem 3.1 is verified.
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