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On the Solutions and Behavior of Rational Systems of Difference Equations

E. M. Elsayed"? and H. S. Gafel'»3

ABSTRACT: In this paper, we obtain the expressions of the solutions of the following nonlinear systems of
difference equations
Tn—9 Yn—9

n+ y  YUn+ 1+ 201t s

n=0,1,..,
1+ zn_9yn—a

where the initial conditions z_g, z_g, ©—7, T_6, T—5, T_4, T_3, T_2, T_1, L0, Y—9, Y-8, Y—7, Y—6, Y—5,
Y_4, Y—4, Y—3, Y—2, Y—1, Yo are arbitrary non zero real numbers.

Key Words: Difference equations, recursive sequences, periodic solution, system of difference equa-
tions.
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1. Introduction

Many problems in Probability give rise to difference equations. Difference equations relate to differen-
tial equations as discrete mathematics relates to continuous mathematics. Anyone who has made a study
of differential equations will know that even supposedly elementary examples can be hard to solve. By
contrast, elementary difference equations are relatively easy to deal with. Aside from Probability, Com-
puter Scientists take an interest in difference equations for a number of reasons. For example, difference
equations frequently arise when determining the cost of an algorithm in big-O notation. Since difference
equations are readily handled by program, a standard approach to solving a nasty differential equation
is to convert it to an approximately equivalent difference equation see [1]-[30].

Many articles discuss difference equations systems, for example, Elsayed et al. [17] dealt with the
solutions of the system of the difference equations

1 Tn—pYn—
pIn—p
Tn+l1 = s Yn+1 = .

Tn—pYn—p Tn—qYn—q

Kurbanli et al. [22] discussed the behavior of positive solutions of the following system

Tn—1 Yn—1
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El-Dessoky [7] considered the solutions of the following system

Yn—1Yn—2 y o Tp—1Tn—2
) 1 — .
xn(il =+ ynflyn72) n yn(il + xnflxn72)

Tn+1 =
In [10] El-Dessoky and Elsayed investigated the form of the solution of the following systems of
difference equations.

LTp—2 y _ Yn—2 P _ Zn—2
) 1 — ) 1 —
+1+ Tn—22n—1Yn nr +1+£ Yn—2Tn—12n nr +1+£ Zn—2Yn—1Tn

Tn41 =

Elabbasy et al. [6] devoted to investigate the local asymptotic stability, boundedness and periodic
solutions of particular cases of the following general system of difference equations:

_ Q1Yn—1 + A2Tp_3 + a3 b1xn—1 + bayn—3 + b3

Tp+1 — Yn+1 =
A4Yn—1Tn—3 +as ba®y—1Yn—3 + bs

Elsayed et al. [15] obtained the expressions of the solutions of the following nonlinear systems of
difference equations

x o YnTn—2 y o TnYn—2

+1 = ’ +1 = — -

" Yn + Yn—3 " j:xn + Tn—3

Khan et al. [20], studied the qualitative behavior of two systems of second-order rational difference

equations.
Zhang et al. [30] discussed the boundedness, persistence, and global asymptotic stability of positive
solution for a system of third-order rational difference equations
X Yn

Tapr = Ab — g = A —
Yn—1Yn—2 Tp—1Tp—2

Elsayed and Ahmed [16] investigated the solutions and the periodicity of the following rational systems
of difference equations of three-dimensional

YnTn—2 y _ ZnYn—2 P _ TnZn—2
— 1= 1=
Tn—2 + Zn—1 e Yn—2 :l: Tn—1 e Zn—2 :l: Yn—1

Asiri et al. [1] studied the form of the solutions and the periodicity of the following third order
systems of rational difference equations

Yn—2 Tpn—2

Intl1 =777  ——— » Ynr1 =77 ——
1-—- Yn—2Tn—-1Yn 1-—- Tpn—2Yn—1Tn

The aim of this article is to obtain the expressions of the solutions of the following systems of difference

equations
Tn—9 Yn—9

T = — I 2 0,1,2, ., 1.1
1+ Tn—9Yn—4 Ynit 14+ Ln—4Yn—9 ( )

Tn41 =
where the initial conditions g, z_g, T—7, T_6, T—5, T4, T3, T2, T_1, T0, Y9, Y=8, Y=7, Y—6, Y—5,
Y—a, Y—4, Y—3, Y—2, Y—1, Yo are arbitrary non zero real numbers. Moreover, we obtain some numerical
simulation to the equation are given to illustrate our results.

ZTn—9 Yn—9

2. On The System wni1 = 17 200 Yntd = 193, 0y,

In this section, we study the solution of the following system of difference equations

Tp—9 Yn—9 (2 1)

€T =, = y
i 1+ Ln—9Yn—a Yt 1+ Ln—4Yn—9

where the initial conditions z_g, z_g, T*_7, T_¢, T—_5, T4, T_3, T_2, T—_1, L0, Y—9, Y—8, Y—7,
Y—6, Y—5, Y—4, Y—4, Y—3, Y—2, Y_1, Yo are arbitrary non zero real numbers.
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2.1. The Form of the Solutions of System (2)

The following theorem describes the form of the solutions of system (2).

Theorem 1. Suppose that {x,,y,} are solutions of the system (2). Then for n =0,1,2, ...,

following formulas

T10n—9

T10n—7

T10n—>5

T10n—3

T10n—1

Y10n—9

Y1on—7

Y1on—>5

Y10n-3

Y1on—1

n—1

1+ 24st
Sg 1+ (20 +1)st’

n—1

Te 14 (20 + 1)hv’

f 14 2ifr
Sl @i+ 1) fr
d”*l 1+ (2i+ 1)dp
g L+ 20+ 2)dp’
b”‘l 1+ (2i+1)Lb
S SENCTEE T
n—1 .
1+ 2ieq
qg 1+ (2i+ 1)eg
n—1 .
1+ 2ico
Og 1+ (2i + 1)co
n—1 .
14 2iaz
Zl}) 1+ (2i+ az’
Ty (2i + 1)kw
wg 1+ (2i + 2)kw’
“ﬁ 1+ (2i+1)gu
o L+ 20+ 2)gu’

we have the

n—1

1+ 2ikw
nes =k
F10n =8 = H 1+ (2 + Dkw’
n—1
1+ 2lgu
T10n—6 = QH 1+ (20 + gu’
1+ (204 1eg
Lion—4 = € i 1+ (2i +2)eq’
N C’H 1+ (2 + 1)co
o TP T4 20+ 2)c0”

n—1

H 1+ 2idp
Yion—8 =P 1+2z+1dp

n—1
LH 1+2¢Lb

Y1on-6 = 1+ (20 + 1)Lb’
s = T o
s =TT o e
o T

where the initial conditions x_g = s, z_g = k, x_7 = h, x_¢ = g, x—5 = f, x_4y = €, x_3 = d,
T2 = C T-1 = ba o = Q, Y-9 = 4, Y-8 = P, Y-7 = 0, Y-6 = La Y-5 = 2, Y—4 = 1, y—3 = w,
Y-2=70, Y1 =1u, Yo=T.

Proof. For n =0 the result holds. Suppose that the result holds for n — 1.

n—2 n—2
1+ 2ist 14 2ikw
n— = n— =k
F1on =19 H Y2t 1)st  OmBE T H 1+ (2i+ Dkw’
n—2 n—2
1+ 2ihv 1+ 2igu
Hon—17 = H (2i +1)hv’ H10n-16 = 9 H 14+ (2i+1)gu’
n—2 n—2 .
. _ H  L42ifr . . 14+ (20 + 1)eg
10n—15 S 10n—14 1 11 (2i+2)eq’
H1+ (2i + 1)dp 14 (2i+ 1)co
T10n— = ZTion—-12 = C P2 SR
10n =13 1+ (20 +2)dp’ P2 1+ (20 +2)co
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n—2 .
1+ (2i+1)Lb 1+ (2i+1)a
n-11 =70 — n—
Faon—11 g1+(2z+2)Lb F10n=10 = H1+ (2i +2)a
i S 2ieq o1 2idp
Yion—19 = H (2i + Deq’ Yion—18 =P H 1+ (2i+ D)dp’
n—2 n—2
1+ 2ico 1+ 2iLb
Yion—17 = H @i+ oo’ Vion16 = L H 1T @i+ 0D
n—2 .
1+ 2iaz 1+ 20+ 1)st
n— = 7Y n—14 =1
J1on=15 ZH1+(22—|—1)az Y1on—14 = H1+ 2+ 2)st’
B 1+ 2+ 1)k ° 1 + (2t +1)h
Yion—-13 = W H 11 (2i 1 2)kw’ Yion—12 = 1 Y (2i12)h
n—2 . n—2 .
B 14+ (204 1)gu B 1+ @2i+1)fr
Yion—11 = U E) 1+ (2 + 2)gu’ Yion—-10 =T E) 1+ (2i+2)fr
from system (2) we can prove as follow
n—2
142ist
§ H(1+(2i+1)st)
O T10n—19 i:O
" 1+ $10n—19y10n—14 ,
2is 1+ 2i41)st
1+ st H 1+1(J2ri+1t)s‘t 1+EQ¢+2;st)
1+42ist _ 14245t
s H 1+ 2i+1) st) s H 1+(2l+1)st 14 (2’[7, _ 2)St
- - 1+(17) <1—|—(2n—2)st)
14+2is +(2n72)st
L+ st H 1+(;+2t)st
n—2
s (14 (2n = 2)st) [ [ (F52%5w)
_ i=0
N 1+ (2n — 2)st + st
s(14 (2n—2)st) ¢ [ 1+ 2ist

)

I

14+ (2n—1)st 14+ (204 1)st
n—1
14 2ist
- H ( (2 + 1)5t>
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Also, we get

H _ 14+2ieq
q 1+(21+1)pq

y Y10n—19
10n—9 — -
1 ox B n—2
+ Y10n—19T10n—14 14 H 1+2ieq 1+(2i+1)eq
q Tr(2it1)eq C T+(2i+2)eq
1=0
H _ 142ieq H _ 1+42ieq H _ Ld2ieq
111 Teirne 111 FEirnes 111 TF@iFDeq
= = 1 - 1+(2n 1)eq
1+e H _ 142ieq + 1+(2" 2)eq 1+(2n—2)eq
q T+(2i+2)eq

"1:[2 1+ 2ieq 1+ (2n—2)eq) "1:[1 1+ 2ieq
T T @it Deg \T+ 20— Deg) ~ T L1 T @i+ 1)eg

The other relations can be proved by similar way. This completes the proof.
Lemma 1. The equilibrium points of system (2) are (0, «) and (vy,0) where a, v € [0, 00).
Proof. For the equilibrium points of system (2), we can write

_ T _ Y
T = , = —.
1+ 3 YT 1ty
Then
z(1+zy) =z, y(1+zy) =y,
we have
#(1+75—1) =0, §(1+ 25 —1) =0.

Therefore every (0, a) and (v, 0) are solutions. Thus the equilibrium points of system (2) are (0, «) and
(7,0).

Lemma 2. Every positive solution of the system (2) is bounded and convergent.

Proof. Let {x,,y,} be a positive solution of system (2). It follows from system (2) that

T — T <z
1= -9
" 1+ Tn—9Yn—4a "
and
Ynitl = L < Yn—o9
n 1 + Yn—9Tn—4 e

Then the subsequences {xlon 9}200, {xlon 8}200; {331011 7}200, {331011 6}2007 {331011 5}2007
{T10n—a}r 0> 1T10n— 3} 0> 1T10n— o}l 0> {T10n— 1hoe _oand {@10n oo _, are decreasing and so are bounded
from above by

M =max{x_9,2_8,&_7,2_¢,T_5,T_4,T_3,T_2,T_1,Z0} -

Similarly the subsequences {yion—9}req, {Y1on—8}treo, {Y10n-7}reos {Y10n—6}reo: {Y10n—5}neo
{vr0n—atro {¥i0n—3}neo s {Y10n—2}reo s {W10n—1}eo and {y1on}, ., are decreasing and so are bounded
from above by

N = mmax {yfga Y-8, Y-7,Y-6,Y-5,Y—4,Y-3,Y-2,Y—1, yO} .
Lemma 3. If a,b,¢,d,e, f,g,h, k,s,0,p,q,7,8, L, t,u,v,w and z arbitrary real numbers and let {z,, y,}
be a solution of system (2) then the following statements are true:
()Ifa=0,2z#0, (or z=0, a#0), then x10, = 0 and Yy10n—5 = z ( or z10, = a and Y1on—s5 = 0).
(ti)Ifb=0, L#0, (or L=0, b#0), then x10n—1 = 0 and y10n—¢ = L ( or 10n—1 = b and y10n—6 = 0).

(tit)[f¢c=0,0#0, (oro=0, ¢#0), then x10n—2 = 0 and Yy10n—7 = 0 (0or T1gn—2 = ¢ and Yi1on—7 = 0).
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() Ifd=0,p#0, (orp=0,d=#0), then x10n—3 = 0 and y1on—s = p (or T10n—3 = d and Yy10n—s = 0).
(V) Ife=0,q#0, (orq=0, e#0), then x10n—4 = 0 and y1on—9 = q (0or T10n—a = € and Y10n—9 = 0).
(v)If f=0,r#0, (orr=0, f#0), then x10n—5 = 0 and y10n, = r (or T1on—5 = f and yi10, = 0).

(wi)I[f g=0, u#0, (oru=0, g#0), then T1on—6 = 0 and Yion—1 = u (01 T10n—6 = g and Yion—1 =
0).

(witd)If h=0, v£0, (orv=0, h#0), then x10n—7 = 0 and Yy10n—2 = v (or T10n—7 = h and y1on—2 =
0).

(ix)[fk=0,w#£0, (orw=0, k+#0), then xs,—1 = 0 and Yy10n—3 = w (or xg,—1 = k and Yy10n—3 = 0).
()If s=0,t#£0, (ort=0, s#0), then x10n—9 = 0 and Yy10n—4 =t (or T1on—9 = s and Yi1on—a = 0).

Proof. The proof follows from the form of the solutions of system (1).

2.2. Numerical Examples

In order to illustrate the results of the previous sections and to support our theoretical discussions,
we consider several interesting numerical examples in this section.
Example 1. For the initial conditions z_¢g = —1.5, x_g = —6.2, x_7 = 0.6, z_¢ = 1.3, x_5 = 12,
T—q4 = —0.6, r—3 = 09, Tr—2 = 0.2, r—1 = 06, o = 83, Y—9 = 07, Yy—g = 1.8, Yy—7 = 03, Y—6 — 1.1,
ys=—14,y_4=-259y_3=16,y_2=9,y_1 =0.3, yo = 0.9 when we take the system (2). (See Fig.
1).

plot of Xn+1:Xn—9/(1+Xn—9yn—4'yn+1:yn—9/(1+yn—9Xn—4)

12 T T T T

x(n)y (n)

Example 2. We consider interesting numerical example for the difference equations system (2) with the
initial conditions z_¢g = 1.5, x_g = 6.2, 27 =6, x_¢ = 13, x5 = 12, 24y = 0.6, x_3 = 9, x_o = 2,
2.1 =06,20=83,y9=079y-s=18,y7=03,y¢ =11, y_5s =14, y_4 =25, y_3 =16, y_o = 9,
y—1 = 0.3, yo = 2.9. (See Fig. 2).
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plot of Xn+1:angl(l-*xnfgyn74’yn+1:ynf9/(1+yn79Xn74)
25 T T T T

x(n),y (n)

Example 3. Consider the difference system (2) with the initial conditions x_g =1 3
r—6 = 13, r—5 = 0, Ty = 0, r—3 = 9, r_o = 0, r—1 = 06, o = 0, Y—9 = 0, Yy—sg = 1.
Yy6=0,y5=14,9y_4=0,y_3 =16, y_2 =0, y_1 = 0.3, yo = 2.9. (See Fig. 3).

plot of Xn+1:Xn—9/(1+xn—9yn—4'yn+1:yn—9/(1+yn—9Xn—4)
16 T T T T T T T T

141 H

12 b

10 b

x(n),y (n)
©

Tn—9 Yn—9

3. On The System Tp+1 = m, Yn+1 = m

In this section, we obtain the form of the solution of the following system of difference equations

Tp—9 Yn—9 (3 1)

€T 1= 1=
" 1+ Ln—9Yn—a , Ynt 1- Ln—4Yn—9 ,

where the initial conditions z_g, z_s, T*_7, T_¢, T—5, T_yg, T_3, T_2, T—_1, L0, Y—9, Y—8, Y—7,
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Y—6, Y—5, Y—a, Y—4, Y—3, Y—2, Y—1, Yo are arbitrary non zero real numbers with x_gy_4, x_gy_3, z_7y_2,
T ¢Y-1, T-5yo # —1 and x_4y_9, T3y -8, T_2y_7, T_1Y—6, ToY-5 7 1.

3.1. The Form of the Solutions of System (3)

Theorem 2. Let {z,,y,} are solutions of system (3). Then for n =0, 1,2, ..., we have

S k h g
&€ n— 1 A\ &€ n—8 = 71 7 _ . &€ n—7 = 71 1 0 x n—6 — 71 N
10n—9 1+ sty 10n—8 1+ k)" 10n—7 1+ ho)" 10n—6 1+ gu)"
T10nm— ———— Z1gn_a = (—=1)"eleq — 1)", x10n_3 = (—=1)"d(dp — 1)",
10n—5 A+ frym 10n-4 = (—1)"e(eq ) 1on-3 = (—1)"d(dp )
Zion—2 = (=1)"c(co—1)", x10n-1=(=1)"b(Lb—-1)", z10n = (—1)"alaz — 1),
_ (=g _ (=D _ (=" _ (=D)L
Yion—9 = (eq — 1)n7y10n78 = (dp — 1)n,yMnJ = (co — 1)nay10n76 = (Lo — 1)
_ e = t(st+1)" — wkw +1)"
Yion—5 = (az — 1)’ Yion—a = y  Yion-3 = )
Yion—2 = v(hv+1)",  yion—1 =ulgu+1)", yion =r(fr+1)"

Proof. For n = 0 the result holds. Suppose that the result holds for n — 1

s k h
L1on—19 = W, T10n—18 = W, L10n—17 = W7
T10n—16 = W, T10n—15 = W%lm—u = (=1)""te(eq — )",
Tin-1z = (=1)"ld(dp—1)""", zion12 = (=1)" Te(co— 1),
T1on—11 — (—l)nilb(Lb — 1)n71, T10n—10 = (—1)"71a(a2 — 1)n71,
PR i PO ) e I o0 L.
" (eq — 1)n=1" " (dp — 1)n—1’ " (co—1)n—1’
—_1)n—1p, —1)—1, n—
Yion—16 = ((LI)—)W’ Yion—15 = (CL(Z_)Wv Yion—1a = t(st +1)"7,
Yion—13 = whw+1)""" yion12 = v(hv+1)" 71,
yion-11 = ulgu+1)"""  yion—10=r(fr+1)""",

from system (3) we can see that

S
T10n—19 (T+st)" T

1+ T10n—19Y10n—14 B 1+ (W)(f(st + 1)”—1)

T10n—9

— 5
(I+st)n—T S

1+ st (1+ st)
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Also, we get
k
" _ L10n—18 _ (14kw)n—1 _ k
10n—8 = = = ’
L+ Zion—18Y10n-13 1+ (7(1““’2)"_1 wlkw +1)7=1) (1 + kw)”
. _ L1on—13 _ (=" 'd(dp —1)" !
10n—3 = = B
L+ z1on—13Y10n-8 1+ ((d;l_) )’L (=1)»=td(dp — 1)»—1
(=D"d(dp —1)"
= ————— = (-1)"d(dp—1)",
iy ViA=L
(71)77'_1[4
Yion_g = Y10on—16 _ (Lb—1)"—1
" 1 —yion—16%10n-11 1 — %(—1)"—%(Lb — 1)t
- L
(T (=)"L

1— (-2 1Lb  (Lb— 1)

By similar way we can prove the other relations. This completes the proof.

Lemma 4. Assume that {x,,y,} be a solution of system (3) with z_gy_4, 2_sy_3, T_7Yy—2, T_6y_1,
x_5y0 = —2 and x_4Y_9, T_3Y_8, T_2Y_7, T_1Y—6, ToYy—5 = 2, then {z,} and {y,} is periodic with
period twenty.

Proof. From the form of the solutions of system (3) we see when x_gy_4, T_gy_3, T_7Y—2, T_cY—_1,

T s5yo=—2and x4y 9, T 3Y 8, T2y 7, T_1Y 6, Toy—5 = 2 that
s k . h - g - f
Lion—9 = 73,0 T1on—8 = 75, L10n—7 = y L10n—6 = » L1on—5 = )
(=1)n (=)™ (=1)n (=)™ (-1
Tion—a = (—=1)"e, Zion—3 = (—=1)"d, Zion—2 = (—1)"¢, Zion—1 = (=1)"b, z10n = (—1)"a,
Yion—o = (=1)"¢, yion—s = (=1)"p, Yion—7 = (—1)"0, yion—6 = (—=1)"L, yion—s = (—1)"z,
Yion—a = t(=1)", yion—3 =w(=1)", yion—2 = v(—=1)", yion—1 = w(=1)", yion =r(=1)".

and so it is periodic with period twenty. This completes the proof.

Lemma 5. Let {x,,y,} be a positive solution of system (3), then {z,} is bounded and converges to
Z€ro.

Proof. It follows from system (3) that

Tp—9
Tn1 = —r < Tn—9-
1+ Tn—9Yn—4

Then the subsequences {Zion—9},r o, {Z10n—8}neg> {Z10n—7}neos {Z10n—6}ne0s {T10n—5},— 0+
{Z1on—a}reo: {T10n—-3}repo s {@10n—2}r g s {1001}, and {@10n }, ., are decreasing and so are bounded
from above by

M =max{x_9,2_8,2_7,T_6,T_5,L_4,T_3,T_2,T_1,T0} .

3.2. Numerical Examples

Here we plot some examples to illustrate the results of the previous sections.
Example 4. See Figure 4 when we suppose the initial conditions for system (3) as follows: z_g = 0.25,
T8 — 08, r—_7 = 03, T — 013, Tr—_5 = 09, Ty = 0.11, r—_3 = 058, r—_o = 07, r—1 = 06, o = 0.4,
Yy_9=12,y_§=.08,y_7=0.3,y_¢=0.5,y_5 =0.34,y_4, =0.11,y_3 = 0.16, y_o = 0.565, y_; = 0.311,
Yo = 0.9.
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plot of Xn+1:an9/(1+Xn79yn74’yn+1:ynf9/(1_yn79Xn74)
18 T T T

16 - — Yl

14

12F

=
o
T

x(n),y (n)

[ee]
T

Example 5. We take a numerical example for the system (3) with the initial conditions z_g = 0.15,
r.g=—-08 2 7=03, ¢ =—-013, x5 =09, z_4 = —0.11, x_3 = —0.8, x5 = 0.1, z_1; = 0.2,
o = —0.4, Y—9 = 0.2, Y-8 = —0.08, Yy—7 = 078, Y—6 = 0085, Y—5 = 034, Y—q4 = 0.11, Yy—3 = 016,
y_o = —0.65, y_1 = 0.311, yo = 0.9. (See Fig. 5).

plot of Xn+1:an9/(1+Xn79yn74’yn+1:ynf9/(1_yn79Xn74)
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Example 6. Figure 6 shows the periodic solutions with period twenty for system (3) when z_g = 2/11,
x_sg=—-1/3, 0 7=—4,0.6=-20,2_5=02,2_4 =04, x_3=—-0.25,2_9=2/9, 21 =20, o = 1/7,
Y—9 = 5, Y-8 = _87 Yy-17= 97 Y-6 = 017 Y-5 = 147 Y—q4 = —11, Y-3 = 67 Y—2 = 055 Y-1= 015 Yo = —10.
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4. On The Systems z,,4+1 = T2 —oyn_a’ In+tl = TTxz, ayn_o
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Here, we investigate the expressions of the solutions of the following systems of difference equations

fpag = —n=9 Y1 = _Yn-o (4.1)
" 1+ Ln—9Yn—a , "t -1+ Ln—4Yn—9 , .
Tn—9 Yn—9
Ty = ———2 SR 4.2
i 1 + Tn—9Yn—4 yn+1 -1 - Tn—4Yn—9 ( )

where the initial conditions x_g, x_g8, x_7, T_¢, T_5, T_4, T_3, T_2, T_1, To, Y—9, Y—8, Y—7,
Y—6y Y—5, Y—d, Y—4, Y—3, Y—_2, Y—1, Yo are arbitrary non zero real numbers.

4.1. The Form of the Solutions of Systems (4.1) and (4.2)

Theorem 3. Assume that {x,,y,} are solutions of the system (4.1) where the initial conditions satisfy
that 29y 4, T-8Y—3, T-7Y—2, T_6Y—1, T_5Y0 # *1 and T_4y_9, T_3Y—s, T—2Y—7, T_1Y—6, ToY—5 #* 1,7

%. Then we have the following expressions for n =0, 1,2, ...,

L20n—9

L20n—6

T20n—3

T20n

Z20n+3

Z20n+6

Z20n+9

(=1)"s _ =Dk __(=Dh
m, T20n—-8 = ma L20n—7 = ma
(D9 (= (SD)e(eg— 1)
(g2 — 1) 20n—5 = (22 — 1) 20n—4 = (2eq — 1) )
(—=1)™d(dp — 1)*" . ~(=D)"e(co—1)*" . ~(=1)"b(Lb—1)*
(2dp—1)» TP T T (20— 1)r T T @Lb— 1)
G 1)2n,$20n+1 = (1) y L20n+2 = 1)k )
(2az — 1)" (st +1)(s?t2 —1)" (14 kw)(k2w? —1)»
(_1):]; ) L20n+4 = (—1)2"92 » L20n+5 = (_1):]; )
(14 hv)(h2v? —1)" (1 + gu)(g?u?® —1)" L+ fr)(f2r2 =1
(—1)"e(eq— 1)2n+1 (—1)nd(dp— 1)2n+1 (—1)”6(60— 1)2n+1
(2eq — 1)+ y L20n+7 = (2dp — 1)+ ) L20n+8 = (2c0 —1)nt1
(=1)"b(Lb — 1)2n+1 (—1)"a(az — 1)+

L20n+10 =

(2Lb —1)ntt 7 (2az — 1)+t 7
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_ (=D"g(Reg—1)" _ (=D"p2dp —1)" _ (=1)"0(2co - 1)"
Y20n—9 = (eq — 1)20 s Y20n—8 = (dp —1)2n s Y20n-7 = (co— 1) )
Y20n—6 = (_1)(L]Z(—2[{§2; D s Y20m-5 = (—lzazz(falz)z—n 2 . Yoon—a = (—1)"H(s** — 1)",
yoon—3 = (=D "w(k*w? = 1)", yoon—o = (=1)"0(h*0* = 1)", yaon—1 = (=1)"u(g’u® — 1)",
yoon = (=1)"r(f*r® = 1)", yaoni1 = (_ﬁgqq_(ijgnjr}) » Y20n+2 = (_g-;pp_(i(?;n:-ll) )
(=1)"0(2co — 1)™ (=1)"L(2Lb— 1)" (=1)"z(2az — 1)
Y20n4+3 = (co— 1)zl Y20n44 = (Lo — 1y2nt1 Y20n45 = (az — )21
Yoomrs = (=1)"T(st+1)(s*2 = 1D",  yaonsr = (—=1)"Twkw + 1) (F*w?® — 1),
yoonts = (=1)"Tu(hv +1)(h*0? = 1)", yaonse = (=1)"u(gu+1)(g%u? — 1)",
yoon+r0 = (=1)"Thr(fr+1)(f*r? - 1)

Proof. As the proof of Theorem 1 and will be left to the reader.
Theorem 4. Consider {z,,,y,} are solutions of the system (4.2) with z_gy_4, 2_sy_3, T_7Yy—2, T_6Yy—1,
T_5yo # —1,# —5 and x_4y_g, T_3Y_s, T_2y_7, T_1Y—6, ToY—5 # +1. Then for n =0,1,2, ...,

o os(2st4+1)" . _ kQ2kw+1)" . _ h(2hv +1)"
L20n—9 7((%4_ 12 20n—8 = 7(1@10 T2 20n—7 = 7(}1” T2
9Q2gu+1)" fRfr+ 1" n n
T20n—6 = Wa L20n—5 = Wa Ta0n—a = (—1)"e(e*¢® = 1)",
ToOon—3 = (—1)nd(d2p2 — 1)”, Toon—2 = (—1)”6(6202 — 1)”,%2()”,1 = (—1)nb(L2b2 — 1)n7
" n s(2st 4+ 1)™ k(2kw + 1)™
Tan = (—1) 0(0222 = 1", Zoont1 = ma L20n+2 = W,
_ h(2hv+1)" ~g(2gu+1)" _f@fr+1)n
L20n+3 = W, L20n+4 = W, L20n+5 = W,
woonte = (=1)"e(eq+1)(e*¢* = 1)",  @aontr = (—1)"d(dp + 1)(d*p* — 1),
Toongs = (=D)"c(co+1)(P0* = 1), @agnio = (—1)"b(Lb+ 1)(L** — 1),
Toont1o = (—1)"a(az +1)(a*2® — 1),
_ (=g __ (=" y _ (=D
y20n—9 (62(]2 _ 1)7’L’ y20n—8 (d2p2 _ 1)7’L’ 20n—7 (0202 _ 1)717
- (-1)"L (D)2 (st 4 1)
Y20n—-6 = (L2062 — D)’ Y20n—5 = (@22 — 1)’ Y20n—4 = 7(2% T
w(kw + 1)%7 v(hv +1)%n u(gu + 1)
_owl _ _uly
Y20n—3 = Qkw + 1)7 Y20n—2 = 2ho 1 1)’ Y20n—1 = Qgut 1)’
_ (1) _ (=D)"q(2eq —1)" _ (=D)"p(2dp —1)"
Y20n = W7 Y20n+1 = (eq — 1)2nrL Y20n+2 = (dp —1)2n T
~ (=1)"0(2co — 1)" _ (=D)"L(2Lb—1)" ~ (=D)"2(2az —1)"
Y20n+3 = (co—1)zntl Y20n+4 = (Lh— 1)t Y20n+5 = (az — 12+l
o —t(st+ 1) ~ —w(kw + 1)2 ~ —v(hv 4+ 1)
Y20n+6 = W, Y20n+7 = kw + 1)+t Y20n+8 = W,
—u(gu + 1)%ntt —r(fr+ 1)+t
Y20n+9 = 5 Tl o Lt

2gu + 1)n+t Y20n+10 = @fr+ 1)nH

Proof. As in the proof of Theorem 2 and will be omitted.
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4.2. Numerical Examples

In this subsection to support our theoretical discussions, we consider some interesting numerical
examples.

Example 7. When we put the initial conditions z_9 = —2.1, z_g = 0.3, x_7 = —4, x_¢ = 0.11,
T—_5 = 05, T—y = 1.9, r—3 = —1, r—o2 = 0039, r—1 = 0.2, o = —0.7, Y—9 = 035, Yy—-sg = —0.38,
y_7=09 vy 6=0.1,y_5=-0.14,y_4,=—-0.11,y_3=0.6, y_o = —0.5, y_1 = 0.1, yo = 0.62 for system
(4). (See Fig. 7).

plot of Xn+1=Xn79/(l+Xn79yn74’yn+1:yn79/(_l+ynfgxnf4)

15 T T T T
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Example 8. See Figure 8 it shows the periodicity of the solutions for system (4) where the initial
conditions takes the numbers v g = s =2 7 =2z ¢=2_5=0,2_4 =19, z_3 = —1, z_5 = 0.39,
r—1 = 0.2, o = 07, Yy-9 =Y-8 =Y-7=Y-6 —=Y-5 — 0, Y—q4 = 0.11, Yy—3 = 06, Y—o2 = 0.5, Yy-1 = 081,
Yo = 0.62.



14 E. M. ELSAYED AND H. S. GAFEL

plot of Xn+1=Xn79/(l+Xn79ynf4’yn+1=yn79/(_l+ynfgxnf4)
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Example 9. Let we take for the difference system (5) the initial conditions z_g = 0.8, z_g = —0.2,
27 =025 zv_¢ = —033, x5 = 0.15, vy = 09, z_3 = —0.01, z_» = 0.39, 21 = 0.2, o = 0.7,
Yy—g = 0.085, y_g = 0.3, y_7 = —0.29, y_¢ = 0.56, y_5 = 041, y_4 = —0.11, y_3 = 0.6, y_2 = 0.5,
y—1 = 0.81, yo = 0.62. (See Fig. 9).

plot of Xn+l:Xn—9/(1+Xn—9yn—4’yn+1:yn—9/(_l_yn—gxn—4)
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