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On fractional calculus of the bivariate Mittag-Lefller function

Maged Bin-Saad* and Mohannad Shahwan

ABSTRACT: This article deals with a study of some fractional calculus properties of the bivariate Mittag-Leffler
functions including the fractional integrals and derivatives and the singular integral equation involving the
bivariate Mittag-Leffler functions in the kernel. Further, we introduce a fractional integral operator involving
bivariate Mittag-Leffler functions in the kernel. Also, we discuss the links of our findings with known cases.

Key Words: bivariate Mittag-Leffler function, Riemann-Liouville fractional integrals and derivatives,
generalized fractional calculus operators.

Contents
1 Introduction 1
2 Bivariate Mittag-Lefler Function 3
3 Fractional calculus approach 5
4 Solution of a Singular integral equation with E((} ), 5 in kernel 7
5 An integral operator with Eff}?v in kernel 9
6 Conclusions 11

1. Introduction

The Mittag-Leffler function is an important function that is widely used in the subject of fractional
calculus. Indeed solutions of various differential and integral equations involving fractional derivatives
can be derived from Mittag-Leffler functions. Also, the Mittag-Leffler function can be seen in the solution
of the same boundary value problems. For details, we refer to works by Gorenflo and Mainard [4], Kilbas
and Saigo [6], Kilbas et al. [7], and Srivastava and Tomovski [19]

The Mittag-Leffler function is defined by [8]:

21_‘(0(5;1),(%(04) >0,2€C), (1.1)

where as usual notation I'(\) for the Gamma function and (\), = F(F)‘&)"),n >0,A#0,-1,-2,..., the
Pochhammer symbol [16]. Here and in the following, let C, R and N denote the sets of complex numbers,
real numbers, and positive integers, respectively.

A generalization of (1.1) in the form

z) = ;m, (1.2)

(o, B € C,R(cx) > 0,R(B) > 0),
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is defined and studied by Wiman [21]. A generalization of (1.2) is introduced in terms of series represen-
tation by Prabhakar [10]:

71

ZFan—&—B n!’ (13)

(@, 8,7 € C,R(a) > 0,R(B) > 0,R(y) > 0).

For v =1, (1.3) coincides with (1.2), whereas for v = 8 = 1, (1.3) coincides with (1.1). Prabhakar [10]
studied some properties of the integral operator

B aro(@) = / x(x — ) B, ulw(z — t)?)p(t)dt, (z > a), (1.4)

(p, s v, w, € C,R(p) > 0,R(p) > 0),

containing the function (1.3) in the kernel and applied the results obtained to prove the existence and
uniqueness of the solution for the corresponding integral equation of the first kind

/ @ 0 By fwla — 0P )e(t)dt = f(z), (x> a), (15)

of finite interval [a, b] of the axis R = (—o0, 00).
In [2], Bin-Saad et al. established some properties for the bivariate Mittag-Leffler function

m mn

(m+n)2z
o,y (21,22) = ZZ s (1.6)

== T'(am +yn + B)m!n!’

(a’ﬂa’}/)ZhZQ € C,%(ﬁ) > §R(f}/) > §R(Oé) > 0)

For 8 =1 and z; = 0 (22 = 0), (1.6) coincides with (1.1), whereas for z; = 0 (22 = 0), (1.6) coincides
with (1.3):

Ea14(2,0) = Ea(2), Eapy(20) = Eap(2), Eapr(0,2) = Ey5(2). (1.7)

In our present study, we also propose to use the Riemann-Louville fractional derivative operator (see e.g.
[5,9,13]:
d " n—o
Dz @ = (1) @) @) (1.9

(a € C,R(a) > 0,n = [R(a)] + 1),

defined for a < < b, by ([13], Section 2.3 and 2.4), in terms of Riemann-Louville fractional calculus

2 9) @) = 05 | ot (19),

(e € C,R(a) >0,a <z <b).
Here the the operator I, is defined on the space L(a,b) ( see for detail [5,7,11]:

b
L(a,b) = {f<a:> 0 f = / F()ldt < oo}. (1.10)

For the case p(z) = z®,a > —1, we get the result

INa+1)

DV a:
=t MNa—v+1)

(1.11)

where DY = (%)U ;x> 0,a> —1,v >0 is not restricted to integer values. Also, we recall the relation

DL IV =, (112)
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(a € C,R(a) >0, € La, b)),
and the Dirichlet formula [13]:

/ab dz /az fla,y)dy = /ab dy /ybf(:z:,y)dx. (1.13)

The present paper sequel to these earlier papers is motivated largely by the aforementioned work of

Prabhakar [10] and Bin-Saad et al. [2] and is intended for the investigation of new bivariate Mittag- Leffler
(6)

By’
its expansions, operational representations, and generating functions.

function with four parameters E The paper is organized as follows. Section 2 deals with special

(9)
B,y
Computation of the Riemann- Liouville fractional integral and derivative of E (@ )B are presented in Section

3. Section 4 is devoted to introducing and solving singular integral equation with El(x )ﬁ . in the kernel.

In Section 5, we introduce an integral operator Ea )ﬁ ywn waiat which contains E( ) in the kernel and

investigate its transformation properties in the space of Lebesque summable continuous functions.

cases of the special function E

2. Bivariate Mittag-Lefler Function

We presented generalized bivariate Mittag-Leffler Function in [15], which has the following form:

E((;) O)min 21723 2.1
M) ZZF (am +n + B)min!’ (2.1)

m=0n=0

(a757’775321722 S (C7§R(a) > 07%(5) > 07%(7) > 0)

The alternative representations

fe%e] . m
EQL (z1,22) = 3 (0) Eﬁla)m(z?)ﬁ’ (2.2)
m=0 °
and N
g 5+n 2
Bl (e1,22) = D (OnEL S (2) (23)
n=0 :

followed by series rearrangement and considering definition (1.3). According to the representations (2.2)
and (2.3) and the definition of the generating function concept ( see for example ([12], Chapter 8), we

can say that the bivariate Mittag-Leffler Ea By

function for the Mittag-LefHer function E (8 )ﬁ
It is important to note that the blvarlate series (2.1) is a special case of the generalized Wright hyper-
geometric function in two variables Sé g [z, y] introduced by Srivastava and Daoust ( [17], p199(2.1)).

Indeed, in this case, we have

has generated the set E((j% and that E((j% , is generating

(6) _ 1:0,0
Ea,[};y('thQ) = F(5) Sl: ;0 21, 22

According to the convergence conditions investigated by Srivastava and Daoust ( [18], p199(2.1)) for the
series Séfg;g[a:,y], the series (2.1) converges for (o) > 0 and R(y) >0,1+C+D — A — B > 0 and
1+4C+F—-A—-FE>0.

We have the following relationships.

Ec(i)ﬁ,w(zl’ 22) = Eo,p~(21,22), (2.4)
g 5
Eé,)ﬁy(oaz) = E»(y”()}(z)a (2.5)
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é 4
B (2,0) = B (2). (2.6)

Corollary 2.1. Let 8,6, 21,22 € C,R(8) > 0 and n € N. Then

(8) 1 B B+1 B+n—1 z1+ 2
E F, e ; 2.
n,B,n(ZhZQ) F(ﬁ)l |: ) ’I’L’ n ’ ] n ) nn ’ ( 7)
where ,F, is the generalized hypergeometric series ([12], Chapter 5).
proof Proof. We have
o0 o0 s k
E®) s+k 21 %
n,5n (715 22) ;Z()Fns+nk+ﬁ)slkl
Now, by letting s — s — k and using the result (see e.g. [16]):
A+ —1
i (222)
i=1 e/
we get the right-hand side of the assertion (2.7).
Corollary 2.2. Let a, 3,0, 21,22 € C,R(a) > 0,%(5) > 0. Then
Eé )ﬁ Q(leg, 22) = E&%(zlzg + 2’2). (28)

Proof. We have

E®) (2122, 2 O)min " 25"
122, 22) E E
@B,e ’ F (am + an + B)m!n!’
m=0n=0

Then letting n +— n — m and considering the Mittag-Leffler function E deﬁned by (1.3), we get (2.8).

Remark 2.1 Given the relation (2.3) and the result (2.8), we obtain the following interesting relation
between two versions of the Mittag-Leffler function (1.3)

5 (2]

> S+n
E&@ﬂﬁﬁg=§jaﬁg;%uﬂga. (2.9)

Corollary 2.3. Let a, 8, A, 0,21, 22 € C,{R(a), R(B), R(7), R(N\),R(c)} > 0. Then

e} —n, o, n
(o8 g+n Z
Eg},;_ﬁ)(zlv@) = Z(A)nEﬁZJn (1) x 2Py 1 ni,, (2.10)
owr 1= X—n: ‘

where 2 F} is the Gaussian hypergeometric function (see [16]).
Proof. On putting 6 = A+ in (2.3) and using the classical formula of Norlund for Pochhammer symbol
( see [1], Section 1, Chapter 3)

(a+b)i ﬁé( ) (D)1, (2.11)

we obtain (2.10).
According to the inverse operator D', we can rewrite EY

aﬁﬁ(zl, 29) in the series form

oo 00 S man m ,mn —(amtm B—1
a‘fm(zl,zg) = Z Z();#(wt) (amty ){;(5)}’ (2.12)
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which further yields the Rodrigues-type relation

PED oz = (1-2 0D — 200 ”) {E 1 (213)

Again, by exploiting the same procedure leading to (2.13), we can establish the following operational and
exponential representation

D (o1 2
B—1,5-1
= exp [zl (uDy) ™" (Dyv) + 29 (uD,,) ™" (va)} {F(ﬁ)} . (2.14)

Finally, by exploiting the results (2.13) and (2.14), we can derive generating functions for the Mittag-
Leffler functlon EY (21, 22). Indeed, by starting from identity (2.13), multiplying both the sides of

a,Byy
(2.13) by %;, replacing § by n, (n =1,2,---), and then taking the sum, we obtain the result

}_tﬂ IZEaﬁvzlv@ P (2.15)

Similarly, if we employ the identity (2.14), we get the following generating function

nlo

pu[1=21(4D) "% 2 (tD) 7] { i1

exp [Zl (uDy) ™" (Dyv) + 22 (uDy) ™" (Dyv) + t”] {:lf(_ﬁl) }

_ (U’f)"
_ UB 1 1 ZEO‘ B~ 21,22 o (216)

3. Fractional calculus approach
In this section, we establish the Riemann-Liouville fractional integrals and derivatives of the bivariate
Mittag-Leffler function E& }3 y -

Theorem 3.1. Let o, 8,7, € C, {R(a), R(B), R(7), R(d), R(w1), R(w2)} > 0. Then the following frac-
tional integral formula holds.

o [0 = )" ED), (= @) wa(a — a))]

= (z— a) P 1EL), | (wi(e - a)*, wa(e — a)). (3.1)

Proof.Upon interchanging the order of summation and fractional integration, which is permissible under
the assumption started in the theorem and using definitions (2.1) and (1.9), we find

oI [ =P BY) (e - ) ws(e — a)7)]

® ZL'*t)\il S 5m nwmwn am n —
:/a o Z Zf(a(rn)++’yn-i-lﬁ)7271!n!(ta) e, (@ > a),

1 = ) mtn WIWY * _ ot B
Ly p(a%n;m;w [0

o §E 5 P il
L(am+yn+ B+ XN)mln!

m=0n=0

which gives us the desired result (3.1).
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Theorem 3.2. Let o, 8,7, € C,{R(e),R(B), R(7),R(6 — A), R(w1),R(w2)} > 0. Then the following
fractional integral formula holds.

I [(a: _g)p E(g‘s’)ﬁﬂ(wl (x —a),wa(x — a))}

R CER
T
Proof. We refer to the proof of Theorem (3.1).

(x — a)‘s_lESE’i‘y) (w1 (z — a), wa(z — a)). (3.2)

Corollary 3.1. As a consequence of (2.6) and Theorem 3.2, we have
oD (@ = @) BD) (@ - 0)]

IRNCEY
- T(0)
where a, 8,6 € C, {R(a), R(B),R(6 — N), R(w1)} > 0.

(z— )’ LEC ;N (wi (2 — a)). (3.3)

(%)

We now proceed to find the fractional derivative of the bivariate Mittag-Leffler function E, 5

Theorem 3.3. Let o, 8,7, € C, {R(a), R(B), R(7), R(d), R(w1), R(w2)} > 0. Then the following frac-
tional derivative formula holds.

D [(@ =)™t B (w1 (@ — @) wale — a)?)

=(x— a)5+)‘_1EéfZg_A7,y(w1 (x —a)*, we(z —a)?). (3.4)

Proof.Upon using (1.8), interchanging the order of summation and fractional integration, which is per-
missible under the assumption started in the theorem and using definitions (2.1) and (1.9), we find

D [ = )P BY) (o — @) wa(w — a))

=Dy 17 (@ = )71 BY) (w12 = @), (e — a)")

1 — (0)msn wiwy k * k—A—1 am4yn+B—1
- m%; r(am+vn+5)m!n!xDa+/a A () R

)aer'yn

_ _\B—A—1 N o (§)m+n U’?lnwél(l’ —a
= (¥ —a) Z Z T'(am+yn+ g — A)m!n!

m=0n=0

which gives us the desired result (3.4).

Theorem 3.4. Let «, 8,7,6 € C, {R(a), R(8), R(7), R(5), R(N), R(w1), R(w2)} > 0,. Then the following
fractional derivative formula holds.

Dy [W — )P ED) (wi(w — a),wa(w — “))}

a,B,y
B F%A)(ﬂ” =)’ BN (i — a),wa(e — a)). (3.5)

Proof. We refer to the proof of Theorem 3.3.
Corollary 3.2. As a consequence of (2.5) and Theorem 3.4, we have

D2 (@ = )"0 B (wi (x — a))

a
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T+ A)
- T()
where a, 3,6 € C, {R(e), R(5), R(7), R(6), R(A), R(w1), R(w2)} > 0,.

(z =) T BUEN (wi (@ — a)), (3.6)

Theorem 3.5. Let o, 8,7, 6, A, w1, we € C, {R(a), R(B), R(7), R(0),R(N)} > 0,n € N. Then the following
formulas hold.

a’

D) [mﬂ_l Eggﬁ(wwo‘,ng'y)} = zf~>-1 g o, (w1 wa). (3.7)

In particular

Dk {xﬁfl E((l%ﬁ(wlxa,ng“’)] = g2t E((jz;_kﬂ(wl:co‘,wa”). (3.8)

Proof. We have

D} [Iﬁfl E©)

oc,ﬂﬂ(wlxa’ wz:ﬂ)]

o0 o0 m.,..n
_ Z Z (8)mtn wwy (D’\ xmamﬂnﬂ)
['(am +yn+ B)mIn! VF ’

3
Il
o
3
]
(=]

= i i (5)m+n winwg lﬁ+am+'yn7)\71
T(am +yn+ 8 — A\)m!n! ’
Al (8

=gfA1 Ei))ﬁf/\ﬁ(wlxa, waz”).

which proves (3.7). The relation (3.8) follows from (3.7) when A =k, (k € N).

4. Solution of a Singular integral equation with E‘(j)ﬁ . in kernel

In this section, we solve a singular integral equation with the generalized bivariate Mittag-Lefller
function Egs)ﬁ , in the kernel. We denote the Laplace transform of a function f ([16], p.218) by

LI/ (1)) (p) = F(p) = / e f(1)dt, (R(p) > 0). (4.1)
Theorem 4.1. Let «, 3,7, 0, wy,ws € C, {N(«),R(B), R(7),R(6)} > 0. Then
o yq =90
1 () " oy - (v _(w
Lo B0 (o o] o) =0 1= (2) - ()] 12)

Proof. We have
— ) o
L[« BQ) (we)°, (wa))] ()

= Z Z (5)7”+'rz(wx)am+’yn) /00 e~ PT gomtyn+B—1 7.
0

mIn!l'(am +yn + 6

o oo
— Z Z (§)m+"pam+'yn+ﬁwam+'yn

m!n!

( w ) ( w ) 7
W hiCh iS ‘he deSiI‘ed Iesult .

Next, we establish an integral formula involving the product of two bivariate Mittag-Leffler functions.
Theorem 4.2. Let «, 3,7,0,\,0,w € C such that { R(a),R(B), R(7), R(5),R(N\),R(c)} > 0. Then

/0 @ P LEL), [(w(z — 1), (w(z — )] x M TE [(wt))®, (wt)?] dt

a a7y
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_ d+o a
= 71 BT (wt)®, (wt)]. (4.3)

Proof. With the help of convolution theorem for the Laplace transform (see [20]):

L [ / fe - t)g(t)dt} () = L[f(@)] () L [g(e)] (),

we have

L [ / = P BY) (e — 1) (wle — 0)7) x 1 ECL_ (wh)*, <wt>7>} »).
0

=L@ BD) ((wt), (w))] () x L [PTED L (wh)®, (wt))] (p):

Now, from Theorem 4.1

L [ [ =077 B, (e = )% (wle = 0)7) % 07 ER (i, <wt>7>} ®)
0

a —(6+0)
e -]
p p

L [ [ =057 BO, (wte = )% (wte - 0 x 27 B (@) <wtm} ®)

Hence

=L[t# 1 EQETL L (), (wt))] (o), (4.4)

Finally, taking the inverse Laplace transform of (4.5), the result follows.

Now, let us consider the following convolution equation involving the bivariate Mittag-Leffler function

5®

0,5, 1 the kernel.

/O (x =0 By [(wle —0), (wlz —0)7] - g(t)dt = (), (R(B) > ~1). (4.5)
Theorem 4.3. The singular integral equation (4.6) admits a locally integrable solution

() = /j(w — 1)L ((w(a — 1), (w(e — )] - Iy () dt, (4.6)

provided that (1" () exists for R(v) > R(F + 1) and locally integrable for 0 <t < u < oo.
Proof. Applying the Laplace transform on both sides of (4.5), using the convolution theorem as well as
Theorem 4.1, we get

oo 00 am-—+yn
p? 3y Ot (z‘j) L{6(6)] () = L(0)] (), (47)

m!n!
m=0n=0

@ ¥
which under the assumptions that ‘(%) + (%) ‘ < 1, can be written in the form

7 [ () - (%) L)) = L) ) (18)

p

Therefore, we have

L{p(0)] (5) = { (4 - ()] 5pﬂ-“} LIS () (19)
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Taking the inverse Laplace transform of both sides of (4.9) and with the aid of the following property (
[20], p.217, Eq. (3.8))
PMLIFO)] (p) = L [ f(B)] (),
(1, p € C;R(p) > 0),
which holds true for suitable f, we thus find

$(z) = /ﬂw— £y PEL) L ((wle — 1), (w(z — )] g w(t)dt

(9)

5. An integral operator with Eaﬂ . in kernel

In this section, we consider the integral operator Eg)ﬁ N defined by

(Eg)g o w1 weiat @) ( )

_ /m(x HILES), (w1 (x — )% wa( — 1)) p(t)dt, (z > a), (5.1)

with a, 8,7, 6, w1, wy € C, {R(B), R(a), R(7), Re(d)} > 0.
In particular, for we = 0, (5.1) gives the integral operator by Prabhakar [10]

(Ei)ﬁ,wzw g@) () = /;(:E - t)ﬁ_lEg% (w(z —t)%) p(t)dt, (x > a), (5.2)

with generalized Mittag-Leffler function defined by (1.3) in the kernel,
which further, for § = @ = 1 reduces to

x

(Bapar @) (@) = / (& — )P Ea g (uwn (x — 1)) @(8)dt, (z > ).

a

(9)

a, By, w1, wa:at

We now show that the integral operator E is bounded on the space L(a,b).

Theorem 5.1. Let a,8,7,0,wi,wa € C, {RN(a),R(B),R(7y)} > 0, then the operator Ei)ﬁ'}’wl wat
is bounded on L(a,b) and

IESD, o wnar @l S Al 1, (5.3)
where
A= a)R® Z Z (8)mtnl
£ £ D (am + yn + B)[[R(a)m + R(7)n + R(B)]

wi(b — @)™ ™ Jws(b — a)* O]

m! n!

(5.4)

Proof. Using (1.9) and (2.1) and interchanging the order of integration and applying the Dirichlet
formula (1.13), we find that

§
[ —y
b x
:/ / (2= P ED), (e — 1), walz — 1)) ()t d,
a a
b b 5
s/ /(xft)m(ﬂ)*l‘EfX’gﬂ (wi(z — ), walz — £))| dz p | ()] dt

a t

b b—t
=/ {/ ‘E((j)ﬁ,y wlua7w2u7)‘du} lo(t)| dt
a 0
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b
S/ {/ ‘Eéé,)fj'y wlua,wguv)‘du} lo(t)] dt. (5.5)

Using (2.1), carrying out term-by-term integration, and taking into account (5.4), we obtain

b—a
/0 uRA-1 ‘ES%W (wiu®, wgu'y)’ du

Z Z m+n| |w1‘m ‘w2|n b §R(ﬂ)+§R(a)m+§R('y)n—1d —A 5.6
- IT(am + yn + B)] minl 0 “ “=4 (5:6)

m=0n=0

and (5.5) yields (5.4), which completes the proof of the theorem.

Note that for wy = 0, (5.4) gives the known result ([14], p.542(4.10))

1B, war® I <D el (5.7)
where .
m b_ o) |m
D=(b-a® Z | ‘wl( o) . (5.8)

IT°( am—i—ﬁ R(a)m + R(B)]m!

m=0

(C)

a,B,y,wy,we:at

Next, we show that the integral operator E is bounded in the space C[a,b] of continuous

function h on [a, b] with a finite norm
I hllo= mas (). (59)

Theorem 5.2. Let «,f3,7,0,wi,wy € C, {R(a),R(B),R(y)} > 0 and b > a, then the operator
E .4 is bounded on Cfa,b] and

a,B,7,w1,waat

)
IEL, o wnar?llo <Al @ e, (5.10)

where A is given by (5.4).
Proof. Using (5.1) and (5.9), we have for any = € [a,b] and ¢ € Cla, b]

[emm——

[ =7 B, - w%wxx—wwwum4

B—11(8)
(z —1) Euﬂ"/

(wi(w = ), wa(w — 6)7)| e(®) b
< <p||c/ (x —t)® ‘Egzin, wl(x—t)a7w2(zft)7)‘dt
=Wﬂb/ aBOBD, | (wr w) | du

0

b—a
<Ielle [ a7 ED,  twru wa)| du

=Alelle,

where A is the same as in (5.4).

The following Lemma is an application of the previous results.
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Lemma 5.1. Let a, 8,7,0, w1, ws € C, {R(a),R(B),R(7)} > 0 andb > a, then

§ _
(B s s (= @71 (@)

=T(\)(z — a)ﬁ+’\71E((j)B+)\77 [wi(z — a)®, wa(x —a)?]. (5.11)

Proof. Making use of (2.1) and the operator (5.1), term-by-term integrating and applying the formula [
3, 1.5(1) and 1.5(5)] for the Beta and Gamma functions, it gives

) _
(BY) 7 s (= @) (@)

= / (@ — 1) EBL) | (wi(w — )%, waw — 1)) (t — a)*dt,

oo o0

_ Z Z (5)m+n witwy /l(x B a)3+am+'yn—1(t N a))\—l7

T'(am +yn + B)m!n!

(5)m+n wiwy B4+A+am+yn—1
— B _ am+yn
Z Z T(am + yn + Byminl (B +am+yn,\)(z — a) ,

which yields (5.11) according to the definition (2.1).

6. Conclusions

We used the Riemann-Liouville fractional integral and derivative operators to investigate several
properties of the bivariate Mittag-Leffler function E((;S)B - We established the fractional integration and

derivation of the function E((fz; .- Based on careful analysis of function E((j)ﬁ -» we succeed in dominat-

ing the solution of the singular integral equation involving the function E((j,ia,y in the kernel. Further,
(8)

we introduced an integral operator E% By s waat with ES)B,W in the kernel and derived its transfor-
mation properties in the space of Lebesgue summable continuous function spaces. Future work using
these Mittag-Leffler function Eg)ﬁﬁ is expected to include, for example, numerical approximation of
the functions by solving fractional differential equations, numerical approximation of the operators by
Bernstein-polynomial techniques, asymptotic analysis of the functions, and many more properties waiting

to be proved mathematically and then applied in practice.
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