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Besov-Hankel norms in terms of the continuous Bessel wavelet transform

Ashish Pathak* and Dileep Kumar

ABSTRACT: Using the theory of Continuous Bessel wavelet transform in LP(R)-spaces, we established the
Parseval and inversion formulas for the LP:°(R7T)- spaces. We investigate the continuity and boundedness
properties of the Bessel wavelet transform in Besov-Hankel space. Our main results: are the characterization
of Besov-Hankel space by using the Bessel wavelet coefficient.
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1. Introduction and Preliminaries

The Besov space BL(L,) is a set of functions f from L, which have smoothness a. The parameter ¢
gives a finer gradation of smoothness. Betancor and Rodriguez-Mesa extend the definition of Besov space
with the help of Hankel transform and its properties to obtain a new function space called Besov-Hankel
space. After that they were characterized the Besov-Hannkel spaces through the Bochner-Riesz mean and
the partial Hankel integrals (see [1]-[7], [12]). Perrier and Basdevant [8] established the characterization
of Besov spaces using continuous wavelet transform. Motivated by these two works, we characterized
Besov-Hankel spaces by continuous Bessel wavelet transform.

The present paper is organized in the following manner: Section 1 is introductory, in which we recall
some basic definitions and results like the Hankel transform and its properties, Besov-Hankel space,
and continuous Bessel wavelet transform. In section 2, we derived Parseval’s and Inversion formula
for the continuous Bessel wavelet transform in LP°(RT). Additionally, we obtained continuity and
boundedness properties of the Bessel wavelet transform in Besov-Hankel spaces. Section 3 pertains to
the characterization of Besov-Hankel norms in terms of the continuous Bessel wavelet transform.

In this paper, as usual L7 (R* = (0,00)) denotes the weighted LP— space with norm

1l ey = I e = ( I If(w)l”do(:v>> " (L <p<oo), (L.1)

[f 1l Loeo ety = €88 8UP< o0l f(2)] < 00. (1.2)

The Hankel transformation of the function f € L9 (R") is defined by

flz) = /j(xt)f(t)dcr(t), 0<z< o0, (1.3)
0
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If f € LM (RY) and f € LY (R"), then the inverse of Hankel transformation is given by

where o(t) = , j(x) = C’Vx%"’Jy_%(a:), C, = 2" s (v + 1) and J,_1 denote the Bessel

oo

o) = /j(xt)f(t)da(t), 0 << . (1.4)

0

Also, Parseval’s formula of the Hankel transformation for f,g € L1 (R*) (N L?°(R") is given by
[ F@iwyiots) = [ fgwiotw) (15)
0 0

By denseness and continuity the Parseval’s formula can be extended to all f,g € L% (R*). Hence Hankel
transform is isometry on L*7(R™T).

If f,g € LY (RT), then the convolution associated with the Hankel is defined as

(f#g) (@) = | f(z,y)g(y)do(y), (1.6)

where the Hankel translation is given by

flz,y) =1, f(z) = 7f(z)D(x,y,z)da(z), 0<x,y< oo, (1.7)
0
and
D(z,y,z) = ]oj(m)j(yU)j(w)dU(u)
0
= P P (P () > Ay, (19)

where A(x,y, z) denotes the area of a triangle. D(z,y, z) is symmetric in z,y, z (see [13]).
From (1.4) and (1.8), we have

/j(zu)D(x,y,z)da(z) = j(zu)j(yu), 0 < z,y < oo, 0 < u < o0, (1.9)
0

for u = 0, we get

[ Doy 2ot = 1. (1.10)
0
and
(f#9)(@) = f(@)g(x), 0 <z < oo. (1.11)

Now, we recall some properties of Hankel convolution which are useful throughout the paper ( see [10],
2),12], [9] ).
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Lemma 1.1 If f € LP°(R") for 1 <p < oo then

Iy f(@)|Lre@e) < || fllee@s)- (1.12)
Lemma 1.2 Let f € LP?(R") and g € LY (RY), % % =1+ 1. Then we have
f#9llLre @y <FfllLeo@nllgllLoe @s)- (1.13)

Definition 1.1 (Besov-Hankel Space): Let 0 < o < 1 and 1 < p < co. A mesurable function ¢ on
(0,00) belongs to BHE'9 if ¢ € LP7(RT) and

/(h_awp(qb)(h))q d: < oo for 1 <g < oo, (1.14)
0
esssupy~q (b~ “wy(¢)(h)) < oo for ¢ = oo, (1.15)

where wy ,(¢)(h) =: |Th¢ — @] r.om+), b € (0,00).

Definition 1.2 (Bessel Wavelet): Using the properites of Hankel transform, Pathak and Dixit (see
[2], [11], [14]) define the continuous Bessel wavelet for ¢ € LP7(RT) ;1 < p < oo, b >0 and a > 0
as

Yya(z): = Dawa(xo)o
= o ! z é,f,z o(z2), .
- O/me(M )aota (110

where D, denote the dilation operator.
The continuous Bessel wavelet transform of f € L% (RT) with respect to a wavelet ¢ € L*»7(R") is
defined as

(Byf)(b.a) = 7f Jba(@)do(x)
0
I o/o/f

(Bwf)(ba CL) = (f#wa)(b)7 (118)

(b : z> do(2)do (x). (1.17)

Moreover , using (1.6), we have

where 1, (t) = a=2*"1)(t/a).

2. The Continuous Bessel Wavelet Transform in L7 (R™)
Theorem 2.1 Suppose that a wavelet 1 € LY (RT) N L% (R*) satisfies the admissibility condition

Ay :/ w2 (W) [2dw > 0,
0

where 1/; denote the Hankel transform of 1 then continuous Bessel wavelet transform is a bounded linear
operator

do(a
)

LP°(RT) — L*7(RT, x L7 (RT),
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moreover, for any f € LP?(RT) and 1 < p < oo,

e ~ ( [ ([ mesoarie) da(b))é . (2.)

Proof: Let S, denote the space L?7(R™, j;’(jfi) x LP?(RT) associated to the norm

1915, = {4~ (5~ 0.0 25" doi}

If we take p = 2, then from Plancherel’s theorem:

|Byflls. = {/OOO (/OOO B, f (b, a)QZ;rV(fD da(b)}é

1By flls, = AulfllL2e,

where Ay = fooo w_2”_1|1/3(w)|2dw > 0, if ¢ is real. From singular integral theorem, the operators on
L% (R*, 2L4) holds inequality:

1By flls, < Cpllfllprem@t) for 1 <p <2

where the constant C), depends only on p and ¢ (see [15]). Due to duality the inequality is also valid for
1 < p < oo. It follows that

{/om ([ 1Bus0.0r ) g da(b)}; < Cyllfll ooy 22

conversely suppose that f € L?7(R*) N LP(R*). Since continuous Bessel wavelet tranform is isomerty
for every g € L»?(RT) N L% (R™), we can write

L[ Bt aBgtan  doaint) = Auto
1 = o N, —2u—1 _ ° TP o
Aw/o /0 By f(b,a)Byg(b,a)a do(a)do(b) = /0 f(2)g(@)do (). (2.3)

Now,

oo 1 oo 0o ———
| / f@glao(a)| = 4| / / By (b, a) Byg(h,a)a1do(a)do(b)

1 R -
< Aw/o /0 |By f(b,a)Byg(b,a)a™* " *do(a)do(b)],

using Schwarz inequality and then Holder’s inequality, we have
1

Allb </Om </°m ol a)|2“_2”_1d0<a)) % da<b>> |
X </OOO </OOO [Byg (b, a)|2a_2u_1da(a)> % da(b)> ‘ )
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where l + = =1.
From equatlon (2.2), we get

A > o : '
AZ(/O </0 |B¢f(b,a)|202yld‘7(a)) da(b)) lgllLao®+y,

where A, is a constant depends on ¢ and % only. Applying Density theorem on the above equation

llimems < A(/ (/ IBwf(b,a)l2a_2”_1d0(a)>2da(b)> ,

where A = ﬁ—z. This gives the required result of the theorem. O

2.1. Parseval’s formula

Theorem 2.2 Let us assume that ¢1 € LP7(RT), ¢o € LY (RT) with 1 < p,q < oo and % + é =1. If
P is a real wavelet then

[ BeebaBmbae i) = [ o@mE),

where Ay = [° w2 ih(w)|2dw > 0 and v denotes the Hankel transform.

Proof: Let us define bilinear transform 7" : L7 (RT) x L9 (RT) — RT by

T(¢1,¢2) = <Bw¢1 (b,a), By oo (b, a»(%,da(b))'
Now, applying Holder’s inequality two times then

T (¢1,02)| = [(Byd1(b,a), Byga(b, a)>( do(a) da(b))l

L2vF1

< /OOO </ooo|Bw¢1(b, a)l? Zgu(j-?) : (/OOO|Bw¢2(b, a”f;(fz) 3 )
< (/0“’ (/OOOIBwl(b, “”fﬁff)g do({))) 1
X </oOo (/OOOBwqﬁg(b a)|2b2y(+bz>%d0(b)>;

|T(¢1, 92)| < Cllo1ll Loyl P2l Lae®y)- (2.5)
Moreover for all ¢; € L% (R*) N LP7(RT) and ¢ € L% (RT) N L9 (RT), we get

from Theorem 2.1.

T(d)la ¢2) = <Bw¢1 (b7 Cl), Bw¢2(b? a)>(%,do’(l))) = A’l/) <¢1a ¢2> (26)

From equations (2.5 ), (2.6) and denseness of spaces the L?°(RT) N LP°(RT) in LP(R*) obtained
required result. O
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2.2. An inversion formula

Theorem 2.3 Let us consider ¢ € LP7(RT) with 1 < p < oo and v is a real wavelet. Then

L o),
o) = - | Bt ER o). (2.7)

The equality holds in LP° (RT) sense and the integral of right hand side have to be taken in the sense of
distributions.

Proof: The proof followed from Theorem 2.2. O

Theorem 2.4 Suppose ¢ € L7 (R™T), then for a > 0, the operator By, : BHET — BHET is continuous.
Moreover, ||(By f)(b,a)llpaze < |[¥[lzro@ollfllBaze-

Proof: By the definition of continuous Bessel wavelet transform, we have

(Buf)(ba) = / F(2)bra(@do(a)
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Taking LP>? (R")- norm and then using Minkowski’s integral inequality, we have

1(By f) (b, a)

pew = [ o NETE e a)

< | " 5 G)ldo(2) ( / (e F) )P (b >)'1’

= Wllw(nw)IITaszILp,a(R+)
< H@Z’”lev(ﬂv)||fHLp,a(R+) (2.9)

Using Minkowski’s integral inequality and (2.8), we have

1

wpo(Bufh) = ( / (B f)(b.a) — (Byf)(b. a>|pda<b>> ’

= ([T [ i@ - [ enoiEsran)
([ Gamn®iGasts) - [ un)@iGaopan®)

< [T ([ e 0) =m0 ao))

= 1Yl Lre @iy lITaz (Tnf — e @)
< llzro@+)wp,o(fh) (2.10)
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Therefore, using (2.9) for ¢ < co we have the following estimate

o do(h)\ 7
BNz = 1Bl ecer + ([ OB )
o do(h)\
< [l el e + Wl ([0 “nel O )
© dh
= ol (W lameey+ (070 (2015
= [l Il s
This complete the proof of theorem. O

3. Characterization of Besov-Hankel space

Theorem 3.1 Let f € BHRI(R") (p,q > 1, ¢ Z) and analysing wavelet ¢ has [a] + 1 cancellations
and (z*~[ely) € LV (RY), then the wavelet coefficient of function f holds following conditions:

ifg<oo, Ji7 lam*[By(.a)re@n]” 4 < oo,
ifg=o0c, = a |By(.)l|pres) € L (RY).

Moreover the function a — a=||By(.,a)|| g @+) € LIRT, %) and we have:
la= By (-, @)l oo @)l oo e aoy < N2l oy X 1A o (F W) oo (e, 2 (3.1)

Proof: By the definition of continuous Bessel wavelet transform, we have

By(ba) = / h f(xm?,a(x)da(x)

_ / D) (10 £)(B) — £(1)) do(2).

Taking LP>? (R*)— norm of the wavelet coefficient

1

Bot e = [ {1 [T (e - 0D ot} do)

Using Minkowski inequality of integrability for p # oo

1Bob,a)| e i) < / N { / T\ aF)(B) — FO)ldo(B)]? } (=) ldo(2). (3.2)

Suppose that ¢ < co and integrating w.r.t. a, we get

[T Bt % < [T e [ o] 2
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Again using Minkowski integrabilty inequality

da

/OOO @By (b,a)l|rr] — < l/0°°|w(z)|d0(z){/o°°(a%p(mz))qda};r'

Applying change of variable h = az

[ | i { [ ot CZ"‘}

[ee} N q [ee} C qdh
< { [ mw@laee ] x| [ v )
0 0
o0 o q o0 w q dh
= { [ e < { [ e
0 0
< oo (3.3)
If ¢ = oo the hypothesis on f says that h™%w, ,(f, h) € L>(R"), so
1By (b, a) | Lo () < a®|[h™ “wp o (f, h)llmc(nw/o 2% (2)|do(2). (3.4)
The theorem has been proved for 0 < o < 1. a

The converse of Theorem 3.1. is true, indeed the behavior at small scales of the Bessel wavelet coefficients
characterizes Besov-Hankel spaces.

Theorem 3.2 Suppose a > 0, a not an integer and a function 1 is a real CH1- regular analysing
wavelet with all derivatives rapidly decreasing. If f, f', f", f", ..., fla] € LP?(RT) (1 < p < 00), and if
a=|[(By f)(a, )| re @) € L7 (R, 42) (1 < g < 00), then f € BHEL and we have

—(a— |« (e} 1 2 o
[h= e, (FD D) | pao @y < — (W[ Moo @e) +

; [a]+1 )
AllJ (Oé - [Oé]) 1-— (Oé _ [Oé]) ||¢ HLLU(R+)
X[la=N(By )@ Moo @l Lo, o) (3.5)

Proof: Let f € LP°(R™). By inversion formula of Bessel wavelet transform

to = [ [ Bepabasaint)

and

Thf ()

Then

mnf(x) = f(z)

1 [®do(a) [
_Aw/o a2u+1/0 (By f)(a,b)1hta b (x)do(b).

Alw ow o /OOO(Bwf><a7b> {ramu(

Alw ooo o /Om(Bwf)(avb)az”lD(Z,z,
X /Ooo {rev) - v(w)} doly)

Alw /Ooo I e (B0, ) /OOO {ravy) -

1 [*do(a) [~
Ay /0 W/o (By f)(a,b) {mhtbap(x) — ap(x)} do(b)

) = mrw() } do(b)

y)do(b)

V) } doly)
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Taking LP>?- norm on both side, we have

walit) = {1 [ @D [T {mw - v astrae)

applying Minkowski’s inequality

i/}/()“;l;fy(ﬁ/ooomw(y) D(y)|do(y {/ |74 (By f)(a, *)|pd0( )}p

— 1 dO’( ) 0o
= Aw/o tgy ||(B¢f)( )HLP,U/O |T%w(y)_¢(y)|d0'(y)

Now,consider 0 < a < 1 and using Minkowski’s inequality

{7 et} < £ [T22 [T i) - vwide)

{/ DpeaBup(L >||%w}“

1 (% do(t)

- L[ /O°°|Tgw<y>—w<y>|da<y>

{/ B o-a(B, )0, )”%w}q

C (> dt [
= | [ mew - vwiew

{/ B gea)(By ) o >||QW}Q.

| ) - vwldo) < 21l

1 [ rvwziasty
[ (rly)) deldo(y)
/ t |1t dsldoty

1" [[Lr.ot.

IN

Using Lemma 1.1, we obtain

and

| vt - vlast)

IN

IN

Here, we observe that

[ [ -ty = [ [T Pldoy)
et - sttt

> dt Lat
<l [ 2 [

P
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2 1,
= 20l + s,

which proved the result for 0 < o« < 1.
If 1 < a < 2, by the hypothesis f’ € LP(RT) and 1 is a C!- regular function with ¢’ rapidly decreasing
at infinity. From equations (3.6) and (3.7),we have the equality

nf@-r@ = 4 [EE [ B ) - @) o)

Calculate in similar manner as above for f’ gives the following estimation

{/Ooo %h—(a—l)qu,o(f, h)q}q < ip/oootflfa/ooo a1 (y) —w(y)ldo(ly)
x { | F@rimae, ~>||%w}q

. 2 ! 1 "
Tw <(a_1)”7/} ||L1,o + mnw ||L1,a)
° dh
X {/0 ha—aq”(Bwf)(a,.”%pﬁa}

this proves that f' € BH[?, , the hypothesis a — a~*||(Byf)(a,")||1,. € L*(RT) implies a —
a= @ V|(By f)la, )%, € L97(RT) then f € BHE? The theorem is established for 1 < o < 2, a

—1,0°
recurrence on [a] gives the final result. O

IN

Q=

Remark 3.1 Further research in the context of different types of Besov spaces related to the different
integral transform is needed.
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