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Besov-Hankel norms in terms of the continuous Bessel wavelet transform

Ashish Pathak∗ and Dileep Kumar

abstract: Using the theory of Continuous Bessel wavelet transform in Lp(R)-spaces, we established the
Parseval and inversion formulas for the Lp,σ(R+)- spaces. We investigate the continuity and boundedness
properties of the Bessel wavelet transform in Besov-Hankel space. Our main results: are the characterization
of Besov-Hankel space by using the Bessel wavelet coefficient.
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1. Introduction and Preliminaries

The Besov space Bqα(Lp) is a set of functions f from Lp which have smoothness α. The parameter q
gives a finer gradation of smoothness. Betancor and Rodriguez-Mesa extend the definition of Besov space
with the help of Hankel transform and its properties to obtain a new function space called Besov-Hankel
space. After that they were characterized the Besov-Hannkel spaces through the Bochner-Riesz mean and
the partial Hankel integrals (see [1]- [7], [12]). Perrier and Basdevant [8] established the characterization
of Besov spaces using continuous wavelet transform. Motivated by these two works, we characterized
Besov-Hankel spaces by continuous Bessel wavelet transform.
The present paper is organized in the following manner: Section 1 is introductory, in which we recall
some basic definitions and results like the Hankel transform and its properties, Besov-Hankel space,
and continuous Bessel wavelet transform. In section 2, we derived Parseval’s and Inversion formula
for the continuous Bessel wavelet transform in Lp,σ(R+). Additionally, we obtained continuity and
boundedness properties of the Bessel wavelet transform in Besov-Hankel spaces. Section 3 pertains to
the characterization of Besov-Hankel norms in terms of the continuous Bessel wavelet transform.
In this paper, as usual Lp,σ(R+ = (0,∞)) denotes the weighted Lp− space with norm

∥f∥Lp,σ(R+) = ∥f∥p,σ =

(∫ ∞

0

|f(x)|pdσ(x)
) 1
p

, (1 ≤ p <∞), (1.1)

∥f∥L∞,σ(R+) = ess sup0<x<∞|f(x)| <∞. (1.2)

The Hankel transformation of the function f ∈ L1,σ(R+) is defined by

f̂(x) =

∞∫
0

j(xt)f(t)dσ(t), 0 ≤ x <∞, (1.3)
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where σ(t) = t2ν+1

2ν+
1
2 Γ (ν+ 3

2 )
, j(x) = Cνx

1
2−νJν− 1

2
(x), Cν = 2ν+

1
2Γ (ν + 1

2 ) and Jν− 1
2
denote the Bessel

function of first kind of order ν − 1
2 .

If f̂ ∈ L1,σ(R+) and f ∈ L1,σ(R+), then the inverse of Hankel transformation is given by

f(x) =

∞∫
0

j(xt)f̂(t)dσ(t), 0 < x <∞. (1.4)

Also, Parseval’s formula of the Hankel transformation for f, g ∈ L1,σ(R+)
⋂
L2,σ(R+) is given by

∞∫
0

f̂(x)ĝ(x)dσ(x) =

∞∫
0

f(u)g(u)dσ(u). (1.5)

By denseness and continuity the Parseval’s formula can be extended to all f, g ∈ L2,σ(R+). Hence Hankel
transform is isometry on L2,σ(R+).

If f, g ∈ L1,σ(R+), then the convolution associated with the Hankel is defined as

(f#g)(x) =

∞∫
0

f(x, y)g(y)dσ(y), (1.6)

where the Hankel translation is given by

f(x, y) = τyf(x) =:

∞∫
0

f(z)D(x, y, z)dσ(z), 0 < x, y <∞, (1.7)

and

D(x, y, z) =

∞∫
0

j(xu)j(yu)j(zu)dσ(u)

= 23ν−
5
2 [Γ (ν +

1

2
)]2
(
Γ (ν)π

1
2

)−1

(xyz)−2ν−1[∆(xyz)]2ν−2, (1.8)

where ∆(x, y, z) denotes the area of a triangle. D(x, y, z) is symmetric in x, y, z (see [13]).
From (1.4) and (1.8), we have

∞∫
0

j(zu)D(x, y, z)dσ(z) = j(xu)j(yu), 0 < x, y <∞, 0 ≤ u <∞, (1.9)

for u = 0, we get

∞∫
0

D(x, y, z)dσ(z) = 1, (1.10)

and

ˆ(f#g)(x) = f̂(x)ĝ(x), 0 ≤ x <∞. (1.11)

Now, we recall some properties of Hankel convolution which are useful throughout the paper ( see [10],
[2], [12], [9] ).
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Lemma 1.1 If f ∈ Lp,σ(R+) for 1 ≤ p <∞ then

||τyf(x)||Lp,σ(R+) ≤ ||f ||Lp,σ(R+). (1.12)

Lemma 1.2 Let f ∈ Lp,σ(R+) and g ∈ Lq,σ(R+), 1
p +

1
q = 1 + 1

r . Then we have

||f#g||Lr,σ(R+) ≤ ||f ||Lp,σ(R+)||g||Lq,σ(R+). (1.13)

Definition 1.1 (Besov-Hankel Space): Let 0 < α < 1 and 1 ≤ p <∞. A mesurable function ϕ on
(0,∞) belongs to BHp,q

α,σ if ϕ ∈ Lp,σ(R+) and

∞∫
0

(
h−αwp(ϕ)(h)

)q dh
h
<∞ for 1 ≤ q <∞, (1.14)

esssuph>0

(
h−αwp(ϕ)(h)

)
<∞ for q = ∞, (1.15)

where wp,σ(ϕ)(h) =: ∥τhϕ− ϕ∥Lp,σ(R+), h ∈ (0,∞).

Definition 1.2 (Bessel Wavelet): Using the properites of Hankel transform, Pathak and Dixit (see
[2], [11], [14]) define the continuous Bessel wavelet for ψ ∈ Lp,σ(R+) , 1 ≤ p <∞, b ≥ 0 and a > 0
as

ψb,a(x) : = Daτbψ(x)

= a−2ν−1

∞∫
0

ψ(z)D

(
b

a
,
x

a
, z

)
dσ(z), (1.16)

where Da denote the dilation operator.
The continuous Bessel wavelet transform of f ∈ L2,σ(R+) with respect to a wavelet ψ ∈ L2,σ(R+) is
defined as

(Bψf)(b, a) =

∞∫
0

f(x)ψb,a(x)dσ(x)

= a−2ν−1

∞∫
0

∞∫
0

f(x)ψ(z)D

(
b

a
,
x

a
, z

)
dσ(z)dσ(x). (1.17)

Moreover , using (1.6), we have

(Bψf)(b, a) = (f#ψa)(b), (1.18)

where ψa(t) = a−2ν−1ψ(t/a).

2. The Continuous Bessel Wavelet Transform in Lp,σ(R+)

Theorem 2.1 Suppose that a wavelet ψ ∈ L1,σ(R+) ∩ L2,σ(R+) satisfies the admissibility condition

Aψ =

∫ ∞

0

ω−2ν−1|ψ̂(ω)|2dω > 0,

where ψ̂ denote the Hankel transform of ψ then continuous Bessel wavelet transform is a bounded linear
operator

Lp,σ(R+) → L2,σ(R+,
dσ(a)

a2ν+1
)× Lp,σ(R+),
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moreover, for any f ∈ Lp,σ(R+) and 1 < p <∞,

∥f∥Lp,σ(R+) ≈

(∫ ∞

0

(∫ ∞

0

|Bψf(b, a)|2
dσ(a)

a2ν+1

) p
2

dσ(b)

) 1
p

. (2.1)

Proof: Let Sp denote the space L2,σ(R+, dσ(a)a2ν+1 )× Lp,σ(R+) associated to the norm

∥f∥Sp =

{∫∞
0

(∫∞
0

|f(b, a)|2 dσ(a)a2ν+1

) p
2

dσ(b)

} 1
p

.

If we take p = 2, then from Plancherel’s theorem:

∥Bψf∥S2
=

{∫ ∞

0

(∫ ∞

0

|Bψf(b, a)|2
dσ(a)

a2ν+1

)
dσ(b)

} 1
2

∥Bψf∥S2
=

√
Aψ∥f∥L2,σ ,

where Aψ =
∫∞
0
ω−2ν−1|ψ̂(ω)|2dω > 0, if ψ is real. From singular integral theorem, the operators on

L2,σ(R+, dσ(a)a2ν+1 ) holds inequality:

∥Bψf∥Sp ≤ Cp∥f∥Lp,σ(R+) for 1 < p ≤ 2,

where the constant Cp depends only on p and ψ(see [15]). Due to duality the inequality is also valid for
1 < p <∞. It follows that{∫ ∞

0

(∫ ∞

0

|Bψf(b, a)|2
dσ(a)

a2ν+1

) p
2

dσ(b)

} 1
p

≤ Cp∥f∥Lp,σ(R+) (2.2)

conversely suppose that f ∈ L2,σ(R+) ∩ Lp,σ(R+). Since continuous Bessel wavelet tranform is isomerty
for every g ∈ L2,σ(R+) ∩ Lq,σ(R+), we can write∫ ∞

0

∫ ∞

0

Bψf(b, a)Bψg(b, a)a
−2ν−1dσ(a)dσ(b) = Aψ⟨f, g⟩

1

Aψ

∫ ∞

0

∫ ∞

0

Bψf(b, a)Bψg(b, a)a
−2ν−1dσ(a)dσ(b) =

∫ ∞

0

f(x)g(x)dσ(x). (2.3)

Now,

|
∫ ∞

0

f(x)g(x)dσ(x)| =
1

Aψ
|
∫ ∞

0

∫ ∞

0

Bψf(b, a)Bψg(b, a)a
−2ν−1dσ(a)dσ(b)|

≤ 1

Aψ

∫ ∞

0

∫ ∞

0

|Bψf(b, a)Bψg(b, a)a−2ν−1dσ(a)dσ(b)|,

using Schwarz inequality and then Holder’s inequality, we have

≤ 1

Aψ

(∫ ∞

0

(∫ ∞

0

|Bψf(b, a)|2a−2ν−1dσ(a)

) p
2

dσ(b)

) 1
p

×

(∫ ∞

0

(∫ ∞

0

|Bψg(b, a)|2a−2ν−1dσ(a)

) q
2

dσ(b)

) 1
q

,
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where 1
p +

1
q = 1.

From equation (2.2), we get

≤ Aq
Aψ

(∫ ∞

0

(∫ ∞

0

|Bψf(b, a)|2a−2ν−1dσ(a)

) p
2

dσ(b)

) 1
p

∥g∥Lq,σ(R+),

where Aq is a constant depends on q and ψ only. Applying Density theorem on the above equation

∥f∥Lp,σ(R+) ≤ A

(∫ ∞

0

(∫ ∞

0

|Bψf(b, a)|2a−2ν−1dσ(a)

) p
2

dσ(b)

) 1
p

,

where A =
Aq
Aψ

. This gives the required result of the theorem. 2

2.1. Parseval’s formula

Theorem 2.2 Let us assume that ϕ1 ∈ Lp,σ(R+), ϕ2 ∈ Lq,σ(R+) with 1 ≤ p, q < ∞ and 1
p + 1

q = 1. If
ψ is a real wavelet then

1

Aψ

∫ ∞

0

∫ ∞

0

Bψϕ1(b, a)Bψϕ2(b, a)a
−2ν−1dσ(a)dσ(b) =

∫ ∞

0

ϕ1(x)ϕ2(x)dσ(x),

(2.4)

where Aψ =
∫∞
0
ω−2ν−1|ψ̂(ω)|2dω > 0 and ψ̂ denotes the Hankel transform.

Proof: Let us define bilinear transform T : Lp,σ(R+)× Lq,σ(R+) → R+ by

T (ϕ1, ϕ2) = ⟨Bψϕ1(b, a), Bψϕ2(b, a)⟩( dσ(a)
a2ν+1 ,dσ(b))

.

Now, applying Holder’s inequality two times then

|T (ϕ1, ϕ2)| = |⟨Bψϕ1(b, a), Bψϕ2(b, a)⟩( dσ(a)
a2ν+1 ,dσ(b))

|

≤
∫ ∞

0

(∫ ∞

0

|Bψϕ1(b, a)|2
dσ(a)

a2ν+1

) 1
2
(∫ ∞

0

|Bψϕ2(b, a)|2
dσ(a)

a2ν+1

) 1
2

dσ(b)

≤

(∫ ∞

0

(∫ ∞

0

|Bψϕ1(b, a)|2
dσ(a)

a2ν+1

) p
2

dσ(b)

) 1
p

×

(∫ ∞

0

(∫ ∞

0

|Bψϕ2(b, a)|2
dσ(b)

b2ν+1

) q
2

dσ(b)

) 1
q

from Theorem 2.1.

|T (ϕ1, ϕ2)| ≤ C∥ϕ1∥Lp,σ(R+)∥ϕ2∥Lq,σ(R+). (2.5)

Moreover for all ϕ1 ∈ L2,σ(R+) ∩ Lp,σ(R+) and ϕ2 ∈ L2,σ(R+) ∩ Lq,σ(R+), we get

T (ϕ1, ϕ2) = ⟨Bψϕ1(b, a), Bψϕ2(b, a)⟩( dσ(a)
a2ν+1 ,dσ(b))

= Aψ⟨ϕ1, ϕ2⟩. (2.6)

From equations (2.5 ), (2.6) and denseness of spaces the L2,σ(R+) ∩ Lp,σ(R+) in Lp,σ(R+) obtained
required result. 2
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2.2. An inversion formula

Theorem 2.3 Let us consider ϕ ∈ Lp,σ(R+) with 1 < p <∞ and ψ is a real wavelet. Then

ϕ(x) =
1

Aψ

∫ ∞

0

∫ ∞

0

Bψϕ(b, a)ψb,a(x)
dσ(a)

a2ν+1
dσ(b). (2.7)

The equality holds in Lp,σ(R+) sense and the integral of right hand side have to be taken in the sense of
distributions.

Proof: The proof followed from Theorem 2.2. 2

Theorem 2.4 Suppose ψ ∈ L1,σ(R+), then for a > 0, the operator Bψ : BHp,q
α,σ → BHp,q

α,σ is continuous.
Moreover, ||(Bψf)(b, a)||BHp,qα,σ ≤ ||ψ||L1,σ(R+)||f ||BHp,qα,σ .

Proof: By the definition of continuous Bessel wavelet transform, we have

(Bψf)(b, a) =

∫ ∞

0

f(x)ψb,a(x)dσ(x)

=

∫ ∞

0

f(x)

(∫ ∞

0

D

(
b

a
,
x

a
, z

)
ψ(z)a−2ν−1dσ(z)

)
dσ(x)

=

∫ ∞

0

ψ(z)

(∫ ∞

0

D (b, x, az) f(x)dσ(x)

)
dσ(z)

=

{∫ ∞

0

(τazf)(b)ψ(z)dσ(z)

}
(2.8)

Taking Lp,σ(R+)- norm and then using Minkowski’s integral inequality, we have

∥(Bψf)(b, a)∥Lp,σ(R+) = ∥
∫ ∞

0

(τazf)(b)ψ(z)dσ(z)∥Lp,σ(R+)

≤
∫ ∞

0

|ψ(z)|dσ(z)
(∫ ∞

0

|(τazf)(b)|pdσ(b)
) 1
p

= ∥ψ∥L1,σ(R+)∥τazf∥Lp,σ(R+)

≤ ∥ψ∥L1,σ(R+)∥f∥Lp,σ(R+) (2.9)

Using Minkowski’s integral inequality and (2.8), we have

ωp,σ(Bψf, h) =

(∫ ∞

0

|τh(Bψf)(b, a)− (Bψf)(b, a)|pdσ(b)
) 1
p

=

(∫ ∞

0

|τh
∫ ∞

0

(τazf)(b)ψ(z)dσ(z)−
∫ ∞

0

(τazf)(b)ψ(z)dσ(z)|pdσ(b)
) 1
p

=

(∫ ∞

0

|
∫ ∞

0

(τazτhf)(b)ψ(z)dσ(z)−
∫ ∞

0

(τazf)(b)ψ(z)dσ(z)|pdσ(b)
) 1
p

≤
∫ ∞

0

|ψ(z)|dσ(z)
(∫ ∞

0

|τazτhf(b)− τazf(b)|pdσ(b)
) 1
p

= ∥ψ∥L1,σ(R+)∥τaz(τhf − f)∥Lp,σ(R+)

≤ ∥ψ∥L1,σ(R+)ωp,σ(f, h) (2.10)



Besov-Hankel norms in terms of the continuous Bessel wavelet transform 7

Therefore, using (2.9) for q <∞ we have the following estimate

∥(Bψf)(b, a)∥BHp,qα,σ = ∥(Bψf)(b, a)∥Lp,σ(R+) +

(∫ ∞

0

(h−αωp,σ(Bψf, h))
q dσ(h)

h

) 1
q

≤ ∥ψ∥L1,σ(R+)∥f∥Lp,σ(R+) + ∥ψ∥L1,σ(R+)

(∫ ∞

0

(h−αωp,σ(f, h))
q dσ(h)

h

) 1
q

= ∥ψ∥L1,σ(R+)

(
∥f∥Lp,σ(R+) +

(∫ ∞

0

(h−αωp,σ(f, h))
q dh

h

) 1
q

)
= ∥ψ∥L1,σ(R+)∥f∥BHp,qα,σ .

This complete the proof of theorem. 2

3. Characterization of Besov-Hankel space

Theorem 3.1 Let f ∈ BHp,q
α,σ(R+) (p, q > 1, α /∈ Z) and analysing wavelet ψ has [α] + 1 cancellations

and (zα−[α]ψ) ∈ L1,σ(R+), then the wavelet coefficient of function f holds following conditions:

if q <∞,
∫∞
0

[
a−α∥Bψ(., a)∥Lp,σ(R+)

]q da
a <∞,

if q = ∞, a→ a−α∥Bψ(., a)∥Lp,σ(R+) ∈ L∞(R+).

Moreover the function a→ a−α∥Bψ(., a)∥Lp,σ(R+) ∈ Lq(R+, daa ) and we have:

∥a−α∥Bψ(., a)∥Lp,σ(R+)∥Lq,σ(R+, daa ) ≤ ∥zα−[α]ψ∥L1,σ(R+) × ∥hα−[α]ωp,σ(f, h)∥Lq,σ((R+, dhh ) (3.1)

Proof: By the definition of continuous Bessel wavelet transform, we have

Bψ(b, a) =

∫ ∞

0

f(x)ψb,a(x)dσ(x)

=

∫ ∞

0

f(x)

(∫ ∞

0

a−2ν−1D

(
b

a
,
x

a
, z

)
ψ(z)dσ(z)

)
dσ(x)

=

∫ ∞

0

ψ(z)

(∫ ∞

0

a−2ν−1D

(
b

a
,
x

a
, z

)
f(x)dσ(x)

)
dσ(z)

=

∫ ∞

0

ψ(z)

(∫ ∞

0

D (b, x, az) f(x)dσ(x)

)
dσ(z)

=

{∫ ∞

0

(τazf)(b)ψ(z)dσ(z)−
∫ ∞

0

f(b)ψ(z)dσ(z)

}
=

∫ ∞

0

ψ(z) ((τazf)(b)− f(b)) dσ(z).

Taking Lp,σ(R+)− norm of the wavelet coefficient

∥Bψ(b, a)∥Lp,σ(R+) =

∫ ∞

0

{
|
∫ ∞

0

ψ(z) ((τazf)(b)− f(b)) dσ(z)|p
} 1
p

dσ(b).

Using Minkowski inequality of integrability for p ̸= ∞

∥Bψ(b, a)∥Lp,σ(R+) ≤
∫ ∞

0

{∫ ∞

0

|(τazf)(b)− f(b)|dσ(b)|p
} 1
p

|ψ(z)|dσ(z). (3.2)

Suppose that q <∞ and integrating w.r.t. a, we get∫ ∞

0

[
a−α∥Bψ(b, a)∥Lp,σ

]q da
a

≤
∫ ∞

0

[
a−α

∫ ∞

0

|ψ(z)|ωp(f, az)dσ(z)
]q
da

a
.
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Again using Minkowski integrabilty inequality∫ ∞

0

[
a−α∥Bψ(b, a)∥Lp,σ

]q da
a

≤

[∫ ∞

0

|ψ(z)|dσ(z)
{∫ ∞

0

(
a−αωp(f, az)

)q da
a

} 1
q

]q
.

Applying change of variable h = az

=

[∫ ∞

0

zα|ψ(z)|dσ(z)
{∫ ∞

0

(
h−αωp,σ(f, h)

)q dh
h

} 1
q

]q

≤
{∫ ∞

0

zα|ψ(z)|dσ(z)
}q

×
{∫ ∞

0

(
h−αωp,σ(f, h)

)q dh
h

}
=

{∫ ∞

0

|zαψ(z)|dσ(z)
}q

×
{∫ ∞

0

(
h−αωp,σ(f, h)

)q dh
h

}
< ∞. (3.3)

If q = ∞ the hypothesis on f says that h−αωp,σ(f, h) ∈ L∞(R+), so

∥Bψ(b, a)∥Lp,σ(R+) ≤ aα∥h−αωp,σ(f, h)∥L∞(R+)

∫ ∞

0

|zαψ(z)|dσ(z). (3.4)

The theorem has been proved for 0 < α < 1. 2

The converse of Theorem 3.1. is true, indeed the behavior at small scales of the Bessel wavelet coefficients
characterizes Besov-Hankel spaces.

Theorem 3.2 Suppose α > 0, α not an integer and a function ψ is a real C [α]+1- regular analysing
wavelet with all derivatives rapidly decreasing. If f, f ′, f ′′, f ′′′, ..., f [α] ∈ Lp,σ(R+) (1 < p < ∞), and if
a−α∥(Bψf)(a, ·)∥Lp,σ(R+) ∈ Lq,σ(R+, daa ) (1 ≤ q <∞), then f ∈ BHp,q

α,σ and we have

∥h−(α−[α]wp,σ(f
([α]), h)∥Lq,σ(R+) ≤ 1

Aψ

(
2

(α− [α])
∥ψ[α]∥L1,σ(R+) +

1

1− (α− [α])
∥ψ[α]+1∥L1,σ(R+)

)
×∥a−α∥(Bψf)(a, ·)∥Lp,σ(R+)∥Lq,σ(R+, daa ) (3.5)

Proof: Let f ∈ Lp,σ(R+). By inversion formula of Bessel wavelet transform

f(x) =
1

Aψ

∫ ∞

0

dσ(a)

a2ν+1

∫ ∞

0

(Bψf)(a, b)ψa,b(x)dσ(b) (3.6)

and

τhf(x) =
1

Aψ

∫ ∞

0

dσ(a)

a2ν+1

∫ ∞

0

(Bψf)(a, b)τhψa,b(x)dσ(b). (3.7)

Then

τhf(x)− f(x) =
1

Aψ

∫ ∞

0

dσ(a)

a2ν+1

∫ ∞

0

(Bψf)(a, b) {τhψa,b(x)− ψa,b(x)} dσ(b)

=
1

Aψ

∫ ∞

0

dσ(a)

a2ν+1

∫ ∞

0

(Bψf)(a, b)
{
τh
a
τ b
a
ψ(
x

a
)− τ b

a
ψ(
x

a
)
}
dσ(b)

=
1

Aψ

∫ ∞

0

dσ(a)

a2ν+1

∫ ∞

0

(Bψf)(a, b)a
−2ν−1D(

b

a
,
x

a
, y)dσ(b)

×
∫ ∞

0

{
τh
a
ψ(y)− ψ(y)

}
dσ(y)

=
1

Aψ

∫ ∞

0

dσ(a)

a2ν+1
τ y
a
(Bψf)(a,

x

a
)

∫ ∞

0

{
τh
a
ψ(y)− ψ(y)

}
dσ(y)
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Taking Lp,σ- norm on both side, we have

wp,σ(f, h) =
1

Aψ

{∫ ∞

0

|
∫ ∞

0

dσ(a)

a2ν+1
τ y
a
(Bψf)(a,

x

a
)

∫ ∞

0

{
τh
a
ψ(y)− ψ(y)

}
dσ(y)|pdσ(x)

} 1
p

applying Minkowski’s inequality

≤ 1

Aψ

∫ ∞

0

dσ(a)

a2ν+1

∫ ∞

0

|τh
a
ψ(y)− ψ(y)|dσ(y)

{∫ ∞

0

|τ y
a
(Bψf)(a,

x

a
)|pdσ(x)

} 1
p

=
1

Aψ

∫ ∞

0

dσ(t)

t2ν
∥(Bψf)(

h

t
, ·)∥Lp,σ

∫ ∞

0

|τh
a
ψ(y)− ψ(y)|dσ(y)

Now,consider 0 < α < 1 and using Minkowski’s inequality{∫ ∞

0

dh

h
h−αqwp,σ(f, h)

q

} 1
q

≤ 1

Aψ

∫ ∞

0

dσ(t)

t2ν

∫ ∞

0

|τh
a
ψ(y)− ψ(y)|dσ(y)

×
{∫ ∞

0

dh

h
h−αq∥(Bψf)(

h

t
, ·)∥qLp,σ

} 1
q

=
1

Aψ

∫ ∞

0

dσ(t)

t2ν+α

∫ ∞

0

|τh
a
ψ(y)− ψ(y)|dσ(y)

×
{∫ ∞

0

da

a
a−αq∥(Bψf)(a, ·)∥qLp,σ

} 1
q

=
C

Aψ

∫ ∞

0

dt

t1+α

∫ ∞

0

|τh
a
ψ(y)− ψ(y)|dσ(y)

×
{∫ ∞

0

da

a
a−αq∥(Bψf)(a, ·)∥qLp,σ

} 1
q

.

Using Lemma 1.1, we obtain ∫ ∞

0

|τh
a
ψ(y)− ψ(y)|dσ(y) ≤ 2∥ψ∥L1,σ (3.8)

and ∫ ∞

0

|τh
a
ψ(y)− ψ(y)|dσ(y) =

∫ ∞

0

|
∫ t

0

d

dz
τzψ(y)dz|dσ(y)

=

∫ ∞

0

|
∫ t

0

(τzψ(y))
′
dz|dσ(y)

≤
∫ t

0

∫ ∞

0

| (τzψ(y))′ dz|dσ(y)

≤ ∥ψ′∥L1,σ t. (3.9)

Here, we observe that∫ ∞

0

dt

t1+α

∫ ∞

0

|τh
a
ψ(y)− ψ(y)|dσ(y) =

∫ 1

0

dt

t1+α

∫ ∞

0

|τh
a
ψ(y)− ψ(y)|dσ(y)

+

∫ ∞

1

dt

t1+α

∫ ∞

0

|τh
a
ψ(y)− ψ(y)|dσ(y)

≤ 2∥ψ∥L1,σ

∫ ∞

1

dt

t1+α
+ 2∥ψ′∥L1,σ

∫ 1

0

dt

tα
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=
2

α
∥ψ∥L1,σ +

1

1− α
∥ψ′∥L1,σ ,

which proved the result for 0 < α < 1.
If 1 < α < 2, by the hypothesis f ′ ∈ Lp(R+) and ψ is a C1- regular function with ψ′ rapidly decreasing
at infinity. From equations (3.6) and (3.7),we have the equality

τhf
′(x)− f ′(x) =

1

Aψ

∫ ∞

0

dσ(a)

a2ν+1

∫ ∞

0

(Bψf)(a, b)
{
τhψ

′
a,b(x)− ψ′

a,b(x)
}
dσ(b)

Calculate in similar manner as above for f ′ gives the following estimation{∫ ∞

0

dh

h
h−(α−1)qwp,σ(f, h)

q

} 1
q

≤ 1

Aψ

∫ ∞

0

dt

t1+α

∫ ∞

0

|τh
a
ψ(y)− ψ(y)|dσ(y)

×
{∫ ∞

0

dh

h
(a)−αq∥(Bψf)(a, ·)∥qLp,σ

} 1
q

≤ 1

Aψ

(
2

(α− 1)
∥ψ′∥L1,σ +

1

1− (α− 1)
∥ψ′′∥L1,σ

)
×
{∫ ∞

0

dh

h
a−αq∥(Bψf)(a, ·)∥qLp,σ

} 1
q

this proves that f ′ ∈ BHp,q
α−1,σ the hypothesis a → a−α∥(Bψf)(a, ·)∥qLp,σ ∈ Lq,σ(R+) implies a →

a−(α−1)∥(Bψf)(a, ·)∥qLp,σ ∈ Lq,σ(R+) then f ∈ BHp,q
α−1,σ. The theorem is established for 1 < α < 2, a

recurrence on [α] gives the final result. 2

Remark 3.1 Further research in the context of different types of Besov spaces related to the different
integral transform is needed.
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