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On nilpotent homoderivations in semi-prime rings

Lahcen Taoufiq and Said Belkadi*

ABSTRACT: Let R be an associative ring and let s > 1 be a fixed integer. An additive map h on R is
called a homoderivation if h(zy) = h(x)h(y) + h(x)y + xh(y) holds for all z,y € R. In [4,5,6], Chung and Luh
proved several results about the nilpotency of derivations in semi-prime rings. Similarly, the main objective
of this paper is to provide a complete study about the nilpotency of homoderivations with nilpotency ‘s’ in
semi-prime rings.
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1. Introduction

Throughout the present paper, R always denotes an associative ring. R is said to be prime if for any
a,b € R, aRb = 0implies that a =0 or b= 0 and it is semi-prime if for any a € R, aRa = 0 implies that
a = 0. Let p be a positive integer, R is said to be p-torsion free if pz = 0 (where 2 € R) implies 2 = 0. For
any z,y € R. An additive mapping d of R into itself is said to be a derivation if d(zy) = d(z)y +zd(y) for
all z,y € R. A classical example of such mapping is the inner derivation d,(y) = [a,y], where a is a fixed
element in R. An additive mapping f : R — R is called a homomorphism of R if f(xy) = f(x)f(y) holds
for all z,y € R. Combining the notions of homomorphisms and derivations, El Sofy [9], introduced the
concept of homoderivations in rings. Precisely, he gave the following definition. Let R be an associative
ring. An additive mapping h on R is called a homoderivation if h(xy) = h(z)h(y) + h(z)y + xh(y) holds
for all x,y € R. An example of such mapping is the map h : R — R such that h(z) = f(z) — z for all
z € R, where f is an endomorphism on R.

Let s be a fixed positive integer. We say that a mapping ¢ is nilpotent on R with index of nilpotency
s, if s is the least positive integer such that ¢*(z) = 0 for all z € R. Posner [14] started this research
direction by showing that if d; and ds are two derivations of a prime ring R with characteristic not 2, then
the composite dy ody = 0 implies either d; = 0 or do = 0. In [12], Herstein proved that, if  is an element
of a prime ring R and there exists a positive integer n such that [x,y]™ = 0 for all y € R, then z must be
central in R. Also in [11], Herstein proved that if R is a prime ring of characteristic different from two
which admits a non-zero derivation d such that [d(z), d(y)] = 0for all z, y € R, then R is commutative.
Further, Daif [8] showed that if a two torsion free semi-prime ring R admits a derivation d such that
[d(x), d(y)] = Oforall z, y € I, where I is a nonzero ideal of R and d is nonzero on I, then R contains a
nonzero central ideal. Motivated by the above mentioned result, Ashraf and Rehman [1] established that
if R is a two torsion free prime ring admitting a nonzero derivation d such that d(z) o d(y) = 0 for all
x, y € I, where [ is a nonzero ideal of R, then R is commutative. Keeping in mind that a commutator is
simply the image of an element under an inner derivation, Chung and Luh [4] extended the previous work
to semi-prime rings for any derivation d of R. Accurately, Their result is the following, given a 2-torsion
free semi-prime ring with a derivation d satisfying d*"(x) = 0 for all € R then d*"~!(z) = 0 for all
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z € R. In other words, the index of nilpotency of derivations in a 2-torsion free semi-prime ring is always
an odd number. Moreover, This conclusion sharpened in [5] by replacing the ring R by a non-zero one
sided ideal I of R, yielding that d*(I) = {0} implies that d*(R) = {0}. After that, the same authors [6],
studied nilpotent derivations in a semi-prime ring with characteristic 2, in this case they proved that the
index of nilpotency of a derivation is a power of 2. Finally, with Kobayashi, they finished their study
by showing in [7] that for a general semi-prime ring with no torsion condition, the index of nilpotency
of a derivation must be odd or a power of 2. At the same time, Bergen [3] demonstrated that if R is a
semi-prime ring admitting an invertible or nilpotent derivation, then R is either a division ring or a 2 x 2
matrices over a division ring.

Inspired by these findings, the main objective of the present paper is to provide a study on nilpotent
homoderiavations in semi-prime rings. Precisely, we prove the following results:

Theorem A: Let R be a 2-torsion free semi-prime ring and h be a homoderivation of R. If
h®"(R) = {0} then h*"~1(R) = {0}.

Theorem B: Let R be a semi-prime ring of characteristic 2. If A is a nilpotent homoderivation of
R, then the index of nilpotency of h is a power of 2.

Theorem C: Let R be a semi-prime ring with a prime characteristic p. If h is a nilpotent homod-
m
erivation of R, then the index of nilpotency s of h is of the form: s = Z Sxp” where 0 < n < m, 6 are

k=n

integers such that 0 < 0 < p, §, is odd and dy, is even for all k # n.

In the next section, we state the relevant lemmas which we then apply, in Section 3, to prove our
results.

2. Preliminary Lemmas
It is well known that in a ring R, an arbitrary derivation d : R — R satisfies the Leibniz formula

n

d" (zy) = Z (?) d(x)d" I (y) forall z,y € R.

Jj=0

In [2], the authors along with S.Ali provided a similar formula for homoderivations in rings which will
be frequently used in what follows.

Lemma 2.1 [Proposition 2.1, [2]] Let h be a homoderivation in a ring R and n > 1 be an integer, then
the following relation holds:

W (zy) = Zn: <Z> zk: <k) Rk ()W (y)  for all z,y € R. (2.1)

As a consequence, we obtained:

Corollary 2.1 [Corollary 2.2, [2]] Let R be a ring of characteristic p, where p is a prime number. If
h: R — R is a homoderivation then h?" is also a homoderivation for any positive integer n.

In [(3.23), [10]] Gould provided the following result

Lemma 2.2 Let r be an integer > 1, then

i(—nk(,j) (”:";‘ 1) _o.
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Using the previous lemma, Chung and Luh demonstrated

Lemma 2.3 [Lemma 1, []]] Let s be an integer > 2, the determinant of the j X j matrix :

S S
0 0 0 0 )
S S S
¢ 0 .. (O) \ :
A = . . .
S S S S S
0 1 Jj—3 J—2 (j—l)
S S S S S
1 2 Jj—2 J—1 (J)

18 .
Agj= (—1)J(];1> (S +‘]. B )

According to E. Lucas, we have the following:

Lemma 2.4 [pp: 417-420, [13]] Let p be a prime number, if a and b are two positive integers such that:

a:Zaipi and b:Zbipi with 0 <a;,b; <p forall i

then <‘Z> =11 (‘;) (mod p).

Using this we certainly obtain the result below:

N
Lemma 2.5 [Lemma 3, [4]] Let n be an integer such that n = Zwipi, where wo,wny # 0 and 0 < w; <
i=0

-1 2
Tfori=0,17~-~ ,N. Then ( n) #£0 (mod p).
n

3. Main Result
Throughout the rest of this paper, we denote I, = {z € R/ px = 0} where p is a prime number.

Lemma 3.1 Let R be a semi-prime ring and h a homoderivation of R such that h®*"(R) = {0} but

h*"=Y(R) # {0} for some given positive integer n. Then I, is a semi-prime ideal of R and h(I,) C I,.
N

) -1
Furthermore, if h*"~1(I,) # {0} then n = Zwip’, where wo,wny # 0 and 0 < w; < pT for i =
i=0
0,1,---,N.

Proof: We will prove only the last part of this lemma since the first half is obvious. If p > 2n, it is

sufficient to choose N = 0 and wg = n.
N

If p < 2n, there exist positive integers ag, - - - , an such that 2n = Z a;p’ where any # 0and 0 < a; < p—1.
i=0

Claim: for all : € {0,1,--- , N} a; is an even number.

We will first deal with ap, for this, we put: hy = hpN, due to Corollary 2.1, hl_ is als_o a homoderivation

on the ring I,. Since 0 < a; < p — 1 then multiplying by p’ yields 0 < a;p* < p*' — p’. Using the

N—-1 N—-1
summation: 0 < Z a;p’ < Z '™t —p’, which means that 2n —anp® < p™ — 1, this in turn gives 2n <
i=0 i=0

pN(ay +1) —1 < pN(ay + 1). Thus if ay is odd then RSV *1(I,) = h™ (@ax+D (L) = {0}. which means
h1 is a nilpotent homoderivation on the semi-prime ring I, with index of nilpotency < 2n. But 2n is the
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least possible such even index. So h{"(I,) = {0}, and hence, h?*"~1(I,) = {0}, which contradicts our
hypothesis. Thus ay must be even.

Now, suppose an,an—_1,...,a; are all even where ¢ > 1 and let us prove that a;_; is also even. Suppose to
the contrary that a;_; is odd, by the same manner as above one can show that (a;_; + 1) p*~! + a;p’ +
a1 p" T+ +anp” > 2n and then hy = ' s a nilpotent homoderivation on I, with index < the

even number a;_; +1+a;p+---+aypN ! < 2n. Again we obtain a contradiction. Thus we conclude,
N

by induction, that ayx, ax_1,...,a1 are even. and hence ag = 2n — Z a;p’ is even too. O
i=1

Lemma 3.2 Let R be a semi-prime ring and h a homoderivation of R such that h*"(R) = {0} but
h*"=1(R) # {0} for some given positive integer n and let a,b € R. If h™(z)ah®~1(b) =0 for allx € R
then ah?"~1(b) = 0.

Proof: Replacing # by h™ !(y) in the main equation and using Lemma 2.1, we get

W (" )k (5) = () ()h I )k )

_ n x hn 1( ) h2n l(b) =0.
Combining this identity with h™(h(x)h"~2(y))ah?*~1(b) = 0 we obtain the identity
R (@)% (y)ah® 1 (b) = 0.
Proceeding by the same argument we get h?"~!(x)yah?"~1(b) = 0 for all x,y € R. In particular,
ah?"~1(b)yah®*~1(b) = 0. But R is semi-prime, hence ah**~1(b) = 0. O
Lemma 3.3 Let R be a semi-prime ring and h a homoderivation of R such that h**(R) = {0} with
h*"=Y(R) # {0} and h?"~1(I,) # {0} for some given positive integer n and let n < s < 2n.
1. Ift €I, and h*(z)t =0 for all z € R then h*~Y(x)h*~1(y)t = 0 for all z,y € R.

2. If R is (2n)!-torsion free, t € R, and h*(z)t = 0 for all z € R then h*~ (z)h*~L(y)t = 0 for all
z,y € R.

Proof: Replacing z by zy and using Lemma 2.1 we have that

he (zy)t = Z (Z) zk: (f) he =3 (2)h*~FHi(y)t =0 for all z,y € R. (3.1)

k=0 =0

For each k € {0, ..., s —1} let i, = s —k — 1 and i5 € {0, ..., s — 2} and substitute h¥T*=5F1(z) for x
and h*~%~1(y) for y in (3.1) to obtain :

s k
> <S> > <k> PRI () 25k () = 0 for all 2,y € R, (3.2)
k) “ J
k=0 7=0
For is =0, (3.2) reads :
S s s—2 S s—1 s—1 _
<O)h ()= (y)t + (1>h (x)h* " (y)t =0 forall z,y € R. (3.3)

For is =1, (3.2) reads :

(5)ret@me =2+ (§)ne@n=2a

<>hs YHa)h* Y (y)t =0 for all z,y € R.
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Proceeding in this way by giving is the values from 1 to s — 2 we get a system of s — 1 equations that
can be expressed in matrix form:

s S
0 0 0
0 1

S s S
o0 G G )

S s S
0 0

<2n—s—1> <2n—s> (Qn—s—i-l)
S S S s S
0 1 ji—3 j—2 j—1
s S S s S
1 2 j—2 j—1 J
h?*=3(x)h(y)t
h2s =4 (@) h? (y)t
h2n(z)h2572n72(y)t —0
h2n71(1.)h2572n71(y)t -
h*(2)h*~2(y)t
h* @) h* ()t
1. Since h?"(R) = {0} we have
¥ 72 (x)yt = W 3(2)h(y)t = --- = h2"(2)h** 2" %(y)t =0 for all =,y € R.
Hence, to prove our result we just need to show that there exists j € {2n — s+ 1,--- ,s — 1} such

that A; ; 0 (mod p).
Proceeding by induction on s and taking s = n+1 and j = n we get by Lemma 2.5 and Lemma 3.1

nin-1) (2
AN (—1)% ( :) #0 (mod p). Now we assume n < k < 2n and Ay ; #0 ( mod p) for

some j where 2n —k+1 < j < k—1. Denote that Ay ; = Apy1,;+(—1)7Agi1,j-1 at least one of
Apt1,; and Agyq ;1 is not congruent to zero modulo p where 2n —k < j — 1 < j < k. Therefore,
A ; #0 (mod p) for some j as we desired.

2. can be seen analogously by noticing that (2n)! is divided by Ag 2p—s41-
O

Lemma 3.4 Let R be a (2n)!-torsion free semi-prime ring and h a homoderivation of R such that
h*(R) = {0} but h>"~1(R) # {0} and for some given positive integer n and let a,b € R and n < s < 2n.
Suppose either h®"~1(a) € I, and h®"~1(1,) # {0} where p is a prime number or h*"~(a) € R. If
h®(z)bh?"~1(a) = 0 for all x € R then bh**~1(a) = 0.

Proof: We proceed by induction on s. It is true for s = n by Lemma 3.2. Now we assume that the
induction hypothesis holds for s = k, where n < k < 2n — 1. If A**1(2)bh?"~1(a) = 0 for all z € R, then
by Lemma 3.3 h*(x)h*(y)bh?"~1(a) = 0 for all 2,y € R. Using the induction hypothesis twice we obtain
bh?"=1(a) = 0. O

Lemma 3.5 Let R be a semi-prime ring and h a homoderivation of R such that h*"(R) = {0} but
h*"=1(R) # {0} for some given positive integer n then R is not torsion free and h**~*(I,) = {0} for any
prime number p.
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Proof: Let J = ) I, then J is an ideal of R. Suppose by contradiction that R is torsion free, which
means that J = {0}, hence by using the second part of Lemma 3.3 and Lemma 3.4 h?"~1(R) = {0},
a contradiction. Now if h?"~1(I,) # {0}, since J = 3" I, and 1,1, = {0} for p # g, then by the first
part of Lemma 3.4 we obtain h*"~!(R)h?"~1(1,)J = {0}, which implies by the semi-primness of R that
R*"=1(R)h*"~1(1,) = {0}, and again by Lemma 3.4 h?"~1(R) = {0}, a contradiction. O

Now we can prove our first main result of this paper.

Theorem 3.1 Let R be a 2-torsion free semi-prime ring and h be a homoderivation of R. If h*"(R) = {0}
then h*"~1(R) = {0}.

Proof: Suppose that there exists a least positive integer n with h*"(R) = {0} but h*"~1(R) # {0}. We
should note that J = )" I, is a semi-prime ideal or R/J is a semi-prime ring. We also note that there exists
a naturally induced homoderivation A by h on R/J verifying h?™ = 0. Since R/J is torsion free, by Lemma
3.5 we get h?"(J) = {0} which is equivalent to h2"~1(R) C J, this in turn gives that zh?"~1(R) C J for
all z € R. Using again Lemma 3.5 yields #?"~!(zh?"~!(R)) = 0 which means that h?"~!(z)h**~*(R) = 0
for all z € R. Hence (hzn*l(R))2 = {0}. Assume h?"~1(R) # {0}, then there exists a non zero element
a € R with h?"~!(a) € I, for some prime p. But h?"~!(2)h?"~1(a) = 0 for all z € R, from Lemma 3.4
we obtain h?"~!(a) = 0 a contradiction. Thus h*"~1(R) = {0} another contradiction. This completes
the proof. O

Lemma 3.6 Let R be a semi-prime ring with char(R) = 2. If h is a homoderivation of R such that
h3 = 0. Then h? = 0.

Proof: Using lemma 2.1 and the fact that h3 = 0 we have

STHE R

k=0 j=0 J
= 3h*(x)h%(y) for all x,y € R.

0= h*(h(z)y)

Since the characteristic of R is 2 we get
R%(z)h*(y) =0 for all =,y € R. (3.6)
According to Corollary 2.1, h? is also a homoderivation of R. Hence, replacing y by yz in (3.6) yields

R2(2)h? (yz) = h%(2)h? (y)h? (x) + k2 (2)h? (y)x + h%(2)yh*(z)

3.7
= h%(z)yh*(z) =0 for all z,y € R. (3.7)

From the semi-primeness of R we deduce that h?(z) =0 for all x € R. This completes the proof. O

Lemma 3.7 Let R be a semi-prime ring with char(R) = 2. If h is a homoderivation of R such that
h® =0 where 2™ < s < 2"t — 1 for some positive integer n. Then h*" = 0.

Proof: Proceeding by induction on n, for n = 1 we get s = 3. Thus, the result is true in view of Lemma

3.1 Now let n > 1 and suppose the result holds for n — 1. Since 2" < s < 2"*! — 1 then s = Zaka

k=0
where o, € {0, 1} for all k € {0, ... , n} with at least one of the ay’s is zero and «,, = 1. Put
i = min{k / oy, = 0}.

n
Case 1 Ifi=0. Then s = 2sy where s = Zaka_l and 271 < 59 < 2" — 1. Set n = h?. Then using
k=1
Corollary 2.1, n is also a homoderivation with n°° = 0. By the induction hypothesis, 772%1 = 0, hence
h?" = 0.
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n n
Case 2 Ifi >0. Thenag=1and s+1 = 2"+ Z ar2F = 2%s, | where ;1 = 1+ Z a2k
k=i+1 k=it1
Let 8 = h2'. Then again using corollary 2.1, B is a homoderivation of R and 2" % < s;_; < 2"+l — 1,
Once more by the induction hypothesis, 52" =0, thus h®" = 0.

Let N* be the set of all non-zero positive integers.

1

Lemma 3.8 Let R be a semi-prime ring of characteristic 2, h a homoderivation of R such that p2" =
0 but h2"'—2 # 0 for some integer n > 1, I the ideal generated by h*" and W = {(p,q) € N*/3r €
I such that r # 0, h(r) =0, hP?(R)r = {0} = rh9(R)}. Then the next hold:

1. W#0.

2. In respect to the following partial order relation : (i1, j1) < (i2, jo) if and only if i1 < j1 and iz < ja.
If (i,7) s a minimal element in W then i > 2™ and j > 2™.
Proof:

h2n+1_

1. Since R of characteristic 2 and 1 = 0 we obtain

0=nr>"""1(n"" (@) (y))

ontl_q k
ntl 1 k nt2_,_ ntl_q_
= (7, (e o) 39
k=0 p=0

= n" 2@ 2 y) forall @y e R

Using (3.8) along with the hypothesis 2" ~2 # 0 we derive the existence of ¢ € R such that
w = h2"72(t) £ 0, h(w) = 0 and wh?" 2(y) = 0 = K2 “2(z)w for all z,y € R. Hence,
(2ntt — 2 27+l _9) ¢ W implying that W # ().

2. Without loss of generality, assume that ¢ < 2. Since (i , j) € W. Then there exists ¢ € I \ {0}
such that h(zo) = 0, hi(R)zg = {0} = zoh’(R). Then for all a,b€ R

0= h?" (ab)zo = h?" (a)h?" (D)o + h*" (a)bxo + ah®" (b)xo = h*" (a)bxo.

Therefore, Izg = {0}. In view of the semi-primness of R we get zo = 0. This contradicts our choice
of zg. Thus 7 > 2™ and j > 2™.

Lemma 3.9 Let R be a semi-prime ring of characteristic 2. If h is a homoderivation of R such that
n+1 n
K21 =0 for some positive integer n. Then h?" = 0.

Proof: Proceeding by induction on n, for n = 1 we get s = 3. Thus, the result is true in view of Lemma
3.6. Now let n > 1 and suppose the result holds for n — 1. Due to Lemma 3.7 it will be sufficient to
prove that h2"" =2 = 0. Let us assume by contradiction that h2"" —2 # 0. Using Lemma 3.8 and keeping
the same notations, let (¢, j) be a minimal element of W. Then there exists z € I\ {0} such that h(z) =
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0, hi(R)z = zh7(R) = {0}. Consequently

0= h2"+1—1(hi—2"—1( )Zhj—Q" (y))

(? (hz “ >zhj‘2"<y)))

S (i 2 y) + TN @)k (y)
= hzn_l(h’ Y(x)zh (y))

— h2" -1

2” 1 k
1 . - o (3.9)
> (% )Z( P w0 )
p=0
2"—1 N K
2" 1—k+p(pi—1 j—1-p
() (i
k= p=0
= hi"Y(x)2zh " (y) forall x,y € R.
If zh/=1(y) = 0 for all y € R, then (i,5 — 1) € W which contradicts the minimality of (i,j) i

in W.
Thus there exists yo € R such that zo = zh/~'(yo) # 0. Since zy € I and h(z0) = h(zhi~ (o)) =
h(2)h3 (yo) + h(2)h = (yo) + 2h7 (yo) = 0 as well as

0= zh? (W~ (yo)y) = i (2) i (I;) 2RI TR (yo ) BT TP (y)

k=0 p=0
= 2h? 7Y (yo)W (y) = 20k’ (y) for all y € R.

Then (i — 1,7) € W which leads again to a contradiction with the minimality of (i,7) in W. Therefore

K2 =2 — 0 and the lemma follows from this. O

Combining Lemma 3.7 and Lemma 3.9 we deduce our second main conclusion of this paper

Theorem 3.2 Let R be a semi-prime ring of characteristic 2. If h is a nilpotent homoderivation of R,
then the index of nilpotency of h is a power of 2.

Next, we will provide a result in case of general characteristic restrictions

Theorem 3.3 Let R be a semi-prime ring with a prime characteristic p. If h is a nilpotent homoderivation
m

of R, then the index of nilpotency s of h is of the form: s = Z Spp® where 0 <n < m, 6 are integers

such that 0 < 0 < p, 0, is odd and dy is even for all k # n.

Proof: If p = 2, then by Theorem 3.2, s = 2P". Hence the result is true in this case. Now suppose
p > 3, then there exists an integer m > 0 such that for all k € {0, ... , m} there exist 0 < §; < p
m

with s = Zékpk with §,, # 0. Put ¢ = max{k / 0 is odd} and let n = hP'. According to Corollary

k=0
i—1

2.1 n is also a homoderivation of R and considering the fact that p* > Zékpk we get nV = 0 where

k=0
m

N=1+ Z 8xp" % Since p is odd. Then R is 2-torsion free and as N is even, hence using Lemma 3.7
k=i

we conclude that nN =1 = p?'(N=1) = . Therefore, s = p'(N — 1) = Z5kpk because s is the index of
k=i
nilpotency of h. Moreover ¢; is odd and the other 0 are even. O
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i
Corollary 3.1 Let R be a semi-prime ring with char(R) = ¢ = Hpj with p; are distinct prime numbers
j=1
forall j € {1,...,r}. If h is a nilpotent homoderivation of R, then the index of nilpotency s of h is of the
m

form: s = Z 8xp® where 0 < n < m, & are integers such that 0 < 8, < p, 6, is odd and 8}, is even for
=n

k
all k # n, for some prime divisor p of q.

Proof: Since g = H pr. then we can write R as the direct sum R = @ R; with R; = {z € R / pjx = 0}.
j=1 j=1
For all j € {1, ..., r} R, is a sub-ring of R with prime characteristic p; such that h(R;) C R;. Let s;

be the index of nilpotency of h/g, the restriction of i to R;. Then, by Theorem 3.3, s; = Z 5;€p§ where

k=n

0 <n <m, § are integers such that 0 < 6 < p;, d, is odd and the other J; are even. It follows that
the index of nilpotency of h is s = max{s; / 1 < k < r}. O

The following example proves the necessity of our assumptions in Theorem 3.3.

Example 3.1 Let Fy be the Galois field of order 2 and put R = M3(F3). Then R is a non semi-prime
ring with char(R) = 2. Set the invertible matriz A in R as follows:

1 10 1 00 010
A= 011 ]=1010]|+100 1 )=Idg+B
0 0 1 0 0 1 0 0 0
For all X € R define h by

hX)=AXA"'— X = (AX - XA)A™' = (BX - XB)A ' =dp(X)A™"

Since X — AX A~ is an inner automorphism of R, then h is a homoderivation on R. Furthermore, as
B3 =0 but B2 # 0 we deduce that h® = 0 however h? # 0. Thus the index of nilpotency of h is 3 which
s not a power of 2.
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