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On Common Index Divisors and Monogenity of Certain Number Fields Defined by
2 +ax+0b

Omar Boughaleb and Karim Saber

ABSTRACT: Let K = Q(«) be a number field, where « is a root of a monic irreducible polynomial F(z) =
x® + ax + b belonging to Z[z]. The purpose of this paper is to characterize when a prime p is a common
index divisor of K. More precisely, we give explicitly a sufficient conditions on a and b which guarantee the
non-monogenity of K. Some useful examples are also given.
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1. Introduction

The problems of existence and construction of power integral bases of algebraic number fields have
been intensively studied by many number theorists (c.f. [15],[21], [22], [33], [1], [16], [37]). It is called
a problem of Hasse to characterize whether the ring of integers in an algebraic number field has a power
integral basis. Let K = Q(«) be a number field generated by a complex root a of a monic irreducible
polynomial F(x) over Q. We say that K is monogenic if K possess a power integral basis (PIB for short),
or equivalently, {1,a, o?, ..., a” '} is an integral basis of K for some a € Zg the ring of integer of
K, in other words Zx = Z[a]. The monogenity problem is a line of research within the larger theme of
computing the integral closures of ring extensions, which in turn is of great interest in number theory,
algebraic geometry, and commutative algebra (see [5], [38], [39]). Based on the arithmetic of the index
form equations Gaal, Gyory, Pohst, and Peth6 with their research teams studied monogenity of several
algebraic number fields (see [4], [15],[16], [17], [18]). For monogenity of pure number fields, based on
prime ideal factorization, El Fadil studied the pure sextic field Q(/m) with m # +1 (see [9], [10]).
Many authors were also attracted by this problem (see [1], [17], [2]). For monogenity of number fields
defined by trinomials, Jones with research team studied monogenity of some irreducible trinomials (see
(28], [29], [30], [31]). According to Jones definition, if a polynomial F(z) is monogenic, then Q(«) is
monogenic, but the converse is not true because a number field generated by a root of a non monogenic
polynomial can be monogenic. The authors of( [25], [27], [26]) also studied the integral closedness of
some number fields defined by trinomials. Their results are refined by Ibarra et al. (see [24]). It may
pointed out that the results given in ([25], [27]) can only decide on the integral closedness of Z[a],
but cannot test whether the field is monogenic or not. Therefore Jones’ and Khanduja’s results cover
partially the study of monogenity of number fields defined by trinomials. In [19]" for a sextic number
field K defined by a trinomial F(z) = 2% + az® + b € Z[z], Gaadl calculated all possible generators of
power integral bases of K. In [11], El Fadil extended Ga&l’s studied some cases where K is not monogenic.

2010 Mathematics Subject Classification: 1R21, 11R04, 11Y40.
Submitted June 10, 2022. Published December 10, 2022

Typeset by Esﬁstyle.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.63930

2 O. BOUGHALEB AND K. SABER

In [12], for every prime integer p, El Fadil gave necessary and sufficient conditions on a and b which
characterize when p is a common index divisor of K, where K is a number field defined by an irreducible
trinomial F(x) = 2° 4+ ax?® + b € Z[z]. Also in [3], Ben Yakkou and El Fadil gave sufficient conditions
on coefficients of a trinomial which guarantee the non-monogenity of the number field defined by such
a trinomial. In this paper, for every prime integer p and any number field K defined by an irreducible
trinomial F(z) = 2° 4+ ax + b € Z[z], we characterize when does p is a common index divisor of K. In
particular, under any of the mentioned conditions K is not monogenic. We provide a series of examples
illustrating our results.

2. Main results

Throughout this section, K is a number field generated by a complex root « of an irreducible trinomial
F(z) = 2° +ax+b € Z[X]. Tt is well known that for every prime integer p, we can assume that v,(a) < 3
or vp(b) < 4. For every prime integer p, we give sufficient conditions, on a and b so that p is a common
index divisor of K. In particular, under any of these conditions, the number field K is not monogenic.
By Engston’s results, it is well known that the unique candidate prime ideals divide i(K) (see Definition
3.1) are 2 and 3 (see [8]). The next theorems allows to characterize when 2 and 3 divides i(K).

Theorem 2.1. The prime integer 2 is a common index divisor of K if and only if one of the following
conditions holds:

1. If a =1 (mod 4),v2(b) = 4k + 2 for some positive integer k.
2. Ifa=7 (mod 8),b =0 (mod 8) and v2(b— (a+1)) >3
3. a =3 (mod 8),v2(b) =4 (mod 8), 2ua(a+5) <14+ wva(b—a—1).

4. a =3 (mod 8),v2(b) = 8k + 4 for some positive integer k, va(b —a — 1) is even and 2va(a + 5) >
1+wv(b—a—1).

5. a =3 (mod 8),v2(b) =4 (mod 8), va(rg) > 2v2(r1) and va(b —a — 1) = 2k + 1 for some positive
integer k such that F(x) is x — k-regular with respect to p = 2.

6. a =3 (mod 8),v2(b) =4 (mod 8), va(rg) < 2v2(r1) and vo(rg) = 21 for some positive integer I and
va(b—a —1) = 2k + 1 for some positive integer k such that F(x) is x — k-reqular with respect to
p=2.

Theorem 2.2. For e every value of (a,b) € Z? such that 2° + ax + b is irreducible over Q, 3 does not
divide the index i(K), where K is the number field defined by x° + ax + b.

3. Preliminaries

Let K = Q(«) be an algebraic number field with « an algebraic integer and F'(x) its minimal poly-
nomial over Q. Let Zx be the ring of algebraic integers of K. It is well known that the ring Zg is a free
Z-module of rank n = [K : Q] and so the abelien group Zg /Z[c] is finite. Its cardinal order is called the
index of Z[a] and denoted by (Zk : Z[a]). The determination of the prime ideal decomposition in Z g
of any rational prime p is one of the major problems in Algebraic Number Theory. In 1878 Dedekind
proved the following result in this direction (see [35]).

Theorem 3.1. Let K = Q(«) be an algebraic number field with « a root of an irreducible polynomial

F(z) € Z[z]. Let p be a rational prime. Let F = ¢_1l1...<b_rlr be the factorization of F as a product
of powers of distinct irreducible polynomials over 7 /pZ, with ¢; monic polynomials belonging to Z[X].
Suppose that p does not divide the index (Zy : Z|o)), then pZx = [, Pl where Py...P, are the distinct
prime ideals of Zy lying above p, P; = pZi + ¢,(a)Zi with residual degree f(P;/p) = deg ¢, for all i.

Dedekind also gave a criterion which allows to test weither p does not divide (Zk : Z[a]) (see [6]).
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Theorem 3.2. Let K = Q(«), F(x) and P1...P, be as in the Theorem 3.1. Let G be the polynomial
1 (F(x) — lf...gbl’”) with coefficients in Z. Then p does not divide (Zy : Z[a]) if and only if for each

P T
i =1,...,7, we have either l; =1 or ¢T® does not divide G.

In 1894, Hensel developed a powerful approach by showing that the prime ideals of Zx lying above p
are in one-to-one correspondence with the monic irreducible factors of F(x) over the field Q, of p-adic
numbers and that the ramification index together with the residue degree of a prime ideal of Zy lying
over p are same as those of the simple extension of Q obtained by adjoining a root of the corresponding
irreducible factor of F(x) belonging to Qp[x]. The first steep of the factorization is given by Hensel’s
Lemma. Unfortunately, the factors provided by Hensel’s Lemma are not necessarily irreducible over Q,.
Newton’s polygon techniques can be used to refine the factorization. This is a standard method which
is rather technical but very efficient to apply. Now, we recall some fundamental techniques on Newton
polygon, for more details, we refer to ([13], [14], [32]).

We use Dedekind’s theorem (see Theorem 3.1) relating the prime ideal factorization of pZy and the
factorization of F'(x) modulo p, when p does not divide the index (Zk : Z[a]). Also, we need to use the
Dedekind’s criterion (see Theorem 3.2) for testing the divisibility of (Zx : Z[a]) by p.

For any prime integer p, let v, be the p-adic valuation of Q, Q, its p-adic completion, and Z,
the ring of p-adic integers. Let v, be the Gauss’s extension of v, to Qp(z). For any polynomial
F(z) = Y jaix’ € Qplz] we set vy(F) = min(vp(a;), i = 0,...,n). For any nonzero polynomials
F,G € Qp[z], we extend this valuation to Q,(x) as follows v,(F/G) = v,(F) — v,(G). Let ¢ € Z,[x]
Fp[x]

(@
polynomial F(z) € Zy[z]|, upon the Euclidean division by successive powers of ¢, we expand F(z) as
F(z) = Zé:o a;(z)¢(x), called the ¢-expansion of F(z) (for every i, deg(a;(z)) < deg(¢)). The ¢-
Newton polygon Ny(F') of F(x) with respect to p is the lower boundary convex envelope of the set of
points {(¢,vp(a;(x))), a;(x) # 0}. For every side S of Ng(F), the length I of S is the length of its
projection to the z-axis and its height h is the length of its projection to the y-axis. We call d = ged(l, h)
the degree of S. The principal ¢-Newton polygon N (F) of F' is the part of the polygon Ny(F'), which

is determined by joining all sides of negative slopes. To every side S of N (F), with initial point (s, us)
and length [, and to every 0 <+ <[, we attach the following residue coefficient ¢; € F:

be a monic polynomial whose reduction is irreducible in F,[z] and Fy the field For any monic

¥ if (s +1, usy;) lies strictly above S,
ci = (M) (mod (p, ¢(2))), if (s +14, usy;) lies on S,

pUsti
where (p, ¢(z)) is the maximal ideal of Z,[z]| generated by p and ¢(x). Let A = —h/e be the slope of
S, where h and e are two positive coprime integers. Then d = [/e is the degree of S. Notice that,
the points with integer coordinates lying on S are exactly (s,us), (s + e,us — h), -, (s + de,us — dh).
Thus, if 7 is not a multiple of e, then (s + i,usy;) does not lie in S, and so ¢; = 0. The polynomial
Fs(y) = tay® + ta—1y? ' + -+ + t1y + to € Fylyl, is called the residual polynomial of F(z) associated
to the side S, where for every i = 0,...,d, t; = ¢j. Let N¢_(F) = S1 + -+ S, be the principal
¢-Newton polygon of F'(x) with respect to p. We say that F'(z) is a ¢-reqular polynomial with respect
to p, if Fg,(y) is square free in Fy[y] for every i = 1,...,r. The polynomial F(x) is said to be p-regular

it F(z) =1[_, ¢Tili for some monic polynomials ¢, ..., ¢, of Z[z] such that ¢,,...,¢, are irreducible
coprime polynomials over F,, and F(z) is a ¢;-regular polynomial with respect to p for every i =1,...,r.
Let ¢ € Zy[x] be a monic polynomial, with ¢(x) irreducible in F,[z]. the ¢-index of F(z), denoted
by indy(F'), is deg(¢) times the number of points with natural integer coordinates that lie below or

on the polygon N (F), strictly above the horizontal axis, and strictly beyond the vertical axis. Let

F(z)=T1I_, ¢Tili is the factorization of F(z) in Fp[z], where every ¢; € Z[z] is monic polynomial, with

;(x) is irreducible in Fp[z], ¢;(x) and ¢;(x) are coprime when i # j and i,j = 1,...,r. For every
=1,...,7, let N¢: (F) = Sin + -+ + Sir, be the principal ¢;-Newton polygon of F'(z) with respect to
p. For every j =1,...,r, let Fs,, (y) = [1,%, ¢Z;€’“ (y) be the factorization of Fg, (y) in Fy, [y]. Then we
have the following theorem of index of Ore:

~
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Theorem 3.3. If F(x) is p-regular, then

T r;  Sij

i = TTTI I #iis

i=1j=1k=1

is the factorization of pZy into powers of prime ideals of Zk lying above p, where e;; = l;;/d;j, lij is
the length of Si;, dij is the ramification degree of Sij, and fiji. = deg(¢;) x deg(v; ;) is the residue degree
of the prime ideal piji. over p.

Now we describe how to compute a regular integer s € Z,, such that F(x) is z — s-regular with respect
to p. Let p be a prime integer and K a number field defined by a monic irreducible polynomial F(x) € Z|x]
with F(x) = &+ asd* +a3¢® +asd® +a1¢' +ag for some p = x—a € Z[z] and (ag, . ..,aq) € Z5. Assume
that N, (F) has a non-trivial k-component for some k € N; a side of slope —k and length [ # 0. Assume
also that [ > 2 and Ry (F)(y) = £(y — u)? is the residual polynomial of F(x) associated to this side for
some integer u. Then we can construct an element s € Z, such that F(z) is x — s-regular. Such an
element s is called a regular element of F'(x) with respect to ¢. How to construct such a regular element
s? By theorem of the polygon, F(z) = Fi(z)Fz(x) in Zy[z] such that F5 is monic, Ng(F») has a single
side of slope —k, and Ry (F)(y) = £(y — u)? is the residual polynomial of F» associated to this side. Let
up = u, s1 = so + pFug, and ¢ = x — s;. Then Fyh(x) = a1 + bi¢ + ¢, for some (a1,b1,c1) € Zf’) such
that vp(a1) =0, vp(b1) > k+ 1 and v,(c1) > 2k + 1. If 2v,(b1) > vp(cr), vp(c1) = 2h for some integer
k >k and Ry(F)(y) = (y — u1)? for some integer u; € Z, then we can repeat the same process. In this
case indy, (F) > indy, (F) + 1. Thus [Zg : Z]a]] > indy (F) > indg (F') + 1. Since [Zg : Z[a]] is finite,
this process cannot continue infinitely. Thus after a finite number of iterations, this process will provide
a regular element.

When the polynomial F'(z) is not p-regular, then the factors of certain residual polynomials Ry, ; (F')(y)
are not irreducible in Q,(z), Montes, Nart and Guérdia introduced an efficient algorithm to factorize
completely the principal ideal pZg (see [20,32]). They defined the Newton polygon of order r and they
proved an extension of the theorem of the product, theorem of the polygon, theorem of the residual
polynomial and theorem of index in arbitrary order r. As we will use this algorithm in second order,
we shortly recall those concepts that we use throughout. Let ¢ be a monic irreducible factor of F(x)
modulo p. Let S be a side of N (F), of slope A = = with h and e are two positive coprime integers
such that the associated residual polynomial Ry (F)(y) is not separable in Fy. A type of order 2 is
a chain: (¢(x), A, §o(), A2, ¥9(y)), where ¢o(z) is a monic irreducible polynomial in Z,[x] of degree
meo = et fudeg(¢), A2 is a negative rational number and 1,(y) € F = Fy[y]/ (¥, (y)) such that

(1) Ny (#,) is one-sided of slope .
(2) The residual polynomial in order 1 of ¢, is Rx(¢5)(y) = i1 (y) in Fyly], with ¢ € Fy.

(3) A2 is a slope of certain side of the ¢,-Newton polygon of second order and ¢, (y) = R3_(F)(y) is
the associated residual polynomial of second order.

The key polynomial ¢, induces a valuation we in Qp(z), called the augmented valuation of v, of
second order with respect to ¢ and A. By [[20], Proposition 2.7], If P(x) € Z,[z] such that P(zx) =
ao(z) + a1 (2)p(x) + ... + a(z)p(x)!, then

wa(P(2)) = e. min {vp(ai(z)) +i(vp(#)(x) + AN},
in particular wo(¢y(z)) = e.fvp(P(z)). Let F(z) = ap(x) + a1(x)po(z) + ... + ar(z) Py (z)" be the ¢y-adic
development of F(z) and let u; = wa(a;(z)¢y(z)?) for every 0 < i < t. The ¢y-Newton polygon of F(z)

of second order with respect to ws is the lower boundary of the convex envelope of the set of points
{(i,p1;),0 < i < t} in the Euclidean plane.

Definition 3.1. The index of a field K is defined by i(K) = ged{(Zk : Z[a]) | K = Q(«) and « €
Zr}. A rational prime p dividing i(K) is called a prime common index divisor of K.
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Remark 3.1. Observe that if Zy has a power integral basis, then i(K) = 1. Therefore a field having

a prime common index divisor is not monogenic.

The following lemma characterizes the prime common index divisors of K is needed for proving
Theorem 2.1 and Theorem 2.2, its proof is an immediate consequence of Dedekind’s theorem.

Lemma 3.1. Let p be a rational prime integer and K be a number field. For every positive integer
F(x), let Py be the number of distinct prime ideals of Z lying above p with residue degree F'(x) and Ny
the number of monic irreducible polynomials of Fplx] of degree F(x). Then p is a prime common index
diwisor of K if and only if Py > Ny for some positive integer F(z).

4. Proofs of our main results
4.1. Proof of Theorem 2.1

Since A(F) = 28a° + 55b% is the discriminant of F(z), if 2 is a common index divisor of K, then 2
divides b. Now assume that 2 divides b.

1) If 2 does not divides a. Then F(x) = z(z+1)* in Fa[z]. Let ¢ = 2+ 1. In this case, 2 is a common
index divisor of K if and only if ¢ provides two prime ideals of Zx with residue degree 1 each.
Consider the ¢-expansion of F(x) = ¢° + 5¢* + 109> — 10¢* 4 (5 + a)p + (b — (a + 1)).

i) ifva(b—(a+1)) =1, then Ny (F) = S has a single side joining (0, 1) and (4,0), with degree of
S is 1, thus ¢ provides a unique prime ideal of Zx lying above 2 with residue degree one, and
27 = P1P3. Thus by Lemma 3.1, 2 is not a common index divisor of K. Now assume that
va(b—(a+1)) 22, (a=1 (mod 4) and b =0 (mod 4)) or (¢ = 3 (mod 4) and b = 2 (mod 4)).

ii) If a =1 (mod 4), then va(a +5) = 1. As v =1v2(b— (a+ 1)) > 2, then N (F) = 51 + 52 has
two sides joining (0,v),(1,1) and (4,0) with v > 2, thus ¢ provides two prime ideals of Z
lying above 2 with residue degree one each, and 2Zx = P1P,P3. Thus so 2 is a common index
divisor of K.

iii) If (a = 3 (mod 8) and b = 0 (mod 8)) or (¢ = 7 (mod 8) and b = 4 (mod 8)) then vy(a+5) > 2
and va(b—(a+1)) = 2 and thus N (F') = S has a single side joining (0,2) and (4, 0), of degree
of 2, as Rr(y) = y? +y + 1 is irreducible over Fy, ¢ provides a unique prime ideal of Zg lying
above 2 with residue degree 2, and 2Zx = P1P%. Thus so 2 is not a common index divisor of K.

iv) If a = 7 (mod 8) and b = 0 (mod 8) then va(a +5) = 2 and va(b — (a + 1)) > 3. If
v2(b— (a + 1)) = 3, then Ny (F) = S1 + Sz has two sides with deg(51) = 2 and deg(S2) = 1.
As Rs, (y) = y? + y + 1 is irreducible over Fy, ¢ provides two prime ideals of Zy lying above
2 with residue degree one each, and 2Zx = Tlﬂ)gﬂ%. Thus so 2 is not a common index divisor
of K. If va(b—(a+1)) > 3, then N (F) = 51 + 5>+ 53, thus ¢ provides three prime ideals of
Zy lying above 2 with residue degree one each, and 2Z = P;P,P3P3. Thus so 2 is a common
index divisor of K.

v) If a = 3 (mod 8) and b = 4 (mod 8) then ve(a +5) > 3 and va(b — (a + 1)) > 3. Set
vy = va(b— (a+ 1)), then

a) If 2va(a +5) > 1+ v, then Ny (F) = 51 + S2 has two sides 51, 52 with deg(52) = 2 and
Sy is of degree d € {1,2}. If v, = 2k for some positive integer k, then thus ¢ provides two
prime ideals of Zk lying above 2 with residue degree one each. Thus so 2 is a common
index divisor of K.

If v, = 2k + 1 for some positive integer k, then N (F) = S1 + Sz has two sides with
deg(S1) = 2,\s;, = —k and deg(S3) = 1. Consider the regular element k such that
¢y = + 1+ 2% then the ¢,-expansion of F(x) is given by F(z) = ¢° + (=5 — 5.2;)¢* +
(10.22% +-20.2F +10)¢® + (10.23F — 30.22K — 30.2% —10)¢” + (5.2** 4+-20.2%F + 30.22F +20.2F +
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a+5)p+(—(2)%* —5.2% -10.23k —10.22k —2kq —5.2F —a+b—1). Set ry = (—(2)°F —5.24 —
10.23% —10.22F — 2%q — 5.2 —a+b—1) and ry = 5.2%% +20.23% + 30.2%% 4+ 20.2% + a + 5.
Now since there are two prime ideals lying above 2 with residue degree 1 each, then 2
is a common index divisor of K if and only if va(rg) > 2va(r1) or va(rg) > 2vz(r1) and
va(ro) = 21 for some positive integer [.

b) If 2v9(a + 5) < 1 + v, then N(;(F) = S1 + S5 + 53, thus ¢ provides three prime ideals
of Zk lying above 2 with residue degree one each, and 2Zy = P;P,P3P2. Thus so 2 is a
common index divisor of K.

) If 2v2(a +5) = 1+ v, then Ny (F) = 51 4+ S has two sides with deg(S1) = 2 and
deg(S2) = 1. As Rg, (y) = y*> +y + 1 is irreducible over Fa, ¢ provides two prime ideals of
Zyx lying above 2 with residue degree 2 and 1 respectively, hence 2Zx = P1P2P3. Thus
so 2 is not a common index divisor of K.

2) If 2 divides a. Then F(x) = ¢° in Fy[z], where ¢ = . Considering the ¢-expansion of F(x). By
assumption vz(a) < 3 or v2(b) < 4, we conclude that if 5va(a) > 4va(b), then Ny (F) = S has
a single side joining (0,v2(b)) and (5,0), with degree of S is 1, thus ¢ provides a unique prime
ideal P of Zy lying above 2 with residue degree one, and 2Zy = P?. Thus so 2 is not a common
index divisor of K. If 5va(a) < 4v(b), then va(a) < 3 and N, (F) = 51 + S has two sides joining
(0,v2(b)), (1,v2(a)) and (5,0) such that Sy is of degree 1 and Sy is of degree d € {1,2}.

i) If va(a) € {1,3} then d = 1, thus ¢ provides two prime ideals Py, Py of Zk lying above 2 with
residue degree one, and 2Zx = fPlfP%. Thus so 2 is not a common index divisor of K.

ii) If va(a) = 2, then the degree of S; is 1, d = 2 and the ramification degree of Sy is e2 = 2 with
slope A = =L, Since Ro(F)(y) = (y +1)? and ez = 2 > 1, considering the Newton polygon of
higher order. Set ¢, = 22 — 2, consider now the ¢y-expansion of F(z) = x¢3 + 4x¢y + (a +
4)x + b and let wo the valuation defined by wy(P) = 21}1>i(r)1 {va(a; + i(va(¢y) + 3))} where P =

S a;¢", then we see immediately that wa(¢y) = 2, wo(4x) = 5 and wy((a+4)z +b) € {6,7,8}
i>0
as wa(a+4)+1 > 7 and wy(b) < 8. Set ¢ = (a+ 4)x + b, then we have two following cases:
a) If wa(c) € {6, 8}, then N(;Q (F) = S has a single side of degree 1, thus ¢, provides a unique
prime ideal of Zx lying above 2 with residue degree 2, and hence 2Zy = P1P3. Thus so
2 is not a common index divisor of K.

b) If wa(c) = 7, then we have va(a+4) = 3 and va(b) = 4. Set ¢p5 = 2% — 22 — 2 and consider
the ps-expansion of F(z) = (x + 4)¢3 + (16x 4 24) ¢y + (a + 44)z + b+ 32, now using the
fact that wa(¢g) = 2, we(x +4) = 1, we (162 + 24) = 6 and wa((a +44)z + b+ 32) =8 as
wa(a +44) > 4 and wy(b + 32) = 4, we see that N, (F') = S has a single side of degree
1 thus ¢4 provides a unique prime ideal of Zg lying above 2 with residue degree 2, and
hence 2Zy = P1P3. Thus so 2 is not a common index divisor of K.

4.2. Proof of Theorem 2.2

Since A(F) = 28a° + 55b% is the discriminant of F(x), if 3 is a common index divisor of K, then 3
divides both a and b or 3 does not divides both a and b.

1) If 3 divides a and divides b. Then F(z) = ¢° in F3[z], where ¢ = z. Consider the ¢-expansion of
F(z). By assumption vs(a) < 3 or v3(b) < 4, we conclude that if 5v3(a) > 4vs(b), then Ny (F)) = S
has a single side joining (0,v3(b)) and (5,0), with degree of S is 1, thus ¢ provides a unique prime
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ideal of Zy lying above 3 with residue degree one, and 3Zy = P°. Thus so 3 is not a common
index divisor of K. If 5vs(a) < 4v3(b), then v3(a) < 3 and N (F) = S1 + 52 has two sides join-
ing (0,v3(b)), (1,v3(a)) and (5,0) such that Sp is of degree 1 and Ss is of degree d € {1,2}. If
vo(a) € {1,3} then d = 1, If vs(a) = 2, then the degree of Sy is 1 and d = 2, thus S provides a
unique prime ideal of Z lying above 3 with residue degree one and S5 provides a unique prime ideal
of Zk lying above 3 with residue degree 2. Thus so 3 is not a common index divisor of K in this case .

2) If 3 does not divide both a and b. Then (a = (mod 3) and b =2 (mod 3)) or (¢ = 2 (mod 3) and
b =2 (mod 3)). Hence F(x) = (v +2)%(2® + 222 + 1) or F(z) = (z +2)?(2 + 222 + 2) in F3[z], set
¢ = x + 2, thus ¢ provides at most two prime ideals of Zx lying above 3 with residue degree one
each or a unique prime ideal of Z g lying above 3 with residue degree 2. Thus so 3 is not a common
index divisor of K.

5. Examples

Let K = Q(«) be a number field, let o be a complex root of a monic irreducible polynomial F'(z) =
+azx+b € Zx].

1) For F(x) = 2% + 522 4+ 10, as F(z) is 5-Eisenstein polynomial, it is irreducible over Q. Then by
Theorem 2.1, 2 is a common index divisor of K and hence K is not monogenic.

2) For F(x) = 2° + 7Tz + 56d, such that 7 does not divide d. Then by Theorem 2.1, 2 is a common
index divisor of K if and only if d is odd, thus K is not monogenic.

3) For F(z) = 25 + 1122 + 1100, as F(z) is 11-Eisenstein polynomial, it is irreducible over Q, we have
2ug(a + 5) > va(b — a — 1), then by Theorem 2.1, 2 is a common index divisor, hence K is not
monogenic.

4) For F(x) = 2° + 32% + 12, as F(x) is 3-Eisenstein polynomial, it is irreducible over Q, since
va(b—a—1) = 3, then k = 1 hence vo(rg) = 4 is even and v (r1) = 3, consequently va(rg) < 2va(r1),
then by Theorem 2.1, 2 is a common index divisor, hence K is not monogenic.
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