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Analytical Expressions for the Exact Curved Surface Area and Volume of an Elliptic
Paraboloid via Mellin-Barnes Type Contour Integration

M. A. Pathan*, M. I. Qureshi, Javid Majid

ABSTRACT: Our present investigation is motivated essentially by several interesting applications of gener-
alized hypergeometric functions. The hypergeometric functions are potentially useful and have widespread
applications related to the problems in the mathematical, physical, engineering and statistical sciences. In
this article, we aim at obtaining the analytical expressions ( not previously found and not recorded in the lit-
erature) for the exact curved surface area of an elliptic paraboloid in terms of Appell’s double hypergeometric
function of second kind. The derivation is based on Mellin-Barnes type contour integral representations of
generalized hypergeometric function ,Fy(z), Meijer’s G-function and analytic continuation formula for Gauss
function. Moreover, we also obtain the analytical expression for the volume of the right elliptic single cone.
Some special cases related to right circular paraboloid are also discussed. The closed forms for the exact
curved surface area and volume of an elliptic paraboloid are also verified numerically by using Mathematica
Program.

Key Words: Appell’s function of second kind, Mellin-Barnes type contour integral, Meijer’s G-
function, Elliptic paraboloid, Mathematica Program.
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1. Introduction and preliminaries

For the definition of Pochhammer symbol, power series form of generalized hypergeometric function
pFy(2) and several related results, we refer the beautiful monographs [see e.g [2],[8], [15], [16], [28], [29]
and [33]].

. ) |
o Fy =2 [(1 +2)f - 1} )] < 1. (1.1)
9. 3z

The above formula can be derived simply by expanding the o F; series.
Analytic continuation formula [8, p.63, Eq.(2.1.4(17)), [15], p.249, Eq.(9.5.9), [29], p.36, Eq.(1.8.1.11)]:
When|z| > 1, then

a, b; T'(c) T(b—a) a,l14+a—c;
1+a—b

+
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b,1+b—c;
(—2)" 2Py 1, (1.2)
1+b—a;

I'(c) T'(a—10)
I(a) T(c—b)

where |arg(—z)| <, |arg(l — z)| < mand a — b # 0,+1,£2,£3, ...

Mellin-Barnes type contour integral representation of Gauss’ function [8, p.62, Eq.(15), [16], p.62, Eq.(28),
[28], p.101, Eq.(9)]:

A, B;
2F1 z =
C;

%) (2 ds, (1.3)

() 1/HWHA+@NB+@N
T(A)T(B) (271) J_j0 I'C+s)

where z # 0, | arg(—z)| < 7,|z| < 1, and the parameters A, B, C' are neither zero nor negative integers.
Further (B — A) is not an integer or zero.

Mellin-Barnes type contour integral representation of binomial function:

Y a; 1 +ioco .
(1-2)"%=1F z | = m/_iw I'(a+ s)T'(=s)(—%2)° ds: z#0, (1.4)

3

where |arg(—z)| < m,|z| <1,a € C\Zy and i = /(—1).
The equation (1.4) is the particular case of (1.3).

Appell’s function of second kind [33, p.53, Eq.(5)] is defined as:

a: b;
F[a b, c; dg,zy] F01117,11 T,y
—: d; g;
(@) min(D)m( Z In( y" “ T
- Z 2F1 x| (1.5)
2 @) e 2. .

Convergence conditions of Appell’s double series Fy:
(i) Appell’s function F; is convergent when |z| + |y| < 1; a,b,c,d, g € C\Z, .

(ii) Appell’s function F; is absolutely convergent when |z| + |y| = 1;
x#0, y#0; a,b,c,d,ge C\Zy and R(a+b+c—d—g) <0.

(iii) When a is a negative integer, then Appell’s series F, will be a polynomial, b, ¢, d, g € C\Zj .
(iv) When b, ¢ are negative integers, then Appell’s series F» will be a polynomial, a,d,g € C\Z, .

For absolutely and conditionally convergence of Appell’s double series Fy, we refer a beautiful paper of
Hai et al. [10].

Mellin-Barnes type double integral representation of Appell’s function of second kind [8, p.232,
Eq.(5.8.3(11)), [5]]:

Fy[ a; be; dyg; z,y | =

T(d)T(g) o /"”OO Fa+t+s) (b—l—t)l"(c—i—s)x
[(a)L(O)T(e)(274)? Ji——ioo Js=—ioo I(d+1)(g + s)

(=)D (=s)(—z)"(—y)® dt ds; = #0, y#0. (1.6)
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Mellin-Barnes type contour integral representation of Meijer’s G-function ([33, p.45, Eq.(1)], see also

[8,16]):
When p<gand 1 <m <gq, 0 <n <p, then

m,n
Gp,q (Z

A1, (2, A3 ey A Oy 15 -0 Qp ) _
ﬂlvﬁ%ﬁ&"'aﬂm;ﬁm+1a"'aﬂq
= 1 e H;n:1 L'(B; —s) H;L:1 F(l—a;+s)
2mi —i00 (Jl':m—l-l F(]' - ﬁj + S) H?:n-&-l F(aj - S)
1 [T (B —8)..T(Bm — s)(1 — LI = a,
_ L (B1—8)--L(Bn —s)TA—a1+5)..T'(1—an+5) (2)° ds, (17)
218 J oo T(1 = Brmg1 +5)..T(1 = By + 5)T' (a1 — 9)..T(ap — 5)

where z # 0, (a; — ;) # positive integers, i = 1,2,3,...,n; j = 1,2,3,...,m, and For details of three
contours, see [8, p.207, [16], p.144].

(2)° ds

Convergence conditions of Meijer’s G-function:
When A =m +n— (E49), v= 11 B; — 22— j, then

(i) The integral (1.7) is convergent when |arg(z)| < Am and A > 0.

(i) If |arg(z)] = Am and A > 0, then the integral (1.7) is absolutely convergent when p = ¢ and
Rv) < —1.

(iii) If Jarg(z)] = Am and A > 0, then the integral (1.7) is also absolutely convergent, when p #
g, (g—p)o > R()+1— (52) and s = o + ik, where o and k are real. o is chosen so that for
k — £oo0.

For other two types of contours, following will be convergence conditions of the integral (1.7)

(iv) The integral (1.7) is convergent if ¢ > 1 and either p < ¢,0 < |z] <0 orp=g¢, 0< |2z| < 1.
(v) The integral (1.7) is convergent if p > 1 and either p > ¢,0 < |z] < o0 or p=gq, |2| > 1.

Relation between Meijer’s G- function and 2 Fy(z) [19, p.61, [36], p.77, Eq.(1)]:

(:

where |1 —z| <land ¢ —a,c—b#0,—1,-2,...

22 1—a,1—b— ) L(a)T(b)T(c — a)l(c — b) @,

0,c—a—10;—

G3

ai,as; — _ F(l — a1 + bl)F(l — a1 + bg)r(l — a2 + bl)F(l —ao + bz)Zbl «
by,ba; — F(2fa17a2+b1+b2)

1—a;+by,1 —as+ by
X2F1 1—=z
2—ay —ag + by + by;

col—z < 1. (1.8)

Note: The equation of an elliptic paraboloid is given by z = ¢ (z—z + Z—z) ; ¢>0; a>b> 0, whose axis
is z-axis and vertex is origin.

When b = a and ¢ = h in the above elliptic paraboloid, we get the equation of a right circular paraboloid
given by z = a% (x2 + y2), whose axis is z-axis, vertex is origin, “h” is the vertical height, radius of the

circular base is “a” and its intersection with the plane z = h will be a circle lying in the plane z = h as
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well as on the surface of z = a% (x2 + yz).
Total area bounded by the ellipse 2 4 z—j = 1 will be wab.

a2

Suppose ¢(x,y) = 0 is the projection of the curved surface of three dimensional figure z = f(z,y) over
the z-y plane, then curved surface area is given by

S = U/ {1+ (gi)i (g;>2} dz dy. (1.9)

over the area

(x,y)=0

z=f(x,y)

- Curved surface in space

px,y) = 01

Projection in x-y plane

Figure 1: Projection of curved surface in z-y plane.

A definite integral:

, (1.10)

/2 sin® 6 cos” 0 df =
0=0

where R(a) > -1, R(B) > —1.

Motivated by the work of Abramowitz et al. [1], Andrews[3,4], Burchnall et al. [6] and others [7,9,11,
12,13,14,18,20,21,22,23,17,24,25,26,27,30,31,32,34,35,37,38], we evaluated an important definite integral

X s
Jou . (°°;§ b+ b”;#) df with suitable convergence conditions in section 2, by using Mellin-Barnes

type contour integral representations of generalized hypergeometric function ,F,(z), Meijer’s G-function
and series manipulation technique. The integral is useful and helps in the derivation of closed form for
the exact curved surface area of an elliptic paraboloid. In section 3, we derive the closed form for
obtaining the exact curved surface area of an elliptic paraboloid by using Mellin-Barnes type contour
integral representations of generalized hypergeometric function ,F,(2), Meijer’'s G-function and analytic
continuation formula for Gauss function in terms of Appell’s double hypergeometric function of second
kind. In section 4, we obtain the formula for the volume of an elliptic paraboloid. In section 5, we
derive some special cases related to the curved surface area and volume of right circular paraboloid.
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2. Evaluation of some useful definite integrals

The following definite integrals hold true associated with suitable convergence conditions:

1 .
T 29 a2 0 s 27h 2 1+s;
Theorem 2.1 /0 (CO; + ) do = 1o oy -% . (2.1)
where a > b > 0 and it is obvious that 0 < (1 — Z—Z) < 1.
1
. s 5 1 + S,
T cos?f  sin®0 21a 2’ ’ 2
Theorem 2.2 /0 <a2 + l)2> do = Jires o 1-%= | (2.2)

where b > a > 0 and it is obvious that 0 < (1 — ‘;—j) < 1.
Remark: The above formulas are also verified numerically using Mathematica program.

Independent demonstration of the assertions (2.1) and (2.2)

i cos?0 sin®6\’
Suppose [ = / ((12 + b2> db.

O=—m
4 [z 9 S b2 cos?6)°
= - in“0) {1+ ————- db
b2s /9:0 (Sln ) { a? SiIl2 0
s —S:
4 [z , ’
- bT/e i sin®* 0 | Fy =Peo0 | dp. (2.3)

Employing the contour integral (1.4) of 1 Fy(.), we get

= 2 L 2s oo b2 cos? 0\ ©

Interchanging the order of integration in double integral of (2.4) and using the integral formula (1.10),
we get

1= 1 [ ro-ora-eensor (Ses-o)r(1-240) (5 Cic. (25)
T ()1 + 5) 0% Jo_ s s 2 "7 2 a2 A
Applying the definition (1.7) of Meijer’s G-function, we get
B 2 99 b2l s+1, %; -
I= s @22 <a2 0. +s- ) (2:6)

Employing the conversion formula (1.8) in equation (2.6), and after further simplification, we arrive at
the result (2.1).
The proof of the result (2.2) follows the same steps as in the proof of (2.1). So we omit the details here.
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3. Closed forms for curved surface area of an elliptic paraboloid

Theorem 3.1 The curved surface area of an elliptic paraboloid z = ¢ (i—z + %j) ;c>0anda>b>0,
whose vertical height is h along z-axis is given by:

I. when a>b>0; ¢ < % , then curved surface area of an elliptic paraboloid is given by

o) 1 I_T " 1+ma;1a
& (bi}}m) Z (2)m( a ) B 3 % 51)

m! ’
m=0 ’ 2;

)

where h is the vertical height of an elliptic paraboloid and o F; (.) is the Gauss hypergeometric function.

II. when a>b>0; ¢ > %, then curved surface area of an elliptic paraboloid is given by

3

A (m;zm)i@)m@)m(—az)m EX s R R

G [ 2mohvi F —o> | _ 207 3.2
3@\/6 foor (’rn')2 241 -1 m - 4ch 6(32 ’ ( )
P} )

where h is the vertical height of an elliptic paraboloid and o F; (.) is the Gauss hypergeometric function.

Remark: For application purpose, the above formulas (3.1) and (3.2) containing infinite sum of Gauss
functions, are verified numerically via Mathematica software under the stated associated conditions on
a,b and c.

III. For the total surface area of an elliptic paraboloid z = ¢ (i—i + 7;—;) ; ¢c>0and a>b> 0, we add

the curved surface area given by (3.1) (or (3.2)) and area of the base of an elliptic paraboloid given by
mabh

Axis of z
paraboloid\ Ellipse in space
o
NG
0(0,0,0) G
y (0,%,0) Projection —o—y + -2 = 1

) 2
Figure 2: Elliptic paraboloid.
Proof: Equation of an elliptic paraboloid is given by

27——:i'a>b>&c>Q (3.3)

Therefore,

2 2
z:c<zg+y>;c>0, (3.4)
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Intersection of the surface (3.4) with the plane z = h, where h > 0 (parallel to z-y plane, lying above z-y
plane) will be an ellipse (in space) lying in the plane z = h as well as lying on the surface of an elliptic
paraboloid. The projection of that ellipse in z-y plane will be

2 2

x Y -
Ty + o 1=0, (3.5)
Ve Ve

whose semi-major and semi-minor axes will be % and % respectively.

Now from equation (3.4), we have

0z 2cx 0z 2y
e R &0

Substitute the values of g—; and g—; in equation (1.9). Therefore the curved surface area of an elliptic

paraboloid will be
. 4c2x2 40242
§ = // \/{1+ e }dx dy. (3.7)
——

over the area of an elhpse

+

z2
VT
Put x = aX % y= bY«/ , therefore

S = “ih // \/ 1+ 4ch };2 )} dX dY. (3.8)

over th(, area of a circle

24Y2=1

=1

When X =rcosf, Y =rsinf, then dX dY = rdr df.

Therefore & — @ / / {1+4 hr? (COS 6 sin 9)} rdr do. (3.9)
—m Jr=0

Remark: Since we have no standard formula of definite/indefinite integrals in the literature of integral

calculus for the integration with respect to “r” and “6” in double integral (3.9). Therefore we can solve
such integrals exactly through hypergeometric function approach.

—1.

3 3
Therefore S = @ / / —4chr? (COS o 4 S“g#) rdr d6. (3.10)

Since there is uncertainty about the argument of 1 Fj in equation (3.10), because the argument of 1 Fy
in equation (3.10) may be greater than 1. Therefore applying contour integral (1.4) of 1 Fy(.) in equation
(3.10), we get

5 _ abh Hico -1 , (cos2f  sin?0\\°
S = / —7r~/7 . [ 2T () /s:_ioo F(_S)F(T +5) {4chr ((12 + b2>} ds| rdr db,

(3.11)
where | arg {4chr2 (Ccs# + 312‘#)} | <mandi=/(-1).
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Interchanging the order of integration in double integral of (3.11), we get

oo -1 s ! 2s+1
S = 7407“/% ; /s_iwo 8)F(7 + s)(4ch) {/T_Or dr} X (3.12)

4 cos2f sin?6\°

Since a > b then employing the useful integral (2.1) in (3.13), we get

1 .
5 1+S7

A —b?h [T D(=s)I'(F + s)(4ch)® ’ )
_ F. _ b .14
S PN /s:ﬂ_oo (% 9) a® 2F7 y = | ds, (3.14)
where (1 — —) <1
Employing contour integral (1.3) of o F(2) in (3.14), we get
~ _p2 +ico ()T (=L s
& bh. (=)L (St +s) 4ch (3.15)
4Cﬁ ? S§=—100 (1 + 3) (12
+ico (1 AIN 1 O (—t 2 ¢
x L1 / (1+s+8)0(5 + I ><b1> dt b ds, (3.16)
T T 9T i) Jiein T+ 1) =

where | arg (Z—z — 1) | <.

Therefore S = X

+i00 /+zoo F 1+¢+ S)F(% —+ )F (71 + 5) F(_t)F(_S)
807r2

(1+8)T(2+s)

=—100

T
x (22 - 1) (4;2/1)3 dt ds; ( 1) £0, (4Ch> £0. (3.17)

Expressing the Mellin-Barnes type double contour integral (3.17) in terms of Appell’s double hypergeo-
metric function Fy defined by (1.6), we get

A b2hm B b2 _4e b? —4ch
S:( c )F2|:17 %, 717 1;2 ]-_ﬁ; ;2hi|; (1_(12)7507( )#O (318)

Case 1
When a > b > 0, C<Zh,
simplification, we get

—100

then |1 — \ + 22| < 1 or > 1 is always possible, therefore on further

1 p2\™ 1+
- 2ha\ < () (1 - 72) m, 5
g = ( ”) 32 ' o F —ach | |2 o (3.19)
C 0 m: 9.

)

and hence we arrive at the result (3.1), where the double series always converges and o F;(.) is the Gauss
hypergeometric function.

Case 11 ,
When a > b > 0 and ¢ > % ie, |[=%"| > 1, then |1 — 2| + |4Ch| > 1 is always possible, therefore

applying analytic continuation formula (1.2) in Gauss functlon QFl( ) of (3.19), we get

4ch
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3

- (b2h7r) i (4, ( —)m (2 +m) ) (4ch>é - 3,

1 .
2

4ch

m 1 -1 -3,
_(%%) i@)m(;)m(l—zi) () XIS

3c (1),, m! 1 ich | 4ch

m=0

After further simplification, we arrive at the result (3.2).

4. Volume of an elliptic paraboloid

(3.20)

The volume of an elliptic paraboloid having the vertical height h, « and (3, the lengths of semi-major

axis and semi-minor axis of elliptic base respectively, is given by

™
V = —aph.
2
z
20
Ve
0(0,0,0) x
VR St e x2 y2
y (0,7, 0) Projection ——

+——=
B 2
Figure 3: Elliptic paraboloid.

The equation of an elliptic paraboloid is given by

2 2
z:c<22+‘22>; c>0;a>b>0.

z=h
22 g2
Now volume = // / dz dy dr; where A\ = — + 72
a
~—~— A
over the projection of an elliptic

paraboloid bounded by z = h

z=c

(4.1)

(4.3)
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_ // {h _ C(Zz n gj) ] dz dy. (4.4)
LL

over the area of an ellipse
2 2
x 5 + Yy =1

(vVE) (vE)

Put x = “X\/ﬁ, y= bY‘/E, therefore,

Ve NG
V = @ // [h —c (’ZXZ + ich) } dX dy (4.5)
o
over B?Sir}e/a?():flmrde
= @ // [h—h(X?+Y?) ] dX dY. (4.6)
NG
over Sl()gir)e/azo:flcwcle

When X =rcosf, Y =rsinf, then dX dY = rdr df.

abh? 7 ! )
Therefore V. = {1—r?} rdr do (4.7)
c O0=—m Jr=0
bh? i !
_¢ (/ d9> (/ {r—rg} dr)
c O=—m r=0
omabh? [r2 147!
it [2_n)” as

On further simplification, we arrive at the volume of an elliptic paraboloid z = ¢ (i—z + Z—z) ; ¢ > 0 having

vertical height h, is given by

abh?m
2c

_ 7 (avh) (bvh
() (44, o

= 5 (length of semi-major axis of elliptic base)(length of semi-minor axis of elliptic base) (vertical height
of an elliptic paraboloid).

V:

(4.9)

5. Special cases of (3.1), (3.2) and (4.9)

I. From the closed form (3.1), we have

—1. [e’e) 1 _ ﬁ " 1 +m =l
. (bR 2 3, (1-%) 2
S = < ﬂ—) 2F1 —4ch 4 Z 2/m 2F1 —4ch
c !
2; m=1 2;

(5.1)
For curved surface area of a right circular paraboloid having vertical height A and radius of base a, put
b=aand c=h (h < a) in formula (5.1), we get

—1 .
. 5515 .
S =a’m 2F1 7%

2;

—4h?
2

2| < 1. (5.2)




ANALYTICAL EXPRESSIONS FOR...MELLIN-BARNES TYPE CONTOUR INTEGRATION 11

Employing the result (1.1) in equation (5.2), we arrive at the curved surface area of a right circular
paraboloid which comes out to be

§=T [<a2 +4r?)E g3, (5.3)
where a is the radius of circular base and h is the vertical height of right circular paraboloid.

I1. From the closed form (3.2), we have

S:<4wbzm> 2T ] s 0.0, 05

3a+/c

X oF) —a _aor 5.4
1 m - 4ch 662 ( )
P} 3

For curved surface area of a right circular paraboloid having vertical height A and radius of base a, put
b=aand ¢c=h (h > a) in formula (5.4), we get

—3.

o (A4mah ERE a‘m | —4h?
5:(3>1F0 T _6h?;’a2

> 1. (5.5)

i

On using binomial theorem in equation (5.5), we get

A 4mah a? 3 a*m

On further simplification, we arrive at the curved surface area of a right circular paraboloid
5 am 2 23 3
S—@[(a +4h)2—a}, (5.7)

where a is the radius of circular base and h is the vertical height of right circular paraboloid.
In both the cases, the formula for the curved surface area of a right circular paraboloid is same.

ITI. For right circular paraboloid, put b = a@ and ¢ = h in formula (4.9), we get volume of right circular
paraboloid
mwa’h
2 )
where a is the radius of circular base and h is the vertical height of right circular paraboloid.

V=

(5.8)

6. Conclusion

In this paper, we obtained the closed form for exact curved surface area of an elliptic paraboloid
z =c (Z—z + %), intercepted by the plane z = h, through hypergeometric function approach i.e, by
using Mellin-Barnes type contour integral representations of generalized hypergeometric function ,Fy(z),
Meijer’s G-function and analytic continuation formula for Gauss function in terms of Appell’s double
hypergeometric function of second kind. We also derived a closed form for obtaining the volume of an
elliptic paraboloid. These formulas are neither available anywhere in the literature of mathematics nor
found in any mathematical tables. So we believe that these formulas are new. For verification and jus-
tification, we have also given the solution of some numerical problems. Moreover, we also derived some
special cases related to the right circular paraboloid. We conclude that many formulas for curved surface
areas of other three dimensional figures can be derived in an analogous manner, using Mellin-Barnes
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contour integration. Moreover, the results deduced above (presumably new), have potential applications
in the fields of applied mathematics, statistics and engineering sciences.
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