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Analytical Expressions for the Exact Curved Surface Area and Volume of an Elliptic
Paraboloid via Mellin-Barnes Type Contour Integration

M. A. Pathan∗, M. I. Qureshi, Javid Majid

abstract: Our present investigation is motivated essentially by several interesting applications of gener-
alized hypergeometric functions. The hypergeometric functions are potentially useful and have widespread
applications related to the problems in the mathematical, physical, engineering and statistical sciences. In
this article, we aim at obtaining the analytical expressions ( not previously found and not recorded in the lit-
erature) for the exact curved surface area of an elliptic paraboloid in terms of Appell’s double hypergeometric
function of second kind. The derivation is based on Mellin-Barnes type contour integral representations of
generalized hypergeometric function pFq(z), Meijer’s G-function and analytic continuation formula for Gauss
function. Moreover, we also obtain the analytical expression for the volume of the right elliptic single cone.
Some special cases related to right circular paraboloid are also discussed. The closed forms for the exact
curved surface area and volume of an elliptic paraboloid are also verified numerically by using Mathematica
Program.

Key Words:Appell’s function of second kind, Mellin-Barnes type contour integral, Meijer’s G-
function, Elliptic paraboloid, Mathematica Program.
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1. Introduction and preliminaries

For the definition of Pochhammer symbol, power series form of generalized hypergeometric function

pFq(z) and several related results, we refer the beautiful monographs [see e.g [2], [8], [15], [16], [28], [29]
and [33]].

2F1

 − 1
2 , 1;

−z
2 ;

 =
2

3z

[
(1 + z)

3
2 − 1

]
; |z| < 1. (1.1)

The above formula can be derived simply by expanding the 2F1 series.

Analytic continuation formula [8, p.63, Eq.(2.1.4(17)), [15], p.249, Eq.(9.5.9), [29], p.36, Eq.(1.8.1.11)]:

When|z| > 1, then

2F1

 a, b;
z

c;

 =
Γ(c) Γ(b− a)

Γ(b) Γ(c− a)
(−z)−a

2F1

 a, 1 + a− c;
1
z

1 + a− b;

+
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+
Γ(c) Γ(a− b)

Γ(a) Γ(c− b)
(−z)−b

2F1

 b, 1 + b− c;
1
z

1 + b− a;

 , (1.2)

where | arg(−z)| < π, | arg(1− z)| < π and a− b ̸= 0,±1,±2,±3, ....

Mellin-Barnes type contour integral representation of Gauss’ function[8, p.62, Eq.(15), [16], p.62, Eq.(28),
[28], p.101, Eq.(9)]:

2F1

 A, B;
z

C;

 =
Γ(C)

Γ(A)Γ(B)

1

(2πi)

∫ +i∞

−i∞

Γ(A+ s)Γ(B + s)Γ(−s)

Γ(C + s)
(−z)s ds, (1.3)

where z ̸= 0, | arg(−z)| < π, |z| < 1, and the parameters A,B,C are neither zero nor negative integers.
Further (B −A) is not an integer or zero.

Mellin-Barnes type contour integral representation of binomial function:

(1− z)−a = 1F0

 a;
z

−;

 =
1

(2πi) Γ(a)

∫ +i∞

−i∞
Γ(a+ s)Γ(−s)(−z)s ds : z ̸= 0, (1.4)

where | arg(−z)| < π, |z| < 1, a ∈ C\Z−
0 and i =

√
(−1).

The equation (1.4) is the particular case of (1.3).

Appell’s function of second kind [33, p.53, Eq.(5)] is defined as:

F2

[
a; b, c; d, g; x, y

]
= F 1:1;1

0:1;1

 a : b; c;
x, y

− : d; g;



=

∞∑
m,n=0

(a)m+n(b)m(c)n xm yn

(d)m(g)n m! n!
=

∞∑
n=0

(a)n(c)n yn

(g)n n!
2F1

 a+ n, b;
x

d;

 . (1.5)

Convergence conditions of Appell’s double series F2:

(i) Appell’s function F2 is convergent when |x|+ |y| < 1; a, b, c, d, g ∈ C\Z−
0 .

(ii) Appell’s function F2 is absolutely convergent when |x|+ |y| = 1;
x ̸= 0, y ̸= 0; a, b, c, d, g ∈ C\Z−

0 and R(a+ b+ c− d− g) < 0.

(iii) When a is a negative integer, then Appell’s series F2 will be a polynomial, b, c, d, g ∈ C\Z−
0 .

(iv) When b, c are negative integers, then Appell’s series F2 will be a polynomial, a, d, g ∈ C\Z−
0 .

For absolutely and conditionally convergence of Appell’s double series F2, we refer a beautiful paper of
Hài et al. [10].

Mellin-Barnes type double integral representation of Appell’s function of second kind [8, p.232,
Eq.(5.8.3(11)), [5]]:

F2

[
a; b, c; d, g; x, y

]
=

Γ(d)Γ(g)

Γ(a)Γ(b)Γ(c)(2πi)2

∫ +i∞

t=−i∞

∫ +i∞

s=−i∞

Γ(a+ t+ s)Γ(b+ t)Γ(c+ s)

Γ(d+ t)Γ(g + s)
×

×Γ(−t)Γ(−s)(−x)t(−y)s dt ds; x ̸= 0, y ̸= 0. (1.6)
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Mellin-Barnes type contour integral representation of Meijer’s G-function ( [33, p.45, Eq.(1)], see also
[8,16]):
When p ≤ q and 1 ≤ m ≤ q, 0 ≤ n ≤ p, then

Gm,n
p,q

(
z

∣∣∣∣ α1, α2, α3, ..., αn;αn+1, ..., αp

β1, β2, β3, ..., βm;βm+1, ..., βq

)
=

=
1

2πi

∫ +i∞

−i∞

∏m
j=1 Γ(βj − s)

∏n
j=1 Γ(1− αj + s)∏q

j=m+1 Γ(1− βj + s)
∏p

j=n+1 Γ(αj − s)
(z)s ds

=
1

2πi

∫ +i∞

−i∞

Γ(β1 − s)...Γ(βm − s)Γ(1− α1 + s)...Γ(1− αn + s)

Γ(1− βm+1 + s)...Γ(1− βq + s)Γ(αn+1 − s)...Γ(αp − s)
(z)s ds, (1.7)

where z ̸= 0, (αi − βj) ̸= positive integers, i = 1, 2, 3, ..., n; j = 1, 2, 3, ...,m, and For details of three
contours, see [8, p.207, [16], p.144].

Convergence conditions of Meijer’s G-function:
When Λ = m+ n−

(
p+q
2

)
, ν =

∑q
j=1 βj −

∑p
j=1 αj , then

(i) The integral (1.7) is convergent when |arg(z)| < Λπ and Λ > 0.

(ii) If |arg(z)| = Λπ and Λ ≥ 0, then the integral (1.7) is absolutely convergent when p = q and
R(ν) < −1.

(iii) If |arg(z)| = Λπ and Λ ≥ 0, then the integral (1.7) is also absolutely convergent, when p ̸=
q, (q − p)σ > R(ν) + 1 −

(
q−p
2

)
and s = σ + ik, where σ and k are real. σ is chosen so that for

k → ±∞.

For other two types of contours, following will be convergence conditions of the integral (1.7)

(iv) The integral (1.7) is convergent if q ≥ 1 and either p < q, 0 < |z| < ∞ or p = q, 0 < |z| < 1.

(v) The integral (1.7) is convergent if p ≥ 1 and either p > q, 0 < |z| < ∞ or p = q, |z| > 1.

Relation between Meijer’s G- function and 2F1(z) [19, p.61, [36], p.77, Eq.(1)]:

G2 2
2 2

(
z

∣∣∣∣ 1− a, 1− b;−
0, c− a− b;−

)
=

Γ(a)Γ(b)Γ(c− a)Γ(c− b)

Γ(c)
2F1

 a, b;
1− z

c;

 ,

where |1− z| < 1 and c− a, c− b ̸= 0,−1,−2, ...

G2 2
2 2

(
z

∣∣∣∣ a1, a2;−
b1, b2;−

)
=

Γ(1− a1 + b1)Γ(1− a1 + b2)Γ(1− a2 + b1)Γ(1− a2 + b2)z
b1

Γ(2− a1 − a2 + b1 + b2)
×

×2F1

 1− a1 + b1, 1− a2 + b1;
1− z

2− a1 − a2 + b1 + b2;

 ; |1− z| < 1. (1.8)

Note: The equation of an elliptic paraboloid is given by z = c
(

x2

a2 + y2

b2

)
; c > 0; a ≥ b > 0, whose axis

is z-axis and vertex is origin.
When b = a and c = h in the above elliptic paraboloid, we get the equation of a right circular paraboloid
given by z = h

a2

(
x2 + y2

)
, whose axis is z-axis, vertex is origin, “h” is the vertical height, radius of the

circular base is “a” and its intersection with the plane z = h will be a circle lying in the plane z = h as



4 M. A. Pathan, M. I. Qureshi, and Javid Majid

well as on the surface of z = h
a2

(
x2 + y2

)
.

Total area bounded by the ellipse x2

a2 + y2

b2 = 1 will be πab.

Suppose ϕ(x, y) = 0 is the projection of the curved surface of three dimensional figure z = f(x, y) over
the x-y plane, then curved surface area is given by

Ŝ =

∫ ∫
︸ ︷︷ ︸

over the area

ϕ(x,y)=0

√√√√{1 + (∂z

∂x

)2

+

(
∂z

∂y

)2
}

dx dy. (1.9)

Figure 1: Projection of curved surface in x-y plane.

A definite integral:

∫ π
2

θ=0

sinα θ cosβ θ dθ =
Γ
(
α+1
2

)
Γ
(

β+1
2

)
2Γ
(

α+β+2
2

) , (1.10)

where R(α) > −1, R(β) > −1.

Motivated by the work of Abramowitz et al. [1], Andrews [3,4], Burchnall et al. [6] and others [7,9,11,
12,13,14,18,20,21,22,23,17,24,25,26,27,30,31,32,34,35,37,38], we evaluated an important definite integral∫ π

θ=−π

(
cos2 θ
a2 + sin2 θ

b2

)s
dθ with suitable convergence conditions in section 2, by using Mellin-Barnes

type contour integral representations of generalized hypergeometric function pFq(z), Meijer’s G-function
and series manipulation technique. The integral is useful and helps in the derivation of closed form for
the exact curved surface area of an elliptic paraboloid. In section 3, we derive the closed form for
obtaining the exact curved surface area of an elliptic paraboloid by using Mellin-Barnes type contour
integral representations of generalized hypergeometric function pFq(z), Meijer’s G-function and analytic
continuation formula for Gauss function in terms of Appell’s double hypergeometric function of second
kind. In section 4, we obtain the formula for the volume of an elliptic paraboloid. In section 5, we
derive some special cases related to the curved surface area and volume of right circular paraboloid.
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2. Evaluation of some useful definite integrals

The following definite integrals hold true associated with suitable convergence conditions:

Theorem 2.1

∫ π

θ=−π

(
cos2 θ

a2
+

sin2 θ

b2

)s

dθ =
2πb

a1+2s 2F1

 1
2 , 1 + s;

1− b2

a2

1;

 , (2.1)

where a ≥ b > 0 and it is obvious that 0 ≤ (1− b2

a2 ) < 1.

Theorem 2.2

∫ π

θ=−π

(
cos2 θ

a2
+

sin2 θ

b2

)s

dθ =
2πa

b1+2s 2F1

 1
2 , 1 + s;

1− a2

b2

1;

 , (2.2)

where b ≥ a > 0 and it is obvious that 0 ≤ (1− a2

b2 ) < 1.

Remark: The above formulas are also verified numerically using Mathematica program.

Independent demonstration of the assertions (2.1) and (2.2)

Suppose I =

∫ π

θ=−π

(
cos2 θ

a2
+

sin2 θ

b2

)s

dθ.

=
4

b2s

∫ π
2

θ=0

(
sin2 θ

)s{
1 +

b2 cos2 θ

a2 sin2 θ

}s

dθ

=
4

b2s

∫ π
2

θ=0

sin2s θ 1F0

 −s;
−b2 cos2 θ
a2 sin2 θ

− ;

 dθ. (2.3)

Employing the contour integral (1.4) of 1F0(.), we get

I =
2

πiΓ(−s) b2s

∫ π
2

θ=0

sin2s θ

{∫ +i∞

ζ=−i∞
Γ(−ζ)Γ(−s+ ζ)

(
b2 cos2 θ

a2 sin2 θ

)ζ

dζ

}
dθ. (2.4)

Interchanging the order of integration in double integral of (2.4) and using the integral formula (1.10),
we get

I =
1

πiΓ(−s)Γ(1 + s) b2s

∫ +i∞

ζ=−i∞
Γ(0−ζ)Γ(1−(s+1)+ζ)Γ

(
1

2
+ s− ζ

)
Γ

(
1− 1

2
+ ζ

)(
b2

a2

)ζ

dζ. (2.5)

Applying the definition (1.7) of Meijer’s G-function, we get

I =
2

Γ(−s)Γ(1 + s) b2s
G2 2

2 2

(
b2

a2

∣∣∣∣ s+ 1, 1
2 ;−

0, 1
2 + s;−

)
. (2.6)

Employing the conversion formula (1.8) in equation (2.6), and after further simplification, we arrive at
the result (2.1).

The proof of the result (2.2) follows the same steps as in the proof of (2.1). So we omit the details here.
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3. Closed forms for curved surface area of an elliptic paraboloid

Theorem 3.1 The curved surface area of an elliptic paraboloid z = c
(

x2

a2 + y2

b2

)
; c > 0 and a ≥ b > 0,

whose vertical height is h along z-axis is given by:

I. when a ≥ b > 0; c < a2

4h , then curved surface area of an elliptic paraboloid is given by

Ŝ =

(
b2hπ

c

) ∞∑
m=0

(
1
2

)
m

(
1− b2

a2

)m
m!

2F1

 1 +m, −1
2 ;

−4ch
a2

2;

 , (3.1)

where h is the vertical height of an elliptic paraboloid and 2F1(.) is the Gauss hypergeometric function.

II. when a ≥ b > 0; c > a2

4h , then curved surface area of an elliptic paraboloid is given by

Ŝ =

(
4πb2h

√
h

3a
√
c

) ∞∑
m=0

(
1
2

)
m

(
3
2

)
m

(
1− b2

a2

)m
(m!)2

2F1

 −1
2 , −3

2 ;
−a2

4ch−1
2 −m ;

− a2b2π

6c2
, (3.2)

where h is the vertical height of an elliptic paraboloid and 2F1(.) is the Gauss hypergeometric function.

Remark: For application purpose, the above formulas (3.1) and (3.2) containing infinite sum of Gauss
functions, are verified numerically via Mathematica software under the stated associated conditions on
a, b and c.

III. For the total surface area of an elliptic paraboloid z = c
(

x2

a2 + y2

b2

)
; c > 0 and a ≥ b > 0, we add

the curved surface area given by (3.1) (or (3.2)) and area of the base of an elliptic paraboloid given by
πabh
c .

Figure 2: Elliptic paraboloid.

Proof: Equation of an elliptic paraboloid is given by

x2

a2
+

y2

b2
=

z

c
; a > b > 0; c > 0. (3.3)

Therefore,

z = c

(
x2

a2
+

y2

b2

)
; c > 0, (3.4)



Analytical Expressions For...Mellin-Barnes Type Contour Integration 7

Intersection of the surface (3.4) with the plane z = h, where h > 0 (parallel to x-y plane, lying above x-y
plane) will be an ellipse (in space) lying in the plane z = h as well as lying on the surface of an elliptic
paraboloid. The projection of that ellipse in x-y plane will be

x2

(a
√
h√
c
)2

+
y2

( b
√
h√
c
)2

− 1 = 0, (3.5)

whose semi-major and semi-minor axes will be a
√
h√
c

and b
√
h√
c

respectively.

Now from equation (3.4), we have

∂z

∂x
=

2cx

a2
,

∂z

∂y
=

2cy

b2
. (3.6)

Substitute the values of ∂z
∂x and ∂z

∂y in equation (1.9). Therefore the curved surface area of an elliptic
paraboloid will be

Ŝ =

∫ ∫
︸ ︷︷ ︸

over the area of an ellipse

x2(
a

√
h
c

)2 + y2(
b

√
h
c

)2 =1

√{
1 +

4c2x2

a4
+

4c2y2

b4

}
dx dy. (3.7)

Put x = aX
√(

h
c

)
, y = bY

√(
h
c

)
, therefore

Ŝ =
abh

c

∫ ∫
︸ ︷︷ ︸

over the area of a circle

X2+Y 2=1

√{
1 + 4ch

(
X2

a2
+

Y 2

b2

)}
dX dY. (3.8)

When X = r cos θ, Y = r sin θ, then dX dY = rdr dθ.

Therefore Ŝ =
abh

c

∫ π

θ=−π

∫ 1

r=0

{
1 + 4chr2

(
cos2 θ

a2
+

sin2 θ

b2

)} 1
2

rdr dθ. (3.9)

Remark: Since we have no standard formula of definite/indefinite integrals in the literature of integral
calculus for the integration with respect to “r” and “θ” in double integral (3.9). Therefore we can solve
such integrals exactly through hypergeometric function approach.

Therefore Ŝ =
abh

c

∫ π

θ=−π

∫ 1

r=0
1F0


−1
2 ;

−4chr2
(

cos2 θ
a2 + sin2 θ

b2

)
−;

 rdr dθ. (3.10)

Since there is uncertainty about the argument of 1F0 in equation (3.10), because the argument of 1F0

in equation (3.10) may be greater than 1. Therefore applying contour integral (1.4) of 1F0(.) in equation
(3.10), we get

Ŝ =
abh

c

∫ π

θ=−π

∫ 1

r=0

[
1

(2πi)Γ
(−1

2

) ∫ +i∞

s=−i∞
Γ(−s)Γ(

−1

2
+ s)

{
4chr2

(
cos2 θ

a2
+

sin2 θ

b2

)}s

ds

]
rdr dθ,

(3.11)

where | arg
{
4chr2

(
cos2 θ
a2 + sin2 θ

b2

)}
| < π and i =

√
(−1).
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Interchanging the order of integration in double integral of (3.11), we get

Ŝ =
abh

−4cπ
√
π i

∫ +i∞

s=−i∞
Γ(−s)Γ(

−1

2
+ s)(4ch)s

{∫ 1

r=0

r2s+1 dr

}
× (3.12)

×

{∫ π

θ=−π

(
cos2 θ

a2
+

sin2 θ

b2

)s

dθ

}
ds. (3.13)

Since a > b then employing the useful integral (2.1) in (3.13), we get

Ŝ =
−b2h

4c
√
π i

∫ +i∞

s=−i∞

Γ(−s)Γ(−1
2 + s)(4ch)s

(1 + s) a2s
2F1

 1
2 , 1 + s;

1− b2

a2

1;

 ds, (3.14)

where
(
1− b2

a2

)
< 1.

Employing contour integral (1.3) of 2F1(z) in (3.14), we get

Ŝ =
−b2h

4c
√
π i

∫ +i∞

s=−i∞

Γ(−s)Γ
(−1

2 + s
)

(1 + s)

(
4ch

a2

)s

× (3.15)

×

{
1

Γ(1 + s)Γ( 12 )

1

(2πi)

∫ +i∞

t=−i∞

Γ(1 + s+ t)Γ( 12 + t)Γ(−t)

Γ(1 + t)

(
b2

a2
− 1

)t

dt

}
ds, (3.16)

where | arg
(

b2

a2 − 1
)
| < π.

Therefore Ŝ =
b2h

8cπ2

∫ +i∞

t=−i∞

∫ +i∞

s=−i∞

Γ(1 + t+ s)Γ( 12 + t)Γ
(−1

2 + s
)
Γ(−t)Γ(−s)

Γ(1 + t)Γ(2 + s)
×

×
(
b2

a2
− 1

)t(
4ch

a2

)s

dt ds;

(
b2

a2
− 1

)
̸= 0,

(
4ch

a2

)
̸= 0. (3.17)

Expressing the Mellin-Barnes type double contour integral (3.17) in terms of Appell’s double hypergeo-
metric function F2 defined by (1.6), we get

Ŝ =

(
b2hπ

c

)
F2

[
1; 1

2 ,
−1
2 ; 1, 2; 1− b2

a2 ,
−4ch
a2

]
;

(
1− b2

a2

)
̸= 0,

(
−4ch

a2

)
̸= 0 (3.18)

Case I
When a ≥ b > 0, c < a2

4h , then |1 − b2

a2 | + |4cha2 | < 1 or > 1 is always possible, therefore on further
simplification, we get

Ŝ =

(
b2hπ

c

) ∞∑
m=0

(
1
2

)
m

(
1− b2

a2

)m
m!

2F1

 1 +m, −1
2 ;

−4ch
a2

2;

 ,

∣∣∣∣4cha2
∣∣∣∣ < 1 (3.19)

and hence we arrive at the result (3.1), where the double series always converges and 2F1(.) is the Gauss
hypergeometric function.

Case II
When a ≥ b > 0 and c > a2

4h i.e,
∣∣−4ch

a2

∣∣ > 1 , then |1 − b2

a2 | + | 4cha2 | > 1 is always possible, therefore
applying analytic continuation formula (1.2) in Gauss’ function 2F1(.) of (3.19), we get
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Ŝ =

(
b2hπ

c

) ∞∑
m=0

(
1
2

)
m

(
1− b2

a2

)m
m!

 Γ( 32 +m)

Γ(1 +m)Γ( 52 )

(
4ch

a2

) 1
2

2F1

 −1
2 , −3

2 ;
−a2

4ch−1
2 −m;

+

+
Γ(−3

2 −m)

Γ(1−m)Γ(−1
2 )

(
4ch

a2

)−(m+1)

2F1

 1 +m, m;
−a2

4ch
m+ 5

2 ;



=

(
2b2hπ

3c

)
∞∑

m=0

(
1
2

)
m

(
3
2

)
m

(
1− b2

a2

)m (
4ch
a2

) 1
2

(1)m m!
2F1

 −1
2 , −3

2 ;
−a2

4ch−1
2 −m;

− a2

4ch

 . (3.20)

After further simplification, we arrive at the result (3.2). 2

4. Volume of an elliptic paraboloid

The volume of an elliptic paraboloid having the vertical height h, α and β, the lengths of semi-major
axis and semi-minor axis of elliptic base respectively, is given by

V =
π

2
αβh. (4.1)

Figure 3: Elliptic paraboloid.

The equation of an elliptic paraboloid is given by

z = c

(
x2

a2
+

y2

b2

)
; c > 0; a > b > 0. (4.2)

Now volume =

∫ ∫
︸ ︷︷ ︸

over the projection of an elliptic

paraboloid bounded by z = h

z=h∫
z=cλ

dz dy dx; where λ =
x2

a2
+

y2

b2
(4.3)
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=

∫ ∫
︸ ︷︷ ︸

over the area of an ellipse

x2(
a

√
h
c

)2 + y2(
b

√
h
c

)2 =1

[
h− c

(
x2

a2
+

y2

b2

) ]
dx dy. (4.4)

Put x = aX
√
h√

c
, y = bY

√
h√

c
, therefore,

V =
abh

c

∫ ∫
︸ ︷︷ ︸

over the area of circle

X2+Y 2=1

[
h− c

(
h

c
X2 +

h

c
Y 2

) ]
dX dY (4.5)

=
abh

c

∫ ∫
︸ ︷︷ ︸

over the area of circle

X2+Y 2=1

[
h− h

(
X2 + Y 2

) ]
dX dY. (4.6)

When X = r cos θ, Y = r sin θ, then dX dY = rdr dθ.

Therefore V =
abh2

c

∫ π

θ=−π

∫ 1

r=0

{
1− r2

}
rdr dθ (4.7)

=
abh2

c

(∫ π

θ=−π

dθ

)(∫ 1

r=0

{
r − r3

}
dr

)

=
2πabh2

c

[
r2

2
− r4

4

]1
0

. (4.8)

On further simplification, we arrive at the volume of an elliptic paraboloid z = c
(

x2

a2 + y2

b2

)
; c > 0 having

vertical height h, is given by

V =
abh2π

2c
(4.9)

=
π

2

(
a
√
h√
c

)(
b
√
h√
c

)
h (4.10)

= π
2 (length of semi-major axis of elliptic base)(length of semi-minor axis of elliptic base) (vertical height

of an elliptic paraboloid).

5. Special cases of (3.1), (3.2) and (4.9)

I. From the closed form (3.1), we have

Ŝ =

(
b2hπ

c

) 2F1

 1, −1
2 ;

−4ch
a2

2;

+

∞∑
m=1

(
1
2

)
m

(
1− b2

a2

)m
m!

2F1

 1 +m, −1
2 ;

−4ch
a2

2;

 ,

(5.1)
For curved surface area of a right circular paraboloid having vertical height h and radius of base a, put
b = a and c = h (h < a) in formula (5.1), we get

Ŝ = a2π 2F1

 −1
2 , 1;

− 4h2

a2

2;

 ;

∣∣∣∣−4h2

a2

∣∣∣∣ < 1. (5.2)
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Employing the result (1.1) in equation (5.2), we arrive at the curved surface area of a right circular
paraboloid which comes out to be

Ŝ =
aπ

6h2

[
(a2 + 4h2)

3
2 − a3

]
, (5.3)

where a is the radius of circular base and h is the vertical height of right circular paraboloid.

II. From the closed form (3.2), we have

Ŝ =

(
4πb2h

√
h

3a
√
c

) 1F0

 −3
2 ;

−a2

4ch
−;

+

∞∑
m=1

(
1
2

)
m

(
3
2

)
m

(
1− b2

a2

)m
(m!)2

×

× 2F1

 −1
2 , −3

2 ;
−a2

4ch−1
2 −m ;

− a2b2π

6c2
, (5.4)

For curved surface area of a right circular paraboloid having vertical height h and radius of base a, put
b = a and c = h (h > a) in formula (5.4), we get

Ŝ =

(
4πah

3

)
1F0

 −3
2 ;

−a2

4h2

−;

− a4π

6h2
;

∣∣∣∣−4h2

a2

∣∣∣∣ > 1. (5.5)

On using binomial theorem in equation (5.5), we get

Ŝ =

(
4πah

3

)(
1 +

a2

4h2

) 3
2

− a4π

6h2
. (5.6)

On further simplification, we arrive at the curved surface area of a right circular paraboloid

Ŝ =
aπ

6h2

[
(a2 + 4h2)

3
2 − a3

]
, (5.7)

where a is the radius of circular base and h is the vertical height of right circular paraboloid.

In both the cases, the formula for the curved surface area of a right circular paraboloid is same.

III. For right circular paraboloid, put b = a and c = h in formula (4.9), we get volume of right circular
paraboloid

V =
πa2h

2
, (5.8)

where a is the radius of circular base and h is the vertical height of right circular paraboloid.

6. Conclusion

In this paper, we obtained the closed form for exact curved surface area of an elliptic paraboloid

z = c
(

x2

a2 + y2

b2

)
, intercepted by the plane z = h, through hypergeometric function approach i.e, by

using Mellin-Barnes type contour integral representations of generalized hypergeometric function pFq(z),
Meijer’s G-function and analytic continuation formula for Gauss function in terms of Appell’s double
hypergeometric function of second kind. We also derived a closed form for obtaining the volume of an
elliptic paraboloid. These formulas are neither available anywhere in the literature of mathematics nor
found in any mathematical tables. So we believe that these formulas are new. For verification and jus-
tification, we have also given the solution of some numerical problems. Moreover, we also derived some
special cases related to the right circular paraboloid. We conclude that many formulas for curved surface
areas of other three dimensional figures can be derived in an analogous manner, using Mellin-Barnes
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contour integration. Moreover, the results deduced above (presumably new), have potential applications
in the fields of applied mathematics, statistics and engineering sciences.

Conflicts of interests: The authors declare that there are no conflicts of interest.
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(1921), 401-404.

15. Lebedev, N.N.; Special Functions and their Applications, translated by Richard A. Silverman. Prentice-hall, Inc, En-
glewood Cliffs, N.J., 1965.

16. Luke, Y.L.; The Special Functions and Their Approximations, Vol. I, Academic Press, 1969.

17. Magnus, W., Oberhettinger, F. and Soni, R.P.; Some Formulas and Theorems for the Special Functions of Mathematical
Physics, Third Enlarged Edition, Springer-Verlag, New York, 1966.

18. Mathai, A.M. and Haubold, H.J.; Special Functions for Applied Scientists, Springer Science+Business Media, New
York, 2008

19. Mathai, A.M. and Saxena, R.K.; Lecture notes in Mathematics No.348: Generalized hypergeometric functions with
Applications in statistics and physical sciences, Springer-Verlag, Berlin Heidelberg, New York, 1973.

20. Mathai, A.M., Saxena, R.K. and Haubold, H.J.; The H-Function, Theory and Applications, Springer New York Dor-
drecht Heidelberg London, 2010

21. Pathan, M.A., Qureshi, M.I. and Majid, J.; Analytical expression for the exact curved surface area and volume of a
hyperboloid of two sheets via Mellin-Barnes type contour integration, J. Mahani Math. Res., 12(2) (2023), 77–104.

22. Pathan, M.A., Qureshi, M.I. and Majid, J.; Analytical expressions for the exact curved surface area of a hemiellipsoid
via Mellin-Barnes type contour integration, Romai J., 18(1) (2023), 75–103.

23. Prudnikov, A.P., Brychknov, Yu. A. and Marichev, O.I.; Integrals and Series, Vol. III: More special functions, Nauka
Moscow, 1986 (in Russian);(Translated from the Russian by G.G.Gould), Gordon and Breach Science Publishers, New
York, Philadelphia London, Paris, Montreux, Tokyo, Melbourne, 1990.

24. Qureshi, M.I., Akhtar, N. and Ahamad, D.; Analytical expression for the arc-length of an ellipse: A hypergeometric
mechanism, IJRAR, 6(1) (2019), 494-498.

25. Qureshi, M.I., Akhtar, N. and Ahamad, D.; Analytical expressions for arc-length of hyperbola: A hypergeometric
approach, Int. J. Comput. Eng. Research, 9(6) (2019), 44-52.



Analytical Expressions For...Mellin-Barnes Type Contour Integration 13

26. Qureshi, M.I., Akhtar, N. and Ahamad, D.; Analytical expressions for curved surface area of revolution and arc-length
of an ellipse: A hypergeometric mechanism,Trans. Natl. Acad. Sci. Azerb. Ser. Phys.-Tech. Math. Sci., 40(1) (2020),
152-160.

27. Qureshi, M.I., Akhtar, N., Hussain, I. and Ara, J.; Closed form expressions for curved surface area of revolution of
hyperbolas: A hypergeometric function approach, Communicated.

28. Rainville, E.D.; Special Functions, The Macmillan Co. Inc., New York 1960; Reprinted by Chelsea publ. Co., Bronx,
New York, 1971.

29. Slater, L.J.; Generalized Hypergeometric Functions, Cambridge Univ., Press, New York, 1966.

30. Srivastava, H.M.; Generalized Neumann expansions involving hypergeometric functions, Cambridge Philos. Soc., 63
(1967), 425-429.

31. Srivastava, H.M. and Choi, J.; Zeta and q-Zeta Functions and Associated Series and Integrals, Elsevier, 2012.

32. Srivastava, H.M., Gupta, K.C. and Goyal, S.P.; The H-Functions of one and two Variables with Applications, South
Asian publishers, New Delhi and Madras, 1982.

33. Srivastava, H.M. and Manocha, H.L.; A Treatise on Generating Functions, Halsted Press (Ellis Horwood Limited,
Chichester), John Wiley and Sons, New York, Chichester, Brisbane and Toronto, 1984.

34. Srivastava, H.M. and Panda, R.; An integral representation for the product of two Jacobi polynomials, J. London Math.
Soc., 12 (2) (1976), 419-425.
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