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Approximate Controllability of Non-autonomous Evolution System with Infinite Delay

Parveen Kumar, Ramesh Kumar Vats and Ankit Kumar

ABSTRACT: This article deals with the existence and approximate controllability results for a class of non-
autonomous second-order evolution systems with infinite delay. To establish sufficient conditions for the
proposed control problem the theory of evolution operator with Schauder’s fixed point theorem is used. Fur-
ther, we extend the approximate controllability results to the integro-impulsive differential system. Finally,
to emphasize our theoretical concepts, an example is provided.
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1. Introduction

In many real-world phenomena, there are many processes in which the rate of variation in the system
state depends on past states. This feature is known as a delay or a time delay. Such systems can be
described by differential equations so-called delay differential equations [23,7,32]. Delay can be easily
seen in the networked control system, between the devices which are related through the network, during
data exchanging to data congestion. Also in a biological system, the time necessary for red blood cells
to mature in the bone marrow and there are plenty of real-life applications in which delay occurs. In
recent years, many real-word applications have been investigated by authors to get the useful results for
delay systems of various kinds [25,24,26,29,27]. On the other hand, Controllability plays a significant
role in development of mathematical control theory and became an active area of research nowadays.
Controllability is expressed as qualitative property of dynamical control systems introduced by Kalman,
in 1960. It is widely used in various fields of science and engineering such as ecology, economics and
biology etc. [11,9]. Controllability results for various dynamical systems have been extensively studied
by research community [15,16,2,12] in past few years.

Approximate controllability results for a class of second order systems with infinite delay have been
studied by Sakthivel et al. [17] with the help of Schauder’s fixed point theorem. Existence results for
non-autonomous second order systems have been established by Henriquez and Pozo [22]. Kumar et
al. [28] investigated the existence of solution of non-autonomous fractional differential equations with
integral impulse condition via the measure of non-compactness and k-set contraction. Ravikumar et
al. [31] established the approximate controllability results for semi-linear differential system in Banach
spaces using linear evolution theory with the resolvent operator and Schauder’s fixed point theorem.
Recently, Kumar et al. [29] investigated the approximate controllability results for the non-autonomous
systems with finite delay in Banach space. We point out that, usually, researchers work on a time-
independent system and less work have been reported in the literature on non-autonomous systems. For
more information about non-autonomous (see [19,21,13,20,33]). To the best of the authors knowledge,
the topic of non-autonomous second order evolution systems with infinite delay is not well developed.

2010 Mathematics Subject Classification: 34H05, 34K45.
Submitted June 14, 2022. Published December 15, 2022

Typeset by Esﬁstyle.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.63973

2 P. KuMmAR, R.K. VaTs, A. KUMAR

Motivated by the above facts, in this paper we consider the following non-autonomous second order
system with infinite delay:

X'(¢) = A ()X(s) + Culs) + F(s, Xp(e.x)), s €I=[0,7],
X(0)=9(s) € 2, :{/(0) =&y <€ (—O0,0], (1.1)

where state function X(-) takes the values from Banach space W to W and linear operator .2/ generates
a strongly continuous cosine family of bounded linear operators in a Banach space W. Let U is a Hilbert
space and u(-) € L?([0,T];U) is a control function. € : U — W is a linear bounded operator the functions
Xp i (—00,0] = W, X5(0) = X(w + 0) correspond to abstract phase space &. . % : J x & — W and
p:Jx P — (—o0,T] are suitable non-linear functions to be stated subsequently.

2. Preliminaries
Consider the following non-autonomous differential system
X'() = A ()X()+9(), 0<¢,w<T,
x(w) = an :{I(w) = £0a (21)

where (<) : 2(H(s)) CW — W, is a closed operator dense in W and ¢ : J — W is a suitable function.
The existence of solutions for system (2.1) is associated to the existence of an evolution operator ¥ (s, w)
for the homogeneous equation

X"() = ()X(s), 0<¢,w<T. (2.2)

Let us take that the domain of &7(¢) is a subspace Z which is dense in W and independent of ¢ and
for each X € 2, the functiong — &7 (¢)X is continuous. We refer to [8], for the fundamental solution of
system (2.2). We will use the following concept of evolution operator for the development of our results.

Definition 2.1. A family {V(s,w@)} of bounded linear operators from JxJ — L(W) is called an evolution
operator for (2.2) if the following conditions are holds:

(S1) (s,@) €[0,T] % [0,T] = ¥(s,)X € W is of class C*, ¥V X € W, and
(i) ¥(s,s) =0, ¥<e€l0,7].
(ii) For all ¢,w € [0,7T], and for each X € W,
V(s )X =X, LU (s, w)X =%

S=w S=w

(S2) Foralls,w € [0,7], and if X € 2(), then VU(s,w)X € (&), the mapping (s, w) € [0,T]|x[0,T] —
U(s,w)X € W is a class C? and

(i) Z(s, )X = o/(s)¥ (s, w)X.

(Ss) F027" all s, € [0,7], and if X € P(), then =V (s, @)X € D(), as well as 8<22 L U(s, @)X,
%B%\I'(g,w)ff and

(i) U (s, )X € D(eH), then Lz Z W (¢, @)X = /()22 V(¢ @)X.

2

(1) %\If(g,w)% € 9(), then 8‘?”2 6%\If(g w)X = —\I'(g, s)o (w)X, and the mapping (¢, @) € [0,T] x
[0,7] — d(g)a%\l'(g,w)% is conlinuous.
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Suppose that ¥(¢,w) is an evolution operator associated with the operator &7 (¢) and ®(s,w) =
—%. Furthermore, suppose that ®(¢,w) and ¥(¢,w) is bounded by N and XN respectively i.e

sup  ||[¥(¢,w)|| <Nand sup [|®(s,)| <. In addition, there is a constant X; such that
0<¢,m<T 0<¢,mw<T

(s + 1, @) — ¥, @) <Nl

for all w,¢,¢+1 € [0,T]. The mild solution of the equation (2.1) is given by

N
X() =0(s,@) X0+ V(s, @), + / U(e, )94 (7)dT.
w
provided that 4 : J — W is an integrable function.

In the literature, an abundance of techniques have been used to formulate the existence of the evolution
operator ¥ (s, ). In particular, the quite well-known situation is that <7 (<) is the perturbation of operator
o/ that generates a cosine family. Because of this, we briefly reviewing definition of the theory of cosine
family and related terms.

Definition 2.2. A one-parameter family {®(s)}cer of bounded linear operators mapping the Banach
space W into W is called strongly continuous cosine family if and only if

(i) ®(w+<) + P(w —¢) =28 (w)P(s), V w,s € R.

(i) ®(0) =1.

(iii) (<)X for each fized point X € W, is continuous on R.

Let {®(¢)}cer be a strongly continuous cosine family of bounded linear operators on Banach space
W and have an infinitesimal generator &7 from Z(</) to W. We denote {¥(s)}cer as the sine family
associated with {®(¢)}cer which is defined as follows:

S
(o)X = / O(w)Xdw, XeW, ¢eR
0

The domain of the operator &/ is the Banach space and is defined as follows:
() ={X € W: P(s)X is twice continuously differentiable in ¢}

endowed with norm

1X]ler = X[ + ([ %], X € ().

Define 2 = {X € W : ®(¢)X is once continuously differentiable in ¢}, is a Banach space endowed with
norm ~
[X[lr = [1%]| + sup [[FT()X], X € 2.
0<¢<1

The results related with the existence of solutions for the second-order abstract Cauchy problem

X'() =dX(CQ)+ A (), w<s<T
X(w) =X, X'(w) =&, (2.3)

where # : [0,T] — W is an integrable function, the existence of solution for (2.3) is given in [1]. The
existence of the solutions of semilinear second order abstract Cauchy problem has been discussed in [4].
The mild solution X(-) of the equation (2.3) is given by

X() =@(c—@)Xo+ V(s — @) + /< U(c—T1)A (r)dr, 0<¢<T (2.4)

W

and when Xy € 2, X(-) is continuously differentiable then

X'(¢) = V(s — )Xo+ (s —w)&, + /€ U(s—71)x(r)dr, 0<¢<T.

w
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In addition, if X9 € 2(), £, € Z and ¢ is continuously differentiable function, then the function X(-) is
a solution of the initial value problem (2.3). Let us take that .7 () = &7+ () where & (-) : R — L(2,'W)
is a map such that the function ¢ — .&/(¢)X is a continuously differentiable in W for each X € 2. For
more details see [6], for each (X0,£,) € Z2(«/) x 9 the non-autonomous Cauchy problem given below

X'(<) = (o + F())X(<), <R (2.5)
x(0) =X,  X(0) =& (2.6)
has a unique solution X(-) such that the function ¢ — X(¢) is continuously differentiable in 2. Following
similar argument, one can conclude that equation (2.5) with the initial condition of (2.3) has a unique so-

lution X(-, @) such that the function ¢ — X(s, @) is continuously differentiable in Z. It follows from (2.4)
that

X(g,w) =P(c—w)Xo+ ¥(s —w)&, + /< U(s— T)&f(r).’f(r, w)dr.

W

In particular, for Xy = 0 we have
X(s,w) =V(c—w),+ / (s — 1) (1) X (7, w)dr.
Consequently,

g ~
1%(s, @)1 < 1% (s = @)l £ (w, 5 IS0l +/ ¥ (S = Tl cw,) 1 (T) ]| ¢ (v, | X (7, @) 1 d.
Gronwall’s inequality implies that
1%, @)1 <Gléll,  Vw.sed,

where G = || ¥ (s — @)|| exp[||¥(s — 7)|||7(7)||(s — @)]. Let us define the operator ¥(s, @), = X(s, ).
By previous results it is concluded that ¥(¢, @) is a bounded linear map on 2. As & is dense in W so we
can extend ¥(¢,w) to W. For extension of ¥(¢,w), the notation ¥(s,w) has been used. It is very well
known fact that the cosine family ®(¢) can not be compact unless the dim(W) < co. By contrast, for the
cosine family that arise in specific applications, the sine family ¥(c) is very often a compact operator for
all ¢ € R.

To establish the approximate controllability of the system (1.1), we assume the following condition:
(Y1) aZ(a,T3) — 0 as a — 07 in the strong operator topology. The condition (Y1) holds if and only
if the following second order linear control system

X"(s) = FX()+Culs), s€J
X(0) = X0, X'(0)=¢&, (2.7)

is approximately controllable on J, for instance see [10]. In [3], the phase space & be a linear space of
functions

P ={X|%X:(—00,0] > W}
endowed with a seminorm ||.|| & and satifying the following axioms:

(R1) if X: (—00,0] = W, o > 0 is continuous on [0, 0] and Xy € & then for every ¢ € [0, o] the following
conditions holds:

(i) X isin 2.
(ii) X)) < 2| %] .

(iii) |Xcllo < A ()| Xoll 2 + A (s)sup{||X(=)] : 0 < @ < ¢} where S > 0 is a constant ; ., .4 :
[0,00) — [1,00), # is continuous, .# is locally bounded and 7, %, .# are independent of X(-).
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(R2) For the function X(-) in (Rq), X, is a &-valued continuous function on [0, o].

(R3) The space & is complete.

Definition 2.3. A function X : (—oc0,T] = W is said to be mild solution of the differential system (1.1)
if () € C(I,W), X(s) = @(s) for s € (—00,0] and satisfies of the following integral equation

X(¢) = 0(,0)2(0) + ¥(s,0)§, + /(: U (s, @) [Cu(w@) + F (s, Xp(c,x,))ldem. (2.8)

Definition 2.4. The system (1.1) is called approzimately controllable if 2(T) =W
where

P(T) = {X(T;u) = u() € L*([0,7];U)}

and X(s,u) is a mild solution of (1.1).

Now define the operators

T
ry = /\If(‘T,w)CG*\I!*(‘I,w)dw
0
Z(a.T7) = (al+Tg)7",

where I is an identity operator and I'l’ is a linear operator.
In order to establish the controllability result of the system (1.1), we consider the following assump-
tions:

(P1) ¥(s),s > 0 is compact.
(P2) p:J x & — (—o0,T] is continuous.
(P3) The function ¢ — @ is well defined and continuous from the set
L) = {(p(®,€) : (m,€) € I x P, plw@, €) < 0} into P,
and there exist a bounded continuous function

AP L£(p™) = (0,00) such that [|@]|2 < #2(5)||D|| 2 for every s € £(p™ ).

The function .% : J x &2 — W satisfies the following conditions.
F(6,€) : J x W is strongly measurable, V £ € L.

F(s,.): P — W is continuous, Vs € J.

For each r > 0, there exist a function A, € L'(J, R") such that

sup Hﬁz(g,f)ﬂ S )‘T(g) fOI' a.eq e 37
ligl<r

T
and lim inf AT—@dg =6 < o0.
r—00 0 r

(P5) There exist L > 0 such that
|7 (s, &) < L forall (g,§) € J x £.

Lemma 2.5. ([14]) Let X : (—00,T] = W be a function such that Xo = &, then

Xl < (5 + )22 + o sup{[|2(9)];0 € [0,maz{0,w}]}, @ € L~ UT

where # = sup  H2(s), H =sup M(s) and A = sup K (s).
seL(p—1) seY SEJ
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3. Main results

In this segment, we prove the approximate controllability of second-order non-autonomous system with
infinite delay by using the Lebesgue dominated convergence theorem and Schauder’s fixed point theorem.
We will obtain sufficient conditions ensuring the existence of mild solution of differential system (1.1).
To prove the results, we introduce the following notations.

Me = |I€]| K = ||| + 2R 2]| 2 + R|&|
Let 2 ={X € C(J,W); X(0) = &(0)} be a Hilbert space. Consider a set 2 = {X € Z;||X]| <t} where

t > 0 is a constant. It will be shown that system (1.1) is approximate controllable, if for all o > 0 there
exist a continuous function X(-) € 2 such that

X(¢) = (s, 0)2(0) + ¥(s,0)&, + /0g (s, @) [Cu(w) + T (5, Xp(c x,))dw
u(<) = €U (T, )% (0, 5 )a(X(-))

T
(E() = Xr — B(T0)00) - UT0 - [ W) [Flc Xy b
0
Theorem 3.1. Assume that condition (P1) — (P4) are holds and suppose that for all oo > 0

1 -
(1+ ENQME‘J')NJ‘!% <1,
then system (1.1) has solution on J.

Proof. Define the operator F,, : & — %, as follows

Fa(0) = B(6,002(0) + W06 + [ (s, @)eu(@) + Fls. By x, i, a0

where
v(s) = € W (T, )2 (a, T )q(X(-))

T
G(X() = Xy — B(T,0)2(0) — (T, 0)¢, — / U(T, @) (s, X o x) )]

and X : (—o00,T] — W such that Xy = @ and X = X on [0,T], the proof of this theorem is divided into
three steps.

Step 1. We have to prove that F, is self map. Let @ : (—oo,T] — W be the extension of & to
(—o0, 7] such that @(8) = @(0) on J. Our aim, is to show that the operator F, : 2° — 2 has a fixed
point. We assume that there exist v > 0 such that F,(Z2) C 2. Suppose that our assumption is false,
then there exist a > 0 such that for all v > 0, there exist X' € 2 and ¢ € J such that v < ||[FoX ()].
We get

v < [FaX (<)

~ ~ - < _ < _
< AN+ ol + 8te [ o(@)ldm+ 8 [P @ X

for any X € 2, it follows from above Lemma (2.5)

[E3 (A + )| D|| 2 + He =1*, > 0. (3.1)

pisx )l <
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Hence, we get
~ R ~ T
v <R[ B(0)]| 2 + R[]l + RMeT|v(w=)|| + N/ Are (@) doo
0

v <AR[2(0)]| 2 + &l + &MGT{@*‘I’*(T, )% (0, T7) [Xg — &(T,0)2(0) — ¥(T,0)¢,

= /0 T\Il(‘I, w)[ﬁ(w,%p(w’xw))]dw]} 4R /0 7 (w)dw

B . ~ 1. T T
v <AN|2(0)] 5 + NI[& | +NMe‘I{ENMe[K+N/ /\T*(w)dw]} +N/ M- () dew
0 0

. - 1.~ 1.~ .
tgji”NH@(O)ng—FNHQ“OH—FEN2M§KT+(1+5N2M§T)N/ Nee () de
0

1 - T
e <K* 4 (1+ —N?M@T)N/ Aex (w)dw,
@ 0
where K* = %[/ @(0)|| 2 + N||&| + %NngK‘J', we note that K* is independent of v and t* — oo as

t — o0o. Now + +
py Aps *
lim inf ﬂdw = lim inf ﬂdt = 0.65.
r—00 0 T r—00 0 Tt

Hence for a > 0, we obtain

1 ~ .
(1+ aWMé‘J’)N%& >1,

which contradict our hypothesis, therefore, for « > 0, 3 v > 0 such that F,(2) C 2.
Step 2. Next we prove that the operator F,, is compact. Consider II(s) = {F,X(s) : X € 2}. Define

(FEX)(s) = @(s,0)a(0) + T(s,0)&, + /0<—5 (s, w)[Cv(w) + F (@, X 1))l dm.

Since ¥(s,w) is compact, the set II.(¢) = {FX(s) : % € 2} is relatively compact in W, That is, a finite
set {0;,1 < i < n}in W exists such that II.(¢) C U N(o;, %), where (J N(o; %) is an open ball in W
i=1 i=1

with center at o; and radius 7. On the other hand,

.20 — @0 < Rte [ o)

~ S —
I A ELCE
S—¢&

IN

T

5

Consequently, TI(s) C |J R(g;, 7). Hence, there exist relatively compact set arbitrarily close to TI(s) =
i=1

{FoX(s) : X(s) € 2} as e — 0. Since it is compact at ¢ = 0, hence set II(s) is relatively compact in

W, V¢ € [0,7]. Now we prove that II(¢) = {FoX(-) : X(:) € 2} is equicontinuous on [0,7] for 0 < ¢; <

S2 < T7

I(FaX)(s2) = FaX) ()l < [®(s2,0) — @1, O)[|2(0) ]| 27 + ¥ (<2, 0) — ¥ (<1, 0) ||l

S1

+ NM@/Q [l (e )IIdW+Me/O W (s2, @) = W(s1, @)||[|u(w)||dew

N //\ w)dw + / 19 (e ) — U(c1, )| Aee () door.
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[(FaX)(s2) = (FaX)(1)]

<962 0) ~ B0, [12O)]| 57 + [¥(62.0) — ¥(s1. 0) 1
32 2 B B _ T
EUE [ (el + NSO+ Rl 4] [ e i)

S1

+

NMZ
+

/0 (2, @) — W51, )| (|2 + N2 (0)| 7 + o]

+ / A dw dn
S1
N / A dw+/ 19 (2, ) — U(c1, )| Aee () doo.

Here, it can be seen that ||(FoX)(s2) — (FoX)(s1)|| — 0 as (s1 —¢2) — 0. Also, the compactness of
evolution operator ¥(¢, ) implies the continuity in the uniform operator topology. Thus, the set II(s) =
{FoX(s) : X € 2} is equicontinuous on [0, T].

Step 3. Let {X"},en be a sequence in 2 and X € £ such that X" — X in 2. From axioms (Rq),

we find that %” o Fny :{p(w,%w) asn — ooV w € J. Now from the inequality,
1#(@ X z) — F @ E iz
< NF@ X 20) ~ P E ozl
+ [|F(= p(w,a’eg)) — F (@, X i x)ll-

We infer that

F(w, X"

p(win)) %ﬁ(w,ip(w’iw)) as n—oo V w e J.

By the assumption (Rz), and Lebesgue dominated convergence theorem, we concludes that F,X" — F, X

in . Hence, F,(-) is continuous on 2. Thus in view of Schauder’s fixed point theorem, the operator F,,
has a fixed point and the delay non-autonomous system (1.1) has a solution on J. O

Theorem 3.1. If the assumptions (P1) — (Ps) are holds and linear system (2.7) is approzimate control-
lable on J, then the nonlinear delay non-autonomous system (1.1) is approzimate controllable.

Proof. Let X%(-) be a fixed point of F, in 2. Any fixed point of F, is a mild solution of the system (1.1)
under the control

u®(s) = €U (T, <)% (0, IF )q(X),
where
T
(%) = Xr - ©(T.08(0) - UT0 — [ ¥0.2)[F(@ Xym )] d
0
and satisfies the inequality
X(T) = X5 + aZ(a,T])q(X?).

By the assumption (Ag)

T
/0 .7 (@, X2 ey )| Pdew < TL.
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Consequently, the sequence {.%(w, X (@,
denoted by {F (@, X, ¥a_))}, that weakly converges to Z(w) in L*(J,W). By using infinite dimen-
sional version of the Ascoh Arzela theorem, an operator I(-) = [; ¥ (-, w)l(w)dw : L*(J,W) = C(J,W)
is compact, We obtain

xa_))} is bounded in L?(J, W) and there exists a subsequence

Jace) =l = || [ 0,17 @ ) - F)] 1|

N

< supH/ ‘Tw w%p(wx ))—ﬁ(w)}de%O
SEJ

as o — 0T, where

T
w = Xy — B(T,0)2(0) — (T, 0)yo — /0 V(T @) F (@, X ) )]dw
Then

[X(T) = X7 lecd? (e, T5)(w) | + a2 (o, TT) | [|a(X*) — w]

lecd? (e, TG) (w) || + fla(x*) — wll.

IAIA

In view the hypothesis (Y1) and above inequality. We assert that || X%(T) — Xg| — 0 as a — 0.
Hence the delay non-autonomous (1.1) is approximate controllable. O

4. Integro and Impulsive System

In this section, we establish the approximate controllability of second order non-autonomous infinite
delay integro differential system with non-instantaneous impulse.

X'(c) = A ()X
() (C%( )) §€(§¢,wi],i=1,2,"',m

() ( .’f( )),§E(§¢,wi],i:1,2,"',m
X)) =2) € 2. X(0) =&, <€ (-0,0]

where o7, %, € are defined in equation( 1.1). X(<) is a state function with time interval
O=wo=60<61 <@ <G2,",Sm < Wm < Smg1 = J < 0.

Consider the state function X € C((;,6;+1], X), i = 0,1,--- ,;m and there exist X(s; ) and X(s}7), i =
1,2,---,mwith X(s;7) = X(s;). The functions ¢} (s, X(s;)) and 17 (s, X(c; ) represent non-instantaneous
impulses during the intervals (¢;, ;] ,i =1,2,--- ,m
Let PC([0,T], W) be the space of piecewise continuous functions X : [0, T] — W a Banach space, endowed
with the norm ||X||pc= sup [|X(<)]|-

SEJ

Definition 4.1. A function X € PC([0,T],W) is called a mild solution of the impulsive system (4.1)
if X(s) = @(s), X'(0) = &, the non-instantaneous impulse conditions X(s) = ¥;(s,%(s;)), ¢ €
(ci,mi], i = 1,2,---,m, X'(¢) = @b?(g,%(c;)), ¢ € (si,wi|, i = 1,2,---,m, and X(s) is the solu-
tion of the following integral equations

®(¢,0)2(0) + ¥(,0)&,

+ f()g \Il(g, w)[eu(w) + ﬁ(w, xp(w,}iw)) + f()w f(g - C)g(ga X(C))dddwv (SIS [07 §1]
O, @i) i (S, X(57)) + W5, wa)vi (s, 3€(<Z))

+ f(; \If(g, w) ( ) + ‘gz(w .’f (0, X + fo (C .’f(())d(]dw € [wia §i+1]'

X(s) =

In order to prove the approximate controllability of integro differential system (4.1) with non-instantaneous

impulsive we require the following assumptions.

() + Culs) + F (s, X p(e,x)) + fog H (¢ — )9 (w,X(w))dw, ¢ € (wi,Sit1], 1=0,1,--+,m



10 P. KuMAR, R.K. VaTs, A. KUMAR
(Ps) (i) There exist positive constants cy1 and cy2, @ = 1,2,---,m such that Jgré%xﬂml(g,)ﬂ = ¢y
and maxeeg, |97 (1, )] = cy2, where J; = [g;, @4).
11 S i X W, and there are positive constants a, t=1,2,---,m, = 1,2, such that
i) ¢ € C(I; x W,W) and th iti Lya, i=1,2 d = 1,2, such th
95 (s, %1) = (s, Xa)|| < Ly ®1 — Xof|, Ve and X1, X5 € W.
(P7)(i) Kg = fog H (w)dw
(it) [|9(s, )l < My
(iii) |9(s,X1(5)) — 9 (s, X2(0))|| < Lo |[(X1(s)) — (X2(s))|| where Mg and Lg is a positive number.

Theorem 4.1. The system (4.1) has solution on J if the assumptions (P1) — (P4) and (Pg), (P7) are
satisfied and for all o > 0

1 -
(1+ ENQMgfr)(wfé& + TMyKT) < 1.

Proof: Consider Z = {X € PC : X(0) = @(0)} be the space endowed with uniform norm convergence.
In space 2, we take a subset 2 = {X € 2 : ||X| <&} of £, where > 0.
Define the operator I, A given by

Si+1

FoX(s) =‘P(C,wz')lﬁ(@%(c{))+‘If(<,w1')w?(<,3€(<2))+/ U(s, @) [Cu(w) + .7 (s, X 1))

+ [ - 0r¢ (@)
where
o(6) = €W (T, )0, T2 a(X()
and
A(X()) = Xz — B(T, 0001 (6, X() — W(T, 0)03(s, X))
- [T R )+ [ - 09ROl

w;

m
For ¢ € | [wi,<i+1], we have
i=0

FoX(s) = ©(s, @)} (s, X(s;)) + W(s, 0047 (¢, X(s;))
[ e mlen() + e Xy + / H (s = OF(¢X(Q))dCdw

w;

The function X : (—o0,T] — W is the extension of X to (—oo,T] such that Xy = ¢ We assume that there
exist t > 0 such that F,, is self map in 2. Suppose that our assumption is false, then there exist a > 0
such that for all £ > 0, there exist X € £ and ¢ € J such that t < ||F,X (¢ )|. we get

t < [[FaX (<)

~ - ~ Si+1
< N%Cdg + Ncwz + NM@/ lv(w)||dew

8 [ TNFEE )+ [ K6 0T RO,

Wi
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for any X € Q, it follows from above Lemma (2.5).
1% o Il < (s + )6l o + o = &,
where t* > 0 is a constant. We obtain
~ ~ ~ ~ ‘J‘ ~
t < NAcyr + Veye + RMeT||v(s)|| + N/ A (w)dw + RTK 5 Mg
k2 k2 0

B < RAey + Reya —|—&M@‘J’{G*\I!*(‘J'—wi,§)9?( F;;)[xm B(s, i)l (s, X(s7))

Sit+1
Ve e X)) - [ e F@ ) / H (s = OF(X(Q)dC)dw ] }
~ Sit1 ~ '
+N Ao (w)dw + NTKgM,
~ ' ~ ~ 1 _ . _ Si41 -
< NAcyr + Reye + NM@T—NMC‘T[K +R / Awdoo + NKquﬂ
i i e -

- Sit+1 -
+R / Aeodoo + REq MyT
N ' N B 1 N 1~ Sit1 B
P < RA ey + Reys + R2METK — + NQMCQT—N{ / Aeodoo + NKqu‘I}
K3 k3 a a wl
~ Si+1 -
+R / Apodoo + RE MyT

Wi

_ 1~ _ Sit1
f< K+ (14 —R207, )N(/ )\r;dw+Kngg‘I)
«@ =
§< K+ (1 + RN TR + TRy My).
o

We note that K is independent of # and K — 0o as t — oo. Now

v

T ~
lim inf de = lim inf (A* @)t dw = 6.9.

Hence we have for o« > 0. )
(1+ EI@M%‘I)&(%& + TKsMy) > 1,

which is contradiction to our assumption. Thus a > 0, there exist t > 0 such that F, map 9 into itself.
Further, one can easily prove that for all & > 0, [F, has a fixed point by applying Schauder’s fixed point
theorem.

5. Examples

Example 5.1. In this section, we illustrate an example to show our abstract results. We need to introduce
some technical terms in order to apply the abstract results to a partial differential equation. In view of Eq.
(2.5), we take </ () = o + 4/ (), where the operator & is the infinitesimal generator of ®(s) associated
with U (s), /() : D((s)) = W is closed linear operator.

Let the space W = L%(P,C), where P is defined as the quotient R/27Z. We will use the identi-
fication between functions on P and 2w periodic functions on R. The space of 2m—periodic integrable
functions from R into C is denoted by W = L?*(P,C). Also, we take H?(P,C), the Sobolev space of
2m—periodic functions, X : R — C such that X" € L?(P,C). Define the operator ZX(s) = X"(c)
with domain D(/) = H2(P,C) and < is infinitesimal generator of strongly continuous cosine fam-
ily ®(s) on W (see [{]). Also </ has discrete spectrum which consists eigenvalues —\* for A\ € Z,

with associated eigenvectors &,(s) = \/%e”‘g and the set {&\, A € Z} is an orthonormal basis of W.
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In particular 4X = — Z)ﬁ(%,fﬁfk for X € D(Z). The cosine function ®(s) is given by ®(¢)X =
A=1

o0

sin(\q)
A

Zcos()\g) (X,£,)65, s € R with associated sine function ¥(¢)X =
A=1 A=1
clear that for each ¢ € R, || ®(s)|| < 1. Hence, it is uniformly bounded on R.

(%,6,)¢,, <€R. Itis

Now, we consider the following delay system:

Xl(o,w) = xww(c,w)+b(<)3€w(<,w)+[ C(r =X (v = pi()p (X)) ;@) dr,  (5.1)

X(s,0) = X(¢,m) =0, ¢€]0,7],0<7T < o0,
X(s,w) = I, w), X(0,w)=2%Xi(w), we]0,n],
(5.2)

where, pq,py: [0,00] — [0,00] are continuous functions, b : R — R is continuous function with 8 =

sup |b(s)| for fix number a > 0. Now, we define the phase space ¥ = C((—o0,T], W), which is space of
0<¢<a

all functions @ : (—00,0] — W, such that ¢ is left continuous, @|_ 0 € C([—t,0}; W), for v > 0, and
0
[¢(0)llw
———d(#) > cc

The norm || - || is defined as

0
Ioloi= [ 120 a)

where Cy 1 (—00,0] = [1,00) is a continuous function with (4(0) =1, and

lim (5(f) = oo.
60— —o0
The function
G(s):= sup M is locally bounded for ¢ > 0.

—o0<f<—¢ CQ(H)
Now, one can easily seen that & = C((—o00,T], W) forms a phase space which satisfies the axioms (Rq)-
(R3) with # (s) =< and A = G(s) and function & : (—o0,0] — W, is defined as
D(s)(w) = p(s,w), w € [O’ 71—]'

The functions f,p:J x P — W are defined as

0
f(s,0)m = /_ G (~0)p(0, @) db,

p(s; @) = s = pi(s)pa ([0 (0) [ w)-

Suppose that o (¢)%(w) = b(s)X'(w) defined on H (P, C). We can see that o () = o + o (<) is a closed
linear operator. We will initially demonstrate that the evolution operator is generated by o/ + <7 (s). Now,
the solution of the scalar initial value problem

X"(s) = =N°X(<) + 2(¢).
X(S)=0, X() =2,
is given by
S

X(s) = % sin A(¢ — %) + % /y sin A(¢ — w)z(w)dw.
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Thus, the solution of the scalar initial value problem

X7(¢) = =A2X(¢) +iAb(¢)X(<),
X(F) =0, X(F) =%, (5.3)

is giwven by

X(s) = % sin A(¢ — ) +1 /5: sin A(¢ — w)b(w)X(w)dw.

From Gronwall-Bellman lemma, we get

x S
1X(5)] < |—/\1|e“<“/> (5.4)

for & << and a is a constant. Now define the evolution operator as follows

U(s, )X = Z%A(C,y)@v Ex)6n

A=1

From the estimate (5.4), it follows that C(s,.”) : W — W is well defined and satisfies the conditions of
definition (2.1). Now the Delay non-autonomous system (1.1) can be formulated abstractly as:

10.
11.

12.

13.

14.
15.

16.

X(¢) = A ()X(s) + Culs) + F(s, Xpex))s s €I =10,7],
X0)=ge22, X(0)=¢&, ¢e€(—00,0].
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