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On Graded Weakly Primal Submodules Over Graded Modules

Tamem Al-shorman∗ and Malik Bataineh

abstract: Let M be G-graded R-module. The idea of a graded weakly primal submodule of M , which is a
generalization of a graded primal submodule, is introduced and discussed in this paper. Some characteristics
and characterizations are assigned to these submodules and their homogeneous components.
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1. Introduction

Grading on a ring and its modules frequently facilitates computations by allowing one to concentrate
on homogeneous elements, which are supposedly simpler or more manageable than random elements.
However, in order for this to function, one must first understand how the structures are graded. One
solution to this problem is to define the structures entirely in terms of G-graded R-modules, obviating
the need to consider non-G-graded R-modules or non-homogeneous elements.

All rings are assumed to be commutative with nonzero unity throughout this paper. The concept of
weakly primal ideal was introduced by S. Atani and A. Darani in [2]. In [3], S. Atani and A. Darani
extended the concept of weakly primal ideals to modules. Let M be a R-module and N be a submodule
of M. An element x ∈ R is called weakly prime (simply wp) to N if 0 ̸= xm ∈ N for some m ∈ M , then
m ∈ N . The submodule N is said to be a weakly primal submodule of M if the set w(N) of elements of R
that are not weakly prime to N forms an ideal of R, this ideal is always a weakly prime ideal of R, called
the disjoint ideal P of N. We may also state that N is a P-weakly primal submodule in this situation.
The concept of a graded weakly primal submodule of a G-graded R-module M over the G-graded ring R
is defined in this paper, and subsequently, this class of submodules is studied.

We begin by defining the notations and terminologies that will be used throughout. Let G be an
abelian group with identity e. A ring R is called a G-graded ring if R =

⊕
g∈G

Rg with the property

RgRh ⊆ Rgh for all g, h ∈ G, where Rg is an additive subgroup of R for all g ∈ G. The elements of Rg

are called homogeneous of degree g. If x ∈ R, then x can be written uniquely as
∑
g∈G

xg, where xg is the

component of x in Rg. The set of all homogeneous elements of R is h(R) =
⋃

g∈G

Rg. Let P be an ideal of

a G-graded ring R. Then I is called a graded ideal if I =
⊕
g∈G

(I ∩Rg), i.e, for x ∈ I and x =
∑
g∈G

xg where

xg ∈ Ig for all g ∈ G. In [4], I is called a graded weakly prime ideals of G-graded ring R if whenever
0 ̸= xy ∈ I, then we have that x ∈ I or y ∈ I for all x, y ∈ h(R).

Let R be a G-graded ring . A left R-module M is said to be a graded R-module if there exists a family
of additive subgroups {Mg}g∈G of M such that M =

⊕
g∈G

Mg with the property MgMh ⊆ Mgh for all
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g, h ∈ G. The set of all homogeneous elements of M is h(M) =
⋃

g∈G

Mg. Note that Mg is an Re-module

for every g ∈ G. A submodule N of M is said to be graded submodule of M if N =
⊕
g∈G

(N ∩ Mg).

Suppose that N is a graded submodule of M and I is a graded ideal of R. Then (N :R M) is defined as
(N :R M) = {r ∈ R : rM ⊆ N} and then (N :R M) is a graded submodule of M. The graded submodule
(N :M I) is defined as (N :M I) = {m ∈ M : Im ⊆ N}. Particularly, we use (N :M s) instead of
(N :M Rs).

The content of the paper is briefly summarized here. In Section 2, we give some basic results about
graded weakly primal submodules. Every graded weakly prime submodule and every graded weakly
primary submodule is a graded weakly primal submodule in Theorem 2.4. In Proposition 2.1, we give a
description of graded weakly primal submodules. It is shown in Theorem 2.2 that is N is a graded weakly
primal submodule of M, then GW(N) is a graded weakly prime ideal of R. In Theorem 2.5 we prove that
if M is a faithful G-graded finitely generated multiplication R-module and if R is a G-graded WP-ring,
then M is a G-graded WP-module. The concepts graded primal submodule and graded weakly primal
submodule are different. In fact, neither implies the other (see Examples 2.1). In Theorem 2.3 we prove
that if N be a graded weakly primal submodule of M with (N :R M) ⊆ P and N(N :R M) ̸= 0, then N
is a graded primal submodule of M.

Let R is a G-graded ring and that S is a multiplicative closed subset of h(R). Consider the G-graded
RS-module MS . In Section 3, the weakly primal submodules of M and the weakly primal submodules
of MS are studied with respect to each other. It is shown in Theorem 3.3 that there is a one-to-one
correspondence between the graded P-weakly primal submodule of M and the graded PS-weakly primal
submodule of MS in which P is a graded weakly prime ideal of R, and S ⊆ h(R) is a multiplucative
closed set of R with P ∩ S = ∅.

2. Graded weakly primal submodules

To begin, consider the following definitions:

Definition 2.1 Let R be a G-graded ring and P be a graded ideal of R.

(1) The element x ∈ h(R) is said to be a graded weakly prime (simple gwp) to P if 0 ̸= xy ∈ P for
some y ∈ h(R), then y ∈ P .

(2) The element x ∈ h(R) is not graded weakly prime (simply ngwp) to P if 0 ̸= xy ∈ P for some
y ∈ h(R), then y ∈ R/P .

(3) The set of all elements of h(R) that are not graded weakly prime (ngwp) to P is denoted by
gw(P ) ∪ {0}.

(4) The graded ideal P of R is called a graded weakly primal ideal of R if gw(P ) ∪ {0} is a graded
ideal of R.

Definition 2.2 Let M be a G-graded R-module and N be a graded submodule of M.

(1) The element x ∈ h(R) is said to be a graded weakly prime (simple GWP ) to N if 0 ̸= xm ∈ N for
some m ∈ h(M), then m ∈ N .

(2) The element x ∈ h(R) is not graded weakly prime (simply NGWP ) to N if 0 ̸= xm ∈ N for some
m ∈ h(M), then m ∈ M/N .

(3) The set of all elements of h(R) that are not graded weakly prime (NGWP ) to N is denoted by
GW (N) ∪ {0}.

(4) The graded submodule N of M is called a graded weakly primal submodule of M if GW (N) ∪ {0}
is a graded ideal of R.
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Lemma 2.1 Let M be a G-graded R-module and N be a graded submodule of M. If N is a graded primal
submodule of M, then N is a graded weakly primal submodule of M.

Proof. Let N be a graded submodule of M that is graded primal. Then G(N) is a graded ideal of R. We
must now prove that N is a graded weakly primal submodule of M, and that GW (N) is a graded ideal of R.
Since GW (N) is a graded ideal of R, N is a graded weakly primal submodule of M if GW (P ) = R. Now,
if GW (N) ̸= R, then 1 /∈ GW (N) is true. GW (N) = G(N), we show. It is clearly, G(N) ⊆ GW (N).
Conversely, let w ∈ GW (N) then there exists x ∈ h(R) with 0 ̸= xw ∈ N as a result x /∈ N . If x ∈ N ,
then 1 ∈ GW (N) and then GW (N) = R which is a contradiction. So, x /∈ N and hence w ∈ G(N).
Thus G(N) ⊆ GW (N) then G(N) = GW (N). Therefore, N is a graded weakly primal submodule of M.

Remark 2.1 Let M be a G-graded R-module and let N be a graded submodule of M. Then the
following statements are true:

(1) The element 0 ∈ h(R) is invariably GWP to N.

(2) If x ∈ h(R) is a graded prime to N, then x is a GWP to N.

(3) The set of all not weakly prime to N (W(N)) is subset of the set of all not graded weakly prime
to N (GW(N)).
If N is a graded primal submodule of M , then N is a graded weakly primal submodule of M , as

proven in the Lemma 2.1. However, the converse is not always true. In addition, the converse is not true
in (2) of the Remark 2.1.

Example 2.1 (1) Let R = Z be a G-graded ring with R0 = Z and Rg = {0} for all g ∈ G−{e}. Take R
as a G-graded R-module. Then N = 12Z is a graded submodule of R. Then N is a graded weakly primal
submodule of R with GW (N) = Z, since 0 ̸= 3.4 = 12 ∈ N and 3 ̸∈ N , 4 /∈ N . On the other hand, N is
not a graded primal submodule of R.

(2) Let M = Z/24Z be a G-graded Z-module where M0 = M and Mg = {0} for all g ∈ G and
N = 8Z/24Z be a graded submodule of M. Since N is a primal submodule by [3, Example 2.10], then
N is a graded primal submodule of M. Now, since 2̄, 4̄ ∈ M/N with 0 ̸= 2.4̄ ∈ N and 0 ̸= 4.2̄ ∈ N , then
2, 4 ∈ Gw(N). If 6.x̄ ∈ N for some x̄ ∈ M , then 4 divides x and then 6x̄ = 0. This prove that 2 + 4 = 6
is a GWP to N. Thus GW (N) is not graded ideal of R = Z. Therefore, N is not graded weakly primal
submodule of M.

(3) Let M = Z12 be a G-graded Z-module and N = {0̄} be a graded submodule of M. It is clearly
GW (N) = ∅, then N is a graded weakly primal submodule of M. Now, since 3.4̄ = 0̄ ∈ N and 4.3̄ = 0̄ ∈ N ,
then we have that 3, 4 ∈ G(N), while 4−3 = 1 is a graded prime to N. Therefore, N is not graded primal
submodule of M.

(4) Let M = Z/32Z be a G-graded Z-module where M0 = M and Mg = {0} for all g ∈ G and
N = 8Z/32Z be a graded submodule of M. Then 4.8 = 0 ∈ N , 4 is not graded prime to N. But if 4.x̄ ∈ N
where x̄ is the coset in M, then 4 is divides of x. Thus 4.x̄ = 0̄. Therefore 4 is GWP to N.

Lemma 2.2 Let M be a G-graded R-module and N be a graded submodule of M, then:

(1) (N :R M) is subset of the set of all NGWP to N (GW(N)).

(2) The set of all ngwp to (N :R M) (gw((N :R M))) is subset of the set of all NGWP to N (GW(N)).

Proof. (1) Assume that x ∈ h(R) such that x ∈ (N :R M). (N :R M) is a graded ideal of R since
N is a graded submodule of M. Take x ∈ (N :R M) we have that x is not weakly prime to N. Thus by (3)
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in Remark 2.1, x ∈ W (N) ⊆ GW (N). Therefore, (N :R M) ⊆ GW (N).

(2) Let x ∈ h(R)∩gw((N :R M)), so there exists y ∈ h(R)−(N :R M) with 0 ̸= xy ∈ (N :R M), there
exist m ∈ h(M) with ym /∈ N . It therefore follows that xym ∈ N with ym /∈ N we have that x is not weakly
prime to N. Thus x ∈ W (N) ⊆ GW (N) by (3) in Remark 2.1. Therefore, gw((N :R M)) ⊆ GW (N).

Definition 2.3 Let M be a G-graded R-module, N be a graded weakly primal submodule of M and P be
a graded ideal of R. Then P is called the graded weakly adjoint ideal of N, and also we said to be N is a
graded P-weakly primal submodule of M.

A characterization of graded weakly primal submodules is provided by the following Proposition.

Proposition 2.1 Let M be a G-graded R-module, N be a graded submodule of M and P be a graded ideal
of R. Then the following statements are equivalent:

(1) N is a graded P-weakly primal submodule of M.

(2) For every p /∈ P−{0}, (N :M p) = N∪(0 :M p), and for every 0 ̸= p ∈ P , N∪(0 :M r) ⊂ (N :M p).

Proof. (1) ⇒ (2) Assume that N is a graded P-weakly primal submodule of M. Let p /∈ GW (N) = P−{0}
and m ∈ (N :M p). If pm = 0, then m ∈ (0 :M p). Now, suppose that pm ̸= 0, since p is a GWP to
N we have that m ∈ N . Thus m ∈ N ∪ (0 :M p), that is (N :M p) ⊆ N ∪ (0 :M p). Therefore,
(N :M p) = N ∪ (0 :M p). Now, suppose that p ∈ GW (N). Thus p is NGWP to N, then there exist
m ∈ h(M) such that 0 ̸= pm ∈ N with m ∈ M/N . Hence m ∈ (N :M p)− (N ∪ (0 :M p)).

(2) ⇒ (1) GW (N) = P −{0} follows from (2). As a result, N is a graded P-weakly primal submodule
of M.

Theorem 2.1 Let M be a cyclic G-graded R-module and N be a graded submodule of M. If N is a graded
weakly primal submodule of M, then (N :R M) is a graded weakly primal ideal of R.

Proof. Suppose that M = Rm for any m ∈ h(M), and we set P = (N :R M). We prove that
gw(P ) = GW (N). Let x ∈ gw(P ), so there exists r ∈ R/P with 0 ̸= xr ∈ P . In this instance, xrm ̸= 0
because otherwise xr ∈ (0 :R x) = (0 :R M) = 0, a contradiction. As rm ∈ M/N we have that x is NGWP
to N, thus x ∈ GW (N) and thus gw(P ) ⊆ GW (N). Now, suppose that x ∈ GW (N), so 0 ̸= xm′ ∈ N
for some m′ ∈ M/N . But we can write m′ = x′m for some x′ ∈ h(R). Thus 0 ̸= xx′m ∈ N , this implies
that 0 ̸= xx′ ∈ P with x′ ∈ R/P , then x is ngwp to P, then x ∈ gw(P ) and then GW (N) ⊆ gw(P ).
Therefore, gw(P ) = GW (N).

Theorem 2.2 Let M be a G-graded R-module and N be a graded submodule of M. If N is a graded weakly
primal submodule of M, then GW(N) is a graded weakly prime ideal of R.

Proof. Assume that 0 ̸= xy ∈ GW (N) for some x, y ∈ h(R) but x /∈ GW (N). Then xy is NGWP
to N and then 0 ̸= xym ∈ N for some m ∈ h(M). As x /∈ N , so x is a GWP to N. Thus we have that
x(ym) ∈ N , so ym ∈ N . Hence y is nwp to N. Thus y ∈ W (N) ⊆ GW (N) by Remark 2.1. Therefore,
GW(N) is a graded weakly prime ideal of R.

Theorem 2.3 Let M be a G-graded R-module and N be a graded weakly primal submodule of M. If
(N :R M) ⊆ P and N(N :R M) ̸= 0, then N is a graded primal submodule of M.

Proof. It is enough to show that GW(N) = G(N). Let 0 ̸= x ∈ GW (N), x is NGWP to N. Thus
by Remark 2.1 (2), x is not graded prime to N, then we have x ∈ G(N). Thus GW (N) ⊆ G(N). Now,
we need to show that the converse G(N) ⊆ GW (N), let y ∈ G(N) so for some m ∈ h(M) then m ∈ M/N
with ym ∈ N . If ym ̸= 0, then y is NGWP to N and then y ∈ GW (N). But if ym = 0 we have tow
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cases:

Case one: yN ̸= 0. Then there exists z ∈ N with yz ̸= 0. Now 0 ̸= y(m+z) ∈ N with m+n ∈ M/N ,
then we have that y is NGWP to N and then y ∈ GW (N).

Case two: yN = 0. If m(N :R M) ̸= 0, then zm ̸= 0 for some z ∈ (N :R M). Now, 0 ̸= (y+z)m ∈ N
with m ∈ M/N we have that y + z is NGWP to N, then y + z ∈ GW (N) and then y ∈ GW (N). If
m(N :R M) = 0, but N(N :R M) ̸= 0, then there is x ∈ (N :R M) and n ∈ N with xn ̸= 0. Now,
0 ̸= (y + x)(m + n) ∈ N with m + n ∈ M/N , then y + x is NGWP to N. Thus y + x ∈ GW (N) with
x ∈ GW (N). Therefore G(N) ⊆ GW (N).
Thus GW (N) = G(N) which is implies that N is a graded primal submodule of M.

Recall that a graded submodule N of A G-graded R-module M is called a graded weakly prime
submodule of M if N ̸= M , and whenever x ∈ h(R) and m ∈ h(M) with 0 ̸= xm ∈ N , then either m ∈ N
or x ∈ (N :R M) (see [1]).

Definition 2.4 Let M be a G-graded R-module and N be a graded submodule of M. N is called a graded
weakly primary submodule of M if whenever x ∈ h(R) and m ∈ h(M) with 0 ̸= xm ∈ N , then either
m ∈ N or xn ∈ (N :R M) for some positive integer n.

Theorem 2.4 Let M be a G-graded R-module and N be a graded submodule of M. Then the following
statements are hold:

(1) If N is a graded weakly primary submodule of M, then N is a graded weakly primal submodule of M.

(2) If N is a graded weakly prime submodule of M, then N is a graded weakly primal submodule of M.

Proof. (1) Let N be a graded primary submodule of M. we claim that Grad((N :R: M)) = GW (N).
Let x ∈ Grad((N :R M)). If x ∈ (N :R M), x ∈ GW (N) by (1) in Lemma 2.2. Now, suppose that
x ∈ Grad(N)−(N :R M). If x ∈ (N :R M), then x ∈ W (N). If x /∈ (N :R M), then there exist a positive
integer n > 1 for which xn ∈ (N :R M). In this case xxn−1 ∈ (N :R M) with xn−1 ∈ h(R)− (N :R M)
which is implies that x ∈ W ((N :R M)). Thus x ∈ gw((N :R M)) ⊆ GW (N) by (2) in Lemma 2.2, that
is Grad((N :R M)) ⊆ GW (N). Conversely, suppose that y ∈ GW (N) and there exist m ∈ h(M) − N
with y ∈ N . As N is a graded weakly primary submodule of M we have that y ∈ Grad((N :R M)). Thus
GW (N) ⊆ Grad((N :R M)). Therefore, Grad((N :R M)) = GW (N) and thus N is a graded weakly
primal submodule of M.

(2) Because any graded weakly prime submodule is also a graded weakly primary submodule, (1)
follows.

Recall that, a G-graded R-module M is called a G-graded multiplication R-module if N = MI for
some graded ideal I of R for every graded submodule N of M (see [8]). If N is a graded submodule of a
G-graded multiplication R-module M , then N = (N :R M)M is simple to prove. A G-graded R-module

M is said to be graded finitely generated if M =
n∑

i=1

Rmi, where mi ∈ h(M).

Remark 2.2 [7, Remark 1.7] If M is a G-graded finitely generated multiplication R-module and P
is a graded ideal of R containing (0 :R M), then (PM :R M) = P .

Proposition 2.2 Let M be a G-graded finitely generated multiplication R-module and P be a graded ideal
of R. If P is a graded weakly primal ideal of R containing (0 :R M), then PM is a graded weakly primal
ideal of M.

Proof. It is clearly gw(P ) = gw((PM :R M)) ⊆ GW (PM) by (2) Lemma 2.2. Now, suppose that
x ∈ h(R) is NGWP to PM, then there exist m ∈ h(M) − PM with 0 ̸= xm ∈ PM . Then we have



6 T. Al-shorman and M. Bataineh

RxRm ⊆ PM . Since M is a G-graded multiplication R-module, then there exist a graded ideal I of R
with Rm = IM . Then we have that (RxI)M ⊆ PM and then RxI ⊆ (PM :R M) = P by Remark 2.2.
If I ⊆ P , then m ∈ Rm = IM ⊆ PM which is a contradiction. Then there exists y ∈ I − P where
y ∈ h(R). In this case xy ∈ RxJ ⊆ P which is implies that x is ngwp to P. Therefore is x ∈ gw(P ).
Thus GW (PM) ⊆ gw(P ) = gw(PM :R M). Therefore, PM is a graded weakly primal submodule of M.

Definition 2.5 Let M be a G-graded ring, and M be a G-graded R-module.

(1) A G-graded ring R is said to be a G-graded WP-ring if every graded ideal of R is a finite product
of graded weakly primal ideal of R.

(2) A G-graded R-module M is said to be a G-graded WP-module if every graded submodule N of M
has a graded weakly primal factorization N = P1P2...PnN

∗ where P − 1, P2, ..., Pn is a graded weakly
primal ideals of R and N∗ is a graded weakly primal submodule of M.

Theorem 2.5 Let R be a G-graded ring and M be a faithful G-graded finitely generated multiplication
R-module. If R is a G-graded WP-ring, then M is a G-graded WP-module.

Proof. Suppose that R is a G-graded WP-ring and N is a graded submodule of M. Then N=PM for
some graded ideal P of R. Since R is a G-graded WP-ring, P has a factorization P = P1P2...Pn where Pi

is a graded weakly primal ideal of R for all i = {1, 2, ..n}. In this case N = PM = (P1P2...Pn−1)(PnM).
By Proposition 2.2, PnM is a graded weakly primal submodule of M. Therefore, M is a G-graded WP-
module.

Proposition 2.3 Let M be a faithful G-graded R-module and N be a graded submodule of M. Then the
following holds:

(1) If N is a graded P-weakly primal submodule of M, then (N :R M) ⊆ P .

(2) If N is a graded 0-weakly primal submodule of M, then M/N is a faithful G-graded R-module.

Proof. (1) Suppose that N is a graded P-weakly primal submodule of M. Since N is a graded sub-
module of M, so (N :R M) is a graded ideal of R. There exists m ∈ h(M/N) and x ∈ (N :R M), then
xm ∈ N . If xm ̸= 0, then x is NGWP to N, that x ∈ P . If xm = 0, then there exists n ∈ N with
xn ̸= 0. Thus 0 ̸= x(m+n) ∈ N with (m+n) /∈ N which is implies that x is NGWP to N, that is x ∈ P .
Therefore, (N :R M) ⊆ P .

(2) As a result of (1)

3. Graded modules of fractions

This section will discuss the relations between the classes of graded weakly primal submodules of M
and graded weakly primal submodules of MS .

Assume that R is a G-graded ring and that S is a multiplicative closed subset of h(R). Remember
that if R is a G-graded ring, then RS = { r

s : r ∈ h(R), s ∈ S} is also a G-graded ring. In addition, if P
is a graded ideal of R, PS is a graded ideal of RS . Now, let M be a G-graded R-module and consider the
module fractions MS = {m

s : m ∈ h(M), s ∈ S}. Then MS is a G-graded RS-module.

Theorem 3.1 Let M be a G-graded R-module and S ⊆ h(R) be a multiplicatively closed set of R. Let N
be a graded weakly primal submodule of M with GW (N) ∩ S = ∅. Then the following holds:

(1) If 0 ̸= n
s ∈ NS, then n ∈ N

(2) If L is a graded submodule of M, then (N :R L)S = (NS :RS
LS).
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Proof. (1) Since n
s ∈ NS, so n

s ∈ h(MS). Now, there exists x ∈ N and t ∈ S such that n
s = x

t .
Thus 0 ̸= wtn = wsx ∈ N for some w ∈ S. If n /∈ N , then wt is NGWP to N and then we have
ut ∈ GW (N) ∩ S, which is a contradiction. Therefore, n ∈ N .

(2) It is clearly (N :R L)S ⊆ (NS :RS
LS). Conversely, suppose that x

s ∈ (NS :RS
LS). So, for any

m ∈ L, xm
s = x

s .
m
1 ∈ NS. If xm

s = 0, then there exists t ∈ S with txm = 0. Thus xm = 0 ∈ N . If
xm
0 ̸= 0, then xm ∈ N by (1). Hence x ∈ (N :R L), so x

s ∈ (N :R L)S. Thus (NS :RS
LS) ⊆ (N :R L)S.

Therefore, (N :R L)S = (NS :RS
LS).

Let M be a G-graded R-module and S ⊆ h(R) be a multiplucative closed set of R. Consider the
homomorphism ϕ : M → MS which is defined by ϕ(m) = m

1 . Then ϕ is a homogeneous homomorphism
of degree e. If N is a graded submodule of MS , then we defined N ∩M = ϕ−1(N).

Proposition 3.1 Let M be a G-graded R-module and S ⊆ h(R) be a multiplicative closed set of R. If N is
a graded P-weakly primal submodule of MS, then N ∩M is a graded P ∩R-weakly primal submodule of M.

Proof. Since P ∩ R is a graded prime ideal of R, then P ∩ R is a graded weakly prime ideal of R.
Now, it is enough to prove that GW (N ∩ M) = (P ∩ R) − {0}. Let x ∈ GW (N ∩ M), so there exist
m ∈ M − (N ∩ M) such then 0 ̸= xm ∈ N ∩ M . As a result of 0 ̸= x

1 .
m
1 ∈ N and m

1 ∈ MS − N that
x
1 ∈ P − {0}. Hence x ∈ P ∩ R and then GW (N ∩ M) ⊆ (P ∩ R) − {0}. For the other direction, let
y ∈ (P ∩ R) − {0}, then we have that 0 ̸= y

1 ∈ P . Then there exists m
s ∈ MS − N with 0 ̸= y

1 .
m
s ∈ N .

Thus 0 ̸= ym
1 ∈ N . Then 0 ̸= ym ∈ N ∩M with m ∈ M − (N ∩M) and then y ∈ GW (N ∩M), hence

(P ∩R)− {0} ⊆ GW (N ∩M). Therefore, N ∩M is a graded P ∩R-weakly primal submodule of M.

Theorem 3.2 Let M be a G-graded R-module, N be a graded P-weakly primal submodule of M, and
S ⊆ h(R) be a multiplucative closed set of R with P ∩ S = ∅. Then the following holds:

(1) NS is a graded PS-weakly primal submodule of MS.

(2) N = (NS ∩M).

Proof. (1) Let 0
1 ̸= x

s ∈ PS, then 0 ̸= x ∈ P . Hence there exists m ∈ h(M) such that 0 ̸= xm ∈ N . If
0 ̸= x

s .
m
1 ∈ NS, and by Theorem 3.1 , m

1 /∈ NS. Thus x
s is a NGWP to NS, then we have x

a ∈ GW (NS).
Then PS − {0} ⊆ GW (NS). Now, assume that y

s ∈ GW (NS). So 0 ̸= y
s .

m
t ∈ NS for some m

t ∈ h(MS).
Hence, by Theorem 3.1 we have that 0 ̸= ym ∈ N with m ∈ h(M) and then y ∈ P − {0}. Thus
y
s ∈ PS − {0}, then GW (NS) ⊆ PS − {0}. Then GW (NS) ∪ {0} = PS. Therefore, NS is a graded
PS-weakly primal submodule of MS.

(2) It is clearly N ⊆ (NS ∩M). Suppose that m ∈ NS ∩M . If m = 0, then m ∈ N . If M ̸= 0, then
0 ̸= m

1 ∈ NS we have that m ∈ N bt Theorem 3.1. Therefore, (NS ∩M) ⊆ N .

Theorem 3.3 Let M be a G-graded R-module, P be a graded weakly prime ideal of R, and S ⊆ h(R) be
a multiplucative closed set of R with P ∩ S = ∅. Then there exist a one-to-one correspondence between
the graded P-weakly primal submodule of M and the graded PS-weakly primal submodule of MS.

Proof. This follows from Proposition 3.1 and Theorem 3.2.

4. Conclusions

In this study, we introduced the concept of graded weakly primal submodules which is a generalization
of graded weakly primal submodules. We investigated some basic properties of graded weakly primal
submodules. As a proposal to further the work on the topic, we are going to study the concepts of graded
S-primal submodules and graded weakly S-primal submodules. Also, we will also generalize the primal
and Weakly Primal SubSemiModules (see [5]) on G-graded R-module and generalizations of primal ideals
over commutative semirings (see [6]) on G-graded rings.



8 T. Al-shorman and M. Bataineh

References

1. Atani, S. E, Graded weakly prime submodules, Int. Math. Forum. 1(2006), 61–66.

2. Atani, S. E. and Darani, A.Y, On weakly primal ideals (I), Demonstratio Mathematica. 40(2007), 23–32.

3. Atani, S. E, and Darani, A.Y. Weakly primal submodules, Tamkang Journal of Mathematics. 40(2009), 239–245.

4. Atani, S. E. On graded weakly prime ideals, Turkish journal of mathematics. 30(2006), 351–358.

5. Bataineh, M and Malas, R. “Primal and Weakly Primal Sub Semi Modules, American Int. J. Contemp. Research.
4(2014), 131–135.

6. Bataineh, M and Malas, R. Generalizations of primal ideals over commutative semirings, Matematicki Vesnik. 66(2014),
133–139.

7. Darani, A.Y., Graded primal submodules of graded modules, Journal of the Korean Mathematical Society. 48(2011),
927–938.

8. Escoriza, J and Torrecillas, B. Multiplication objects in commutative Grothendieck categories, Communications in
algebra. 26(1998), 1867–1883.

Tamem Al-shorman,

Department of Mathematics and Statistics,

King Fahd University of Petroleum and Minerals, 31261 Dhahran, KSA.

E-mail address: alshorman91@yahoo.com

and

Malik Bataineh,

Department of Mathematics and Statistics,

Jordan University of Science and Technology,

Jordan.

E-mail address: msbataineh@just.edu.jo


	Introduction
	Graded weakly primal submodules
	Graded modules of fractions
	Conclusions

