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Appell-Type Extension of the pRq(ν, τ ; z) Function

Yogesh M. Thakkar, Ajay K. Shukla∗

abstract: In this paper, we define two variables Appell-type extension of the pRq(ν, τ ; z) function, also
study confluence formulae, double integral representations and differentiation formulae for the Appell-type
extension of the pRq(ν, τ ; z) function.
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1. Introduction and preliminaries

In 1903, Gosta Mittag-Leffler [5] defined Eν (z) function as

Eν (z) =

∞∑
s=0

zs

Γ (νs+ 1)
, (1.1)

where ν, z ∈ C;ℜ (ν) > 0.
Wiman [12] generalized Eν (z) and defined as

Eν,τ (z) =

∞∑
s=0

zs

Γ (νs+ τ)
, (1.2)

where ν, τ, z ∈ C;ℜ (ν) > 0,ℜ (τ) > 0.
Further, E. M. Wright [13] gave the following function, which can be represented in series form and

valid in the whole complex plane

Wν,τ (z) =

∞∑
s=0

1

Γ (νs+ τ)

zs

s!
, ν > −1, τ ∈ C. (1.3)

In 1971, Prabhakar [6] generalized (1.3) as,

Eδ
ν,τ (z) =

∞∑
s=0

(δ)s
Γ (νs+ τ)

zs

s!
, (1.4)
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where ν, τ, δ, z ∈ C;ℜ (ν) > 0,ℜ (τ) > 0,ℜ (δ) > 0.
Sharma [9] studied the following function

pK
ν,τ,γ
q (x) = pK

ν,τ,γ
q (µ1, ...., µp, δ1, ...., δq;x)

=

∞∑
s=0

(µ1)s......(µp)s
(δ1)s......(δq)s

(γ)sx
s

s!Γ (νs+ τ)
, (1.5)

where ν, τ, γ ∈ C;ℜ (ν) > 0.
Afterwards, Sharma [10] studied the generalized M-series as defined below

p

ν,τ

M q (z) = p

ν,τ

M q (µ1, ...., µp, δ1, ...., δq; z)

=

∞∑
s=0

(µ1)s......(µp)s
(δ1)s......(δq)s

zs

Γ (νs+ τ)
, (1.6)

where ν, τ, z ∈ C;ℜ (ν) > 0.
In a remarkable paper, Saxena et al. [8] discussed multivariate Mittag-Leffler-type function,

E
(δi)
(ρi),λ

(z1, z2, ..., zn) =

∞∑
s1,s2,...,sn=0

(δ1)s1(δ2)s2 ...(δn)sn

Γ

(
λ+

n∑
i=1

(ρisi)

) z1
s1z2

s2 ...zn
sn

(s1)! (s2)!... (sn)!
, (1.7)

where λ, δi, ρi, zi ∈ C;ℜ (ρi) > 0, (i = 1, 2, ..., n) .
Horn [1,4] investigated thirty four distinct convergent hypergeometric series of order two of which four

Appell’s hypergeometric series F1, F2, F3 and F4-series and seven confluent series Φ1,Φ2,Φ3,Ψ1,Ψ2,Ξ1

and Ξ2, are limiting cases of Appell’s hypergeometric series, discussed below as,

F1 [µ, δ, δ
′; γ;x, y] =

∑
p≥0

∑
q≥0

(µ)p+q(δ)p(δ
′)q

p!q!(γ)p+q

xpyq, |x| , |y| < 1 (1.8)

F2 [µ, δ, δ
′; γ, γ′;x, y] =

∑
p≥0

∑
q≥0

(µ)p+q(δ)p(δ
′)q

p!q!(γ)p(γ
′)q

xpyq, |x|+ |y| < 1 (1.9)

F3 [µ, µ
′, δ, δ′; γ;x, y] =

∑
p≥0

∑
q≥0

(µ)p(µ
′)q(δ)p(δ

′)q
p!q!(γ)p+q

xpyq, |x| , |y| < 1 (1.10)

F4 [µ, δ; γ, γ
′;x, y] =

∑
p≥0

∑
q≥0

(µ)p+q(δ)p+q

p!q!(γ)p(γ
′)q

xpyq, |x|
1
2 + |y|

1
2 < 1 (1.11)

Φ1 [µ, δ; γ;x, y] =
∑
p≥0

∑
q≥0

(µ)p+q(δ)p
p!q!(γ)p+q

xpyq, |x| < 1 (1.12)

Φ2 [δ, δ
′; γ;x, y] =

∑
p≥0

∑
q≥0

(δ)p(δ
′)q

p!q!(γ)p+q

xpyq (1.13)

Φ3 [δ; γ;x, y] =
∑
p≥0

∑
q≥0

(δ)p
p!q!(γ)p+q

xpyq (1.14)

Ψ1 [µ, δ; γ, γ
′;x, y] =

∑
p≥0

∑
q≥0

(µ)p+q(δ)p
p!q!(γ)p(γ

′)q
xpyq, |x| < 1 (1.15)

Ψ2 [µ; γ, γ
′;x, y] =

∑
p≥0

∑
q≥0

(µ)p+q

p!q!(γ)p(γ
′)q

xpyq (1.16)
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Ξ1 [µ, µ
′, δ; γ;x, y] =

∑
p≥0

∑
q≥0

(µ)p(µ
′)q(δ)p

p!q!(γ)p+q

xpyq, |x| < 1 (1.17)

Ξ2 [µ, δ; γ;x, y] =
∑
p≥0

∑
q≥0

(µ)p(δ)q
p!q!(γ)p+q

xpyq, |x| < 1 (1.18)

Desai and Shukla [2,3] modified the conditions of K function [9] and renamed as the pRq(ν, τ ; z)
function, which is defined by

pRq (ν, τ ; z) = pRq

(
µ1, µ2, ..., µp

ω1, ω2, ..., ωq

∣∣∣∣ ν, τ ; z)
=

∞∑
s=0

1

Γ (νs+ τ)

(µ1)s(µ2)s...(µp)s
(ω1)s(ω2)s...(ωq)s

zs

s!
, (1.19)

where ν, τ, µi, ωj ∈ C, ωj /∈ Z− ∪ {0} , p, q ∈ Z+ ∪ {0} ,ℜ (ν) > 0,ℜ (τ) > 0,ℜ (µi) > 0,ℜ (ωj) > 0 for
1 ≤ i ≤ p, 1 ≤ j ≤ q.
The series (1.19) terminates to polynomial in z when any µi ∈ Z− ∪ {0}.
The convergence criteria for pRq(ν, τ ; z) function is as follows

(i). The series converges for all |z| < ∞ when ℜ (ν) ≥ p− q.

(ii). The series converges for all |z| < 1 and diverges for |z| > 1 when ℜ (ν) = p− q − 1.

(iii). The series converges absolutely for all |z| = 1 when ℜ (ν) = p− q − 1 and

ℜ

(
ν +

q∑
j=1

ωj −
p∑

i=1

µi

)
> 0.

For ν = 0 and τ = 1, (1.19) reduces to generalized hypergeometric function [4,7].

pRq

(
µ1, µ2, ..., µp

ω1, ω2, ..., ωq

∣∣∣∣ 0, 1; z) = pFq

(
µ1, µ2, ..., µp

ω1, ω2, ..., ωq

∣∣∣∣ z) . (1.20)

2. Appell-type extension of pRq(ν, τ ; z) function

We are motivated to define eleven functions of two variables, out of which four functions are Appell-
type extension of the pRq(ν, τ ; z) function and remaining seven functions are confluent functions of
Appell-type extension of the pRq(ν, τ ; z) function.

The following functions are defined for µ, µ′, δ, δ′, γ, γ′, ν, τ, z1, z2 ∈ C, γ, γ′ /∈ Z− ∪ {0} ,ℜ (ν) ≥ 0,
ℜ (τ) > 0 and |z1| , |z2| < ∞.

R1 [µ, δ, δ
′; γ; ν, τ, z1, z2] =

∑
p≥0

∑
q≥0

1

Γ (ν (p+ q) + τ)

(µ)p+q(δ)p(δ
′)q

(γ)p+q

z1
p

p!

z2
q

q!
(2.1)

R2 [µ, δ, δ
′; γ, γ′; ν, τ, z1, z2] =

∑
p≥0

∑
q≥0

1

Γ (ν (p+ q) + τ)

(µ)p+q(δ)p(δ
′)q

(γ)p(γ
′)q

z1
p

p!

z2
q

q!
(2.2)

R3 [µ, µ
′, δ, δ′; γ; ν, τ, z1, z2] =

∑
p≥0

∑
q≥0

1

Γ (ν (p+ q) + τ)

(µ)p(µ
′)q(δ)p(δ

′)q
(γ)p+q

z1
p

p!

z2
q

q!
(2.3)

R4 [µ, δ; γ, γ
′; ν, τ, z1, z2] =

∑
p≥0

∑
q≥0

1

Γ (ν (p+ q) + τ)

(µ)p+q(δ)p+q

(γ)p(γ
′)q

z1
p

p!

z2
q

q!
(2.4)
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RΦ1 [µ, δ; γ; ν, τ, z1, z2] =
∑
p≥0

∑
q≥0

1

Γ (ν (p+ q) + τ)

(µ)p+q(δ)p
(γ)p+q

z1
p

p!

z2
q

q!
(2.5)

RΦ2 [δ, δ
′; γ; ν, τ, z1, z2] =

∑
p≥0

∑
q≥0

1

Γ (ν (p+ q) + τ)

(δ)p(δ
′)q

(γ)p+q

z1
p

p!

z2
q

q!
(2.6)

RΦ3 [δ; γ; ν, τ, z1, z2] =
∑
p≥0

∑
q≥0

1

Γ (ν (p+ q) + τ)

(δ)p
(γ)p+q

z1
p

p!

z2
q

q!
(2.7)

RΨ1 [µ, δ; γ, γ
′; ν, τ, z1, z2] =

∑
p≥0

∑
q≥0

1

Γ (ν (p+ q) + τ)

(µ)p+q(δ)p
(γ)p(γ

′)q

z1
p

p!

z2
q

q!
(2.8)

RΨ2 [µ; γ, γ
′; ν, τ, z1, z2] =

∑
p≥0

∑
q≥0

1

Γ (ν (p+ q) + τ)

(µ)p+q

(γ)p(γ
′)q

z1
p

p!

z2
q

q!
(2.9)

RΞ1 [µ, µ
′, δ; γ; ν, τ, z1, z2] =

∑
p≥0

∑
q≥0

1

Γ (ν (p+ q) + τ)

(µ)p(µ
′)q(δ)p

(γ)p+q

z1
p

p!

z2
q

q!
(2.10)

RΞ2 [µ, δ; γ; ν, τ, z1, z2] =
∑
p≥0

∑
q≥0

1

Γ (ν (p+ q) + τ)

(µ)p(δ)p
(γ)p+q

z1
p

p!

z2
q

q!
(2.11)

For ν = 0 and τ = 1, these functions reduce to the Appell functions F1, F2, F3 and F4 and seven confluent
functions Φ1,Φ2,Φ3,Ψ1,Ψ2,Ξ1 and Ξ2.

3. Some Confluence formulae

In this section, we give the functions (2.5)-(2.11) as confluent function of (2.1)-(2.4).

The following confluence formulae for (2.5)-(2.11) hold true.

lim
λ→0

R1

[
µ, δ,

1

λ
; γ; ν, τ, z1, λz2

]
= RΦ1 [µ, δ; γ; ν, τ, z1, z2] (3.1)

lim
λ→0

R1

[
1

λ
, δ, δ′; γ; ν, τ, λz1, λz2

]
= RΦ2 [δ, δ

′; γ; ν, τ, z1, z2] (3.2)

lim
λ→0

R1

[
1

λ
, δ,

1

λ
; γ; ν, τ, λz1, λ

2z2

]
= RΦ3 [δ; γ; ν, τ, z1, z2] (3.3)

lim
λ→0

R2

[
µ, δ,

δ′

λ
; γ, γ′; ν, τ, z1, λz2

]
= RΨ1 [µ, δ; γ, γ

′; ν, τ, z1, δ
′z2] (3.4)

lim
λ→0

R2

[
µ,

δ

λ
,
δ′

λ
; γ, γ′; ν, τ, λz1, λz2

]
= RΨ2 [µ; γ, γ

′; ν, τ, δz1, δ
′z2] (3.5)

lim
λ→0

R3

[
µ, µ′, δ,

δ′

λ
; γ; ν, τ, z1, λz2

]
= RΞ1 [µ, µ

′, δ; γ; ν, τ, z1, δ
′z2] (3.6)

lim
λ→0

R3

[
µ,

µ′

λ
, δ,

δ′

λ
; γ; ν, τ, z1, λ

2z2

]
= RΞ2 [µ, δ; γ; ν, τ, z1, µ

′δ′z2] (3.7)
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On using the relation lim
λ→0

λm
(
1
λ

)
m

= 1, the proof of identity (3.1) follows as

lim
λ→0

R1

[
µ, δ,

1

λ
; γ; ν, τ, z1, λz2

]
= lim

λ→0

∑
p≥0

∑
q≥0

1

Γ (ν (p+ q) + τ)

(µ)p+q(δ)p
(
1
λ

)
q

(γ)p+q

z1
p

p!

(λz2)
q

q!

=
∑
p≥0

∑
q≥0

1

Γ (ν (p+ q) + τ)

(µ)p+q(δ)p
(γ)p+q

z1
p

p!

z2
q

q!

= RΦ1 [µ, δ; γ; ν, τ, z1, z2]

Similarly, we can prove other confluence formulae.

4. Double Integral Representations

In this section, we obtain double integral representations of the functions (2.1)-(2.11). The following
well-known integral results [7] are used to obtain various double integral representations.

(i).
∞∫
0

xz−1e−xdx = Γ (z) , ℜ (z) > 0.

(ii).
a∫
0

xµ−1(a− x)
δ−1

dx = aµ+δ−1B (µ, δ) = aµ+δ−1Γ

(
µ, δ
µ+ δ

)
.

Theorem 4.1 The following double integral representation for (2.1) holds true for ℜ (δ) > 0,ℜ (δ′) > 0,
ℜ (γ) > 0,ℜ (γ − δ − δ′) > 0

Γ

(
δ, δ′, γ − δ − δ′

γ

)
R1 [µ, δ, δ

′; γ; ν, τ, z1, z2]

=

∫ ∫
xδ−1yδ

′−1(1− x− y)
γ−δ−δ′−1

Eµ
ν,τ (xz1 + yz2) dxdy, (4.1)

taken over the triangle x ≥ 0, y ≥ 0, x+ y ≤ 1.

Proof: In the light of (1.4), we have

Eδ
ν,τ (z1 + z2) =

∑
p≥0

∑
q≥0

(δ)p+q

p!q!

z1
pz2

q

Γ (ν (p+ q) + τ)
. (4.2)

From the right hand side of the equation (4.1), we get

∑
p≥0

∑
q≥0

(µ)p+q

p!q!

z1
pz2

q

Γ (ν (p+ q) + τ)

x=1∫
x=0

y=1−x∫
y=0

xδ+p−1yδ
′+q−1(1− x− y)

γ−δ−δ′−1
dxdy

=
∑
p≥0

∑
q≥0

(µ)p+q

p!q!

z1
pz2

q

Γ (ν (p+ q) + τ)
B (δ + p, γ − δ + q)B (δ′ + q, γ − δ − δ′)

= Γ

(
δ, δ′, γ − δ − δ′

γ

)
R1 [µ, δ, δ

′; γ; ν, τ, z1, z2] .

This leads to the proof of theorem 4.1. 2
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Similarly, the following double integral representation for (2.6) holds true for ℜ (δ) > 0,ℜ (δ′) > 0,
ℜ (γ) > 0,ℜ (γ − δ − δ′) > 0

Γ

(
δ, δ′, γ − δ − δ′

γ

)
RΦ2 [δ, δ

′; γ; ν, τ, z1, z2]

=

∫ ∫
xδ−1yδ

′−1(1− x− y)
γ−δ−δ′−1

0R0 [−;−; ν, τ, xz1 + yz2] dxdy, (4.3)

taken over the triangle x ≥ 0, y ≥ 0, x+ y ≤ 1

Theorem 4.2 For ℜ (δ) > 0,ℜ (δ′) > 0, the following double integral representation for (2.1) holds true

Γ (δ, δ′)R1 [µ, δ, δ
′; γ; ν, τ, z1, z2] =

∫ ∫
xδ−1yδ

′−1e−(x+y)
1R1 (µ; γ; ν, τ, xz1 + yz2) dxdy, (4.4)

taken over first quadrant.

Proof: From the result due to Thakkar and Shukla [?] and (1.19), we have

1R1 (µ; γ; ν, τ, z1 + z2) =
∑
p≥0

∑
q≥0

(µ)p+q

(γ)p+q

z1
pz2

q

p!q!Γ (ν (p+ q) + τ)
.

From the righthand side of (4.4), we get

∑
p≥0

∑
q≥0

(µ)p+q

(γ)p+q

z1
pz2

q

p!q!Γ (ν (p+ q) + τ)

x=∞∫
x=0

y=∞∫
y=0

xδ+p−1yδ
′+q−1e−(x+y)dxdy

=
∑
p≥0

∑
q≥0

(µ)p+q

(γ)p+q

z1
pz2

q

p!q!Γ (ν (p+ q) + τ)
Γ (δ + p) Γ (δ′ + q)

= Γ (δ, δ′)R1 [µ, δ, δ
′; γ; ν, τ, z1, z2] .

2

Similarly, the following double integral representation for (2.6) holds true for ℜ (δ) > 0,ℜ (δ′) > 0

Γ (δ, δ′)RΦ2 (δ, δ
′; γ; ν, τ, z1, z2) =

∫ ∫
xδ−1yδ

′−1e−(x+y)
0R1 (−; γ; ν, τ, xz1 + yz2) dxdy, (4.5)

taken over first quadrant.

Theorem 4.3 The following double integral representation for (2.2) holds true for ℜ (γ) > ℜ (δ) > 0
and ℜ (γ′) > ℜ (δ′) > 0

Γ

(
δ, δ′, γ − δ, γ′ − δ′

γ, γ′

)
R2 [µ, δ, δ

′; γ, γ′; ν, τ, z1, z2]

=

1∫
0

1∫
0

xδ−1yδ
′−1(1− x)

γ−δ−1
(1− y)

γ′−δ′−1
Eµ

ν,τ (xz1 + yz2) dxdy (4.6)
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Proof: From right hand side of (4.6) and using (4.2), we get

∑
p≥0

∑
q≥0

(µ)p+q

p!q!

z1
pz2

q

Γ (ν (p+ q) + τ)

x=1∫
x=0

y=1∫
y=0

xδ+p−1yδ
′+q−1(1− x)

γ−δ−1
(1− y)

γ′−δ′−1
dxdy

=
∑
p≥0

∑
q≥0

(µ)p+q

p!q!

z1
pz2

q

Γ (ν (p+ q) + τ)
B (δ + p, γ − δ)B (δ′ + q, γ′ − δ′)

= Γ

(
δ, δ′, γ − δ, γ′ − δ′

γ, γ′

)
R2 [µ, δ, δ

′; γ, γ′; ν, τ, z1, z2] .

2

Theorem 4.4 For ℜ (δ) > 0,ℜ (δ′) > 0,ℜ (γ) > 0,ℜ (γ − δ − δ′) > 0, the following double integral
representation for (2.3) holds true

Γ

(
δ, δ′, γ − δ − δ′

γ

)
R3 [µ, µ

′, δ, δ′; γ; ν, τ, z1, z2]

=

∫ ∫
xδ−1yδ

′−1(1− x− y)
γ−δ−δ′−1

E
(µ,µ′)
(ν,ν),τ (xz1, yz2) dxdy, (4.7)

taken over the triangle x ≥ 0, y ≥ 0, x+ y ≤ 1.

Proof: From right hand side of (4.7) and using (1.7), we get

∑
p≥0

∑
q≥0

(µ)p(µ
′)q

p!q!

z1
pz2

q

Γ (ν (p+ q) + τ)

x=1∫
x=0

y=1−x∫
y=0

xδ+p−1yδ
′+q−1(1− x− y)

γ−δ−δ′−1
dxdy

=
∑
p≥0

∑
q≥0

(µ)p(µ
′)q

p!q!

z1
pz2

q

Γ (ν (p+ q) + τ)
B (δ + p, γ − δ + q)B (δ′ + q, γ − δ − δ′)

= Γ

(
δ, δ′, γ − δ − δ′

γ

)
R3 [µ, µ

′, δ, δ′; γ; ν, τ, z1, z2] .

2

Theorem 4.5 The following double integral representation for (2.3) holds true for ℜ (µ) > 0,ℜ (µ′) > 0,
ℜ (r) > 0,ℜ (r − µ− µ′) > 0

Γ

(
µ, µ′, r − µ− µ′

r

)
R3 [µ, µ

′, δ, δ′; γ; ν, τ, z1, z2]

=

∫ ∫
xµ−1yµ

′−1(1− x− y)
r−µ−µ′−1

R1 [r, δ, δ
′; γ; ν, τ, xz1, yz2] dxdy, (4.8)

taken over the triangle x ≥ 0, y ≥ 0, x+ y ≤ 1.

Proof: From right hand side of (4.8) and using (2.1), we get

∑
p≥0

∑
q≥0

(r)p+q(δ)p(δ
′)q

p!q!(γ)p+q

z1
pz2

q

Γ (ν (p+ q) + τ)

x=1∫
x=0

y=1−x∫
y=0

xµ+p−1yµ
′+q−1(1− x− y)

r−µ−µ′−1
dxdy
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=
∑
p≥0

∑
q≥0

(r)p+q(δ)p(δ
′)q

p!q!(γ)p+q

z1
pz2

q

Γ (ν (p+ q) + τ)
B (µ+ p, r − µ+ q)B (µ′ + q, r − µ− µ′)

= Γ

(
µ, µ′, r − µ− µ′

r

)
R3 [µ, µ

′, δ, δ′; γ; ν, τ, z1, z2] .

2

Similarly, the following double integral representation for (2.10) holds true for ℜ (µ) > 0,ℜ (µ′) > 0,
ℜ (r) > 0,ℜ (r − µ− µ′) > 0

Γ

(
µ, µ′, r − µ− µ′

r

)
RΞ1 [µ, µ

′, δ; γ; ν, τ, z1, z2]

=

∫ ∫
xµ−1yµ

′−1(1− x− y)
r−µ−µ′−1

RΦ1 [r, δ; γ; ν, τ, xz1, yz2] dxdy, (4.9)

taken over the triangle x ≥ 0, y ≥ 0, x+ y ≤ 1.

Theorem 4.6 For ℜ (µ) > 0,ℜ (µ′) > 0, the following double integral representation for (2.3) holds true

Γ (µ, µ′)R3 (µ, µ
′, δ, δ′; γ; ν, τ, z1, z2) =

∫ ∫
xµ−1yµ

′−1e−(x+y)RΦ2 (δ, δ
′; γ; ν, τ, xz1, yz2) dxdy, (4.10)

taken over first quadrant.

Proof: From right hand side of (4.10) and using (2.6), we get

∑
p≥0

∑
q≥0

(δ)p(δ
′)q

p!q!(γ)p+q

z1
pz2

q

Γ (ν (p+ q) + τ)

x=∞∫
x=0

y=∞∫
y=0

xµ+p−1yµ
′+q−1e−(x+y)dxdy

=
∑
p≥0

∑
q≥0

(δ)p(δ
′)q

p!q!(γ)p+q

z1
pz2

q

Γ (ν (p+ q) + τ)
Γ (µ+ p) Γ (µ′ + q)

= Γ (µ, µ′)R3 (µ, µ
′, δ, δ′; γ; ν, τ, z1, z2) .

2

Similarly, the following double integral representation taken over first quadrant for (2.3), (2.10), (2.11)
holds true for ℜ (µ) > 0,ℜ (δ) > 0,ℜ (µ′) > 0,ℜ (δ′) > 0

Γ (µ′, δ′)R3 (µ, µ
′, δ, δ′; γ; ν, τ, z1, z2) =

∫ ∫
xµ′−1yδ

′−1e−(x+y)RΞ2 (µ, δ; γ; ν, τ, z1, xyz2) dxdy. (4.11)

Γ (µ, µ′)RΞ1 (µ, µ
′, δ; γ; ν, τ, z1, z2) =

∫ ∫
xµ−1yµ

′−1e−(x+y)RΦ3 (δ; γ; ν, τ, xz1, yz2) dxdy. (4.12)

Γ (µ, δ)RΞ2 (µ, δ; γ; ν, τ, z1, z2) =

∫ ∫
xµ−1yδ−1e−(x+y)

0R1 (−; γ; ν, τ, xyz1 + z2) dxdy. (4.13)

Theorem 4.7 For ℜ (γ) > ℜ (r) > 0 and ℜ (γ′) > ℜ (r′) > 0, the following double integral representation
for (2.4) holds true

Γ

(
r, r′, γ − r, γ′ − r′

γ, γ′

)
R4 [µ, δ; γ, γ

′; ν, τ, z1, z2]

=

1∫
0

1∫
0

xr−1yr
′−1(1− x)

γ−r−1
(1− y)

γ′−r′−1
R4 [µ, δ; r, r

′; ν, τ, xz1, yz2] dxdy. (4.14)
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Proof: From right hand side of (4.14) and using (2.4), we get

∑
p≥0

∑
q≥0

(µ)p+q

p!q!

(δ)p+q

(r)p(r
′)q

z1
pz2

q

Γ (ν (p+ q) + τ)

x=1∫
x=0

y=1∫
y=0

xr+p−1yr
′+q−1(1− x)

γ−r−1
(1− y)

γ′−r′−1
dxdy

=
∑
p≥0

∑
q≥0

(µ)p+q

p!q!

(δ)p+q

(r)p(r
′)q

z1
pz2

q

Γ (ν (p+ q) + τ)
B (r + p, γ − r)B (r′ + q, γ′ − r′)

= Γ

(
r, r′, γ − r, γ′ − r′

γ, γ′

)
R4 [µ, δ; γ, γ

′; ν, τ, z1, z2] .

2

5. Some Differentiation formulae

In this section, we give some differentiation formulae of functions (2.1)-(2.11).

In view of the symmetry relations

R1 [µ, δ, δ
′; γ; ν, τ, z1, z2] = R1 [µ, δ

′, δ; γ; ν, τ, z2, z1]

R2 [µ, δ, δ
′; γ, γ′; ν, τ, z1, z2] = R2 [µ, δ

′, δ; γ′, γ; ν, τ, z2, z1]

R3 [µ, µ
′, δ, δ′; γ; ν, τ, z1, z2] = R3 [µ

′, µ, δ′, δ; γ; ν, τ, z2, z1]

R4 [µ, δ; γ, γ
′; ν, τ, z1, z2] = R4 [δ, µ; γ

′, γ; ν, τ, z2, z1]

RΦ2 [δ, δ
′; γ; ν, τ, z1, z2] = RΦ2 [δ

′, δ; γ; ν, τ, z2, z1]

RΨ2 [µ; γ, γ
′; ν, τ, z1, z2] = RΨ2 [µ; γ

′, γ; ν, τ, z2, z1]

the following differentiation formulae are discussed only for one of the function variables.

Theorem 5.1 The following differentiation formula for (2.1) holds true

Dn
z2 {R1 [µ, δ, δ

′; γ; ν, τ, z1, z2]} =
(µ)n(δ

′)n
(γ)n

R1 [µ+ n, δ, δ′ + n; γ + n; ν, νn+ τ, z1, z2] . (5.1)

Proof: We have, Dn
z2 {R1 [µ, δ, δ

′; γ; ν, τ, z1, z2]}

=
∑
m≥0

∑
p≥0

(µ)m+p(δ)m(δ′)p
m!p!(γ)m+pΓ (ν (m+ p) + τ)

z1
mDn

z2 (z2
p)

=
∑
m≥0

∑
p≥n

(µ)m+p(δ)m(δ′)p
m!p!(γ)m+pΓ (ν (m+ p) + τ)

z1
m(p− n+ 1)nz2

p−n

On setting p = k + n

=
∑
m≥0

∑
k≥0

(µ)m+k+n(δ)m(δ′)k+n

m! (k + n)!(γ)m+k+nΓ (ν (m+ k + n) + τ)
z1

m(k + 1)nz2
k

=
∑
m≥0

∑
k≥0

(µ)n(µ+ n)m+k(δ)m(δ′)n(δ
′ + n)k

m!k!(γ)n(γ + n)m+kΓ (ν (m+ k) + νn+ τ)
z1

mz2
k

=
(µ)n(δ

′)n
(γ)n

∑
m≥0

∑
k≥0

(µ+ n)m+k(δ)m(δ′ + n)k
m!k!(γ + n)m+kΓ (ν (m+ k) + νn+ τ)

z1
mz2

k

=
(µ)n(δ

′)n
(γ)n

R1 [µ+ n, δ, δ′ + n; γ + n; ν, νn+ τ, z1, z2] .
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2

Similarly, the following differentiation formulae for (2.4)-(2.6) hold true

Dn
z1 {RΦ1 [µ, δ; γ; ν, τ, z1, z2]} =

(µ)n(δ)n
(γ)n

RΦ1 [µ+ n, δ + n; γ + n; ν, νn+ τ, z1, z2] . (5.2)

Dn
z2 {RΦ1 [µ, δ; γ; ν, τ, z1, z2]} =

(µ)n
(γ)n

RΦ1 [µ+ n, δ; γ + n; ν, νn+ τ, z1, z2] . (5.3)

Dn
z2 {RΦ2 [δ, δ

′; γ; ν, τ, z1, z2]} =
(δ′)n
(γ)n

RΦ2 [δ, δ
′ + n; γ + n; ν, νn+ τ, z1, z2] . (5.4)

Dn
z1 {RΦ3 [δ; γ; ν, τ, z1, z2]} =

(δ)n
(γ)n

RΦ3 [δ + n; γ + n; ν, νn+ τ, z1, z2] . (5.5)

Dn
z2 {RΦ3 [δ; γ; ν, τ, z1, z2]} =

1

(γ)n
RΦ3 [δ; γ + n; ν, νn+ τ, z1, z2] . (5.6)

Theorem 5.2 The following differentiation formula for (2.2) holds true

Dn
z2 {R2 [µ, δ, δ

′; γ, γ′; ν, τ, z1, z2]} =
(µ)n(δ

′)n
(γ′)n

R2 [µ+ n; δ, δ′ + n; γ, γ′ + n; ν, νn+ τ, z1, z2] . (5.7)

Proof: We have, Dn
z2 {R2 [µ, δ, δ

′; γ, γ′; ν, τ, z1, z2]}

=
∑
m≥0

∑
p≥0

(µ)m+p(δ)m(δ′)p
m!p!(γ)m(γ′)pΓ (ν (m+ p) + τ)

z1
mDn

z2 (z2
p)

=
∑
m≥0

∑
p≥n

(µ)m+p(δ)m(δ′)p
m!p!(γ)m(γ′)pΓ (ν (m+ p) + τ)

z1
m(p− n+ 1)nz2

p−n

On setting p = k + n

=
∑
m≥0

∑
k≥0

(µ)m+k+n(δ)m(δ′)k+n

m! (k + n)!(γ)m(γ′)k+nΓ (ν (m+ k + n) + τ)
z1

m(k + 1)nz2
k

=
∑
m≥0

∑
k≥0

(µ)n(µ+ n)m+k(δ)m(δ′)n(δ
′ + n)k

m!k!(γ)n(γ
′)n(γ

′ + n)kΓ (ν (m+ k) + νn+ τ)
z1

mz2
k

=
(µ)n(δ

′)n
(γ′)n

∑
m≥0

∑
k≥0

(µ+ n)m+k(δ)m(δ′ + n)k
m!k!(γ)n(γ

′ + n)kΓ (ν (m+ k) + νn+ τ)
z1

mz2
k

=
(µ)n(δ

′)n
(γ′)n

R2 [µ+ n; δ, δ′ + n; γ, γ′ + n; ν, νn+ τ, z1, z2] .

2

Similarly, the following differentiation formulae for (2.8)-(2.9) hold true

Dn
z1 {RΨ1 [µ, δ; γ, γ

′; ν, τ, z1, z2]} =
(µ)n(δ)n
(γ)n

RΨ1 [µ+ n; δ + n; γ + n, γ′; ν, νn+ τ, z1, z2] . (5.8)

Dn
z2 {RΨ1 [µ, δ; γ, γ

′; ν, τ, z1, z2]} =
(µ)n
(γ′)n

RΨ1 [µ+ n; δ; γ, γ′ + n; ν, νn+ τ, z1, z2] . (5.9)

Dn
z2 {RΨ2 [µ; γ, γ

′; ν, τ, z1, z2]} =
(µ)n
(γ′)n

RΨ2 [µ+ n; γ, γ′ + n; ν, νn+ τ, z1, z2] . (5.10)
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Theorem 5.3 The following differentiation formula for (2.3) holds true

Dn
z2 {R3 [µ, µ

′, δ, δ′; γ; ν, τ, z1, z2]} =
(µ′)n(δ

′)n
(γ)n

R3 [µ, µ
′ + n, δ, δ′ + n; γ + n; ν, νn+ τ, z1, z2] . (5.11)

Proof: We have, Dn
z2 {R3 [µ, µ

′, δ, δ′; γ; ν, τ, z1, z2]}

=
∑
m≥0

∑
p≥0

(µ)m(µ′)p(δ)m(δ′)p
m!p!(γ)m+pΓ (ν (m+ p) + τ)

z1
mDn

z2 (z2
p)

=
∑
m≥0

∑
p≥n

(µ)m(µ′)p(δ)m(δ′)p
m!p!(γ)m+pΓ (ν (m+ p) + τ)

z1
m(p− n+ 1)nz2

p−n

On setting p = k + n

=
∑
m≥0

∑
k≥0

(µ)m(µ′)k+n(δ)m(δ′)k+n

m! (k + n)!(γ)m+k+nΓ (ν (m+ k + n) + τ)
z1

m(k + 1)nz2
k

=
∑
m≥0

∑
k≥0

(µ)m(µ′)n(µ
′ + n)k(δ)m(δ′)n(δ

′ + n)k
m!k!(γ)n(γ + n)m+kΓ (ν (m+ k) + νn+ τ)

z1
mz2

k

=
(µ′)n(δ

′)n
(γ)n

∑
m≥0

∑
k≥0

(µ)m(µ′ + n)k(δ)m(δ′ + n)k
m!k!(γ + n)kΓ (ν (m+ k) + νn+ τ)

z1
mz2

k

=
(µ′)n(δ

′)n
(γ)n

R3 [µ, µ
′ + n, δ, δ′ + n; γ + n; ν, νn+ τ, z1, z2] .

2

Similarly, the following differentiation formulae for (2.10)-(2.11) hold true

Dn
z1 {RΞ1 [µ, µ

′, δ; γ; ν, τ, z1, z2]} =
(µ)n(δ)n
(γ)n

RΞ1 [µ+ n, µ′, δ + n; γ + n; ν, νn+ τ, z1, z2] . (5.12)

Dn
z2 {RΞ1 [µ, µ

′, δ; γ; ν, τ, z1, z2]} =
(µ′)n
(γ)n

RΞ1 [µ, µ
′ + n, δ; γ + n; ν, νn+ τ, z1, z2] . (5.13)

Dn
z1 {RΞ2 [µ, δ; γ; ν, τ, z1, z2]} =

(µ)n(δ)n
(γ)n

RΞ2 [µ+ n, δ + n; γ + n; ν, νn+ τ, z1, z2] . (5.14)

Dn
z2 {RΞ2 [µ, δ; γ; ν, τ, z1, z2]} =

1

(γ)n
RΞ2 [µ, δ; γ + n; ν, νn+ τ, z1, z2] . (5.15)

Theorem 5.4 The following differentiation formula for (2.4) holds true

Dn
z2 {R4 [µ, δ; γ, γ

′; ν, τ, z1, z2]} =
(µ)n(δ)n
(γ′)n

R4 [µ+ n, δ + n; γ, γ′ + n; ν, νn+ τ, z1, z2] . (5.16)

Proof: We have, Dn
z2 {R4 [µ, δ; γ, γ

′; ν, τ, z1, z2]}

=
∑
m≥0

∑
p≥0

(µ)m+p(δ)m+p

m!p!(γ)m(γ′)pΓ (ν (m+ p) + τ)
z1

mDn
z2 (z2

p)

=
∑
m≥0

∑
p≥n

(µ)m+p(δ)m+p

m!p!(γ)m(γ′)pΓ (ν (m+ p) + τ)
z1

m(p− n+ 1)nz2
p−n
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On setting p = k + n

=
∑
m≥0

∑
k≥0

(µ)m+k+n(δ)m+k+n

m! (k + n)!(γ)m(γ′)k+nΓ (ν (m+ k + n) + τ)
z1

m(k + 1)nz2
k

=
∑
m≥0

∑
k≥0

(µ)n(µ+ n)m+k(δ)n(δ + n)m+k

m!k!(γ)m(γ′)n(γ
′ + n)kΓ (ν (m+ k) + νn+ τ)

z1
mz2

k

=
(µ)n(δ)n
(γ′)n

∑
m≥0

∑
k≥0

(µ+ n)m+k(δ + n)m+k

m!k!(γ)m(γ′ + n)kΓ (ν (m+ k) + νn+ τ)
z1

mz2
k

=
(µ)n(δ)n
(γ′)n

R4 [µ+ n, δ + n; γ, γ′ + n; ν, νn+ τ, z1, z2] .

2

6. Concluding Remarks

In present paper, we defined two variables Appell-type extension of pRq(ν, τ ; z) function as (2.1)-
(2.11). We also obtained some confluence formulae, double integral representations and differentiation
formulae. We deduced the results for the Appell function F1, F2, F3 and F4 and its confluent functions
Φ1,Φ2,Φ3,Ψ1,Ψ2,Ξ1 and Ξ2. These formulae may be very useful in the theory of classical analysis and
special functions.

References

1. Bailey W. N., Generalized hypergeometric series, second edition, Cambridge Mathematical Tract, No. 32, Cambridge
University Press, Cambridge, (1964).

2. Desai R. and Shukla A. K., Some results on function pRq(α, β; z), J. Math. Anal. Appl. 448, 187-197, (2017).

3. Desai R. and Shukla A. K., Note on the pRq(α, β; z) function, J. Indian Math. Soc. 88(3-4), 288-297, (2021).
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