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On the Cotangent Bundle with Vertical Modified Riemannian Extensions

Filiz OCAK

abstract: Let M be an n-dimensional differentiable manifold with a torsion-free linear connection ∇ which
induces on its cotangent bundle T

∗
M . The main purpose of the present paper is to study some properties

of the vertical modified Riemannian extension on T
∗
M which is given as a new metric in [17]. At first,

we investigate a metric connection with torsion on T
∗
M . And then, we present the holomorphy properties

with respect to a compatible almost complex structure. Furthermore, we study locally decomposable Golden
pseudo-Riemannian structures on the cotangent bundle endowed with vertical modified Riemannian extension.
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1. Introduction

The geometry of the tangent bundle of a differentiable manifold is a very useful context in which
various research topics can be improved. The cotangent bundle, which is the dual space of the tangent
bundle, differs from the construction of lift. A well known metric on the cotangent bundle is the Rie-
mannian extension constructed by Patterson and Walker [22]. The Riemannian extension provides a
link between affine and pseudo-Riemannian geometry. For the Riemannian extension, also see [2-5, 18,
19, 29]. The Riemannian extension is modified and extensively studied by several authors and in many
different context (see for example [1, 6, 8, 11, 17, 20, 24] ).

Let (N, ϕ) be a 2m-dimensional almost complex manifold, where ϕ denotes its almost complex struc-
ture. A pseudo-Riemannian metric g of neutral signature (m, m) is a Norden metric if g (ϕV, W ) =
g (V, ϕW ) for any vector fields V and W on N . This metric studied as anti-Hermitian or B-metric [9, 15,
16, 25, 27]. In this case, the triple (N, ϕ, g) is an almost complex Norden manifold. A Kähler-Norden
manifold can be described as a triple (N, ϕ, g) which consists of a Norden metric g and an almost complex
structure ϕ satisfies ∇ϕ = 0, where ∇ is the Levi-Civita connection of Norden metric g. In [15], the
condition ∇ϕ = 0 is equivalent to the C-holomorphicity (analiticity) of the Norden metric g, i.e., φϕg = 0,
where φϕ is the Tachibana operator [26, 28]:

(

φϕg
)

(V, X, Z) = (ϕV ) (g (X, Z)) − V (g (ϕX, Z)) + g ((LXϕ) V, Z)
+g (X, (LZϕ) V )

(1.1)

for any vector fields V, X, Z on N , where LZ denotes the Lie derivative with respect to Z.
Let J be a (1,1)-tensor field on a Riemannian manifold M . If the polynomial X2

− X − 1 is the
minimal polynomial for a structure J satisfying J2 − J − 1 = 0, then J is defined a Golden structure
on M and (M, J) is a Golden manifold [7, 14]. Let (M, g) be a Riemannian manifold endowed with the
Golden structure J such that

g (JV, Z) = g (V, JZ)

2010 Mathematics Subject Classification: 53C07, 53C15, 53C25, 53A45.
Submitted June 22, 2022. Published February 02, 2023

1
Typeset by B

S
P
M

style.

© Soc. Paran. de Mat.

www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.64108


2 F. OCAK

for any V, Z ∈ ℑ1
0 (M) [ 7, 12, 14], ( for Golden pseudo-Riemannian manifold [21]). Golden structure has

relation with pure Riemannian metrics with respect to the structure.
The rest of this paper is organized as follows: We recall some preliminary details concerning the

vertical modified Riemannian extension, in section 2. In section 3, we investigate the metric connection
with torsion with respect to the vertical modified Riemannian extension. In section 4, we obtain the
case of the cotangent bundle with the vertical modified Riemannian extension being a Kähler-Norden
manifold. In section 5, we study locally decomposable Golden Riemannian structure on the cotangent
bundle endowed with vertical modified Riemannian extension.

Throughout this paper, all manifolds, tensor fields and connections are always assumed to be differ-
entiable of class C∞.

2. The Vertical Modified Riemannian Extension
⌣

G on T ∗M

Let (M, g) be an n-dimensional differentiable manifold, T ∗M its cotangent bundle and π the natural
projection π : T ∗M → M . For any local coordinates

(

U, xk
)

, k = 1, ..., n on M , we denote by
(

π−1 (U) , xk, xk̄ = pk

)

, k̄ = n + k = n + 1, ..., 2n the corresponding coordinates on T ∗M . Also, we

denote by ℑr
s (M) (ℑr

s (T ∗M)) the set of all tensor fields of type (r, s) on M(T ∗M).
Let ϑ = ϑkdxk and V = V k ∂

∂xk be the local statements in U ⊂ M of a covector field (1-form)
ϑ ∈ ℑ0

1 (M) and a vector field V ∈ ℑ1
0 (M), respectively. Then the horizontal lift HV of V , the vertical

lift V ϑ of ϑ are defined by
HV = V k∂k +

∑

k

phΓh
kjV j∂k̄, (2.1)

V ϑ =
∑

k

ϑk∂k̄, (2.2)

where ∂
∂xk = ∂k, ∂

∂xk̄
= ∂k̄ and Γh

kj are the components of ∇ on M (for details, see [29]).

In [29], the adapted frame
{

f̃(β)

}

=
{

f̃(t), f̃(t̄)

}

is defined by

{

f̃(t̄) = ∂t̄,

f̃(t) = ∂t +
∑

h

paΓa
ht∂h̄. (2.3)

The Lie bracket operation of the adapted frame
{

f̃(β)

}

on the cotangent bunle T ∗M is given by

[

f̃(t), f̃(l)

]

= paRtlk
af̃(k̄),

[

f̃(t̄), f̃(l̄)

]

= 0,
[

f̃(t), f̃(l̄)

]

= −Γl
tkf̃(k̄),

(2.4)

where Rtlk
a being local components of the curvature tensor R of ∇ on M .

Hence we have the undermentioned components for vector fields HV and V ϑ on T ∗M

HV =

(

V k

0

)

and V ϑ =

(

0
ϑk

)

(2.5)

in the adapted frame
{

f̃(β)

}

.

In [17] by using Riemannian extension and quadratic differential form
n
∑

k,l=1

aklδpkδpl, where δpk =

dpk − phΓh
jkdxk and akl denote the components of a symmetric (2,0)-tensor fiels on M , one can define a

new metric
⌣

G = 2dxkδpl +

n
∑

k,l=1

aklδpkδpl
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on T ∗M . Troughout this paper we call this metric the vertical modified Riemannian extension.

In the adapted frame
{

f̃(β)

}

, the vertical modified Riemannian extension
⌣

G has the components

⌣

G =

(

⌣

Gji

⌣

Gjī
⌣

Gj̄i

⌣

Gj̄ī

)

=

(

0 δi
j

δ
j
i aji

)

(2.6)

Moreover, the vector fields HV and V ϑ span the module ℑ1
0 (T ∗M). Thus tensor field

⌣

G is given by its
action of HV and V ϑ. By using (2.1), (2.2) and (2.6) we have

⌣

G
(

HV, HW
)

= 0,
⌣

G
(

HV, V α
)

=V (α(V )) = α(V ) ◦ π,
⌣

G(V ϑ,V α) = V (ã (ϑ, α)) = ã (ϑ, α) ◦ π

(2.7)

for any V, W ∈ ℑ1
0 (M) , ϑ, β ∈ ℑ0

1 (M), where ã is a symmetric (2,0)-tensor field on M .

For the Levi-Civita connection
⌣

∇ of the vertical modified Riemannian extension
⌣

G, we find the
following formulas:

Theorem 2.1. [17] In adapted frame
{

f̃(β)

}

, the Levi-Civita connection
⌣

∇ of the vertical modified

Riemannian extension
⌣

G on T ∗M satisfies the following equations:

i)
⌣

∇f̃i
f̃j =

(

Γl
ij + 1

2 psRijt
salt
)

f̃l + (psRlji
s) f̃l̄,

ii)
⌣

∇f̃i
f̃j̄ =

(

1
2 ∇ia

jl − Γl
ita

lt
)

f̃l +
(

−Γj
il + psRlit

sajt
)

f̃l̄,

iii)
⌣

∇f̃
ī

f̃j =
(

1
2 ∇jali

)

f̃l +
(

1
2 psRljt

sait
)

f̃l̄,

iv)
⌣

∇f̃
ī

f̃j̄ =
(

−
1
2 ∇la

ij
)

f̃l̄,

(2.8)

where Rlji
s, Γl

ij are respectively the components of the curvature tensor R and coefficients of ∇.

Then we write
⌣

∇f̃α
f̃β =

⌣

Γδ
αβ f̃δ with respect to the adapted frame

{

f̃(α)

}

of T ∗M , where
⌣

Γδ
αβ denote

the Christoffel symbols constructed by
⌣

G.
From Theorem 2.1, we immediately have

Corollary 2.2. [17] In adapted frame
{

f̃(α)

}

, the components of the Christoffel symbols
⌣

Γδ
αβ of

⌣

∇ on
(

T ∗M,
⌣

G
)

are found as follows:

⌣

Γk
ij = Γk

ij + 1
2 psRijt

satk,
⌣

Γk̄
ij = psRkji

s,
⌣

Γk
ij̄

= 1
2 ∇ia

jk
− Γj

ita
tk,

⌣

Γk
īj

= 1
2 ∇jaik,

⌣

Γk̄
īj̄

= −
1
2 ∇kaij ,

⌣

Γk
īj̄

= 0,
⌣

Γk̄
ij̄

= −Γj
ik + 1

2 psRkit
sajt,

⌣

Γk̄
īj

= 1
2 psRkjt

sati.

(2.9)

3. The metric connection with torsion on
(

T ∗M,
⌣

G
)

In this section, we deal with the metric connection on the cotangent bundle T ∗M endowed with the

vertical modified Riemannian extension
⌣

G.
From [17], the Levi-Civita connection

⌣

∇ of the vertical modified Riemannian extension
⌣

G on T ∗M

was given. This connection is the unique connection which obtains
⌣

∇
⌣

G = 0 and has no torsion. On the

other hand, it may be mentioned a connection which satisfies ∇̄
⌣

G = 0 and has non-trivial torsion tensor.

Such connection is defined as the metric connection of the vertical modified Riemannian extension
⌣

G.
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In [13], it was defined the metric connection with nonvanishing torsion tensor on Riemannian manifolds.
The metric connection ∇̄ satisfies the followings:

∇̄I

⌣

GJK = 0 and Γ̄K
IJ − Γ̄K

JI = T̄K
IJ , (3.1)

where Γ̄K
IJ are components of the metric connection ∇̄ and torsion tensor T̄K

IJ is skew-symmetric in the
indices I and J . Then the above equation (3.1), one shows the following solution [13]

Γ̄K
IJ =

⌣

ΓK
IJ + ŪK

IJ , (3.2)

where
⌣

Γ
K

IJ being the components of the Levi-Civita connection
⌣

∇ of the vertical modified Riemannian

extension
⌣

G,

ŪIJK =
1

2

(

T̄IJK + T̄KIJ + T̄KJI

)

(3.3)

and
ŪIJK = Ūε

IJ

⌣

GεK , T̄IJK = T̄ε
IJ

⌣

GεK . (3.4)

If we take
T̄k̄

ij = −paRijk
a (3.5)

and all the others being assumed to be zero. Using (3.3), (3.4) and (3.5), we find the following compo-

nents for
(

T ∗M,
⌣

G
)

Ūk
ij = 1

2 psalk (Rlij
s

− Rjli
s) , Ūk

īj
= 1

2 psRljt
satialk,

Ū k̄
ij = psRjki

s, Ū k̄
īj

= −
1
2 psRkjl

sali,

Ū k̄
ij̄

= −
1
2 psRkil

salj , Ūk
ij̄

= 1
2 psRlit

satjalk,

Ūk
īj̄

= Ū k̄
īj̄

= 0.

Taking account of (2.9) and (3.2), we find the following proposition.

Proposition 3.1. In adapted frame
{

f̃(β)

}

, the metric connection ∇̄ on
(

T ∗M,
⌣

G
)

satisfies

i)∇̄f̃i
f̃j =

(

Γk
ij − psRjli

salk
)

f̃k

ii)∇̄f̃i
f̃j̄ =

(

1
2 ∇ia

jk − Γj
ita

tk + 1
2 psRlit

satjalk
)

f̃k − Γj
ik f̃k̄,

iii)∇̄f̃
ī

f̃j =
(

1
2 ∇jaik + 1

2 psRljt
satialk

)

f̃k,

iv)∇̄f̃
ī

f̃j̄ =
(

−
1
2 ∇kaij

)

f̃k̄.

On the other hand, the horizontal lift H∇ of any connection ∇ on T ∗M , is given by

{

H∇V θ
V α = 0, H∇V θ

HV = 0,
H∇HV

V α = V (∇V α) , H∇HV
HW = H (∇V W )

(3.6)

for any V, W ∈ ℑ1
0 (M) and α, θ ∈ ℑ0

1 (M) in [29].
Now, we recall the following theorem.

Theorem 3.2. [17] The horizontal lift H∇ of ∇ is a metric connection of the vertical modified Rieman-

nian extension
⌣

G if and only if the symmetric (2,0)-tensor field ã on (M, g) is parallel with respect to
∇.

Then using Proposition 3.1 and Theorem 3.2, we get the following:

Theorem 3.3. The metric connection ∇̄ on
(

T ∗M,
⌣

G
)

coincides with the horizontal lift H∇ of the

torsion-free linear connection ∇ on M if and only if M is flat.
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4. Almost complex structure on T ∗M

This section deals with the holomorphy properties of
(

T ∗M,
⌣

G
)

with respect to a compatible almost

complex structure.
On the other hand, the horizontal lift Hϕ ∈ ℑ1

1 (T ∗M) is given by

HϕHV = H (ϕV ) ,
HϕV ϑ = V (ϑ ◦ ϕ)

(4.1)

for any V ∈ ℑ1
0 (M) and ϑ ∈ ℑ0

1 (M). We recall from [29, p.283], if ϕ is an almost complex structure on
(M, g), then Hϕ is an almost complex structure on T ∗M .

Now, we are ready to give the next theorem as follows:

Theorem 4.1. Given an almost complex Norden manifold (M, ϕ, g). Then
(

T ∗M, Hϕ,
⌣

G
)

is an almost

complex Norden manifold if and only if the symmetric (2,0)-tensor field ã on M is pure with respect to
ϕ.

Proof. Let (M, ϕ, g) be an almost complex Norden manifold. We put

A (V, Z) =
⌣

G
(

HϕV, Z
)

−
⌣

G
(

V, HϕZ
)

for any V, Z ∈ ℑ1
0 (T ∗M). From (2.7) and (1.1)

A
(

HV, HZ
)

=
⌣

G
(

HϕV, Z
)

−
⌣

G
(

HV, HϕHZ
)

=
⌣

G
(

H (ϕV ) , HZ
)

+
⌣

G
(

HV, H (ϕZ)
)

= 0,

A
(

HV, V ϑ
)

=
⌣

G
(

HϕHV, V ϑ
)

−
⌣

G
(

HV, HϕV ϑ
)

=
⌣

G
(

H (ϕV ) , V ϑ
)

−
⌣

G
(

HV, V (ϑ ◦ ϕ)
)

= V (ϑ (ϕV )) − V ((ϑ ◦ ϕ) V ) = 0,

A
(

V ϑ, HV
)

= −A
(

HV, V ϑ
)

= 0,

A
(

V ϑ, V θ
)

=
⌣

G
(

HϕV ϑ, V θ
)

−
⌣

G
(

V ϑ, HϕV θ
)

=
⌣

G
(

V (ϑ ◦ ϕ) , V θ
)

−
⌣

G
(

V ϑ, V (θ ◦ ϕ)
)

= ã ((ϑ ◦ ϕ) , θ) − ã (ϑ, (θ ◦ ϕ)) .

In the last equations, if symmetric tensor field ã ∈ ℑ2
0 (M) is pure with respect to ϕ, then we obtain

A (V, Z) = 0, i.e., the vertical modified Riemannian extension
⌣

G is pure with respect to Hϕ. �

Here we discuss the holomorphy property of the vertical modified Riemannian extension
⌣

G by using
the Hϕ. We obtain from (1.1)

(

φH ϕ

⌣

G
)

(

HV, HX, HZ
)

= V ((pR (X, ϕV )) Z)

− V ((pR (X, V ) ◦ ϕ) Z) + V ((pR (Z, ϕV )) X)
− V ((pR (Z, V ) ◦ ϕ) X) ,

(

φH ϕ

⌣

G
)

(

HV, HX, V ϑ
)

= (ϑ (∇Xϕ)) (V ) − (ϑ (∇V ϕ)) (X)

+ ã (pR (X, ϕV ) , ϑ) − ã (ϑ, pR (X, V ) ϕ) ,
(

φH ϕ

⌣

G
)

(

HV, V ϑ, HX
)

= (ϑ (∇Xϕ)) (V ) − (ϑ (∇V ϕ)) (X)

+ ã (ϑ, pR (X, ϕV )) − ã (ϑ, pR (X, V ) ϕ) , ,
(

φH ϕ

⌣

G
)

(

V ϑ, HX, HZ
)

= (ϑ (∇Xϕ)) (Z) + (ϑ (∇Zϕ)) (X) ,
(

φH ϕ

⌣

G
)

(

V ϑ, V θ, HZ
)

= V (ã (ϑ, θ (∇Zϕ))) ,
(

φH ϕ

⌣

G
)

(

V ϑ, HX, V θ
)

= V (ã (ϑ (∇Xϕ) , θ)) ,
(

φH ϕ

⌣

G
)

(

HV, V ϑ, V θ
)

=
(

φϕã
)

(V, ϑ, θ) − ã ((∇ϑϕ) V, θ)

−ã (ϑ, (∇θϕ) V ) ,
(

φH ϕ

⌣

G
)

(

V ϑ, V θ, V ξ
)

= 0.

(4.2)
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Next, we have the following theorem:

Theorem 4.2. Let M be a Kähler-Norden manifold which consists of an almost complex structure ϕ

and a Norden metric g. Then
(

T ∗M, Hϕ,
⌣

G
)

is a Kähler-Norden manifold if and only if the symmetric

tensor field ã on M is a holomorphic tensor field with respect to almost complex structure ϕ.

5. Locally Decompasable Golden Riemannian structure on T ∗M

In this section, we study locally decomposable Golden Riemannian structure on T ∗M endowed with

the vertical modified Riemannian extension
⌣

G.
The horizontal lift Hϕ ∈ ℑ

1
1 (T ∗M) given by (4.1) holds the following

HI = I,
(

Hϕ
)2

= H
(

ϕ2
)

...

where I ∈ ℑ1
1 (M) is the unit tensor field [29]. From (4.3), ϕ2 − ϕ − I = 0 implies

(

Hϕ
)2

− Hϕ − I = 0.
Hence, we see that if ϕ is a Golden structure on M , then Hϕ is also a Golden structure on T ∗M [10].
onsidering Theorem 4.1, we get the following theorem:

Theorem 5.1. Given a Golden Riemannian manifold (M, J, g). Then
(

T ∗M, Hϕ,
⌣

G
)

is a Golden

pseudo-Riemannian manifold if and only if the symmetric (2,0)-tensor field ã on M is pure with re-
spect to ϕ.

Taking account of (4.2), we get

Theorem 5.2. Given a locally decomposable Golden manifold (M, J, g). Then the cotangent bundle T ∗M

is a locally decomposable Golden manifold equipped with the vertical modified Riemannian extension
⌣

G

and Golden structure Hϕ if and only if φϕã = 0.
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