Bol. Soc. Paran. Mat. (3s.) v. 2024 (42) : 1-7.
©SPM ~ISSN-2175-1188 ON LINE ISSN-0037-8712 IN PRESS
SPM: www.spm.uem.br/bspm d0i:10.5269/bspm.64108

On the Cotangent Bundle with Vertical Modified Riemannian Extensions

Filiz OCAK

ABSTRACT: Let M be an n-dimensional differentiable manifold with a torsion-free linear connection V which
induces on its cotangent bundle T*M. The main purpose of the present paper is to study some properties
of the vertical modified Riemannian extension on T*M which is given as a new metric in [17]. At first,
we investigate a metric connection with torsion on T*M. And then, we present the holomorphy properties
with respect to a compatible almost complex structure. Furthermore, we study locally decomposable Golden
pseudo-Riemannian structures on the cotangent bundle endowed with vertical modified Riemannian extension.
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1. Introduction

The geometry of the tangent bundle of a differentiable manifold is a very useful context in which
various research topics can be improved. The cotangent bundle, which is the dual space of the tangent
bundle, differs from the construction of lift. A well known metric on the cotangent bundle is the Rie-
mannian extension constructed by Patterson and Walker [22]. The Riemannian extension provides a
link between affine and pseudo-Riemannian geometry. For the Riemannian extension, also see [2-5, 18,
19, 29]. The Riemannian extension is modified and extensively studied by several authors and in many
different context (see for example [1, 6, 8, 11, 17, 20, 24] ).

Let (N, ) be a 2m-dimensional almost complex manifold, where ¢ denotes its almost complex struc-
ture. A pseudo-Riemannian metric g of neutral signature (m,m) is a Norden metric if g (pV, W) =
g (V, W) for any vector fields V and W on N. This metric studied as anti-Hermitian or B-metric [9, 15,
16, 25, 27]. In this case, the triple (N, ¢, g) is an almost complex Norden manifold. A Ké&hler-Norden
manifold can be described as a triple (N, ¢, g) which consists of a Norden metric g and an almost complex
structure ¢ satisfies Voo = 0, where V is the Levi-Civita connection of Norden metric g. In [15], the
condition V¢ = 0 is equivalent to the C-holomorphicity (analiticity) of the Norden metric g, i.e., ¢,9 =0,
where ¢,, is the Tachibana operator [26, 28]:

(6,9) (V. X, Z) = (#V) (9 (X, 2)) = V(g (X, 2)) + 9 (Lx) V., Z) (1)
+9(X,(Lzp)V) .

for any vector fields V., X, Z on N, where Lz denotes the Lie derivative with respect to Z.

Let J be a (1,1)-tensor field on a Riemannian manifold M. If the polynomial X2 — X — 1 is the
minimal polynomial for a structure J satisfying J? —.J — 1 = 0, then .J is defined a Golden structure
on M and (M, J) is a Golden manifold [7, 14]. Let (M, g) be a Riemannian manifold endowed with the
Golden structure J such that

g(JV.Z2)=g(V,]Z)
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for any V, Z € S§ (M) [ 7, 12, 14], ( for Golden pseudo-Riemannian manifold [21]). Golden structure has
relation with pure Riemannian metrics with respect to the structure.

The rest of this paper is organized as follows: We recall some preliminary details concerning the
vertical modified Riemannian extension, in section 2. In section 3, we investigate the metric connection
with torsion with respect to the vertical modified Riemannian extension. In section 4, we obtain the
case of the cotangent bundle with the vertical modified Riemannian extension being a Kéhler-Norden
manifold. In section 5, we study locally decomposable Golden Riemannian structure on the cotangent
bundle endowed with vertical modified Riemannian extension.

Throughout this paper, all manifolds, tensor fields and connections are always assumed to be differ-
entiable of class C*°.

2. The Vertical Modified Riemannian Extension G on T*M

Let (M, g) be an n-dimensional differentiable manifold, T*M its cotangent bundle and 7 the natural
projection w : T*M — M. For any local coordinates (U, xk), k = 1,...,n on M, we denote by

(7‘('_1 U) Lak ok = pk) ., k=n+k=n+1,..2n the corresponding coordinates on T*M. Also, we

denote by S% (M) (3% (T*M)) the set of all tensor fields of type (r,s) on M (T*M).

Let ¥ = dpda® and V = VF2 be the local statements in U C M of a covector field (1-form)
¥ € SY (M) and a vector field V € 3¢ (M), respectively. Then the horizontal lift 7V of V| the vertical
lift V9 of ¥ are defined by

BV = VRO + > paliy V7 0y, (2.1)
k

Vﬁ — Zﬁkafw (22)
k

where a%c = O, % =0y, and I",;fj are the components of V on M (for details, see [29]).
In [29], the adapted frame {f(ﬁ)} = {f(t), f(g)} is defined by

fio =0k
f(t) =0 + Zh:parztaﬁ. (2'3)
The Lie bracket operation of the adapted frame { f(g)} on the cotangent bunle T*M is given by

[f(t), f(l)} = paRukaf(,;),
For Ty | =0, (2.4)
f(t),f@ =—Fikf(;;),

where Ry;® being local components of the curvature tensor R of V on M.
Hence we have the undermentioned components for vector fields #V and V4 on T* M

Hy ( ‘f)k ) and Vi = ( 1;);@ ) (2.5)

in the adapted frame {f(g) }
n
In [17] by using Riemannian extension and quadratic differential form Y a*'épydp;, where 6pp =
k=1
dpy — ppTjyda® and a*' denote the components of a symmetric (2,0)-tensor fiels on M, one can define a
new metric

G = 2dx"5p; + Z a*'SpLop
k=1
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on T*M. Troughout this paper we call this metric the vertical modified Riemannian extension.

In the adapted frame { f(ﬁ)} , the vertical modified Riemannian extension G has the components

~ Gyi G 0 4
G- ( gl ) _ ( o ) (2.6)
i G i

Moreover, the vector fields 7V and V9 span the module 3 (T*M). Thus tensor field G is given by its
action of 7V and V9. By using (2.1), (2.2) and (2.6) we have

G AV, HW) =0,
G ("V,Va)=V(a(V)) = a(V) o, (2.7)
G(V,Ya) =V (@(,a) =a(d,a)om

for any V,W € 34 (M), 9,8 € S (M), where @ is a symmetric (2,0)-tensor field on M.

For the Levi-Civita connection V of the vertical modified Riemannian extension é, we find the
following formulas:

Theorem 2.1. [17] In adapted frame {f(g)}, the Levi-Civita connection V of the wertical modified

Riemannian extension G on T*M satisfies the following equations:
‘)foj = (Tl + $psRiji*a'") fi + (Psleis)fi,
7"L)Vf f] (lv'a]l Fl lt) fl ( 7,l +p9Rllt a]t) fl7

i)V fj = (3V;a") fi + (3psRije*a®) fi,
)V f; = (—1Via¥) f,

(2.8)

where Ryj;;°, Fﬁj

are respectively the components of the curvature tensor R and coefficients of V.

Then we write 6]2 f/g = fiﬁf;; with respect to the adapted frame {f(a)} of T*M , where f‘iﬁ denote
the Christoffel symbols constructed by G.

From Theorem 2.1, we immediately have
Corollary 2.2. [17] In adapted frame {f(a)}, the components of the Christoffel symbols fig ofﬁ on

(T*M, é) are found as follows:

ffj =T% + psRijia™, ffj = ps Riji®,

Tk = 1V,a* - Ta'*, k= 1V,a™, 29)
Tk = —1Via', Tk =0, '
ffj ij + 2pst1t ajt \FJ% = %pstjtSati~

3. The metric connection with torsion on (T*M, é)

In this section, we deal with the metric connection on the cotangent bundle T*M endowed with the

vertical modified Riemannian extension G.
From [17], the Levi-Civita connection V of the vertical modified Riemannian extension G on T*M

was given. This connection is the unique connection which obtains VG = 0 and has no torsion. On the
other hand, it may be mentioned a connection which satisfies VG = 0 and has non-trivial torsion tensor.

Such connection is defined as the metric connection of the vertical modified Riemannian extension G.



4 F. OCAK

In [13], it was defined the metric connection with nonvanishing torsion tensor on Riemannian manifolds.
The metric connection V satisfies the followings:

?[é‘]K =0 and ff] - f‘f](] = Tf], (3.1)

where f‘ﬁ- are components of the metric connection V and torsion tensor Tﬁ- is skew-symmetric in the
indices I and J. Then the above equation (3.1), one shows the following solution [13]

s, =17 + UK, (3.2)

_K -
where I';; being the components of the Levi-Civita connection V of the vertical modified Riemannian

extension G,

_ 1 - _ _
Uik = 3 (Trox + Tkrs+ Trur) (3.3)
and B o - o
Uik =Uf;Ger, Troix =T7,Gek. (3.4)
If we take -
T} = —paRiji (3.5)

and all the others being assumed to be zero. Using (3.3), (3.4) and (3.5), we find the following compo-
nents for (T*M, é)

Tk 1,k Tk 1 ti 1k
Ujj = spsa”™ (Ri® — Rji®),  Up = 3psRigi"a™a™,

Tk s k1 s li
Uij = psRjii”, Ugj——gpstjl a”,
Tk 1 s 1j Tk 1 s tj . lk
Ui = —3psBra”a”, Uj; = 3psRiix”a a™,
Tk _ 7Tk _
U;=U5=

Taking account of (2.9) and (3.2), we find the following proposition.

Proposition 3.1. In adapted frame {f(g)}, the metric connection V on (T*M, é) satisfies
V7. Ji = (T = psRji*a™®) fi
i)V 7, J; = (§9i0" — D0 + Lp,Ri*atia™) fi T3, i,
W)V [ = (3Via™* + gpsRize*ata’®) f,
W)V f; = (—3Vra") fr.
On the other hand, the horizontal lift 7V of any connection V on T*M, is given by

{ By Vo =0, Hy, By =0,

AVuyVa="Y (Vva), "Va, AW =H(VyW) (3.6)

for any VW € ¢ (M) and a, 0 € 9 (M) in [29].
Now, we recall the following theorem.

Theorem 3.2. [17] The horizontal lift '~ of V is a metric connection of the vertical modified Rieman-

nian extension G if and only if the symmetric (2,0)-tensor field a on (M, g) is parallel with respect to

V.

Then using Proposition 3.1 and Theorem 3.2, we get the following:

Theorem 3.3. The metric connection V on (T*M, é) coincides with the horizontal lift TV of the

torsion-free linear connection V on M if and only if M is flat.
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4. Almost complex structure on 7" M

This section deals with the holomorphy properties of (T*M , é) with respect to a compatible almost

complex structure.
On the other hand, the horizontal lift #¢ € 31 (T*M) is given by

HoHYy = H (0V),

HoVg =V (4 0 ) (4.1)

for any V € ¢ (M) and 9 € 39 (M). We recall from [29, p.283], if ¢ is an almost complex structure on
(M, g), then f¢ is an almost complex structure on 7M.
Now, we are ready to give the next theorem as follows:
Theorem 4.1. Given an almost complez Norden manifold (M, ¢, g). Then (T*M, Hep, é) is an almost
complex Norden manifold if and only if the symmetric (2,0)-tensor field a on M is pure with respect to
®.
Proof. Let (M, ¢, g) be an almost complex Norden manifold. We put
AWV, 2)=G MV, 2) - G (v, pZ)
for any V, Z € 3¢ (T*M). From (2.7) and (1.1)
APVHZ) =G MV, 2) - G (FV,Hpl 7)
=G ("(@V)."2)+ G (" (p2)) =0,
A(HV,V9) = G (FHV, Vo) — G (1, HpV )
G 9) =G (V.Y (e )

)~ V{Wop)V) =0,
A9, V) = —A(V,V9) =0,

A(V9,V0) = G (MpV9,V6) - G (V9,75V0)
=G (V(Woyp),"0) -G (V.Y (00p))
a((Wog),0)—a(d,(0ow)).

In the last equations, if symmetric tensor field a € $3 (M) is pure with respect to ¢, then we obtain

A(V,Z) =0, i.e., the vertical modified Riemannian extension G is pure with respect to 7. [l

Here we discuss the holomorphy property of the vertical modified Riemannian extension G by using
the # . We obtain from (1.1)

V. IX 1Z) =V (PR (X, ¢V)) Z)
(pR(X V) ¢ )+ (PR (Z,¢V)) X)

14
)
), w,HX) = ((Vx%)) (V) = (2 (V) (X)
+3 (0,0R (X, 9V)) — (0, pR (X, V) 9) . )
61, G) (V9,7 X, 2) = (9 (Vxg)) (2) + (9 (V29)) (X)
G) (V9.70,72) =V (@ (9,0(V7¢))).
61, G) (V0. 1X,V0) =V (@0 (V). 0)),
¢H¢,é) (Hv vy, Va) (¢,a) (V,9,6) — (Vo) V,6)
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Next, we have the following theorem:

Theorem 4.2. Let M be a Kdhler-Norden manifold which consists of an almost complex structure ¢
and a Norden metric g. Then (T*M, Hep, é) is a Kdhler-Norden manifold if and only if the symmetric

tensor field a on M is a holomorphic tensor field with respect to almost complex structure .

5. Locally Decompasable Golden Riemannian structure on 7" M

In this section, we study locally decomposable Golden Riemannian structure on T*M endowed with

the vertical modified Riemannian extension G.
The horizontal lift #¢ € 31 (T*M) given by (4.1) holds the following

HE =1, (Fo) = (g2) ..

where I € S} (M) is the unit tensor field [29]. From (4.3), ¢ — ¢ — I = 0 implies (H<p)2 —-Hy—T=0.
Hence, we see that if ¢ is a Golden structure on M, then ¢ is also a Golden structure on T*M [10].
onsidering Theorem 4.1, we get the following theorem:

Theorem 5.1. Given a Golden Riemannian manifold (M,J,g). Then (T*M,Hgo, G) is a Golden
pseudo-Riemannian manifold if and only if the symmetric (2,0)-tensor field a on M is pure with re-
spect to .

Taking account of (4.2), we get

Theorem 5.2. Given a locally decomposable Golden manifold (M, J,g). Then the cotangent bundle T* M

is a locally decomposable Golden manifold equipped with the vertical modified Riemannian extension G
and Golden structure ™o if and only if ppa = 0.

References

1. Aslanci, S., Cakan, R., On a cotangent bundle with deformed Riemannian extension, Mediterr. J. Math. 11(4), 1251-
1260, (2014).

2. Aslanci, S., Kazimova , S., Salimov, AA., Some notes concerning Riemannian extensions, Ukrainian Math. J. 62(5),
661-675, (2010).

3. Bejan, C.L., Eken, S., A characterization of the Riemann extension in terms of harmonicity, Czech. Math. J. 67(1),
197-206, (2017).

4. Bejan, C.L., Kowalski, O., On some differential operators on natural Riemann extensions, Ann. Glob. Anal. Geom. 48,
171-180, (2015).

5. Bejan, C.L., Meri¢, S.E., Kilig, E., Finstein Metrics Induced by Natural Riemann FExtensions, Adv. Appl. Clifford
Algebras 27(3), 2333-2343, (2017).

6. Bilen, L., Gezer, A., On metric connections with torsion on the cotangent bundle with modified Riemannian extension,
J. Geom. 109(6), 1-17, (2018).

7. Crasmareanu, M., Hretcanu, C.E., Golden differential geometry, Chaos Solitons and Fractals 38, 1229-1238, (2008).

8. Calvino-Louzao, E., Garcia-Rio, E., Gilkey, P., Vazquez-Lorenzo, A., The Geometry of Modified Riemannian Exten-
sions, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 465(2107), 2023-2040, (2009).

9. Ganchev, G. T., Borisov, A.V., Note on the almost complex manifolds with a Norden metric, C. R. Acad. Bulg. Sci.
39, 31-34, (1986).

10. Gezer, A., Altunbas, M., Notes on the rescaled Sasaki type metric on the cotangent bundle, Acta Math. Sci. 34B(1),
162-174, (2014).

11. Gezer, A., Bilen, L., Cakmak, A., Properties of Modified Riemannian Extensions, Zh. Mat. Fiz. Anal. Geom. 11(2),
159-173, (2015).

12. Gezer, A., Cengiz, N., Salimov, A., On integrability of Golden Riemannnian structures, Turk. J. Math. 37, 693-703,
(2013).

13. Hayden, H.A., Sub-spaces of a space with torsion, Proc. Lond. Math. Soc. 34, 27-50, (1932).

14. Hretcanu, C.E., Crasmareanu, M., Applications of the golden ratio on Riemannian manifolds, Turk. J. Math. 33,
179-191, (2009).



15.
16.
17.
18.
19.
20.

21.
22.
23.
24.

25.
26.
27.
28.
29.

ON THE COTANGENT BUNDLE WITH VERTICAL MODIFIED RIEMANNIAN EXTENSIONS 7

Iscan, M., Salimov, A.A., On Kdhler Norden manifolds, Proc. Indian Acad. Sci. (Math. Sci.) 119(1), 71-80, (2009).
Norden, A.P., On a certain class of four-dimensional A-spaces, Izv. Vuzov. Mat. 4, 145-157, (1960).

Ocak, F., Notes about a new metric on the cotangent bundle, Int. Electron. J. Geom. 12(2), 241-249, (2019).
Ocak, F., Some properties of the Riemannian extensions, Konuralp J. of Math. 7(2), 359-362, (2019).

Ocak, F., Some Notes on Riemannian Eztensions, Balkan J. Geom. Appl. 24(1), 45-50, (2019).

Ocak, F., Kazimova, S., On a new metric in the cotangent bundle, Transactions of NAS of Azerbaijan Series of
Physical-Technical and Mathematical Sciences 38(1), 128-138, (2018).

Ozkan, M., Prolongations of Golden structures to tangent bundles, Diff. Geom. Dyn. Syst. 16, 227-238, (2014).
Patterson, E.M., Walker, A.G., Riemann Extensions, Quart. J. Math. Oxford Ser. 3, 19-28, (1952).
Salimov, A.A., On operators associated with tensor fields, J. Geom. 99(1-2), 107-145, (2010).

Salimov, A., Cakan, R., On deformed Riemannian extensions associated with twin Norden metrics, Chinese Annals of
Math. Ser.B. 36, 345-354, (2015).

Salimov, A.A., Iscan, M., Etayo, F., Paraholomorphic B-manifold and its properties, Topol. Appl. 154, 925-933, (2007).
Tachibana, S., Analytic tensor and its generalization, Tohoku Math. J. 12, 208 221, (1960).

Vishnevskii, V.V.; Integrable affinor structures and their plural interpretations, J. of Math. Sci. 108(2), 151-187, (2002).
Yano, K., Ako, M., On certain operators associated with tensor fields, Kodai Math. Sem. Rep. 20, 414-436, (1968).
Yano, K., Ishihara, S., Tangent and Cotangent Bundles, New York, USA, Marcel Dekker, (1973).

Filiz OCAK,

Department of Mathematics,

Karadeniz Technical University,

61080 Trabzon, Tirkiye.

E-mail address:  filiz.ocak@ktu.edu.tr, filiz_math@hotmail.com



	Introduction
	The Vertical Modified Riemannian Extension G3pt   on T*M
	The metric connection with torsion on ( T*M,G3pt   )
	Almost complex structure on T*M
	Locally Decompasable Golden Riemannian structure on T*M

