Bol. Soc. Paran. Mat. (3s.) v. 2025 (43) : 1-13
©SPM - E-ISSN-2175-1188 ISSN-0037-8712
SPM: www.spm.uem.br/bspm do0i:10.5269/bspm.64142

Preconditioned Iterative Methods for Solving a Fractional Advection-Diffusion Equation

B. Raeisi and R. Khoshsiar Ghaziani*

ABSTRACT: In this paper, we consider numerical solutions of a fractional advection-diffusion equation. We
first, propose an implicit method based on Grunwald formulae and then discuss its stability and consistency.
To improve the implicit method, we use a preconditioned generalized minimal residual (PGMRES) method
and preconditioned conjugate gradient normal residual (PCGNR) method. Numerical experiments are given
to illustrate efficiency of the method.

Key Words: Fractional diffusion equations, preconditioner, conjugate gradient normal residual of
the method, generalized minimal residual method.
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1. Introduction

The study on fractional calculus has a long subject, but it was not until the late 20th century that
fractional differential equations (FDEs) became considerable, because of their wide applications in the
fields of science and engineering such as physics [4], finance [8,13], biology [12],image processing [2]. The
advection-diffusion equations comes into existence in plenty physical processes. For example, transport
happens in liquids through the combination of advection and diffusion [3]. Studying the advection-
diffusion equations by fractional calculus becomes favourite today, as for non-local property of fractional
operators can totally explain the memory property, exponent law and anomalous behaviours in evolution
of diffusion systems. There are many methods to solve fractional differential equations, for instance
short memory principle [7], finite difference method [5,13], finite element method [6,10]. Individually,
analytical solutions can be created in some fractional differential equations. However, due to the essential
differences between classical and fractional differential equations, sometimes it is inconceivable to detect
the analytical solutions of a fractional partial differential equations, and even, the numerical solutions
can not be achieved easily.

In this paper, we consider the numerical solutions for solving of the following fractional advection-diffusion
equation (FDE):

0%u(zx, 8P u(a, 8P u(x, 8%u a:
et —b(w, ) 515D — o(w, ) 54D = (e, ) 55 + f(a,1),

u(z,0) = ¢(x), a<xz<b, (1.1)
u(a,t) =u(b,t) =0, 0<t<T,
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where parameters « € (0,1] ,5 € (1,2], and diffusion coefficient functions b(x,t) and c(z,t) are non-
negative. f(x,t) is the source term, and v(z,t) is the drift of the process. The time fractional derivative
in (1.1) is the Caputo fractional derivative of order « [15], which is defined as follows:

0%u(x,t) 1 Y ou(x,€)  de
ot T T(1-a) /0 € (t—ga’ (1.2)

and the left-sided and the right-sided space fractional derivatives in (1.1) are the Riemann-Liouville
fractional derivatives of order 8 [9,15], which is defined as follows:

OPu(w,t) _ 1 om /I : u(s,t) ds, (13)

0y xP I'(m — B) dz™ x — §)B—m+1

65u(:1c7t): 1 om /b( u(s,t) ds, (1.4)

0_xP T'(m — B) dz™ s —x)B-—mtl

respectively.

This paper is organized as follows. In section 2, we discretize the Eq. (1.1) by the finite difference method
and present the corresponding coefficient matrix. In section 3, we propose a stable and convergent implicit
difference method. In section 4, we propose the preconditioned GMRES method and preconditioned
CGNR method for solving of the implicit difference scheme. In section 5, we employ the proposed
numerical schemes on some test examples.

2. Descretization of FDE

Let m and n be two positive integers, and h = (b—a)/m and 7 = T'/n be the sizes of the spatial grid
and time step, respectively. Then we define a spatial and temporal partition as follows:

r; = ih ,i=0,1,---,m;
t; = jAt j=0,1,---,n
For the sake of simplicity, let:
b = b, t;), o = e(wi,ty), 1 = flaity)
ugj) = u(x;, t;) ui(j) = v(z;,t;) A u(zi, ty) = u(wg, tjg1) —ulz, t;).

Using the forward difference formula, the time fractional derivative for 0 < a < 1 can be approximated
by the following formula [1]:

Pulwirthyr) 1 /t’““ ou(z;, s) ds
ot Il —a) /o 0s (th41 — 8)@
1 k 1 tj+1 . -
= m; ((T Ay U(zi,tj)-FO(T)) /tj (tge1 — S) > +O(r )

where a; = (j+1)!7*—;j17%, j =0,1,...,n. Also, we use the shifted Grunwald-Letnikov [14] approximated
the left-sided and the right-sided fractional derivatives for parameter 1 < 5 < 2 as follows:

OPu(w;, tosr) ﬁ) WD
e h5 w4 o(h), (2.2)

m—i+1

aﬁu(xi7tk 1 k+1
TJ = hﬁ Z g(ﬁ) E-J )1 + o(h), (2.3)
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in which g](ﬁ ) the Grunwald coefficients and defined by:
(—1) . .
Further, utilizing the forward difference formula, the space partial derivative can be approximated:

Pulzi tisr) ugﬁl) B 2u£k+1) 1D

i—1 2
- = +O(h?). (2.5)
a r@ o) r@ o)
—a)re —a)re
(J.)lZTT, WQ:TT, w3=P(2—a)TO‘.

Using (2.1)-(2.5) and to overlook truncation error, the implicit difference method is given by:

i+1 m—i+1

ul(k+1) —w b§k+1) Z QJ(‘B)UEI?;}A + C§k+1) Z gj(ﬁ)ugicryi)l o 2W2V§k+1)
7=0 7=0
“(lerl) (k+1) “(lerl) (k) - (k—j+1) (k—3) (k+1)
i+ i— _ . —J _ -J
( TR 2> =u - ;a] (; ) +waf (2:6)

where i =1,....m—1; k =0,...,n— 1, and the boundary and initial conditions are discretized as follows:
ugo):gb(xi), i=0,...,m; uék):ugf):(), k=1,...,n.
Lemma 2.1 The coefficients aj,g§’6), for i =1,2,..., satisfy:
(a) l=a9>a1>..>a; =0 asj— oo;
b) 9 =19 =-8<0,9 >0 forj#1, and X329 =0;
(c) g =0(=)
Proof:
(a) By using the use of a; = (j +1)' 7 — 17, it is clear that ap = 1. The following statement hold,

lim (j+1) = lim j.

Jj—o0
Also,
1 . . .
lim a; = lim (?Jri)f lim ,L: lim ,i— lim L:O.
j—oo j=oo (J+1)%  jooo jo oo jO jooo O

(b) It is well known that
(14 2)% = Z <B.)zj,
=0 N

for any complex |z| <1 and g > 0. If z = —1, therefore
> 9 =0,
=0

Note that g(()B) =1, g%ﬁ) = —f < 0. Also, using the recurrence relationship (2.4), one gets:

)] )]

gy’ >gs’ > ...>0.
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(¢) By the Stirlings formula

Dx+1) ~V2rz 2% e™® as T — 00

one can get

IG—p8) V2r(G-1-8@G-1- B)i=1-B)e=(i=1-P)

L(j+1) V21 jjiei
Lot (I 1B -1

J J7

where
— 1=
i—1 B Y

J

and

j5+1 (jflfﬂ)(jiliﬁ) _ (17 ﬂ+1)j( J )ﬁ+1
7 YRS
as j — oo. Therefore

rG+1) 7
as j — 0o. So the proof is complete.
O
We note that Lemma 2.1 implies that
k+1
Sd <0, for k=0,1,.. (2.7)
j=0

To get the matrix form, for 1 < j <n —1, let

. . . . T . . . . T
u(j) = [ugj),ugj),._.,ugi)_l} ’ f(J) = [fl(J)va(j)a7f»,(yz)_1] )

B(j):diag(bgj),... b ), C(j):diag(cgj)7.. W) ),

'y Ym—1 ¥ m—1

and u(®) = (qﬁgo), . gbfg)_l). Let G and 17 be Toplitz and three-diagonal matrices defined by

(97 g 0 0 - 0] GG
I C R C R 2 P 0
) 9 G @) 0
g(ﬂ) g(ﬁ) : V3 vy vy ,
Go=| . 7 0 B I B e
: .. .. . . 0 . . .. )
N A 0 0 9 29
e R N S

If I,,,—1 denote the identity matrix of order m — 1, then one can see that the schemes (2.6) is equivalent
to a matrix form:

(L1 4 AFFD ) (F1) — pktD) (2.8)
where
D = 3 (g — apjin)u + agu® + g FOED,

k
—

J
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and
AR = — (BRI G + CFTIGT) + warFHD, (2.9)

This coefficients, for i =1,...,m —1 and j = 1,...,m — 1 are defined as follows:

( (k+1) | 77Z(1~c+1)> ggﬁ) n 25Z(k+1) j=i
—e gy — Vg Y =i
k
(J+1) = { DB ) (8) s (2.10)
_E§k+1)g§§;+1 j<i—1
—pFI g e j>i+1
where
E£k+1) _ w1b£k+1)’ m(kJrl) _ wlc£k+1)’ 5§k+1) _ w2l/i(k:+1).

Obviously, for i # j, a;; < 0.

Theorem 2.1 The matriz I,,_1 + A¥tD in (2.8) is nonsingular and strictly diagonally dominated.

Proof: Let agfﬂ) be the (i,7) entry of the matrix A*+1) in (2.8). Hence

m—1
(k+1) Z | (k+1|
J=0,j#i
:_< (k+1)+n(k+1)) g oot _ [ (kb)) 3 gjqﬁ)er(kH) 3 gj(_ﬁ)+251(k+1)
7=0,j#1 j=0,j#1
> *(€§k+1)+77§k+1)) g® 4 25HD) _ (egk-&-l (k+1>> Z " — 25+
Jj=0,j#1

_ ( (k+1) +n(k+”) o )+( (k+1) +n(’“+1)) o 0.

This observation shows that the coefficient matrix I,,_; + A*+1 is strictly diagonally dominated and
invertible. This completes the proof. O

Corollary 2.1 The difference method given by (2.6) is uniquely solvable.

3. Stability analysis of the implicit difference method

In this section, we derive a theorem for the stability of the method given by (2.6).

Theorem 3.1 The implicit difference method given by (2.6), based on the Grunwald approximation to
the time-space fractional diffusion equation is unconditionally stable.

Proof: According to the Greshgorin theorem, the eigenvalues of the matrix A are all inside the disks

centered at
(k+1) (E(k+1)

Zl

+ m(kﬂ)) g 4 9gk+D
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with radius

m—1 m—i
r£k+1) _ Z lai;| = E(k+1) Z g + m(kﬂ) Z g](_ﬂ) n 25Z(k+1)
Jj=0,j#1 Jj= 0,#1 j=0,j#1

K2

> _ (E(k+1) n m(kﬂ)) dP 4 2§§k+1).

therefore
0< A <2 (25§k+1) -~ (El(_kﬂ) n m(kﬂ))ggﬁ)) .

i is an eigenvalue, if and only if 122 is an eigenvalue of (I + A/2)~ (I — A/2). Since \; > 0, then

1+/\ /2
P 1 );/2 1
< +1+)\i/2 1+ X/2 14+ X;/2
Therefore |55 +; ;§| < 1, and the implicit method defined is unconditionally stable. O

Remark 3.1 The implicit method defined (2.6) is consistent with local truncation error of the form
O(72=*+h?+h). On the other hand, according to the above theroem, the implicit method is stable.
Thus, according to the Lax Equivalence Theorem [11], the method is convergent.

4. Preconditioned iterative methods

Preconditioners are useful in iterative methods to solve a linear system Ax = b since the rate of con-
vergence for most iterative linear solvers increases because the condition number of a matrix decreases
as a result of preconditioning.

Lemma 4.1 The Toeplitz matrice —Gg is an M-matrice.

Proof: Let F' = —GJp, therefore

F=D-(D-F)=D(I—(I-D"'F)),
B=I-D'F

where D is a diametrical section of matrice —Gg, as regards:
(I-D'Flz=X = (D-F)z=\Du,

So,
Ag%mygz = g1 Z g(ﬁ) i Vi=1,2,...,m~—1

Therefore

m—1
> gl =gV,

§=0,j#1
m—1
B B
Mgl < 3 198711,
j=0,j#1
(B)
|)\‘ < Z] [)j;él |g |

1987
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According to (2.7), we have

m—1
B B
71> T g
Jj=0,j#1

Thus the matrix F is strictly diagonally dominanted, so p(B) < 1. Hence, we have

I-D'F=B = I[I-B=D"'F (4.1)

(DT'F)'=(I-B)"'=) B >0, (4.2)
=0

(I-B)'=F"'D>o. (4.3)

The (4.1) shows that:
1= —Gﬁ > 0.

in which [~Gp] is a L-matrice and [-G3]~1 > 0, which is an M-matrice. O

To derive a preconditioner, we now split matrices G as

W [
i o o
Gg = gl(ﬁ) + 91@1
. gP .
I 91(6) g@_ i E;rz:—lilgyi)_

Similarly, this implies that the matrice G, is strictly diagonally dominanted M-matrices. Therefore, the
matrix A%t1) can be decomposed as:

Ak :Al(k-i-l) +Bl(k+1)’

where
AP = 0 (B*Y Gy, + CEDGT ) 4 wpp D
Bl(k-H) — A+ _Al(k+1)‘

k+1)

If the matrix I + Al( is an approximation of the matrix I + A®*1  the relative error is equal to:

k
Loy + ABHD) — (Loq + APl < |ECD(Gg — Gpy) + C*HD(Gs — Gpa)T]loo

[ In—1 — AG+D || = |BE+1Gy +C(k+1)Gg”oo
=o(k™P).
The relative difference between I,,_; + A¥®tY and I,,_1 + Al(kﬂ) may become very small as k becomes

large enough.

4.1. Preconditioned GMRES method

The GMRES method is an itterative method for finding the numerical solution of a nonsymetric
systeams, as was presented by Saad and Schultz [17] in 1986. The method approximates the solution
by the vector in a Krylov subspace with minimal residual. Although, this method is theoretically well
founded, but it is likely to suffer from slow convergence. To overcom this problem, preconditioning
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techniques have been introduced to improve the convergence rate.
Let pl(kﬂ) =In_1+ Al(kﬂ) be a preconditioned linear systeams

(pF+)1 (Imfl +Al<k+1>) w1 = (pFFDy=1p(kt D), (4.4)

By the GMRES method. The left-preconditioned GMRES algorithm described below is given in [18].

Algorithm 1 : GMRES with Left Preconditioning
Compute 1o = M~(b — Axg), B = 70 ||2 and v1 =
forj=1,2....m do

w=M"1Av;
fori=1:j do
hij = (’LU,’UZ-)
wi=w — hiv;
end for

To
B

hjv1y = w |2

Vil = T
end for 3
Deﬁne V = [’01, e ,’Um], Hm = {hij}1§i§j+1,1§j§m
Compute yi, the min, || Beq — H,y ll2 and xm = xo + VinYm
if satisfied then

stop
else

set xg := Ty and go to 1
end if

4.2. Preconditioned CGNR method

The conjugate gradient method can be applied on the normal equations. The CGNR method is a
variant of this approach which is the simplest method for nonsymmetric or indefinite systeams. Let
CU+1) = [+ AF+D) and the normal equation of (2.8) be

(CHEAINT Clht1)y (k1) — (D) T (k41 (4.5)

This can be solved by CGNR method efficiently if the matrix (C*+1)TC*+1) is well-conditioned and
has eigenvalues clustering around 1. However, it is not the case when the diffusion coefficients b(x, t) and
c(z,t) are not sufficiently small [16]. Therefore, it is required to introduce a preconditioner to speed up

k+1 k+1
(P T (D)

the convergence. So, we use to precondition (4.5), where

pl(k+1) _ I_’_Agkﬂ).

5. Numerical result

In this section, we present two example to compare the effectiveness of the iterative methods with
preconditioned and without preconditioned. We choose the initial value as follows:

o O = 0@ ST k=1,
07 Y 9y (k) _ (k=1) k> 1,

when the stopping condition is:
75l

S I
[bE+D

in which r; is the residual vector in j—th iteration.
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Example 5.1 Consider the equation (1.1) with a = 0.6, 8 = 1.9 and the diffusion coefficients which are
given by

b(x,t) =2+ 0.9t(2 — 2)?, c(x,t) = x4+ 0.9t(2 — z)?,

with the spatial interval @ = (0,1) x (0,1) and the time interval [0,T] = [0,1]. The source term and the
drift of the process and initial condition are given by

f($7t) =

F(2,15) (;UQ _ x)t1.15 + 972 Sin(37rgc) _ 2t2,

v(z,t) = 0.6z,
u(z,0) = sin(37x).
By direct computation, we can show that the true solution to the fractional diffusion equation is
u(z,t) = sin(37x) + z(x — 1)¢2.
We obtained the solution using MATLAB R2016b on a HP - Laptop with configuration Inter(R) Core

(TM)i3 — 5005 U with a 2.00 GHz CPU and 4-GB RAM. We take the bandwidth [ of the preconditioner

pl(k+1) equal to 8. The average number of iterations required by the GMRES(20), PGMRES(20), CGNR,
PCGNR methods, are shown in Tables 1, and the CPU times of methods, are shown in Table 2. Also,
in Table 3 the condition number of relevant matrices is shown. The condition numbers of the precondi-

tioned matrices are very small. The distribution of the eigenvalues of matrices A, AT A, (pél))_lfl and

Table 1: The average number of iterations for Example 5.1

m=n || GMRES(20) || PGMRES(20) || CGNR PCGNR
16 15 3.4375 17 5.1250
32 34.4375 4.1875 44.75 7

64 64.3750 5.0156 148.8125 8.9063
128 || 118.7578 4.9219 569.6484 10.6328
256 || 229.9766 4.7695 1.8855¢4-03 || 12.5625

Table 2: The required CPU times for Example 5.1

m=n | GMRES(20) || PGMRES(20) || CGNR | PCGNR
16 0.1357 0.0786 0.0732 || 0.0285
32 0.3696 0.1035 0.1631 | 0.0792
64 1.7912 0.3603 1.3662 || 0.2777
128 || 8.9245 1.5120 23.7710 | 1.2099
256 || 36.4335 8.5655 715.9216 || 7.1104

((pél))T 2 YLAT A with m = n = 256 are shown Figure 1. Also, Figure 2 shows the behaviour of the
exact solutwn and the numerical solution with m = n = 256.

Example 5.2 Consider the equation (1.1) with o = 0.8, 8 = 1.84 and the diffusion coefficients which
are given by

b(x,t) = 2+ 4(1 + t)z"8, c(z,t) =2+ 41 +1)(1 —2)*8,

with the spatial interval @ = (0,1) x (0,1) and the time interval [0,T] = [0,1]. The source term and the
drift of the process and initial condition are given by

oty = s+ t>(<;<§fj) o)+ 0 =)~ (R~ T )
-0+ (S - SR+ -0 - (s -

@+ (1-2)")].
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Table 3: Condition numbers for relevant matrices for Example 5.1

m=n 16 32 64 128 256
k(A 54.7910 164.0701 445.9048 1.1505e+03 || 2.8929¢+03
k((p) T A) 1.0281 1.0979 1.1645 1.2168 1.2601
k(AT A) 3.0021e+03 || 2.6919e+04 || 1.9883¢+05 | 1.3236e+06 || 8.3690e+06
c(((p{) TP "TAT A) || 1.3415 2.9271 10.1159 47.5521 241.2591

1 0.01
08 0.008
0.6 0.006
0.4 0.004 -
0.2 0.002 -

. ol —
021 -0.002
-04 -0.004 |
-06 -0.006 [
-08 1 -0.008 [

K 0 5(;0 10‘00 15‘00 20‘00 25‘00 30‘00 3500 -0.010.2 0.‘4 016 0.‘8 1‘ 1.‘2 1.‘4 1.6

Spectrum of A Spectrum of (pél) )"LA

1 1
0.8 0.8
0.6 0.6
0.4 r 04r
02r 021

o— ol —_
02F 021
04F 04 F
061 0.6
-081 -0.8

K 0 é “1 é é 1‘0 12 K 0 0.‘5 1 1.‘5 é 25

x108

Spectrum of AT A

Spectrum of ((pi")Tp{")~LAT A

Figure 1: The spectra of the unpreconditioned and preconditioned coefficient matrices at time ¢; with

m =n = 256.
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Exact solution
O Numerical solution

Figure 2: Numerical and exact solutions at time ¢, with m = n = 256

v(x,t) = 0.20%
u(z,0) = 23(1 — x)3.

By direct computation, we can show that the true solution to the fractional diffusion equation is
u(z,t) = e' +23(1 — x)3.

We take the bandwidth [ of the preconditioner pl(kH) equal to 8. The average number of iterations required
by the GMRES(20), PGMRES(20), CGNR, PCGNR methods are shown in Tables 4 and the CPU times
of methods are shown in Table 5. Also in Table 6 the condition number of relevant matrices is shown.
The condition numbers of the preconditioned matrices are very small. The distribution of the eigenvalues
of matrices A, ATA, (pél))’lfl and ((pél))Tpél))’lflel with m = n = 256 are shown Figure 3. Also,
Figure J shows the behaviour of the exact solution and the numerical solution with m = n = 256.

Table 4: The average number of iterations for Example 5.2

m=n || GMRES(20) || PGMRES(20) || CGNR PCGNR
16 15 3 16.1250 5.2.5625
32 36.0625 3.1563 43.5938 3.3125
64 158.2188 4.0625 127.0625 3.2813
128 || 324.6094 4.4688 405.2578 4.1484
256 || 637.2422 5.1016 1.3681e+03 | 4.6641

Table 5: The required CPU times for Example 5.2

m=n || GMRES(20) | PGMRES(20) || CGNR | PCGNR
16 0.1732 0.1096 0.0448 0.0285
32 0.5172 0.1101 0.1732 0.0890
64 2.8827 0.3982 1.3315 0.3133
128 || 17.7450 1.6572 18.3676 || 1.3261
256 || 90.0183 9.7151 601.1096 || 7.8043

6. Conclusions

In this paper, we first introduce a numerical method for solving a fractional advection-diffusion equa-
tion. In other to improve the proposed numerical method, we discretize the system by the implicit
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1 T T T T T 0.25 T T T T T T T
0.8 1 021 1
0.6 1 015 1
04t — 01} :
02 1 0.05 ’ A
0 1 or i
021 1 -0.05 . '.‘
04t 1 041 f ]
06 1 0.15 1
0.8 1 1 o2 1
-1 : : : : : -0.25 ; ; ; ; ; ; :
0 2000 4000 6000 8000 10000 12000 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1
Spectrum of A Spectrum of (pél))’lfl
1 T T T T T 1 T T
08 1 08 1
06 F 1 06 1
04f 1 04f 1
02t 1 02t 1
02t 1 02t 1
04 . 04} .
06 [ 1 06 1
0.8 [ 1 -08 1
"o 2 " 6 8 0 12 "o 05 : 15
x107
Spectrum of AT A Spectrum of ((pél))Tpél))_lflTA

Figure 3: The spectra of the unpreconditioned and preconditioned coefficient matrices at time ¢; with
m =n = 256.

0.045 T T T T T T T T T
Exact Solution
0.04 | O Numerical Solution
0.035
0.03
0.025
0.02
0.015

0.01

0.005

-0.005 . . . . . . . . .
0 0.1 02 03 04 05 0.6 07 08 09 1

Figure 4: Numerical and exact solutions at time ¢, with m = n = 256
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Table 6: Condition numbers for relevant matrices for Example 5.2

m=n 16 32 64 128 256

K(A) 64.7599 216.1674 660.5243 1.8430e+03 || 4.7295¢+03
k((p) T A) 1.0247 11111 1.2202 1.3513 1.5370
k(AT A 4.1938¢+03 || 4.6728¢+04 || 4.3629¢+05 || 3.3967e406 | 2.2368¢+07
c(((p{) TP T AT A) || 1.3600 7.9993 99.9245 783.7281 4.2464e403

difference method. Then, we introduce iterative methods of GMRES and CGNR to solve the correspond-
ing matrix equation by introducing a preconditioner matrix. Finally, we examine the efficiency of our
preconditioners by numerical results.
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