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Nonparametric Estimation of the Copula Function with Bivariate Twice Censored Data

Toumi Samia, Boukeloua Mohamed*, Idiou Nesrine and Benatia Fatah

ABSTRACT: In this work, we are interested in the nonparametric estimation of the copula function in the
presence of bivariate twice censored data. Assuming that the copula functions of the right and the left censoring
variables are known, we propose an estimator of the joint distribution function of the variables of interest,
then we derive an estimator of their copula function. Using a representation of the proposed estimator of the
joint distribution function as a sum of independent and identically distributed variables, we establish the weak
convergence of the empirical copula that we introduce.

Key Words: Copulas, empirical copula process, twice censored data, product-limit estimator, weak
convergence.
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1. Introduction

The study of the dependence between two random variables represents a very important issue in
statistics. Among the tools that measure the dependence between two variables, copulas constitute a
very useful one because many other tools can be written in terms of copulas, such as the Kendall’s tau,
the Spearman’s rho, the Pearson correlation coefficients and the mutual information. Moreover, copulas
characterize the dependence structure between two variables separately from their marginal distributions.
The copula C of a couple of real random variables (r.r.v.) X = (X1, X5), with a joint distribution
function F* and continuous margins Fy, and Fl,, is defined on [0,1]? by C(u,v) = F (Fy(u), Fy(v)),
where ¢! (u) = inf {x € R: ¢(z) > u} is the generalized inverse of a non decreasing function . Sklar’s
theorem (see [38]) shows that for all (x1,72) € R?, F(x1,22) = C (Fx, (71), Fx,(22)). The nonparametric
estimation of the copula function has been considered for the first time by [10] who introduced the
empirical copula. This latter has been widely studied in the literature, we cite for instance the works
of [11], [12], [13] and [8]. Moreover, [15] established the weak convergence of this estimator. However,
the empirical copula is based on a sample comprising true realizations of the variable of interest, i.e.,
complete data; but in the practice, one or more censoring phenomena may prevent the observation of
the variable of interest and provide only a partial information about it. For example, in the case of right
censoring, when a data is censored, the statistician only knows that the variable of interest is greater than
the observed value. Bivariate right censored data have been extensively studied in the literature, given
their usefullness in the practice; we quote for instance the works of [32], [27], [2] and [20]. The empirical
copula for bivariate right censored data has been introduced by [19] for some particular models. Its weak
convergence is also established in the same paper. Other copula models for bivariate right censored data
have been studied in [36], [34], [6], [23], [22] and [21].

Althoug the right censoring is the most popular type of censored data, more complicated situations can
also be encountered in the practice involving right and left censoring at the same time. [33] considered
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one of these situations where the variable of interest is right censored by another variable, the minimum
of the two variables is itself left censored and the three latent variables are independent. This is the so
called twice censored data model. [31] dealt with a practical situation that corresponds to this model.
Moreover, [33] proposed and established the asymptotic properties of a product-limit estimator of the
survival function under this model. Then, after the pioneer paper of [33], many authors study the model
of twice censored data in the univariate case such as [26], [5] and [7] as well as in the conditional case
such as [30] and [3]. In the present paper, we are interested in the nonparametric estimation of the joint
distribution function and the copula function of a couple of r.r.v. X = (X7, X3), where X7 and X5 are
both twice censored. For that, we draw on the work of [19]. So, we consider a situation that corresponds
to one of the three models studied in this paper, by assuming that the copula functions of the right and
the left censoring variables are known. This assumption holds for example when the right (resp. left)
censoring variables are independent. Under this assumption, we propose a nonparametric estimator F,
of the joint distribution function of X. Then, we derive from this latter the empirical copula C,, that we
propose as an estimator of the copula function. In the case of bivariate right censored data, [19] proved
the weak convergence of the empirical copula using a representation of the corresponding estimator of the
joint distribution function as a sum of independent and identically distributed (i.i.d.) centered random
variables. Such a representation was established by [28]. For our part, we first extend the result of [28] to
the case of bivariate twice censored data by representing F;, as a sum of i.i.d. centered random variables.
Then, we use this representation to prove the weak convergence of the estimators F,, and C,, (as in [19]).
Towards our aim, we introduce the empirical copula for twice censored data in Section 2. In Section 3,
we present our assumptions and results and in Section 4, we give some conclusions and perspectives. The
proofs of our results are postponed to Appendix A.

2. Empirical copula for twice censored data

Let X = (X3, X32) ba a couple of positive r.r.v. with support X = X; x Xy and joint distribution
function F', and let R = (R1, Ra) (resp. L = (L1, L)) be a couple of positive right (resp. left) censoring
variables. We assume that the variables X, L and R are independent. In the twice censoring frame-
work, instead of observing X, we observe the independent copies (Z1;, Z2i, A14, A2i)1<i<n of the vector
(Z1,Z5, Ay, As), where for k € {1,2}, Z;, = max(min(Xy, Ri), Lx) and Ay, is the indicator of censoring
given by

0 if Lp < X < Ry,
A = 1 if Lp < Ry < X,
2 if min (X, Ri) < L.

In all the sequel, for any r.r.v. V, Fy, Sy, Iy and Ty denote, respectively, the distribution function,
the survival function, the lower and the upper endpoint of the support of V. Moreover, for any right
continuous function ¢ : R — R, we set p(t7) = lim - o(t — €) the left-hand limit of ¢ at ¢ when it
exists. Furthermore, for any differentiable function v : R?> — R, we denote by 011 (resp. 921)) the
partial derivative of ¢ with respect to its first (resp. second) variable.

We assume that the copula function C' of X is twice continuously differentiable on [0, 1]%. Furthermore,
following [28], we assume that the copula function Cf, of L and the survival copula function ' Cg of R
are known and twice continuously differentiable on [0, 1]%. We also assume that the functions F,, Fg,
and Fr, (k€ {1,2}) are continuous.

To define the empirical copula C,,(u,v) for (u,v) € [0,1], we need to introduce the following notations.
For k € {1,2} and j € {0, 1,2}, denote by H,g])(t) = P(Z, <t,A = j) the sub-distribution function of

Zy for Ay, = j, I ;) = inf{t € R/H,gj)(t) > 0} the lower endpoint of the support of H,gj) and
k

) 1 n . 1 n
Hr(zjk) (t) = n ZI{ZkiStyAki:j} and Fz, (t) = n ZI{ZMSt}
=1

=1

L The survival copula 5R of R is defined by aR(u, v)=u+v—1+4Cgr(l1 —u,1—v), where Cg is the copula function
of R.
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(I;.y being the indicator function) the empirical versions of H ,gj ) and Fy, , respectively.

Furthermore, denote by (Z,’Cj) (m < n) the distinct values of (Zyi),<;<,- The product-limit

R 1<j<m
estimator Fr, of Fp, is defined by

kg

R i;I{Zk,;:Z’ Api=2}
Fo,ty= [ |[1- ——
32}, nFz (Zi;)

this estimator can be derived from the Kaplan-Meier one by reversing time.
In addition, the product-limit estimator of Sg, is given by [33] as follows.

o~ I =
S = [[ (1-———tmd
1) Zki <t n (FLk (Zlm) — Iy, (Zki))

Since X is not observed, the empirical distribution function

~ 1<
Fn(xla x2) - ﬁ Z I{XuSQThXQiSfEQ}

i=1
can not be used to estimate F(x1,22). So, following [28] and remarking that
E[9(Z1, Z2) Ita,—or I asmor I 20 <1 2 <} ) = B [I{ X1 <1, Xo<n}] = F (@1, 22),

where ¢ (z1,22) = Cp(FL, (z1),FL, (22))71 GR (Sgr, (21), SR, (22))71, we propose to replace
Iix,, <, Xs:<zs} Dy the observed quantity

/g\(Zlia ZQ%)I{Ah:O}I{AQ,:O} I{ZliSfEl,ZQ,;SzQ}?

~ ~ -1 ~ —1
where g(z1,22) = Cp, (FL1 (z1), FL, (22)) Cr (5R1 (21), SR, (22)) .
This gives the following estimator of F'(z1,x2)

n

1 Tea.—onlra,, —
Fu(wr,a2) = — b et

N3 Cr (ﬁLl (Z13) 7ﬁL2 (ZQi)) Cr (§R1 (Z13) ,§RQ (Z2)

) I{Zl'i§$17Z21'SI2}'

Using this estimator, we propose to estimate C(u,v) as in [19] (relation (3.3)) by

n

1 Ita =0y g as,=0
Cn (u,v) = n Z ~ ~ A=) ;{ - A} ~ I{Fnl(Zu)Su,Fn2(Zzi)Sv}v
i—1 CL (FL1 (Z1;), Fr, (ZQi)) Cr (SR1 (Z1:) , Sk (ZQi))

where F1(21) = limg, oo Fr (21, 22) and Fho(xo) = limg, 00 Fr (21, 22).
3. Main results

In this section, we establish the weak convergence of the processes \/n (F,(z1,z2) — F(x1,72)),
(z1,22) € X and /n (Cy(u,v) — C(u,v)), (u,v) € [0,1]2. Our approach will be based, as in [19], on
a representation of F,, — F' as a sum of i.i.d. random variables. So, we will first establish this represen-
tation. For that, we need to represent g — g as a sum of i.i.d. random variables. In order to prove such
a representation, we begin by introducing some assumptions and notations. For & € {1,2}, denote by
Sk={z€R: IH;EU < z < Tk}, where 7 is such that IH](:) <7 <Tgz, and let S =S; x Sp. We assume

that

H1 ILk < IRk and TLk < TRk < TXk-
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H2 There exist 01 > I, and 02 < T, such that
Yne N VI<i<n:Ag =1= 01 < Zy; <02 almost surely (a.s.).

+oo dH(Q)(z)
H3 —h =5 < +o00.
IHJ(;) (FZ’“ (Z))2
k

Assumptions H1 and H2 are standard in the twice censoring setting (see e.g. [33], [30] and [24]). Assump-
tion H3 is needed to obtain the weak convergence of \/n (ﬁLk — FLk) and v/n (§Rk - SRk) on S (see

ﬁLk (Z) - FLk (Z)

=Op (n71/2) 2. So, as in [28], we can use a Taylor expansion

[[33], Lemma 7.2 and Theorem 7.3]). This weak convergence ensures that sup, g,

§Rk (Z) - SRk (Z)

Op (n1/?) and SUp,es,
to get

8]€5R (SR1 (Zl) ) SRQ (22))
Cr (Sk, (21), Sr, (22))°

G(z1,2) —g(e,22) =— Y (CL (FL, (1), FiL, (22))

k=1,2

(§R,c (21) — Sk, (zk))

- OuCr (Fr, (1), Fr, (2)) (5
+Cr (Sr, (1), Sra (22)) Ck'(F() e ) (Fr (20) = F, (z@))

+ 70 (21, 22), (3.1)

where sup |, (21, 22)] = op (n71/2).
(21,22)€S

It remains to represent Fr, — Fr, and Sg, — Sg, as a sum of i.i.d. random variables. The representation

of Fy, — Fy,, can be deduced from [[29], Theorem 1] by reversing time. In fact, we get for § € ]0, 1],
I € R such that Fr, (I) > ¢ and u > I,

Fp, (u) — Fp, (u) = Fy, (u) (AL, (n,u) + By, (n,u)) 4+ Ry, (n,u), where
HY W) - () 7°H£? ) - HP W)
Fz, (u) (Fz, ()°

ALk (TL, U’) = dFZk (y) )

—+o0

[ Fn W) -Fn®) e
Buu ()= [ Fn ) W

and Ry, (n,u) satisfies
1
sup |Rz, (n,u)] = O, (—) . (3.2)
u>TI n

So,

3 [_ Fp, (u) (I{Z,ﬂ.gu,AMﬂ} ~H® (u))

Iz <yar—2y — H?
—Fy, (u)/ {Zki<y,Ari=2} k (y)dFZk (v)

(Fz, ()
+oo

" Liz<yy = Fz, (Y) 2 _—
+Fy, (u) / S E D )|+ R () (3.3)

2 For a sequence of r.r.v. (¢,) and a sequence of non-zero real numbers (un), ¢,, = Op(un) means that Sn is bounded

Un,
in probability and ¢,, = 0p(un) means that 4—" converges in probability to zero.
Un
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which is a representation of ﬁL . — Fr, as asum of i.i.d. centered random variables.
Regarding Sk, — Sg,, we give its representation in the following lemma.

Lemma 3.1. Assume that assumptions H1-H3 hold and let 6 € 10,1, I, T € R such that Fp, (I)
Sx, (T)Sg, (T) > 6. We have

§Rk (’U,) - SRk (’U,) = SRk (’U,) (Ak (TL,’U,) + Bk (TL,’U,)) + Ry, (TL,’U,),

where
HY ()= HY () [ B (9) = HY ()
A _ _ Mk k k d(F - F
o (nw) Fr, (u) = Fz, (u) +/ (Fp, (y) — Fz, (y))* (o () = Pz, (),
e _H®
Z / P (1 ey = 1 )+ P () [ Azttt T By,

400 U~

_ Lppeny ~Far ) ) dH" (y) Fz (y) = Fz ) o

) [ R 0 e e T

Y

and Ry, (n,u) satisfies sup |Ry (n,u)| =O0p ().
I<u<T

From this lemma, we deduce that

Sk (u) = S, (u) = SRk Zj: [FLk — Fy, (u) (ngl) (u) = I{Zk,;gu,Amzl})

=1

(1)
Iir _—H
/ Censpan=t) e W)y ) By ()

(FLk (y) - FZk (y))2

(R (a2 0)

—+oo

I{ZkiSt,AkiZQ} - ngg) (t)
) | e i, (0
+oo
_ Nzt = F2, () o po) di" ()
F ) / (Fz, (1)) e (Fr, (y) = Fz, (v))°

u

I{Zki<y} - FZk (y)
+ Fro ) — Fzr (1))

dH ()| + Re (n, ) (3.4)

which is a representation of §Rk — Sk, as a sum of i.i.d. centered random variables.
Relations (3.1), (3.3) and (3.4) permit to write

N 1 — B
g(z1,22) — g(z1,22) = - > p(Zvi, Zaiy Avi, Anii 21, 22) + Tn(21, 22), (3.5)
i=1
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where

e s v s ) = — 3 K S (W CL By, (). . (20 2:C S, (1) S, @)))

5}3 (SRl (21) ; SR2 (22))2

k=1,2
M) () — [y () -
(FM o (B 0~z ) + / e L (P )~ P ()
i oo 5@
+/ ?‘;’j Ezi (I{Zki<y7Ak'i:2} - HISQ) (y)) + FLk (y) / I{Zki§t7$;_2(}t))2Hk (t) dFZk (t)
0 y k
+oo W
z<ty = P2 (1) ) dngl) (y) Iiz<yy — Fz. (y) (1)
—F dH dH
Ly ( )/ Fr () () Fo ) —Fo ) +/ ) B (v)

+ éR (SRl (Zl) ) SRQ (22))

OCr (Fr, (21), FL, (22)) X (— Fu (W) (I{Z <, Api=2) — H;EQ) (u))

Cr (Fr, (1), Fr, (22))° Fz, (u)
+oo 400
[z, <y =2y — HD () Lizu<yy = F2. (y) @
—Fp, (u h dFy, (y) + Fr, (u Y
o )/ (Fz, (4) 2 () L )/ (Fz, () v )

and sup(,, .,yes |Tn (21, 22)| = op(n=1/?).

Note that p satisfies assumption 2 of [28]. In fact, it is not difficult to check that p is centered and that
is uniformly bounded on S under H1. Moreover, one can proceed as in Lemma 7.3. of [28] to show
that there exists a Donsker class of functions G such that the function + Zl 1 0(Zhiy Zaiy Aviy Agiy 21, 22)
belongs to G.

Using relation (3.5), we will represent F,, — F" as a sum of i.i.d. centered random variables. For that, we
need to introduce more notations and assumptions. For any nonempty set A, we denote by [°°(A) the
space of all bounded real-valued functions defined on A. Moreover, For k € {1,2}, denote by

i dH,,} (v)
e (t)_o/ Fu (u) ~ Fs, ()

the estimator of the cumulative hazard function Ag, of Rj. Thanks to [[33], Theorem 7.3], the process

NG (/A\Rk (t) — Ag, (t)) , t € Sy, converges weakly, under H1 and H3 to a centered Gaussian process Gy, .
For s,t € S such that s < ¢, we denote by

:KRk (8) = cov (GRk (5) ’ GRk (t))

and by

%, ( / dFy, (u)
§ Ff FXk/\Rk( )

the covariance function of the limiting process of the Nelson-Aalan estimator of the cumulative hazard
function of Ly, (see [[9], Theorem 4] in reversing time). To prove our claimed result, we need the following
assumptions which correspond to assumptions 3-5 of [28] adapted to the twice censored data model.

H4 The first and the second partial derivatives of Cr and Cr are bounded on [0,1]2.  Moreover,
Cr(z1,29) # 0 and Cr(x1,22) # 0 for &1 # 0 and x4 # 0.

H5 For k € {1,2}, there exist 0 < ag, < 1 and 0 < 8, < 1 such that

Cr (z1,22) > x{"x5?  and 6’3 (x1,22) > ] x§2.
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Heé
dF
/ (21, 22) < o0
Cr (Fr, (21), F1, (22)) Cr (Sk, (21) , Sk, (22))
and for some € > 0 arbitrary small
FLr @)K () FL ) K ) ST (@) K ()

/

Ff2 (20) Sph (21) Sp2 (22)  Ff' (1) SRl (21) Si2 (22)  FP (21) Ff2 (22), S (22)
S (22) KH2T° (22)
FE (1) FE2 (22) Sgt (21)

dF (z1,29) < 00.

Theorem 3.2. Under assumptions H1-H6, we have

i) For all (x1,22) € X

1 T2

Fy (21,12) — F (21,15) = /[p (Z1iy Zaiy Aviy Agista, t2) Cr (Fr, (t1) , Fr, (t2))
0

S|

n

=1

o

x Cr (Sr, (1), Sk, (2))JdF (t1,t2) + Ru(21, 22),
where SUp(;, 4.)ex |R,(21,22)] = op (n_l/Q) .
i1) The process \/n (F, — F) converges weakly in [°°(X) to a tight centered Gaussian process Gp.

Note that i) follows directly from 7) and allows to prove the next theorem which gives the weak conver-
gence of the process v/n (C,, — C).

Theorem 3.3. Under assumptions H1-H6, the process v/n (C,, — C) converges weakly in 1> ([O, 1]2) to

the tight Gaussian process
G (’U,, U) =G" (’U,, U) - 810 (’U,, U) G” (’U,, 1) - 820 (ua U) G” (17 U) )
where G* (u,v) = Gp (F);ll (u), F);Ql (v)).

This result is an extension of [[19], Theorem 2] to our case of bivariate twice censored data.

4. Comments and conclusions

In this work, we introduce the empirical copula function in the case of bivariate twice censored data
and we establish its weak convergence. Our approach is based on a representation of the corresponding
joint distribution function estimator as a sum of i.i.d. centered random variables. The results we obtain
extend those given in [28] and [19] in the setting of bivariate right censored data. We prove our results
only in the case where the copula functions of the left and the right censoring variables are known. It
would be interesting to consider a general bivariate twice censoring model and to look also at other types
of censored data, such as doubly or interval censored data. Our obtained results can also be applied to
propose and study smoothed copula estimators for bivariate twice censored data.
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A. Proofs

Proof of Lemma 3.1. We follow the same steps of the proof of [[29], Theorem 1]. Let K,C, A and ¢ be
some positive universal constants. For k € {1,2}, we set

T (u) = log (Sn, (1)), Ti (u) = log (S, (u)) = é T oanny los (1 Rt )

Fr, (Z;i)*fzk (Z];))
and Tk (’LL) _ i I{zk¢§u,Ak,i:1}
= 0 (Pl (20)-F4,(2,)
Proceeding as in [29], we can show that for I <u < T

Sr. (1) = Sr, (u) = Sg, (1) (A, (n,w) + B, (n,0) + Fx (n,w), (A1)
where
C HDw-B W) HYD @) - B @)
A ) = = W = Fa ) +0/ (o, () — Fz () 7 P ()
. [ P (y) = Fr () = Fr, (1) + Fr 0) 1)
B, (n,u) = — 3 dH
S / (Fr (4) ~ Fz, (v) o
and B
R, (n,u) = Sg, (u) (Ri2 (v) + Ri3 (u) + Rga (v)) + R (u),
with

Rix (u) = S, () = Si, (u) = S, () (T (w) = Thc(w)
Ry (u) = T, (u) — T (u),

- I{Zkigu,Am:l}

S (P (20) - Fa (2)
n (Pru (Z) ~ Fu (2) — Fu (Zio) + Fo, (Zio))
n(Fr, (Zyi) — Fz, (Zyi))

Ry (u) = T (u) +

X {1—
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and

+
8

(FLf{é;uiI?;yfywd v (H @) = H )]

a[va (P, (27) = Py (a7) = Fu, (@) + Fz, ()] -

As in [29], we will prove the following lemmas.

Rk4 (u) =

Sl
o\
o\-gq-

1
Lemma A.1. sup |Rp2(u)| = Og.s. (—) .
I<u<T n

Lemma A.2. P ( sup [nRps (u)| > x) < Kexp {—/\52x} if0<z< 27".
I<u<T

Lemma A.3. P ( sup [nRpg (u)| > x) < Kexp {—)\52;3} for z > 0.
I<u<T

From these lemmas, we deduce that
~ 1
sup ’Rk (n,u)’ =0Op <—> . (A.2)
I<u<T n

Moreover, relation (3.3) permits to write

o (F ) - Fa®) o B - Fa )
B W‘)—‘/ (Fr, <y>—FZ,C Wy (y)+0/ Fre )~ Fa )7
RL,c n,y~) (1)

For ) - Fa 7

Combining this with (A.1), we obtain

§Rk (u) - SRIc (u) = SRIc (u) (Ak (nvu) + Bk (nvu)) + Rk (nvu)v

where
f RLk (nvyi) (1) D
n,u) =-S5 n,u
R, (n,u) = —Sp, (u )/ ) )+ R ()
— R (n,u)+ R, (n,u). (A.3)

Since Fr, (y) — Fz, (y) = F1, (y) Sx, (y) Sk, (y), we get

(1)
dH,
< sup |RLkn'Uf|/ ) 2
I<u<T (Fr, (y) Sx,, (y) Sr,, (v))

R, (n,u)

sup
I<u<T

< R k 9 .
- (L, “RJSXA S (1)) 1, ooy T (1)

This together with (3.2), (A.2) and (A.3) permits to write

1
sup |Rg (n,u)] =0Op (—) ,
I<u<T n

which gives the claimed result. U
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It remains to prove lemmas 2 — 4.

Proof of Lemma A.1. We have

[Biy ()] = |Th (w) = T (u)

11

IN

i

i 1 log 1 1 + I{Zk:,iSMAki:l}
T, <u,Api=1 - — — — — — - - —
i=1 {2, <u.Aki=1} n (FL;C (Zk) — Fz, (Zk)) n (FL,c (Zk) — Fg, (Zk))

= 1 1
< Z log [ 1——— = +—= Iz, <r
= n(Fr (25) = Fr (%)) 0 (B () = Fr (%) {z, <1}
Since [log (1 — 2) 4+ 2| < 22 for 0 < 2 < 1/2 and
inf {FL,C( ) - FZ,c (t )} (FL,C (Ir,)Sx, (T)Sr, (T')) > 2 for n large enough, we deduce
Ir, <t<T

that for I <u <T

1 Iz,
Ry ()] < Z 7{Zk <) —
=1 (FLk (Zk},) - FZk (Zkh))
1

. f = e 2
Lt (Fro ) = Pz (1))
4

(FLk (IRk) SXk (T) SRk (T))Q

IN
S|

IN
S|

a.s. for n large enough.

1
Thus sup |Rk, (u)] = O4.s. (-) .
I<u<T n

O

Proof of Lemma A.2. To prove this lemma, we need to apply some exponential inequalities for ﬁzk, H 7(56)

and F .- Regarding F 7., [14] proved that there exists a positive constant D such that for all z > 0

teR

P (\/ﬁsup Fy, (t) — Fy, (t)’ > x) < Dexp (—227%).

Moreover, writing
O =13
nk (t) = ﬁ Z {Rypi<t, Lpi— Ry <0, Rpi — X <0}
i=1

allows to apply [[25], Theorem 1-m] to get for all z > 0 and € > 0
P <\/ﬁsup ‘Hf;g(t) — H,gl)(t)‘ > a:) < Dexp (—(2—¢)z?),
teR

where D is a positive constant.
Furthermore, adapting [[4], Theorem 1], we get for all x > 0 and 6 > min(Ix, , Ir,)

T

P <\/ﬁsup Fr, () _FLk(t)‘ ” Foonr 0)

) < 2.5exp (—2x2 + Dx) ,
t>0

where D is a positive constant.

Set
Tn = { inf {ﬁLk (t7) = F, (t_)} = %}

011 <t<0k>

(A4)

(A.6)
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and

1
A (u {‘FL,C (%) = o (Z) = Fro (Bi) + Fa, (B0)| < 5 (Fu, (Zi) ~ Fz, (Zia)) or

Zyi <wufor all 1 <i <mn such that Ay; =1}.

Remarking that

—_

B zn: Iz, <uApi=1}
w(Foy (Ze,) — P () 2 Fona) P () Pon 2, )

(FLk(Z ) FZk(Zkl))

Z

i=1

1+

and that ‘ L

e z‘ < 222 for |z| < 1/2, we deduce that on I'y,, we have

s 0] €230 st n (o (%) ~ P (%) — P () + P (200)
k >~
3 < n (Fy, Zo) sz (Zi)) n(Fr, (Zi) — Fz, (Zni))

Therefore
P( sup |nRes ()] > ) < P(T5) + P ((Agn (D))

I<u<T

I{Zk'iSUaAkizl}

+ P | su 2
I<uET{ ; Fr, (Zy) — Fz, (Zki)

n (ﬁLk (%) = Fz,. (Z3) = Fu, (Zii) + Fa, (Zm‘))
n(Fr, (Zyi) — Fz, (Zki))

Moreover, we have for n large enough
~ ~ ~ ~ 2
inf {FLk (t_) - Iy, (t_)} < % = dtg € [le,akg] such that Fp, (ta) - Iy, (ta) < o

011 <t<0y2

= sup ﬁLk (ti) - F\Zk (ti) - FLk (t) + FZk (t) > FLk (t()) - FZk (to) - (ﬁLk (ta) - ﬁZk (tO_))
01 <t<Ok>
2
> Fr, (0k1) Sx, (Ok2) Sk, (Ok2) — -
Fr, (0k1) Sx, (Ok2) Sk, (Ok2) @
> = —.
2 2
So

Fr, (t7) = Fz, (t7)

)

P ( int (Fu, (17) - Fu (7)) < %) <P (\/ﬁ sup

011 <t<02 011 <t<0k2

_FLk (t) + FZk (t)

< Kexp{—Cn} (thanks to relations (A.4) and (A.6))
< Kexp {—/\5233} for n large enough. (A.8)
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Furthermore, we have

i=1

v A (P (Zi) = Fz, (Z) = Fro (Zii) + Fz, (Zii)
P((Am (1)) =P {‘L - Ff (Z;)_FZL‘(Z;) o >2}
N{Zki > 1, Ap; = 1}))

([P0 ~ P (20) — P (2 + Fa (21
=" Fr, (Zi) — Fz, (Z1)

>2,Zk>I,Ak.:1)

and for ¢ > I, we have

o ([P0~ Fa () — Fu (20) + P (20)

>2. 72k >1,A,=1|Z,=1
Fr, (Zy) = Fz, (Zx) g g g

‘ﬁLk (t7) = Fz, (t7) — Fp, (t) + Fg, (t)}
: Fr, () = Fz, (1) >2%e> LAy =12, =t
<P (‘ﬁLk (t_) - I, (t)’ >Fp, ()= Fgz, (t),Zp > 1Ay = 1| Z) = t)
+ P (‘ﬁzk (t_) — Fz, (t)‘ >Fp ()= Fz, (), Zy > 1, Ay =11 Z), = t) .
On the one hand, the Bernstein inequality (see [[16], Corollary A.9]) allows to write

P (}ﬁz (t7) = Fy, (t)‘ S Fp (t) = Fp (), Zs > 1A, =1 Zy = t)

:P( (I{ij<t}_FZk (t)) >TL(FLk (t)_FZk (t)),Zk >I,Ak- =1 | Zk Zt)
j=1

—2(Fz, (1)’ n
< 2exp { . S ; 4Fz, (t)
2 057, (0) (1+ s

< 2exp {—CnFy, (t)}

and the probability equals to zero if ¢t < I.
On the other hand, proceeding as in [[35], proof of Theorem 2], we get

sup | Fy, (u™) = Fp, (u)} <C [sup Fy, (u™) = Fz, (u)‘ + sup H,gi) (u=) - H,?) (u)” .
u>1 u>1 u>1

So, for t > I
P (’ﬁL (t7) = Fy, (t’)’ > Fp, () = Fz, (), 25 > I, Ay, = 1} Zy = t)

Zk:t>

ﬁzk (ui) - FZk ('LL)

b
>— 7Zr>1,A,=1

<P <sup

u>T sz (u) 2C
@), - (2)
H,” (uv)—H;” (u b
+P (sgg kn (H()Q) ( )’f () > 5502 > 1, Ay =12, = t) (where b = Fy, (I)Sx, (0x2)Sr, (Or2))
u= k u

< Kyexp{—Cin} + Koexp {—Can}
(thanks to lemma 3 of [39]; K1, K2, C1 and C being some positive constants)
< Kexp{—-CnFyz, (t)}
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and the probability equals to zero if ¢ > I. Thus

“+o0
P (8 (1)) < Kn [ exp{~Cnyz, (0} dFy, (0
I
<Kexp{—?}. (A.9)

It remains to deal with the following probability

(FLk (Z l) — ﬁzk (Z,;) — FLk (Zkl) + sz (Zkz)) ?

Iz, <u,Api=1}
su 2 = . >
I<uI<)T Z FLk (Zyi) — Fz,, (Z1;) n(Fr, (Zki) — Fz, (Zrs))
< P 2 Zn: I{Zk,iST7Aki:1} n (FLK (Zk_z) - FZk (Zlc_l) - FLk (Zkl) + FZk (Zkl)) >z
- —n(Fr, (Zki) — Fz, (Zki)) Vi (FL, (Zri) = Fz, (Zi))
2 ~ ~ 2
< il -\ _ _ -\ _
<P <a3 ekétizemn ((FL,‘, (u™) — Fy, (u)) (sz (u™) = Fz, (u))) > x)
~ 2
2 Fr, (u™) = Fp, (u) x
<P| 4 su n—= B > =
- ( o 9k1§u29k2 <\/— FLk ('LL) 2
2 Fr ()~ Fp ()
+P| — su peZe U ) 12 Y > 7
(05 9A-,1§U29k2 <\/_ FZk ('LL) 2
~ 2
204 7. (u™) — Fyz, (u) x
<P|=— su n—=~ k > =
- ( 0 9A-,1§U29k2 <\/_ FZk ('LL) 4
2
2 H® ()= H®
+P 2% sup n—-tn w ()2) o (W > 2
4 Or1 <u<O2 Hk (u) 4
2 Fy, (u™) — Fyz, (u) x N
+P| = su n—=~ k > — | (Cy and Cs are positive constants
o) 9A-,1§U29k2 <\/_ FZk ('LL) 2 ( ! : P )
< Kexp{—A\d°z} (thanks to [[39], Lemma 3)).
Combining this with (A.7),(A.8) and (A.9) gives the claimed result. O
Proof of Lemma A.3. We have nR,, (u) = Ji1 (u) + Ji2 (u), where
+oo +o0
_ Try<uylz<yy (1) (D) o -\
= [ [ lesiesiad |va () @) - 20 W) | d[Vi (F @) - Pz @)
and e
Tty<ur Hw<yy (1) g o -
Jal)= [ [ gl i (H @) = 1Y )] d [V (Fe, (07) = Fu, @)].
So
P ( sup |nRgq (u)] > a:) <P < sup | Jg1 (u)| > E) +P < sup | Jg2 (u)| > E) . (A.10)
I<u<T I<u<T 2 I<u<T 2

On the one hand, we can prove as in [[29], Lemma 3] that

P ( sup n |Jg1 (u)| > E) < Kexp{—)\52m} . (A.11)
I<u<T 2
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On the other hand, we have for I <u < T

400 <

oo [ L) - F, () (1) 1)
et / o) Gy e (0 0 B0 ).

Therefore

1 ~
| T2 (u)| < 2z, iuge Fr, (u™) —Fp, (u)’ ’Hﬁ) (u) — H,gl) (u)’
E1SUSUE2

< —  sup
A% 011 <u<bp2

Fry (u7) = Fi, ()| sup [H}3) ()~ H" (u)]

which implies that

P s nlia@i>2) <P (Va s (R, ()~ P )] > /%)
1<u<T 2 B2 <u<byo 2

+P <\/ﬁ sup ’HSQ) (u) — H,gl) (u)’ > Uﬁ)
I<u<T 2

< Kexp{—Cz} (thanks to relations (A.5) and (A.6))
< Kexp {—)\62x} .

This together with (A.10) and (A.11) gives the claimed result. O
Proof of Theorem 3.2-i). Using the following lemma, theorem 3.2-7) can be proved in the same way as in
[[28], Theorem 3], for the class of functions

F={(t1,t2) = ooy x (0,05 (t1, t2), 21 € X1, 22 € Ao} .

Lemma A.4. Under assumptions H1-H6, we have for all € > 0

max = AI{AMZI}{;{Azfl} ,\ _ I{Alizl}i{f“m:l}

1<i<n |CL (FLl(Zli),FLz(ZQi))CR(SRl (Zu),SRZ(ZQi)) CL(FLl(Zli) FLQ(ZZi))CR(SRl (Zu);SRQ(Zzi))
<M ( I{Auzl}I{Am:l}Fll,l_al (Zli) :Kl/era (le)

- By (Z2) Szﬁ%ll (Z14) 51%22 (Z2i) C (Fr, (Z1) , Fry (Z2:)) Cr (S, (Z11) , Sk, (Z21))

Iagmry L g oy F1 70 (Zo0) KY2T° (Z2)
Fff (Z15) S5 (Z15) 832 (Z2i) Cr (F, (Z1)  Fr, (Z2:)) Cr (Sky (Z1i) , Sy (Za:))
. Iiaymiy I an=1y S, (Z10) K 2H° (2u)
FP(Z) FL2 (Z2) 51% (Z2:) Cr (Fu, (Z1i), Fiy (Z20)) Cr (Sky (Z13) , Sk, (Z24))
N I{Au:1}f{A2i:1}511;¢2 (Z2i) 9<1/2+6 (Z2i)
F{ (Zy) Ff2 (Zai) Syt (Z1i) O (Fr, (Z1i) , Fr, (Za:)) Cr (Sg, (Z13) . Sk, (Z21))

with M,, = Op (n’l/z) .

This lemma is the equivalent of [[28], Lemma 7.2] in the case of twice censoring.
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Proof of Lemma A.4. Let Z,) = nax Zyi. Proceeding as in [[28], Lemma 7.2], we obtain

_ /\I{Auzl} i{Azizl} _ _ I{Al,izl} i{Az,i:1}
CrL (FLl (Z14),FLy (ZQi)) Cr (SRl (Z14),SR, (Z2'i)) CL (FLl (Z14),FrLy (Z2i))CR(SR1 (Z1:),SR, (Z2'i))

- M Tia=1) Tiazi=1 y }FLI a
" Cp(Fp, (Zvi), Fr, (Z2:)) Cr (S, (Z11), S, (Z2:)) | Ef* (Z13) F§2 (Z2:) St (Z1) S (Za)
Fr, (Z2) — Fr, (Z2:) ’gRl (Z1i) — Sk, (Z11)
+ o N\ o N\ OB \ aB2 . + o N\ o N\ ab1 N\ aB2 .

Fr(Z4) FL3 (Z2:) SR, (Z4i) SR, (Zei)  FL) (Z1i) 12 (Z2i) SR, (Z1i) SR, (Z2:)
Sk, (Z2:) — Sk, (Z2:)
+ Do N e N\ OB \ 0B .

FL1 (le) FL2 (Z21) SRl (le) SR2 (221)

where M is a positive constant. So, to prove the lemma, we have to show as in [28] that for k € {1, 2}

FLk (t) o
tsztérk)l —ﬁLk B =0p(1), (A.12)
Fu, (6) = Fu, (0) |
00 KE(F, (1) Or <ﬁ) (A.13)
p M =0p(1) (A.14)

su
t<0k, SRk (t)

and

Sp, (t) — Sk, (t)} op( ) (A.15)

sup
1< 20 Ky S ()SR, (1)

Relation (A.12) follows from the fact that for ¢ > 0y,

Fr, (t 1

L () < = < a.s. for n large enough.
Fr, (t) Fr, (9191) Fr, (Hkl)

Relation (A.13) can be proved in the same way as in [[18], Theorem 2.1].
Relation (A.14) follows from the fact that for ¢ < 6,

Sr, (t) » 1

~ <
Sk, (t) ~ Sg, (Or,) ~ Sk (Ok,)

a.s. for n large enough.

It remains to deal with relation (A.15). Set

(g

and
1

h(t) = ———.
Kt (1)
It view of [[33], Theorem 7.3], the process &, (t) converges weakly to a centered Gaussian process in
1°° ([0, 7]), for any 7 such that 0y, < 7 < Tz,. So, relation (A.15) can be proved as in [[18], Theorem
2.1]. In fact, it suffices to prove that for all € > 0
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lim limsup P sup /h(s) dg,.. (s)| >¢e| =0. (A.16)

Tz, n—oco T<t<Z (1)
.
For that, we set

* 1 -
Fr, () = - ZI{LMgt}
i=1

and

I
* {Ak :1}
S t) = I I 1-—
@) i) Zi <t (F* (Z;) - sz (Z, Z))

We have £, (t) = &, (t) + R, (t), where

e (1) = vn (53‘% (t) — Sk, (t))

SRk (t)
and ~
Sg, (t) — S%
;ku):vﬁ( e m)-
Therefore

t t

sup / 8)dE,, (s)| >e | <P sup /h (s)d&rs (s)]| >¢e/2

<< D (k) << D (kem)
¢
+P sup / (s)| >¢/2
T << Z (o)

We start by dealing with P;. For that, we need the following lemma. Note Fy; the filtration defined by

Fe=NVo ({I{mes}v I{LMSS}’ I{RMSS}’ I{XMS&Am:l}’ I{Lk'iSSvAkizl}’ I{R“SS’A’“'i:H’
O<5St,1§i§n}),

where N is the family of negligible sets. O

Lemma A.5. We have

i) &y (1) is an Fre—martingale.

. 1
i) VBE]O,l[,P< sup %<E> >1-3.

t<Z(kn)

ii1) sup 7 () T

IRk StSZ(kn)

Proof of Lemma A.5. i) Set
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In view of [[17], Proposition A.4.1], we have

Sh O _y SR 0
S @ / o) @ (M () = Ay (). (A.18)

Moreover, consider the F;—martingale

t
1

My (t) = % Z Iz, <t Api=1y — /I{Lkiéu,ZMZu}dARk (u)
i=1

0

Since d (A%, (u) = Ar, (u)) = - @ {f_d)ﬂfg ) relation (A.18) implies that
Ly k

St (1) / Sh, (u)
k =1- \/ﬁ L =
Sr, (1) 0/ nSg, (u) (FL*,c (u™) = Fg, (U_))

dMy, (u) (A.19)

which implies that

t

Sk, (u”)

Enr () = — =
) Swe () (F, (w) = Fa (u))

de (u) .

i, ()
Sry, () (Fy, (w™)=Fz (u)
that &, (t) is an Fg—martingale.

Since ) is predictable with respect to Fj;, Theorem 1 page 890 of [37] shows

Using [[37], Theorem 1 page 890], relation (A.19) shows that % is an Fj—martingale. So, the
k

claimed result can be proved in the same way as in [[17], Theorem 3.2.1].

Set Yo () = £ 3= T sumzny and e (8) = F, (€)= P, (17) = Ff, () Ve (1),
We have for all ¢t € [IRk , Z(;m)}

Fi (1) = Fz, (t7) > Fy, (Ig,) Yor () + enr (t) -

So
1 1

= < .
Fp (t7) = Fg (t7)  FL, (Ir,) Yor (t) + eni (1)

(A.20)

Furthermore, we have

1 1
sup — - =
I, <t<Zgm) | ¥, (IR,C) Yok (t) + enk (1) Fr, (IR ) Yo (1)
enk (t)
= sup — = :
In, <t<Zieny | (FE, (IR, ) Yar (t) + enn () F, (Ig,) Yor (t)

Since for t > Ty, we have Fy (t7) =1, so
Eenk (t) =1- F\Zk (t_) — Y. (t)

1 & 10
™ ;I{Xh/\RkiZt} 0 ;I{Xth,Rkizt}

=0 a.s.
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(I{Zkizt} = I{in/\Rk,;Zt} a.s. because Ly; <t a.s. since t > TLk) .

Therefore
1 1
Iny <t<Zgeny | FE, (Ig,) Yo (t) +eni () FF, (Ig,) Yok (1)
= sup Cnk (t)
tn,<t<te, | Ff, (Ig,) Yor (t) (F7, (Ig,) Yok (t) + enk (1))

Moreover, for Ir, <t <1}, , we have for n large enough

Fr, (Ig,) Yar (t) = Fr, (Ig) Yar (TL,)

FLk (IRk) SXk (TLk) SRk (TLk)
2

Y

=«

and F} (ng) Yor (1) + enk (t) > a+ en (t) > 0, for n large enough (since  sup  |en ()] =

In, <t<T,
0Oa.s. (1)). Thus
. 1 1 - en (1) ‘
up — - = < up _
In, <t<Zgmy | FT,. (IRk) Yok (t) + enk (1) Fr. (IRk) Yok (2) Ip, <t<Tr, | & (o + enk (1))
2

sup ek (t)| for n large enough

So relation (A.20) implies that

! = <
Fi (t7) = Fg, (7) ~ FL, () Yox (1)

+ 045 (1)

where the o0, (1) is uniform on ¢t € [IR,C,Z(;W)}. So

FLk (t) — FZk (t) < FLk (t) Sch (t) SRIc (t)

n - * — + Oq.s. (1)
Fp (7)) = Fg, (t7) Ff, (Ig.) Yok (1)
Sx, (t) g, (t) ona (1), (A21)
T, (Ig) Yae ()
Since . )
=2, s
Fr (m)  Fo(m) ©0 7%
we have .
== - ord (A.22)
FLk (IRk)
" Sx, (t) Sk, (t)
x,. () Sg,, (T

(see [[39], Remark 1 (ii)]). Combining this with (A.21) and (A.22) gives the claimed result. This
ends the proof of Lemma A.5.
U
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Using this lemma, we can show that

t
lim limsup P sup /h(s) ¢t (s)| >¢€/2| =0 (A.23)

TTTZk n—o0 TStSZ(kn)

in the same way as in [[18], Theorem 2.1], see also [[1], Proposition 3].
Now, we deal with the probability P,. We have for 7 <t < Zp,)

Sr, (1) = Sp, (0| _ 1 5 [femn 1 B 1
Sro(t) |7 Sn () 2= | | P (Zy) - Fa (Z0) Fr(Z5) - Fa (Z3)
< sup ﬁLk (o) - Fi, (7) X 1 iI{A =1}
T r<t<Zien | Sp, (1) (ﬁLk (t=) — Fy, (t*)) (FL (t=) — Fy, (t*)) n

“ Fr, () = F, (1)
" ety | Sp, (1) (Fu, () = Ba, (0)) (Fy, 07) = Bz, ()

(since for t > Ty, Fp, (t7) = Fp, (7)) =1).

Therefore
Sk (t) = S, (1) 1
n o su . <
\/—Tgtégum Sr,, (1) = Sg, (TL,)
Vi s | Bu () = F, ()]
T<t<Tp,
X — — — . (A.24)
ngfnk Fp, (t7) = Fg, (t7) TS;ngLk Fr (t7) = Fz, (t7)
Moreover, since \/n (ﬁLk - FL,C) and \/n (Ff, — Fp,) converge weakly in [*° ([1,T7,]), we get
Vi osup  |Fp, (t7) - Ff, (t’)’ =0p (1) (A.25)
T<t<Ty,

and we have for all 7 <t <7},

~

sup |Fp, (t_) - ﬁzk (t_) — (FLk (t) — Iy, (t))‘

T<t<Ty,
> Fu, (1) = Fz, (1) = |Pu, () = Fa, (1)

> FLk (IRk) SXk (TLk) SRk (TLk) - ’ﬁLk (t_) - ﬁzk (t_)’ :

Thus
o (t7) = Fa ()] = Firu (Iny) Sx, (Tw,) Sy (T
o ?tug)nk Fu, (t7) = Fz, (t7) = (Fp, (t) — Fz, (t))‘
and
nt [P () - P (t)| = Fu. (In,) Sx, (T1,) S, (T,)
- s (B () = P () = (P () = P, )
—fB— sup |Fp, (t7) - Fy, (t7) = (Fp, (t) — Fz, (’5))‘ .

Ir, <t<TrL,
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Therefore

1 1

= = < = = =0p(1)
inf [P, (07) = Py (1) = sup |Fu, (07) = Fy () = (Fiy () = Py, (1)
T<t<Ty, Ir, <t<Tp,
(A.26)
because R N
sup Fr, (t7) = Fgz, (t7) = (FL, (t) — Fz, (t))‘ 250, asn — o0
IR, <t<TpL,

and with the same manner we can show that
1

Fp, (t7) = Py, ()]

—0p(1).
inf
T<t<TL,

Combining this with (A.24), (A.25) and (A.26), we obtain

sup Ry ()] = Op (1)

T<t<Z(kn)

Moreover, using an integration by parts we can write
t

/ h(s) ARy (5)] = | (8) Ry () — B (7) Rip (7) — / Ry (s) dh ()

T

<2 sup  |h(s)] sup [Ryp(s)|+  sup  |Rpy (s)[[h(2) —h(7)|

T<8<Z(kn) T<S8<Z(kn) T<s<Z(kn)
<4 sup |h(s)] sup [Rp,(s)].
T<8<Z(kn) T<8<Z(kn)
So
t
P sup /h(s) dR;, (s)| >¢e/2| <P ( sup |h(t)] sup |R:, ()] > 5/8) . (A.27)
T<t<Z(kn) T<t<Tz, T<t<Z(kn)

It remains to show that

lim limsup P ( sup |h(t)] sup |R ()] > 6/8) =0.

1™z, n—oo TStSTZk T<s<Z(kn)

This is equivalent to
V9 >0,3ns >0: |t =Tz, | <n, = limsup P ( sup |h(t)] sup |Ry, (t)] > 5/8) <é.
n—+o0 T<t<Tz, << D)
Let 6 > 0, since  sup |R}, (t)] = Op (1), there exist bs > 0 and ms € N*/¥Ym > ms

T<t<Z(kn)

P ( sup |Ry.. ()] > b5> <0

T<t<Z(kn)

= sup P( sup |Ry. (t)|>b5> <4

m>mg T<t<Z(kn)

= limsup P < sup |Ry. (t)] > b5> <4

n—o00 TStSZ(kn)
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and since lim  sup |h(¢)| =0, there exists n; > 0 such that
Tz, T<t<Tgz,

5
|7 =Tz, | <ns= sup |h(t)] < ——.

T<t<Ty, 8bs
So, for 7 such that |7 — Tz, | < ns, we have

P sup |h(t)] sup [Ry, (1) >¢e/8) <P sup |Rpy ()] > bs

T<t<Tgz, T<t<Z(kn) T<t<Z(kn)

= limsupP | sup |h(t)] sup |R;, ()] >¢/8 ] <limsupP sup |Ry. (8)] > bs | <9.
n—00 T<t<Tz, T<t<Z(kn) n—>00 T<t<Z(kn)

Thus

lim limsup P sup |h(t)] sup |R.,(t)]>¢/8]) =0
TTTZk n—o00 TStSTZk T<t<Z(kn)

and relation (A.27) gives

t

lim lim sup P sup /h (s)dRy. (s)| >¢/2 | =0.

Tz, n—oo T<t<Z(kn)
.

Combining this with (A.17) and (A.23) shows that relation (A.16) is satisfied which ends the proof.

Proof of Theorem 3.3. Using theorem 3.2, this theorem can be proved in the same way as [[19], Theorem
2]. O
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