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h-admissible Fourier Integral Operators with Complex Phase Function

Omar Farouk AID and Abderrahmane SENOUSSAOUI

ABSTRACT: We study in this work a particular class of h-admissible Fourier integral operators with complex
phase function. These operators are bounded on Schwartz space $(R™) and on its dual 8'(R™).
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1. Introduction

The theory of h-pseudodifferential operators is well adapted to the study of various semiclassical elliptic
differential equations issues. However, when investigating semiclassical equations of the hyperbolic class,
this theory falls short, and one is compelled to look at a broader class of operators, the so-called h-Fourier
integral operators.

Many authors have worked hard since 1970 to learn more about this type of operator.(see, e.g.,
[4,5,6,9,8,10,11,13]). The first works on Fourier integral operators deal with local properties. We note
that, K. Asada and D. Fujiwara ([4]) have studied for the first time a class of Fourier integral operators
defined on R™.

The h-Fourier integral operators are represented by formulas of the type

I (a,9) f (x) = /n /RN eih T oL g (z,&,y) f (y) dydé, (1.1)

f € 8(R™) (the Schwartz space). The function a is called the amplitude, the function ¢ is called the
phase function and h € ]0, ho] is a semiclassical parameter.

According to the theory of Fourier integral operators treated by Hérmander [11], the phase functions in
C> (R™ x R™ \ 0) homogenous of degree 1 in the frequency variable £ and with non-vanishing determinant
of the mixed Hessian matrix (i.e. non-degenerate phase functions), while the symbols in C> (R™ x R™)
such that

0202 a (2,8)] < Cap (1+ g™ PV

(i.e. a(x,&) € S7'5), was initiated in the Basic paper of L. Hérmander [11]. Moreover, G. Eskin [7]

(in the case a € S ) and Hormander [11,12] (in the case a € 9, ,, 3 < p < 1) proved the local L?
boundedness of Fourier integral operators with non-degenerate phase functions.

Other symbols and phase functions, on the other hand, were investigated. In [10,15], D. Robert and
B. Helffer treated the symbol class I') (see below) and they considered phase functions satisfying certain

conditions.
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The goal of this paper is to extend the concept of h-admissible Fourier integral operators described in
[1,2] by taking into account the phase function with complex values. Then using the same technique as
in [3] to demonstrate that the h-admissible Fourier integral operators with complex phase function are
well defined and bounded on §(R™) and on its dual. We further show that these class of operators are
stable by composition.

When the phase function ¢(z,y,&) = S(z, &) — (y,£); where S € C°°(R?";C) ; the operator 1.1 will
be a special case of h-admissible Fourier integral operators with complex phase function. We’ll also make
additional assumptions about the phase function S and the amplitude a in this situation.

Now, let us talk about the structure of this paper. In the second section we gave some notations and
we recall the background of general class of h-admissible Fourier integral operators. In the third section,
the composition of h-admissible Fourier integral operators with complex phase function is described. The
last section focuses on the specific case.

2. Preliminaries
2.1. Notations

Unless otherwise specified, n € N is assumed throughout the study. In particular n # 0. For all
z,y,& € R™ we define

(@,6) =Y x;€; and dy€ = (2wh)T"dE.
§=0

First, let us recall a weight function defined by

1/2
A,y €) = (1+ ol + [y +1g7)

In addition, for two nonnegative quantities A and B, the notation A < B means that A < CB for
some unspecified constant C' > 0, and A « B means that A < B and B < A.
Furthermore, we define the semiclassical Fourier transform Fj, and its inverse EF,:l by

(@)= [ T @) o, and 5 (@)= [ OO0,

n

where f € §(R™). And we scale partial derivatives with respect to a variable z € R™ with the factor —i
are denoted by
D2 = (—i)llge = (—i)llger . oo,
where oo = (a1,...,a,) € N” is a multi-index and |a] = Z;.Lzl oy is the length of a.
Considering two Freshet spaces E and F, the set L(FE, F) contains of all bounded linear operators
L:E— F.If E=F, we also just write £(E).

2.2. A general class of h-admissible Fourier integral operators

Definition 2.1. Let Q be an open set in R3", € R and p € [0,1]. The space of amplitudes e (Q) is
the set of smooth functions a : Q — C such that

a;x@?@ga (z,&,9) < Cam)\ufp(\alJrlﬁ\Hvl) (z,&,y) (2.1)
uniformly in Q0 for all (c, 3,7) € N3, Moreover, let for all k € N

sup  ATHHURTHBIID (3 e ) |92 0P ova (2, €, y)

|a|'Z’p = max
lal+ B+ IVISE (2.¢,9)e0

be the associated sequence of semi-norms.

Remark 2.2. Instead of ') (R3"), we use I'ly for short.
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Now, we take an interest in giving a sense of the integral defined by:

I —
I (0,0) £ @) = [[ 479000 (0,6.0) @) dydik, 1 € 5 ) (22)
where a € I' and ¢ = ¢ + 1) be a complex phase function which satisfies the following conditions
(H1) ¢ € C> (R3”;C)
or all (o, p,7) € and (x,&,y) € such that
(H2) For all (o, B,7) € N> and (z,¢,y) € R®" such th

20007 (€, y)| S NETNIIDD (56 g

(H3) For all (z,£,y) € R such that

Az, &,y) 2 A(0y9, 0¢0,y) -
(H'3) For all (z,&,y) € R3 such that

A, & y) 2 A (@, 0¢0,0:0) .

(H4) For all (z,€,y) € R Im(¢ (2,€,y)) = ¢ (2,€,y) 0.

Remark 2.3. The phase function ¢ (z,y,£) = (x — y, &) clearly fulfills the hypotheses (H1),(H2),(H3)
and (H'3).

The following definitions are given to generalize the concept of h-admissible operators [15].

Definition 2.4. We call h-admissible symbol of weight (u, p), every application a (h) of 10, ho] in 'Y,

such that for all N € N
N

a(h) =3 Wa; + B ey (),
3=0
where a; € F‘p"z”j, and {rn41 (h), h €]0, hol} is bounded in Fﬁ_Qp(NH),

Definition 2.5. We call h-admissible Fourier integral operator, every C°° application A of |0, ho] in
L (8 (R™); L? (R”)), for which there exists a sequence (aj)j € 'l satisfying for all N € N and N large
enough

N
A(h) = W1, (aj,¢) + N Ry (h) (2.3)
j=0

J
where
[In (aj,8) f] (z) = / / e EEY) o (2, € y) fy)dydat,

sup [|[Rn+1 () [lgrz@ny) < oo
he(0,ho]

To provide the right-hand side of (2.2) some context, we consider g € 8§ (R*") and ¢(0,0,0) = 1. If
a € T}, we define

x
s =g(2 80 )a@en). r>o
r'r’r
Theorem 2.6. Let ¢ be a phase function satisfying (H1),(H2),(H3) and (H'3). then

1. For all f € 8(R™), lim, 400 [I1 (ar, @) f](x) exists for every point x € R™ and is independent of
the choice of the function g. We then set

(@) [1@) = lim (1 (ar.0) f)(x) Vo <R
2. I, (a,¢) € L(S(R™)) and I, (a,¢) € L (8 (R™)).

Proof: See [3] 0
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3. Composition of two h-admissible Fourier integral operators

We derive a theorem in this section demonstrating that these types of operators with complex phase
functions are stable by composition

Theorem 3.1. Let ¢y, ¢y be two complex phases functions satisfying (H1),(H2),(H3) and (H'3). Set

¢(xa€7y) = ¢1 (33,51,2') + ¢2 (2,52,24),

with x,y € R™, & = (£],2,&) € RN x R® x RN2. Then ¢ verifies (H1),(H2),(H3) and (H'3), for all
a1 € Fgl,ag S ng, we have
I (a1, 1) In (a2, ¢y) = In (a1 x a2, ¢) (3.1)
with
(al XCLQ) (x7£7y):a1 (517,51,2)&2 (Za£2ay)' (32)
Proof: (H;) and (Hj) are immediate to verify for ¢. So we will prove the hypothesis (H3) .

To show (Hs) or (Hj), it suffices to show that ¢ satisfies:
for all 2,9,z € R™ and ¢; € R™: such that

)‘ (LC, fla Y, 527 Z) S )‘ (Za az¢27 8y¢1 + ay(va 8£1 ¢1a 652¢2) . (33)
Applying the property (Hs) to ¢, and ¢4 we get that
A (33, 615 Y, 627 Z) 5 A (8y¢1a aflgbla Y, 8£2¢27 8Z¢27 Z) . (34)
We have also
A(Y) S (06, 02,0:02,2) (3.5)
from (Hs) applied to ¢,, we get
|ay¢2| 5 )‘(yaé-QaZ)v (36)
and
)‘(yagQaz) 5 )‘(a€2¢2aaz¢27'z) ’ (37)
from (Hs) and (Hj3) applied to ¢s.
Finally, we note that
|0yd1| < [0y1 + Oys| + [0y s . (3.8)

The inequalities (3.4)-(3.8) imply (3.3).
Let’s have a look at the composition formulas now. Let’s start by talking about sequences of functions
(i e{1,2})
Xip (xyfi’ y) — 6_p71(|$|2+‘§i‘2+|y|2); (x’é'“y) e R™ x RN « R™
It is clear that (3.1) is satisfied for
ayp = alXva
and
a?,p = a2x27p .
but = (lzP42ly*+1& [P +Ea 1P +21°)
X1,p (T,81,9) Xa,p (¥, €2,2) =€ e :

Hence it results that

lim (15 (a1,p02,p,9) f) () = (In (a102,9) f) (x) (3.9)

pP—o0

for all f € §(R™).
On the other hand, the proof of theorem 2.6 shows that, for all [ € N and j € {1,2}, an integer M;,
such that, for all f in 8 (R™) and p > 1, we obtain

||Ih (ajma ¢J) fHBL S HfHBMN ) (3.10)
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where B; (R") = {u € L?(R"),z*DPu € L*(R"),|a| + 8] < I}.
We first infer from (3.10) that, for all fixed fy in 8 (R™), g, = In (a2, ) fo describes a bounded of

8 (R™) when p varies. 8 (R™) being Montel space, we can extract a subsequence, suppose that g,, converges
in 8 (R™) to g = I, (a1, ¢5) fo, but we have

K < Ky + Ks, (3.11)
where
Ky = |[In (a1,p,¢1) gp — In (ax, ¢1)9”Bl 5
and
Ky = [|(In (a1,p, 1) — In (a1, 1)) 9ll g, »
and

Ky = |1 (a1,p,91) (9p — 9l 5, -

Even if we re-extract a subsequence, we can assume

Ih (al,pv (bl)g — Ih (alv (bl)ga in 8 (]Rn) . (312)

As can be seen from (3.10)-(3.12) that, for all [, leaves to extract a subsequence, we have

In (a1,p, 1) In (a2,p, #2) fo = In (a1, ¢1) In (a2, &) fo in By (3.13)

4. Main results

We will study at a particular case of the complex phase function phi in this section, which is highly
useful for solving Cauchy issues [14]. Let

¢(x7y7f) = S(x,f) - <y7£>a

and suppose that S satisfies:
(G1) Sec™ (Rg x Rg;@), where § = S + iSs.

(G2) For all (a, B) € N>, we have

02078 (2.6)| S N7 (@)

(G3) There exists dg > 0 such that
0928

detaxag

(xvé-)‘ 2 60;

(o)
(G4) For all (z,€) € R?",  Sy(z,£) > 0.
Proposition 4.1. If S satisfies (G1),(G2),(Gs) and (G4). Then the phase function
¢ (2,y,8) = S (2,8) = (v, €)

satisfies (Hy), (H2),(Hs), (H}) and (Hy) .

Proof: (Hi),(H2) and (Hy4) are trivially satisfied.
The following lemma is required to prove (Hs) and (H3)
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Lemma 4.2. Let’s assume that S satisfies (G1),(G2),(G3) and (G4), then S satisfies:

{52628, ving Ry o
€] S A (2,0,8), V(z,§) €R™ :
In addition, we have for all (x,£), (x’,f/) € R,

o — 2’|+ € = €| S [](0eS) (x,6) = (8e9) (¢, )| + ¢ = €[] (42)

Proof: From (G2) and (G3) and using the global inversion theorem we see that the functions f, and ge
defined by

Jo & — 0.9 (x,6), ge 1w — 0S (2,§),
are diffeomorphisms from R"™ to C™. And the functions k; and ko defined by

ky:(x,8) — (x,0,5 (x,€)), kot (x,6) = (§,0:5 (2,8)),

are diffeomorphisms from R2" to R™ x C™.

Indeed,
L 25 (x,¢)
k/ ’ = 3; ’
, 0 28 (x@))
K, (2, 6) = D20€ .
2(@¢) <In 05 (2,¢)
and )
|det &, (z,€)| = |det &) (z, €)] = |det a%gg (x,f)’ >8>0 V(z,6) €R™
Then
. 028 e
Wmmnsza%%m@\H@wu@1,w6@ﬂ

where Colk] (z,€)] is the cofactor matrix of k}(x,§) for all ¢ € {1,2}. By (G3), we know that
ItCok: (z,€))] Vi € {1,2} are uniformly bounded. From (Gz) and (G3), it follows that

¢y

where

!/
7H (95_1) H are uniformly bounded on R™ and H (kz_l)/H is uniformly bounded on R?",

() (ZC,&) = (5)85‘9 (xvg))

Thus (G3) and the Taylor’s theorem lead to the following estimate:
There exist M, N > 0, such that for all (z,¢), (2/,¢') € R?",

&l = | f (fe () = £ (f2(0))]
S 04)\ (x,@IS)
S A (2.0:9),

x| = |ge ' (9 (€) — gz " (9 (0))
< NS (w,€) — 0:5(0,8)]
< 50 (0¢S,6)
S A (98.9),
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[(@,8) = (', &)] = [y (k2 (2,€) — k3 ' (s (2, €))]
< G5 (6,08 (2,6) — (€,0¢S (+/,€)))|
< [(€ 068 (2,) = (¢,065 (. €))|.

O
From (4.1) we have
AMz,y, &) < A, +A(y)
< G (A (& 0:9) + A (y))
with Cg > 0.
Also, we have 0, ¢ = —¢;; and J¢ ¢ = 0¢ S — y;, so
A& 0:5) = A(0y9,0¢0 +y)
which finally gives for some C7 > 0,
)‘(xyfvy) < 206)\ (ay¢aa§¢7y)
1
7
S A (0y0,0¢0,y),
and from (4.1), we get
So
By a similar argument we can prove (H}).
[

As a consequence of the previous calculus we obtain a result of boundedness of h-admissible Fourier
integral [1,2,16] operators with complex phase function in $(R™) and 8'(R"™).

Theorem 4.3. Let I}, be a h-admissible Fourier integral operator of the form
Iu(a) = [ 59 (0, S (©) .

where a € T™(R?™); h €]0; h0] and S satisfies (G1); (G2); (G3) and (G4). Then Ij, can be extended to a
bounded operator from S(R™) into itself, and from 8'(R™) into itself.
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