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h-admissible Fourier Integral Operators with Complex Phase Function

Omar Farouk AID and Abderrahmane SENOUSSAOUI

abstract: We study in this work a particular class of h-admissible Fourier integral operators with complex
phase function. These operators are bounded on Schwartz space S(Rn) and on its dual S′(Rn).
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1. Introduction

The theory of h-pseudodifferential operators is well adapted to the study of various semiclassical elliptic
differential equations issues. However, when investigating semiclassical equations of the hyperbolic class,
this theory falls short, and one is compelled to look at a broader class of operators, the so-called h-Fourier
integral operators.

Many authors have worked hard since 1970 to learn more about this type of operator.(see, e.g.,
[4,5,6,9,8,10,11,13]). The first works on Fourier integral operators deal with local properties. We note
that, K. Asada and D. Fujiwara ( [4]) have studied for the first time a class of Fourier integral operators
defined on R

n.

The h-Fourier integral operators are represented by formulas of the type

Ih (a, φ) f (x) =

∫

Rn

∫

RN

eih−1φ(x,ξ,y)a (x, ξ, y) f (y) dydξ, (1.1)

f ∈ S (Rn) (the Schwartz space). The function a is called the amplitude, the function φ is called the
phase function and h ∈ ]0, h0] is a semiclassical parameter.

According to the theory of Fourier integral operators treated by Hörmander [11], the phase functions in
C∞ (Rn × Rn \ 0) homogenous of degree 1 in the frequency variable ξ and with non-vanishing determinant
of the mixed Hessian matrix (i.e. non-degenerate phase functions), while the symbols in C∞ (Rn × Rn)
such that ∣∣∂α

ξ ∂
β
xa (x, ξ)

∣∣ ≤ Cα,β (1 + |ξ|)
m−ρ|α|+δ|β|

(i.e. a (x, ξ) ∈ Sm
ρ,δ), was initiated in the Basic paper of L. Hörmander [11]. Moreover, G. Eskin [7]

(in the case a ∈ S0
1,0) and Hörmander [11,12] (in the case a ∈ S0

ρ,1−ρ,
1
2 < ρ ≤ 1) proved the local L2

boundedness of Fourier integral operators with non-degenerate phase functions.
Other symbols and phase functions, on the other hand, were investigated. In [10,15], D. Robert and

B. Helffer treated the symbol class Γµ
ρ (see below) and they considered phase functions satisfying certain

conditions.
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The goal of this paper is to extend the concept of h-admissible Fourier integral operators described in
[1,2] by taking into account the phase function with complex values. Then using the same technique as
in [3] to demonstrate that the h-admissible Fourier integral operators with complex phase function are
well defined and bounded on S(Rn) and on its dual. We further show that these class of operators are
stable by composition.

When the phase function φ(x, y, ξ) = S(x, ξ) − 〈y, ξ〉; where S ∈ C∞(R2n;C) ; the operator 1.1 will
be a special case of h-admissible Fourier integral operators with complex phase function. We’ll also make
additional assumptions about the phase function S and the amplitude a in this situation.

Now, let us talk about the structure of this paper. In the second section we gave some notations and
we recall the background of general class of h-admissible Fourier integral operators. In the third section,
the composition of h-admissible Fourier integral operators with complex phase function is described. The
last section focuses on the specific case.

2. Preliminaries

2.1. Notations

Unless otherwise specified, n ∈ N is assumed throughout the study. In particular n 6= 0. For all
x, y, ξ ∈ Rn we define

〈x, ξ〉 :=

n∑

j=0

xjξj and d̂hξ := (2πh)−ndξ.

First, let us recall a weight function defined by

λ(x, y, ξ) :=
(

1 + |x|
2

+ |y|
2

+ |ξ|
2
)1/2

.

In addition, for two nonnegative quantities A and B, the notation A . B means that A ≤ CB for
some unspecified constant C > 0, and A ⋍ B means that A . B and B . A.

Furthermore, we define the semiclassical Fourier transform Fh and its inverse F
−1
h by

Fhf(ξ) :=

∫

Rn

e−ih−1〈x,ξ〉f(x) dx, and F
−1
h f(x) :=

∫

Rn

eih−1〈x,ξ〉f(ξ) d̂hξ,

where f ∈ S(Rn). And we scale partial derivatives with respect to a variable x ∈ Rn with the factor −i
are denoted by

Dα
x := (−i)|α|∂α

x := (−i)|α|∂α1

x1
. . . ∂αn

xn
,

where α = (α1, . . . , αn) ∈ Nn is a multi-index and |α| =
∑n

j=1 αj is the length of α.
Considering two Freshet spaces E and F , the set L(E,F ) contains of all bounded linear operators

L : E → F . If E = F , we also just write L(E).

2.2. A general class of h-admissible Fourier integral operators

Definition 2.1. Let Ω be an open set in R
3n, µ ∈ R and ρ ∈ [0, 1]. The space of amplitudes Γµ

ρ (Ω) is

the set of smooth functions a : Ω → C such that

∣∣∣∂α
x ∂

β
ξ ∂

γ
y a (x, ξ, y)

∣∣∣ ≤ Cαβγλ
µ−ρ(|α|+|β|+|γ|) (x, ξ, y) (2.1)

uniformly in Ω for all (α, β, γ) ∈ N3n. Moreover, let for all k ∈ N

|a|
µ,ρ
k := max

|α|+|β|+|γ|≤k
sup

(x,ξ,y)∈Ω

λ−µ+ρ(|α|+|β|+|γ|) (x, ξ, y)
∣∣∣∂α

x ∂
β
ξ ∂

γ
y a (x, ξ, y)

∣∣∣

be the associated sequence of semi-norms.

Remark 2.2. Instead of Γµ
ρ

(
R

3n
)
, we use Γµ

ρ for short.
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Now, we take an interest in giving a sense of the integral defined by:

[Ih (a, φ) f ] (x) =

∫∫
eih−1φ(x,ξ,y)a (x, ξ, y) f (y) dyd̂hξ, f ∈ S (Rn) (2.2)

where a ∈ Γµ
ρ and φ = ϕ+ iψ be a complex phase function which satisfies the following conditions

(H1) φ ∈ C∞
(
R3n;C

)

(H2) For all (α, β, γ) ∈ N
3n and (x, ξ, y) ∈ R

3n such that
∣∣∣∂α

x ∂
β
ξ ∂

γ
yφ (x, ξ, y)

∣∣∣ . λ(2−|α|−|β|−|γ|) (x, ξ, y) ;

(H3) For all (x, ξ, y) ∈ R3n such that

λ (x, ξ, y) ⋍ λ (∂yφ, ∂ξφ, y) .

(H ′3) For all (x, ξ, y) ∈ R3n such that

λ (x, ξ, y) ⋍ λ (x, ∂ξφ, ∂xφ) .

(H4) For all (x, ξ, y) ∈ R3n Im(φ (x, ξ, y)) = ψ (x, ξ, y) ≥ 0.

Remark 2.3. The phase function φ (x, y, ξ) = 〈x− y, ξ〉 clearly fulfills the hypotheses (H1) , (H2) , (H3)
and (H ′3).

The following definitions are given to generalize the concept of h-admissible operators [15].

Definition 2.4. We call h-admissible symbol of weight (µ, ρ) , every application a (h) of ]0, h0] in Γµ
ρ ,

such that for all N ∈ N

a (h) =

N∑

j=0

hjaj + hN+1rN+1 (h) ,

where aj ∈ Γµ−2ρj
ρ , and {rN+1 (h) , h ∈]0, h0]} is bounded in Γ

µ−2ρ(N+1)
ρ .

Definition 2.5. We call h-admissible Fourier integral operator, every C∞ application A of ]0, h0] in

L
(
S (Rn) ;L2 (Rn)

)
, for which there exists a sequence (aj)j ∈ Γµ

0 satisfying for all N ∈ N and N large

enough

A (h) =

N∑

j=0

hjIh (aj , φ) + hN+1RN+1 (h) (2.3)

where

[Ih (aj, φ) f ] (x) =

∫∫
eih−1φ(x,ξ,y)aj (x, ξ, y) f(y)dyd̂hξ,

sup
h∈(0,h0]

‖RN+1 (h) ‖L(L2(Rn)) < ∞

To provide the right-hand side of (2.2) some context, we consider g ∈ S
(
R3n

)
and g (0, 0, 0) = 1. If

a ∈ Γµ
0 , we define

ar (x, ξ, y) = g

(
x

r
,
ξ

r
,
y

r

)
a (x, ξ, y) , r > 0.

Theorem 2.6. Let φ be a phase function satisfying (H1) , (H2) , (H3) and (H ′3) . then

1. For all f ∈ S (Rn), limr→+∞ [Ih (ar, φ) f ] (x) exists for every point x ∈ Rn and is independent of

the choice of the function g. We then set

[Ih (a, φ) f ] (x) := lim
r→+∞

[Ih (ar, φ) f ] (x) ∀x ∈ R
n.

2. Ih (a, φ) ∈ L (S (Rn)) and Ih (a, φ) ∈ L (S′ (Rn)) .

Proof: See [3] �
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3. Composition of two h-admissible Fourier integral operators

We derive a theorem in this section demonstrating that these types of operators with complex phase
functions are stable by composition

Theorem 3.1. Let φ1, φ2 be two complex phases functions satisfying (H1) , (H2) , (H3) and (H ′3). Set

φ (x, ξ, y) = φ1 (x, ξ1, z) + φ2 (z, ξ2, y) ,

with x, y ∈ Rn, ξ = (ξ1, z, ξ2) ∈ RN1 × Rn × RN2 . Then φ verifies (H1) , (H2) , (H3) and (H ′3), for all

a1 ∈ Γ
µ

1

0 , a2 ∈ Γ
µ

2

0 , we have

Ih (a1, φ1) Ih (a2, φ2) = Ih (a1 × a2, φ) (3.1)

with

(a1 × a2) (x, ξ, y) = a1 (x, ξ1, z)a2 (z, ξ2, y) . (3.2)

Proof: (H1) and (H2) are immediate to verify for φ. So we will prove the hypothesis (H3) .
To show (H3) or (H ′

3), it suffices to show that φ satisfies:
for all x, y, z ∈ Rn and ξi ∈ RNi such that

λ (x, ξ1, y, ξ2, z) . λ
(
z, ∂zφ2, ∂yφ1 + ∂yφ2, ∂ξ

1
φ1, ∂ξ

2
φ2

)
. (3.3)

Applying the property (H3) to φ1 and φ2 we get that

λ (x, ξ1, y, ξ2, z) . λ
(
∂yφ1, ∂ξ

1
φ1, y, ∂ξ

2
φ2, ∂zφ2, z

)
. (3.4)

We have also
λ (y) . λ

(
∂ξ

2
φ2, ∂zφ2, z

)
, (3.5)

from (H3) applied to φ2, we get
|∂yφ2| . λ (y, ξ2, z) , (3.6)

and
λ (y, ξ2, z) . λ

(
∂ξ

2
φ2, ∂zφ2, z

)
, (3.7)

from (H2) and (H3) applied to φ2.

Finally, we note that
|∂yφ1| ≤ |∂yφ1 + ∂yφ2| + |∂yφ2| . (3.8)

The inequalities (3.4)-(3.8) imply (3.3).
Let’s have a look at the composition formulas now. Let’s start by talking about sequences of functions

(i ∈ {1, 2})

χi,p (x, ξi, y) = e−p−1(|x|2+|ξi|2+|y|2); (x, ξi, y) ∈ R
n × R

Ni × R
n

It is clear that (3.1) is satisfied for
a1,p = a1χ1,p ,

and
a2,p = a2χ2,p .

But
χ1,p (x, ξ1, y)χ2,p (y, ξ2, z) = e−p−1(|x|2+2|y|2+|ξ

1
|2+|ξ

2
|2+|z|2).

Hence it results that
lim

p→∞
(Ih (a1,pa2,p, φ) f) (x) = (Ih (a1a2, φ) f) (x) , (3.9)

for all f ∈ S (Rn).
On the other hand, the proof of theorem 2.6 shows that, for all l ∈ N and j ∈ {1, 2}, an integer Mj,l,

such that, for all f in S (Rn) and p ≥ 1, we obtain

∥∥Ih

(
aj,p, φj

)
f
∥∥

Bl
. ‖f‖BMj,l

, (3.10)
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where Bl (Rn) =
{
u ∈ L2 (Rn) , xαDβ

xu ∈ L2 (Rn) , |α| + |β| ≤ l
}
.

We first infer from (3.10) that, for all fixed f0 in S (Rn), gp = Ih (a2,p, φ2) f0 describes a bounded of
S (Rn) when p varies. S (Rn) being Montel space, we can extract a subsequence, suppose that gp converges
in S (Rn) to g = Ih (a1, φ2) f0, but we have

K1 ≤ K2 +K3, (3.11)

where

K1 = ‖Ih (a1,p, φ1) gp − Ih (a1, φ1) g‖Bl
,

and

K2 = ‖(Ih (a1,p, φ1) − Ih (a1, φ1)) g‖Bl
,

and

K3 = ‖Ih (a1,p, φ1) (gp − g)‖Bl
.

Even if we re-extract a subsequence, we can assume

Ih (a1,p, φ1) g → Ih (a1, φ1) g, in S (Rn) . (3.12)

As can be seen from (3.10)-(3.12) that, for all l, leaves to extract a subsequence, we have

Ih (a1,p, φ1) Ih (a2,p, φ2) f0 → Ih (a1, φ1) Ih (a2, φ2) f0 in Bl. (3.13)

�

4. Main results

We will study at a particular case of the complex phase function phi in this section, which is highly
useful for solving Cauchy issues [14]. Let

φ (x, y, ξ) = S (x, ξ) − 〈y, ξ〉 ,

and suppose that S satisfies:

(G1) S ∈ C∞
(
Rn

x × Rn
ξ ;C

)
, where S = S1 + iS2.

(G2) For all (α, β) ∈ N2n, we have

∣∣∣∂α
x ∂

β
ξ S (x, ξ)

∣∣∣ . λ2−|α|−|β| (x, ξ)

(G3) There exists δ0 > 0 such that

inf
(x,ξ)∈R2n

∣∣∣∣det
∂2S

∂x∂ξ
(x, ξ)

∣∣∣∣ ≥ δ0;

(G4) For all (x, ξ) ∈ R2n, S2(x, ξ) ≥ 0.

Proposition 4.1. If S satisfies (G1) , (G2) , (G3) and (G4) . Then the phase function

φ (x, y, ξ) = S (x, ξ) − 〈y, ξ〉

satisfies (H1) , (H2) , (H3) , (H ′
3) and (H4) .

Proof: (H1) , (H2) and (H4) are trivially satisfied.
The following lemma is required to prove (H3) and (H ′

3)
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Lemma 4.2. Let’s assume that S satisfies (G1) , (G2) , (G3) and (G4), then S satisfies:

{
|x| . λ (ξ, ∂ξS) , ∀ (x, ξ) ∈ R

2n,

|ξ| . λ (x, ∂xS) , ∀ (x, ξ) ∈ R
2n.

(4.1)

In addition, we have for all (x, ξ) ,
(
x′, ξ′

)
∈ R

2n,

|x− x′| +
∣∣ξ − ξ′

∣∣ .
[∣∣(∂ξS) (x, ξ) − (∂ξS)

(
x′, ξ′

)∣∣+
∣∣ξ − ξ′

∣∣] . (4.2)

Proof: From (G2) and (G3) and using the global inversion theorem we see that the functions fx and gξ

defined by
fx : ξ → ∂xS (x, ξ) , gξ : x → ∂ξS (x, ξ) ,

are diffeomorphisms from Rn to Cn. And the functions k1 and k2 defined by

k1 : (x, ξ) → (x, ∂xS (x, ξ)) , k2 : (x, ξ) → (ξ, ∂ξS (x, ξ)) ,

are diffeomorphisms from R2n to Rn × Cn.

Indeed,

k′
1 (x, ξ) =

(
In

∂2S
∂x2 (x, ξ)

0 ∂2S
∂x∂ξ (x, ξ)

)
,

k′
2 (x, ξ) =

(
0 ∂2S

∂x∂ξ (x, ξ)

In
∂2S
∂x2 (x, ξ)

)
.

and

|det k′
1 (x, ξ)| = |det k′

2 (x, ξ)| =

∣∣∣∣det
∂2S

∂x∂ξ
(x, ξ)

∣∣∣∣ ≥ δ0 > 0 ∀ (x, ξ) ∈ R
2n

Then ∥∥∥(k′
i (x, ξ))

−1
∥∥∥ =

∣∣∣∣det
∂2S

∂x∂ξ
(x, ξ)

∣∣∣∣
−1 ∥∥tCo [k′

i (x, ξ)]
∥∥ , ∀i ∈ {1, 2}

where Co [k′
i (x, ξ)] is the cofactor matrix of k′

i (x, ξ) for all i ∈ {1, 2} . By (G3), we know that
‖tCo [k′

i (x, ξ)]‖ ∀i ∈ {1, 2} are uniformly bounded. From (G2) and (G3) , it follows that∥∥∥
(
f−1

x

)′
∥∥∥,

∥∥∥∥
(
g−1

ξ

)′
∥∥∥∥ are uniformly bounded on Rn and

∥∥∥
(
k−1

2

)′
∥∥∥ is uniformly bounded on R2n,

where
ψ2 (x, ξ) = (ξ, ∂ξS (x, ξ))

Thus (G3) and the Taylor’s theorem lead to the following estimate:
There exist M,N > 0, such that for all (x, ξ) ,

(
x′, ξ′

)
∈ R2n,

|ξ| =
∣∣f−1

x (fx (ξ)) − f−1
x (fx (0))

∣∣
≤ M |∂xS (x, ξ) − ∂xS (x, 0)|

≤ C4λ (x, ∂xS)

. λ (x, ∂xS) ,

|x| =
∣∣∣g−1

ξ (gξ (ξ)) − g−1
ξ (gξ (0))

∣∣∣
≤ N |∂ξS (x, ξ) − ∂ξS (0, ξ)|

≤ C5λ (∂ξS, ξ)

. λ (∂ξS, ξ) ,
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∣∣(x, ξ) −
(
x′, ξ′

)∣∣ =
∣∣k−1

2 (k2 (x, ξ)) − k−1
2

(
k2

(
x′, ξ′

))∣∣
≤ C5

∣∣(ξ, ∂ξS (x, ξ)) −
(
ξ′, ∂ξS

(
x′, ξ′

))∣∣
.

∣∣(ξ, ∂ξS (x, ξ)) −
(
ξ′, ∂ξS

(
x′, ξ′

))∣∣ .

�

From (4.1) we have

λ (x, y, ξ) ≤ λ (x, ξ) + λ (y)

≤ C6 (λ (ξ, ∂ξS) + λ (y)) ,

with C6 > 0.
Also, we have ∂yj

φ = −ξj ; and ∂ξj
φ = ∂ξj

S − yj , so

λ (ξ, ∂ξS) = λ (∂yφ, ∂ξφ+ y)

≤ 2λ (∂yφ, ∂ξφ, y) ,

which finally gives for some C7 > 0,

λ (x, ξ, y) ≤ 2C6λ (∂yφ, ∂ξφ, y)

≤
1

C7
λ (∂yφ, ∂ξφ, y)

. λ (∂yφ, ∂ξφ, y) ,

and from (4.1) , we get
λ (x, ξ, y) & λ (∂yφ, ∂ξφ, y) .

So
λ (x, ξ, y) ≃ λ (∂yφ, ∂ξφ, y) .

By a similar argument we can prove (H ′
3) .

�

As a consequence of the previous calculus we obtain a result of boundedness of h-admissible Fourier
integral [1,2,16] operators with complex phase function in S(Rn) and S

′(Rn).

Theorem 4.3. Let Ih be a h-admissible Fourier integral operator of the form

Ihu (x) =

∫
eih−1S(x,ξ)a (x, ξ)Fhu (ξ) d̂hξ,

where a ∈ Γm(R2n);h ∈]0;h0] and S satisfies (G1); (G2); (G3) and (G4). Then Ih can be extended to a

bounded operator from S(Rn) into itself, and from S
′(Rn) into itself.
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