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On certain integrals involving (p, k)-Mittag-Leffler function

Gurmej Singh and Mehar Chand*

ABSTRACT: In the present paper, we establish certain integral formulae involving a new generalization
of Mittag-Leffler function pEz’g’ZT(z), which are expressed in terms of generalized Wright function and
hypergeometric function. Further some interesting special cases of our main findings are also developed.
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1. Introduction and Preliminaries

In recent years, many authors have developed and studied numerous integral formulas involving a
variety of special functions (see [1,2,3,4,5,6,11,12,28]). These integrals play an important role while deal-

ing with several real world problems especially in mathematical physics. Here we present some integral

formulas involving generalized Mittag-Leffler function pEZ’f\’Z ~(2). Some interesting special cases of our

main results are also considered.
The Gauss hypergeometric function is defined as (see [20])

Definition 1.1 Let |z| <1, z,01,02 € C, d3 € C\ Z;, then
2Py (01,033 03 2) = 3 niO2ln 2 (1.1)

where (1), is familiar Pochhammar symbol (see [25]).
The series o F1 (01, 02;03; 2) is convergent in the following cases:
1. for |z| < 1; the series converges absolutely.

2. for |z] = 1; the series converges absolutely for R(d3 — §; — d2) > 0.

3. for |z| =1 (2 # 1); the series converges conditionally for

—-1< §R(53 — 01 *52) <0.

A more generalized form of the hypergeometric function is ,Fs, defined as (see [20,14]):
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Definition 1.2 Let 61, - ,6, € Ciwi, - ,ws € C\ Z , then

R [ PRI Z} _ i (80)n--(0r)n 2" 12)

Wiy, Ws; = (Wi)n-(ws)n !
The series - Fs(.) is convergent in the following cases (see [20]):
1. Converges absolutely V z € C, if r < s.

2. (a) Converges absolutely for |z] < 1 and r = s+ 1.
(b) Diverges for |z| > 1 and r = s + 1.

3. Diverges for z # 0, if r > s+ 1.

4. Absolutely convergent for |z| = 1, when r = s + 1 and

j=1 i=1

5. Conditionally convergent for |z| =1 (2 # 1), if r = s + 1 and when

—-1<R [zs:wj' — zr:(SZ] <0.
j=1 i=1

where (9),, is the Pochhammer symbol defined by (see [25])

5). — 1 (n=0; 5 e C\{0})
(O)n = S+ 1)(0+2)..(d+n—1) (neN; §e€C) (1.3)
:F((5+n)

() (neN;§eC\Zy)

and T'(9) is the familiar Gamma function.

The Pochhammer k-symbol due to Diaz and Pariguan [7] is defined as

Definition 1.3 Let § € C,k € R and n € N, then the Pochhemmer k-symbol is defined as: (Diaz and
Pariguan [7])

(O)n, =00+ k)(0+2k)--- (6 + (n—1)k). (1.4)
and k-Gamma function is defined as

Definition 1.4 For § € C; R(5) > 0; k € RT, the k-gamma function is defined by [7]:

W (6) = / =1~ dt. (1.5)
0

Proposition 1.1 The k-gamma function and Pochhammer k-symbol are related as (see [7]):
ForneN; keRT

(O)n, & = { x(6) (0 CA10) (1.6)
5(6+Kk)---(6+ (n—1)k), (6 € C).

For§eC, R()>0; keRT
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Recently, Gehlot [9] introduced a new modification of the k-Gamma function ,I'x(d) and is defined
as

Definition 1.5 For § € C\ kZ ;k,p € RT\ 0 and R(5) > 0, the (p, k) Gamma function ,I'(d) is given
as

Th(5) = / 5 145, (1.8)
0

Also, he has defined the (p, k)-Pochhammer symbol ,(d), , which is given by (see [9])

Definition 1.6 For ¢ € C;k,p € RT\ 0 and R(d) > 0,n € N, the (p, k)-Pochhammer Symbol ,(8), i is

given as
o= (). (2 ) (2 r2) o (240 )

. ka(5 —+ nk)
B prk((;)

(1.9)

The following properties hold true for the (p,k)-Gamma function and (p, k)-Pochhammer symbol
given as [9]:

Proposition 1.2 For x € C\ ¥Z";k,p € R* and R(z) > 0,n,q € N, then the following formulas hold

true:
p(Di(x) = (%) ya) = %F (%) . (1.10)
p(T)ng.k = (%)nq (@)ngk = p™ (%)nq (1.11)
p(@)nge = pg™ ; (%;_1>n. (1.12)

2. Mittag-Leffler function and its generalizations

The Swedish mathematician G. Mittag-Leffler [17] introduced the function E)(z), is defined in series
form as:

n

> z
— —_— M > .
E\(z) nEZO Tom 1) 2eC;A>0 (2.1)

The two parameter Mittag-Leffler function E) ,(z) [17] studied by Wiman [29], is defined as:

> n
B, (z) = ; m A e C; RN > 0,R(v) > 0. (2.2)
In [19](see also [13]), Prabhakar studied the function EY ,(z), is defined as:
(e 2"
EXv(2) = n; P(T:—u)ﬁ (2.3)

A i,y € C; R(A) > 0,R(v) > 0,R(y) > 0.

In [24], Shukla and Prajapati studied the function E}’)(2), is defined as (see also [27]):
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EYN(4) — Vm__ 2"
A(?) 7;) F(An+v)nl’ (2.4)
A,y €CR(A) >0, R(v) >0, R(y) >0 and n e (0,1)UN,
T'(y+nn
where (7)yn = (F(fy;”

Salim [21] introduced a new generalization of Mittag-Leffler function Ezg (z) and is defined as:

n

B} Zrm+ @)’

A v,y,8 € C,R(A) >0, R(v) >0, R(y) >0, R(6) >0

(2.5)

Further, Salim and Faraj [22] introduced the following more generalized Mittag-Leffler function
EY%" (%) defined as:

A\ v, T

V8m (L) — S M Z
EXuz(2) = ZF(/\TH-V) (0)rn’ (2.6)
),

\v,7,0 € C, min{R(\), R(v), R(7),R()} >0, ,neRY, <R\ +7

Further, the following more generalized Mittag-Lefler function EZ;SZT(Z) is introduced by Gupta
and Parihar [10] defined as:

oo

v,0,m _ (W)Un,k 2"
Ek;S\VT(Z) _nz::ork(An'i‘V) (5)Tn,k7 (27)

A v,7,0 € C, min{R(A), R(v), R(y), R(©O)} >0, k,rneRT, n <R +7

Here we introduce a new generalization of Mittag-Leffler function defined as:

o0 n

EYm ),k Z
pBexul nzoprk An+v) p(8)rnk’ 2.8)

A 7,6 € € min{RO), R), R, RO)) >0, pok.rn e B, n< oD 4o

where ,(¥)nn,k is the (p, k)-Pochhammer symbol defined in equation (1.9).

The generalized hypergeometric series , I, (see e.g., [15]) due to Fox [8] and Wright [30,31,32] known
as the Fox-Wright function ,¥,(z) (p,q € Np) with p numerator and ¢ denominator parameters defined
for ay,...,a, € C and b, ...,b, € C\ Z; by (For details see [14,16,23,26])

+an)..I(a, + "
U, (a1, 01), ey (Ap, p); ] Zrm ain)..I'(ap + apn) z (2.9)

(b1, B1); -5 (bgs Bg)s (b1 + Bin)..T(by + Byn) n!’

where the coefficients as, ..., o, 51, ..., B4 € RT are such that

q p
L+Y B =Y a; >0. (2.10)
j=1 i=1

For a; = 8;, =10 = 1,...,p;j = 1,...,q), equation (2.9) reduces immediately to the generalized
hypergeometric function ,Fy (p,q € Ny) (see [26]):

a1, -5 Gp; z —M (alvl)a-'-ﬂ(apal);
F [ by, ..., bg; } B r(al)...r(aq)l)‘l'q[ o ( : (2.11)
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For our present study we also require the following Oberhettinger’s integral formula [18]
e - $TROIC—9)
&1 242 Cdz =2 ¢ _— 2.12
/0 > (z+a+ Va4 2ax)” dx = 2Ca (2> TO+Cre) (2.12)
provided 0 < R(&) < R(().

The well known Legendre duplication formula (see [25]) is defined as

o= (2) (52)  mem

3. Main Results

Theorem 3.1 Let z > 0; M\, v,7,6 € C, min{R(\), R(v), R(7),R()} >0, p,k,7,n € RT,
then for 0 < R(§) < R((), the following formula holds true

(2.13)

n< TR,
1 5 —¢ ,6m
(@ +a+ Va4 2ax) 0 E o
/0 ( ) P~k v, T (x+a+\/m) (3 1)
_2A :
(Fm), (=&D, (1+¢D, (L1 27
(% : |

— gl—€,6— (kr(%) 25
prT (%)

)

1
) (1), (LFCHED), (G 1):

a

Proof: Denote left hand side of equation (3.1) by Z, then interchanging order of integration and sum-
mation and using equation (2.8), we have

T— nnkz / £—1 2 2 —(<+n)d
Z T )\n—i—z/ G 7 (x+ a+ Va? + 2ax) T,

(3.2)
evaluating the above integral in view of equation (2.12) and after little simplification, we get
7 — o1-eqe-c P () D(26) i F(F+m)TC=E+n)TA+C+n)T(1+n) [zp7# iy
pAT(F) ST (4+2)0 (8 +m™m) D1 +C¢+E+n)T(¢+n) a n!
(3.3)
in view of equation (2.9), we get the required result (3.1) O
Theorem 3.2 Let x > 0;\,v,7,d € C, min{R(\), R(v), R(y),R()} >0, p,k,7,n eRT, n< % +7,
then for 0 < R(§) < R((), the following formula holds true
[ee]
£-1 2 ¢ prom rz )
T z+a+Vr?+2ax) >
/0 ( ) k)\l/‘l'(z+a’+ /I2+2a$ 34
= 21—5a§_ckr %) F(7C_§)4\I/4 (%577) ’ <2€a2)a (1+<51)7 (171)7 an_T_z ( . )
PEL (D) 8 IR IR N T
Proof: The proof of Theorem 3.2 is similar to that of Theorem 3.1, so we omit the details O

Theorem 3.3 Let x > 0; A\, v,7,d € C, min{R()\), R(v), R(v)

’ R(©)} >0, p,k,mn e RY, p< T 47,
then for 0 < (&) < RN(C), the following formula holds true



6 G. SINGH AND M. CHAND

| 2 —¢ pvom i
/0 2 (z+a+ Va? 4 2ax) L ENYY <x+a+\/m> dx
o1 e—c L2OTA+HI'(C - &)
“F WO (3.5)

A1), C—¢€ 14¢ 1;  zp" T RykE
A(%7%)7A(T1%)51+<+§)<7 aTTA% '

X m3Fa 1o

Proof: By using equation (2.8), (1.10), (1.11), (1.12) and in view of equation (2.12) and (2.13) we get
the required result (3.5). O

Theorem 3.4 Let z > 0;\, 1,7, € C, min{R(\), R(v), R(7),R()} >0, p,k,7,n eRT, n< % + 7,
then for 0 < R(&) < R(C), the following formula holds true:

Oo:rf_l z+a+\r2+ 2az) ¢, BT < e >dm
| B (e
e em L2 —¢€)
_ gl-g6—C
S T+ C+9) (3.6)
A 146 & Erh L b
b b 9 b b ) p k’r] k
% iaFs g 14¢+€& 24¢+¢ 2 __TH
L +3[A(2;k)7A(T;i)7Ca g f’ g g; 27’7')\% ]

1 2 -1
where A (q; @) is g-tuple g, atl ot ata .
q

5 g eeny

q q q

Proof: By using equation (2.8), (1.10), (1.11), (1.12) and in view of equation (2.12) and (2.13) we get
the required result (3.6). O

3.1. Special Cases

On setting p = 1, results presented in Theorem 3.1-Theorem 3.4 reduce to the following form.

Corollary 3.1 Let z > 0;\,v,7,0 € C, min{R(\), R(v), R(7),R()} >0, k,7,n e RT, n< % + 7,
then for 0 < R(&) < R(C), the following formula holds true:

> £—1 —C 77,0, z
/0 25w+ a+ Va2 + 2ax) BN <x+a+\/m> dx
e KT (7) T(26) (F.m), C=&1), (1+¢D), (1,1); 2
_9l=€ ¢ \k)~\"5/) k> ) s L)y s L) s L)y ~
T q’[ (5:2). (2:7), (L +CHED), (D) ]

Corollary 3.2 Let x > 0;\,v,7,d € C, min{R(\), R(v), R(7),R)} >0, k,7,n e RT, n< % + 7,
then for 0 < R(&) < R((), the following formula holds true:

(3.7)

> £E—1 2 —C Y,6m xrz
/0 > (x + a4+ Va? 4 2ax) Ek”\’”’7<x+a+\/m>dx )
:zuaukF(i)W—f)M[ (B, (262, (4G, (1,1) } '
T (%) (5,2)(2:7),(1+C¢+62),(G1); 2

Corollary 3.3 Let x > 0;\,v,7,d € C, min{R(\), R(v), R(7),R)} >0, k,7,n e RT, n< % + 7,
then for 0 < R(§) < R((), the following formula holds true:
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001’571 a az) ¢ 0 i

/0 (x+a+ V2 +2ax)” E’Z’\7’17<x+a+ 72+2ax>d:c

o1 e LROTA+ (- E)

B Y T (3 (3.9)

(
A(n,k) C—¢ 14¢ 1 =kt
A(k’k) A(T7% 71+C+£,<§ a'rT)\% '

Xnt3lsiryo

Corollary 3.4 Let x > 0;\, 1,7, € C, min{R(\), R(v), R(7),R(G)} >0, k,7,n e RT, < ZX 47
then for 0 < R(&) < R(C), the following formula holds true:

Ooxg’lir + Va2 + 2ax) BT ( o )da:
/0 (@ta az) By v x+a+ V2 + 2ax
¢ e, LEOT(C—E)
_ gl—€ 6=
C WA+ + (3.10)
X paFa s ) FCHE 2% ¢+ .
TR AR A ()G T 2l

On setting p = k = 1, results presented in Theorem 3.1-Theorem 3.4 reduce to the following form.

Corollary 3.5 Let z > 0;\,v,7,6 € C, min{R(\), R(v), R(y),R()} > 0, 7,n € RY, n < R(\) + 7,
then for 0 < R(§) < R(C), the following formula holds true:

T ¢ o 2

/0 257w +a+ Var? + 2ax)” E)‘”T(z+a+\/m>dx

CpreePOTEO [, (61 (0D, 0
1

I'(y) A, (3:7), A+ ¢+ED), (G 1) af

(3.11)

Corollary 3.6 Let x > 0;\,1,7,6 € C, min{R(\), R(v), R(7),RG)} > 0, 7,n € RY, n < R(\) + 7,
then for 0 < R(&) < R(C), the following formula holds true:

T e b at Va1 2 <E””< T )d
[ e e VB B (e (3.12)
— 217£a£7§1—‘ (5) F(C — 6)4\1,4 |: (’ya 77) ) (257 2)7 (1 + C» 1)7 (17 1)7 Z:l )
I'(v) (A, (6,7), (1 +C+&2),(¢1); 2
Corollary 3.7 Let z > 0;\,v,7,6 € C, min{R(\), R(v), R(7),R()} >0, 7,n € RY, n < R(\) + T,
then, for 0 < R(&) < R((), the following formula holds true:

e _ z
/0 (v +a+ Va2 + 2ax)” gEXiZ(x—ka—i— f—k?ax)dx
e e TEOTA+HT(C - €)
B P RSN (3.13)

< oF Almgr), (=& 1+¢ 1 2"
TEEETER AN Y),A(T30) 1+ CHEG arm

Corollary 3.8 Let © > 0;\,v,7,6 € C, min{R(\), R(v), R(7), R} >0, 7,n € RT, n < R\ +7,
then, for 0 < R(§) < R((), the following formula holds true:
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T e CEryom rz
/O 2 (x+a+ Va2 + 2ax)” EAVT<x+a+\/m>dx
e TROTC-9)
= T+ C 1 ) (3.14)
A (), 1+¢, g, §+%7 L; zn"
i PN NG N R LA T,

On setting p = k =n = 7 = 1, results presented in Theorem 3.1-Theorem 3.4 reduce to the following
form.

Corollary 3.9 Let z > 0; A\, v,7v,6 € C, R(A) > 0, R(v) > 0, R(y) > 0, R(J) > 0, then for 0 < N(§) <
R((), the following formula holds true:

Ooxf_lac a x2 ax) =< z T
J e Vg (az—&—a—i—\/W)d
Ty *° ( >,< D.0rCHED, G0 a)

Corollary 3.10 Let x > 0; A\, v,7v,6 € C, R(A) > 0, R(v) > 0, R(v) > 0, R(J) > 0, then for 0 < R(§) <
R((), the following formula holds true:

= e > —C xz )
x T+a+ VvV +2ax) " F V( dx
/0 ( ) M\ 2+ a+VaZ + 2ax

_ 17§a§7g‘w ('771)a (2572)7 (1+C71)7 (Ll); E
? I'(y) 4\114[ ]

(3.15)

(3.16)

(V7)\)7(671)7(1+<+£’2)7(<71)7 2

Corollary 3.11 Let x > 0; \,v,7,d € C, R(\) > 0, R(v) > 0, R(y) > 0, R(d) > 0, then, for 0 < R(&) <
R((), the following formula holds true:

= e 2 Y Al <
T T+a+ Vr?+2ax) " F dxr
/0 ( ) A (x+a+ Va2 —|—2am)

_ 21—£a5—41—‘(2§)r(1 +§)F(C_§)4F)\ 3 |: Y, C_§7 1 +Cv 17 Z:| )
TTA+C+ETQ) [ ANY), 6 1+C+EG an

Corollary 3.12 Let x > 0; \,v,7,8 € C, R(\) > 0, R(v) > 0, R(y) > 0, R(6) > 0, then, for 0 < R(£) <
R(C), the following formula holds true:

(3.17)

T e p— xz
/o > (x +a+ Va?+ 2ax) B (z+a+\/m>dm
: (3.18)
_ g1t ¢ LEOTC &) v 14+¢ & E+g s
=21"%¢q CF(V)F(1+C+€)5 A+4 Ay), 5471+C+€’2+g+€ o

On setting p = k =n =7 = § = 1, results presented in Theorem 3.1-Theorem 3.4 reduce to the
following form.

Corollary 3.13 Let x > 0; \,v,7 € C, R(A) > 0, R(v) > 0, R(y) > 0, then for 0 < R(&) < R(C), the
following formula holds true:

oS - . . ;
/0 > (x 4+ a+ Va2 4 2ax) E/\’V(a:—&—a—l— x2—|—2ax)dx
_ g1, e-cL(2) (1), ((=&1), (1+¢1); =
=2 a F(’y) 3\113

(3.19)
(V7)‘)v(1+C+£71)7 (<71)3 a
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Corollary 3.14 Let x > 0; A\, v,y € C, R(\) > 0, R(v) > 0, R(y) > 0, then for 0 < R(&) < R((), the
following formula holds true:

T e 2 - rz )
x T+a+ Va2 +2ax) " FE dx
/0 ( ) A (a:+a+ Va2 + 2ax

CgieeeecDC =8 L [ (1), (262, (14G1); 2
=2 T (y) 3\113[ }

(3.20)
(V7>‘)7(1+C+£72)7(C71)3 2

Corollary 3.15 Let z > 0; A\, v,y € C, R(A) > 0, R(v) > 0, R(y) > 0, then, for 0 < R(&) < R(C), the
following formula holds true:

o0
£-1 2 gy o
T T+a+ Va?+2ax) " F dxr
/0 ( ) Ay (:17+a+\/:v2+2ax>

:2175a574F(25)F(1+5)F(C—f) Py 2{ v =& 1+G Z]
TCA+C+OTQ) XML ANY), L+ C+EG an

(3.21)

Corollary 3.16 Let © > 0;\, v,y € C, R(A) > 0, R(v) > 0, R(y) > 0, then, for 0 < R(E) < R(C), the

following formula holds true:

~ -1 —C Tz
[ ot B (o )
L2H)T(¢ - ¢€) [ v 1+G € : 21 (3.22)

£+3
N+ | Ay ¢ 5 T8 THETE T 53

— 9l—€,£~C
a CF

)

On setting p =k =n=7 =~ =9 = 1, results presented in Theorem 3.1-Theorem 3.4 reduce to the
following form.

Corollary 3.17 Let z > 0;\,v € C, R(\) > 0, R(v) > 0, then for 0 < R(§) < R((), the following
formula holds true:

o0
e-1 2 —¢ c
T T+a+ Vr?+2ax) " FEy, dx
/0 ( ) A (z+a+\/12+2ax)

3.23
— 216 E ST (26), W { (C—=¢&1), (1+¢1), (1,1); 1 . (3.23)

(Vv)‘)v(1+<+§71)’ (C71)§ a

Corollary 3.18 Let x > 0;\,v € C, R(A\) > 0, R(v) > 0, then for 0 < R(E) < R(C), the following

formula holds true:

= e 2 —¢ xz )
T r+a+VaZ+2ax) "Ey, dx
/0 ( ) A (x+a+\/x2+2ax

2¢,2), (1+¢,1), (1,1); (3.24)
:21—5a€—cr(c_€)3‘1,3|: ( 5’ )7 ( + ¢, )7 (7 )7 Z:|

(¥ A), (1+¢+¢§,2),(61); 2

Corollary 3.19 Let x > 0;\,v € C, R(A\) > 0, R(v) > 0, then, for 0 < R(&) < R((), the following
formula holds true:

et ¢ i
/0 7z +a+ V22 + 2ax) E)\’V(m—f—a—l—\/xQ—FiQGI)dI
:217§a§7<1ﬂ(2§)r(1+§)F(C—§) r [ ¢—=¢ 1+¢ L Z]
LA+ C+ONQ WML ANY) 1+C+HEG aV ]

(3.25)
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Corollary 3.20 Let x > 0;\,v € C, R(A\) > 0, R(v) > 0, then, for 0 < R(&) < R((), the following
formula holds true:

/ 257w+ a+ Va2 4 2ax) " Ey, ( i ) dx
0

z+a+Va?+ 2ax 526

3.26
_ g1 ¢ LEOT(C &) 1+¢ & &+3 L i
=2t Tora+c+ o | A )¢1+<+§2+g+§ e

On setting p=k =n=7=~ =9 = v = 1, results presented in Theorem 3.1-Theorem 3.4 reduce to
the following form.

Corollary 3.21 Let x > 0; A € C, R(\) > 0 then for 0 < R(&) < R(C), the following formula holds true:

T e 2 —¢ il
T T+a+ Va2 +2ax) " F dx
/0 ( ) A(m+a+\/x2+2a9&)

(3.27)
_ 21*5a5*<1“(2§)3\113 [ (C - &, 1)7 (1 +C»1)7 (Ll); Z:| )

(17)‘)7(1+C+€71)ﬂ (C71)§ a

Corollary 3.22 Letz > 0; A € C, R(\) > 0, then for 0 < R(£) < R(C), the following formula holds true:

T e 2 —¢ xrz
T T+a+ Va2 +2ax) FE < >d:c
/0 ( ) A T+ a+ V2 + 2ax

R 6)3\1,3[(2&2)7 A+, (11); }

(3.28)

(17)‘)7(1+C+§72)ﬂ(C71)§ 2

Corollary 3.23 Let x > 0; A € C, R(\) > 0, then, for 0 < R(£) < R(C), the following formula holds
true:

/0 7 (x+a+ Va2 + 2ax) E/\(x+a+ erZax)dx
TA+C+OTQ) LAWY I+C+EG ad

Corollary 3.24 Let x > 0; A € C, R(A) > 0, then, for 0 < R(&) < R((), the following formula holds

true:

(3.29)

= -1 —C Tz

/0 x> (x4 a+ Va? + 2ax) EA<$+a+m>dx »
3.30

_g1—¢ e LEOTC =& 1+¢ & &43, L .

BRI Vil N )Ql+<+§2+g+§ %

4. Conclusion

In this paper, certain integral formulae involving a new generalization of Mittag-Leffler function
pE,ZgZT(z) were estalished, which are expressed in terms of generalized Wright function and hypergeo-
metric function. Further some interesting special cases of our main findings are also developed. All the

findings and their special cases are new and general in nature.
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