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On certain integrals involving (p, k)-Mittag-Leffler function
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abstract: In the present paper, we establish certain integral formulae involving a new generalization

of Mittag-Leffler function pE
γ,δ,η
k,λ,ν,τ (z), which are expressed in terms of generalized Wright function and

hypergeometric function. Further some interesting special cases of our main findings are also developed.

Key Words: (p, k)-Pochhammer symbol, (p, k)-Mittag-Leffler function, Integral Transform.

Contents

1 Introduction and Preliminaries 1

2 Mittag-Leffler function and its generalizations 3

3 Main Results 5

3.1 Special Cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

4 Conclusion 10

1. Introduction and Preliminaries

In recent years, many authors have developed and studied numerous integral formulas involving a
variety of special functions (see [1,2,3,4,5,6,11,12,28]). These integrals play an important role while deal-
ing with several real world problems especially in mathematical physics. Here we present some integral
formulas involving generalized Mittag-Leffler function pE

γ,δ,η
k,λ,ν,τ (z). Some interesting special cases of our

main results are also considered.

The Gauss hypergeometric function is defined as (see [20])

Definition 1.1 Let |z| < 1, z, δ1, δ2 ∈ C, δ3 ∈ C \ Z−
0 , then

2F1(δ1, δ2; δ3; z) =

∞∑
n=0

(δ1)n(δ2)n
(δ3)n

zn

n!
, (1.1)

where (δ1)n is familiar Pochhammar symbol (see [25]).

The series 2F1(δ1, δ2; δ3; z) is convergent in the following cases:

1. for |z| < 1; the series converges absolutely.

2. for |z| = 1; the series converges absolutely for ℜ(δ3 − δ1 − δ2) > 0.

3. for |z| = 1 (z ̸= 1); the series converges conditionally for
−1 < ℜ(δ3 − δ1 − δ2) ≤ 0.

A more generalized form of the hypergeometric function is rFs, defined as (see [20,14]):
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Definition 1.2 Let δ1, · · · , δr ∈ C;ω1, · · · , ωs ∈ C \ Z−
0 , then

rFs

[
δ1, · · · , δr;
ω1, · · · , ωs;

z

]
=

∞∑
n=0

(δ1)n...(δr)n
(ω1)n...(ωs)n

zn

n!
. (1.2)

The series rFs(.) is convergent in the following cases (see [20]):

1. Converges absolutely ∀ z ∈ C, if r ≤ s.

2. (a) Converges absolutely for |z| < 1 and r = s+ 1.

(b) Diverges for |z| > 1 and r = s+ 1.

3. Diverges for z ̸= 0, if r > s+ 1.

4. Absolutely convergent for |z| = 1, when r = s+ 1 and

ℜ

 s∑
j=1

ωj −
r∑

i=1

δi

 > 0.

5. Conditionally convergent for |z| = 1 (z ̸= 1), if r = s+ 1 and when

−1 < ℜ

 s∑
j=1

ωj −
r∑

i=1

δi

 ≤ 0.

where (δ)n is the Pochhammer symbol defined by (see [25])

(δ)n =

{
1 (n = 0; δ ∈ C \ {0})
δ(δ + 1)(δ + 2)...(δ + n− 1) (n ∈ N; δ ∈ C)

=
Γ(δ + n)

Γ(δ)
(n ∈ N; δ ∈ C \ Z−

0 )

(1.3)

and Γ(δ) is the familiar Gamma function.

The Pochhammer k-symbol due to Diaz and Pariguan [7] is defined as

Definition 1.3 Let δ ∈ C, k ∈ R and n ∈ N, then the Pochhemmer k-symbol is defined as: (Diaz and
Pariguan [7])

(δ)n, k = δ(δ + k)(δ + 2k) · · · (δ + (n− 1)k). (1.4)

and k-Gamma function is defined as

Definition 1.4 For δ ∈ C; ℜ(δ) > 0; k ∈ R+, the k-gamma function is defined by [7]:

Γk(δ) =

∫ ∞

0

tδ−1e−
tk

k dt. (1.5)

Proposition 1.1 The k-gamma function and Pochhammer k-symbol are related as (see [7]):
For n ∈ N; k ∈ R+

(δ)n, k =


Γk(δ + nk)

Γk(δ)
(δ ∈ C \ {0})

δ(δ + k) · · · (δ + (n− 1)k), (δ ∈ C).
(1.6)

For δ ∈ C, ℜ(δ) > 0; k ∈ R+

Γk(δ) = k
δ
k−1Γ

(
δ

k

)
. (1.7)
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Recently, Gehlot [9] introduced a new modification of the k-Gamma function pΓk(δ) and is defined
as

Definition 1.5 For δ ∈ C \ kZ−; k, p ∈ R+ \ 0 and ℜ(δ) > 0, the (p, k) Gamma function pΓk(δ) is given
as

pΓk(δ) =

∫ ∞

0

e−
tk

p tδ−1dδ. (1.8)

Also, he has defined the (p, k)-Pochhammer symbol p(δ)n,k which is given by (see [9])

Definition 1.6 For δ ∈ C; k, p ∈ R+ \ 0 and ℜ(δ) > 0, n ∈ N, the (p, k)-Pochhammer Symbol p(δ)n,k is
given as

p(δ)n,k =

(
δp

k

)
.

(
δp

k
+ p

)
.

(
δp

k
+ 2p

)
· · ·
(
δp

k
+ (n− 1)p

)
=

pΓk(δ + nk)

pΓk(δ)
.

(1.9)

The following properties hold true for the (p, k)-Gamma function and (p, k)-Pochhammer symbol
given as [9]:

Proposition 1.2 For x ∈ C \ kZ−; k, p ∈ R+ and ℜ(x) > 0, n, q ∈ N, then the following formulas hold
true:

p(Γ)k(x) =
(p
k

) x
k

Γk(x) =
p

x
k

k
Γ
(x
k

)
. (1.10)

p(x)nq,k =
(p
k

)nq
(x)nq,k = pnq

(x
k

)
nq

. (1.11)

p(x)nq,k = pqnq
q∏

r=1

( x
k + r − 1

q

)
n

. (1.12)

2. Mittag-Leffler function and its generalizations

The Swedish mathematician G. Mittag-Leffler [17] introduced the function Eλ(z), is defined in series
form as:

Eλ(z) =

∞∑
n=0

zn

Γ(λn+ 1)
, z ∈ C;λ ≥ 0. (2.1)

The two parameter Mittag-Leffler function Eλ,ν(z) [17] studied by Wiman [29], is defined as:

Eλ,ν(z) =

∞∑
n=0

zn

Γ(λn+ ν)
, λ, µ ∈ C; ℜ(λ) > 0,ℜ(ν) > 0. (2.2)

In [19](see also [13]), Prabhakar studied the function Eγ
λ,ν(z), is defined as:

Eγ
λ,ν(z) =

∞∑
n=0

(γ)n
Γ(λn+ ν)

zn

n!
,

λ, µ, γ ∈ C; ℜ(λ) > 0,ℜ(ν) > 0,ℜ(γ) > 0.

(2.3)

In [24], Shukla and Prajapati studied the function Eγ,η
λ,ν (z), is defined as (see also [27]):
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Eγ,η
λ,ν (z) =

∞∑
n=0

(γ)ηn
Γ(λn+ ν)

zn

n!
,

λ, ν, γ ∈ C, ℜ(λ) > 0, ℜ(ν) > 0, ℜ(γ) > 0 and η ∈ (0, 1) ∪ N,
(2.4)

where (γ)ηn =
Γ(γ + ηn)

Γ(γ)
.

Salim [21] introduced a new generalization of Mittag-Leffler function Eγ,δ
λ,ν(z) and is defined as:

Eγ,δ
λ,ν(z) =

∞∑
n=0

(γ)n
Γ(λn+ ν)

zn

(δ)n
,

λ, ν, γ, δ ∈ C, ℜ(λ) > 0, ℜ(ν) > 0, ℜ(γ) > 0, ℜ(δ) > 0.

(2.5)

Further, Salim and Faraj [22] introduced the following more generalized Mittag-Leffler function

Eγ,δ,η
λ,ν,τ (z) defined as:

Eγ,δ,η
λ,ν,τ (z) =

∞∑
n=0

(γ)ηn
Γ(λn+ ν)

zn

(δ)τn
,

λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, τ, η ∈ R+, η < ℜ(λ) + τ.

(2.6)

Further, the following more generalized Mittag-Leffler function Eγ,δ,η
k,λ,ν,τ (z) is introduced by Gupta

and Parihar [10] defined as:

Eγ,δ,η
k,λ,ν,τ (z) =

∞∑
n=0

(γ)ηn,k
Γk(λn+ ν)

zn

(δ)τn,k
,

λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, k, τ, η ∈ R+, η < ℜ(λ) + τ.

(2.7)

Here we introduce a new generalization of Mittag-Leffler function defined as:

pE
γ,δ,η
k,λ,ν,τ (z) =

∞∑
n=0

p(γ)ηn,k

pΓk(λn+ ν)

zn

p(δ)τn,k
,

λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, p, k, τ, η ∈ R+, η <
ℜ(λ)
k

+ τ.

(2.8)

where p(γ)ηn,k is the (p, k)-Pochhammer symbol defined in equation (1.9).

The generalized hypergeometric series pFq (see e.g., [15]) due to Fox [8] and Wright [30,31,32] known
as the Fox-Wright function pΨq(z) (p, q ∈ N0) with p numerator and q denominator parameters defined
for a1, ..., ap ∈ C and b1, ..., bq ∈ C \ Z−

0 by (For details see [14,16,23,26])

pΨq

[
(a1, α1), ..., (ap, αp);
(b1, β1), ..., (bq, βq);

z

]
=

∞∑
n=0

Γ(a1 + α1n)...Γ(ap + αpn)

Γ(b1 + β1n)...Γ(bq + βqn)

zn

n!
, (2.9)

where the coefficients α1, ..., αp, β1, ..., βq ∈ R+ are such that

1 +

q∑
j=1

βj −
p∑

i=1

αi ≥ 0. (2.10)

For αi = βj = 1 (i = 1, ..., p; j = 1, ..., q), equation (2.9) reduces immediately to the generalized
hypergeometric function pFq (p, q ∈ N0) (see [26]):

pFq

[
a1, ..., ap;
b1, ..., bq;

z

]
=

Γ(b1)...Γ(bq)

Γ(a1)...Γ(aq)
pΨq

[
(a1, 1), ..., (ap, 1);
(b1, 1), ..., (bq, 1);

z

]
. (2.11)
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For our present study we also require the following Oberhettinger’s integral formula [18]∫ ∞

0

xξ−1(x+ a+
√

x2 + 2ax)−ζdx = 2ζa−ζ
(a
2

)ξ Γ(2ξ)Γ(ζ − ξ)

Γ(1 + ζ + ξ)
, (2.12)

provided 0 < ℜ(ξ) < ℜ(ζ).

The well known Legendre duplication formula (see [25]) is defined as:

(δ)2n = 22n
(
δ

2

)
n

(
δ + 1

2

)
n

(n ∈ N0) (2.13)

3. Main Results

Theorem 3.1 Let x > 0;λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, p, k, τ, η ∈ R+, η < ℜ(λ)
k + τ ,

then for 0 < ℜ(ξ) < ℜ(ζ), the following formula holds true:∫ ∞

0

xξ−1(x+ a+
√

x2 + 2ax)−ζ
pE

γ,δ,η
k,λ,ν,τ

(
z

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζ kΓ
(
δ
k

)
Γ(2ξ)

p
ν
kΓ
(
γ
k

) 4Ψ4

[ (
γ
k , η
)
, (ζ − ξ, 1), (1 + ζ, 1), (1, 1);(

ν
k ,

λ
k

)
,
(
δ
k , τ
)
, (1 + ζ + ξ, 1), (ζ, 1);

zpη−τ−λ
k

a

]
.

(3.1)

Proof: Denote left hand side of equation (3.1) by I, then interchanging order of integration and sum-
mation and using equation (2.8), we have

I =

∞∑
n=0

p(γ)ηn,kz
n

pΓk(λn+ ν)p(δ)τn,k

∫ ∞

0

xξ−1(x+ a+
√

x2 + 2ax)−(ζ+n)dx, (3.2)

evaluating the above integral in view of equation (2.12) and after little simplification, we get

I = 21−ξaξ−ζ kΓ
(
δ
k

)
Γ(2ξ)

p
ν
kΓ
(
γ
k

) ∞∑
n=0

Γ
(
γ
k + ηn

)
Γ (ζ − ξ + n) Γ (1 + ζ + n) Γ (1 + n)

Γ
(
ν
k + λn

k

)
Γ
(
δ
k + τn

)
Γ (1 + ζ + ξ + n) Γ (ζ + n)

(
zpη−τ−λ

k

a

)n
1

n!
,

(3.3)

in view of equation (2.9), we get the required result (3.1). 2

Theorem 3.2 Let x > 0;λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, p, k, τ, η ∈ R+, η < ℜ(λ)
k + τ ,

then for 0 < ℜ(ξ) < ℜ(ζ), the following formula holds true:

∫ ∞

0

xξ−1(x+ a+
√

x2 + 2ax)−ζ
pE

γ,δ,η
k,λ,ν,τ

(
xz

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζ kΓ
(
δ
k

)
Γ(ζ − ξ)

p
ν
kΓ
(
γ
k

) 4Ψ4

[ (
γ
k , η
)
, (2ξ, 2), (1 + ζ, 1), (1, 1);(

ν
k ,

λ
k

)
,
(
δ
k , τ
)
, (1 + ζ + ξ, 2), (ζ, 1);

zpη−τ−λ
k

2

]
.

(3.4)

Proof: The proof of Theorem 3.2 is similar to that of Theorem 3.1, so we omit the details. 2

Theorem 3.3 Let x > 0;λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, p, k, τ, η ∈ R+, η < ℜ(λ)
k + τ ,

then for 0 < ℜ(ξ) < ℜ(ζ), the following formula holds true:
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∫ ∞

0

xξ−1(x+ a+
√
x2 + 2ax)−ζ

pE
γ,δ,η
k,λ,ν,τ

(
z

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζ Γ(2ξ)Γ(1 + ξ)Γ(ζ − ξ)

pΓk(ν)Γ(1 + ζ + ξ)Γ(ζ)

× η+3Fλ
k+τ+2

[
∆
(
η; γ

k

)
, ζ − ξ, 1 + ζ, 1;

∆
(
λ
k ;

ν
k

)
,∆
(
τ ; δ

k

)
, 1 + ζ + ξ, ζ;

zpη−τ−λ
k ηηk

λ
k

aτ τλ
λ
k

]
.

(3.5)

Proof: By using equation (2.8), (1.10), (1.11), (1.12) and in view of equation (2.12) and (2.13) we get
the required result (3.5). 2

Theorem 3.4 Let x > 0;λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, p, k, τ, η ∈ R+, η < ℜ(λ)
k + τ ,

then for 0 < ℜ(ξ) < ℜ(ζ), the following formula holds true:∫ ∞

0

xξ−1(x+ a+
√

x2 + 2ax)−ζ
pE

γ,δ,η
k,λ,ν,τ

(
xz

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζζ
Γ(2ξ)Γ(ζ − ξ)

pΓk(ν)Γ(1 + ζ + ξ)

× η+4Fλ
k+τ+3

[
∆
(
η; γ

k

)
, 1 + ζ, ξ, ξ + 1

2 , 1;

∆
(
λ
k ;

ν
k

)
,∆
(
τ ; δ

k

)
, ζ,

1 + ζ + ξ

2
,
2 + ζ + ξ

2
;

zpη−τ−λ
k ηηk

λ
k

2τ τλ
λ
k

]
.

(3.6)

where ∆(q;α) is q-tuple
α

q
,
α+ 1

q
,
α+ 2

q
, ...,

α+ q − 1

q
.

Proof: By using equation (2.8), (1.10), (1.11), (1.12) and in view of equation (2.12) and (2.13) we get
the required result (3.6). 2

3.1. Special Cases

On setting p = 1, results presented in Theorem 3.1–Theorem 3.4 reduce to the following form.

Corollary 3.1 Let x > 0;λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, k, τ, η ∈ R+, η < ℜ(λ)
k + τ ,

then for 0 < ℜ(ξ) < ℜ(ζ), the following formula holds true:∫ ∞

0

xξ−1(x+ a+
√

x2 + 2ax)−ζEγ,δ,η
k,λ,ν,τ

(
z

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζ kΓ
(
δ
k

)
Γ(2ξ)

Γ
(
γ
k

) 4Ψ4

[ (γ
k , η
)
, (ζ − ξ, 1), (1 + ζ, 1), (1, 1);(

ν
k ,

λ
k

)
,
(
δ
k , τ
)
, (1 + ζ + ξ, 1), (ζ, 1);

z

a

]
.

(3.7)

Corollary 3.2 Let x > 0;λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, k, τ, η ∈ R+, η < ℜ(λ)
k + τ ,

then for 0 < ℜ(ξ) < ℜ(ζ), the following formula holds true:∫ ∞

0

xξ−1(x+ a+
√
x2 + 2ax)−ζEγ,δ,η

k,λ,ν,τ

(
xz

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζ kΓ
(
δ
k

)
Γ(ζ − ξ)

Γ
(
γ
k

) 4Ψ4

[ (γ
k , η
)
, (2ξ, 2), (1 + ζ, 1), (1, 1);(

ν
k ,

λ
k

)
,
(
δ
k , τ
)
, (1 + ζ + ξ, 2), (ζ, 1);

z

2

]
.

(3.8)

Corollary 3.3 Let x > 0;λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, k, τ, η ∈ R+, η < ℜ(λ)
k + τ ,

then for 0 < ℜ(ξ) < ℜ(ζ), the following formula holds true:
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∫ ∞

0

xξ−1(x+ a+
√

x2 + 2ax)−ζEγ,δ,η
k,λ,ν,τ

(
z

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζ Γ(2ξ)Γ(1 + ξ)Γ(ζ − ξ)

Γk(ν)Γ(1 + ζ + ξ)Γ(ζ)

× η+3Fλ
k+τ+2

[
∆
(
η; γ

k

)
, ζ − ξ, 1 + ζ, 1;

∆
(
λ
k ;

ν
k

)
,∆
(
τ ; δ

k

)
, 1 + ζ + ξ, ζ;

zηηk
λ
k

aτ τλ
λ
k

]
.

(3.9)

Corollary 3.4 Let x > 0;λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, k, τ, η ∈ R+, η < ℜ(λ)
k + τ ,

then for 0 < ℜ(ξ) < ℜ(ζ), the following formula holds true:∫ ∞

0

xξ−1(x+ a+
√

x2 + 2ax)−ζEγ,δ,η
k,λ,ν,τ

(
xz

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζζ
Γ(2ξ)Γ(ζ − ξ)

Γk(ν)Γ(1 + ζ + ξ)

× η+4Fλ
k+τ+3

[
∆
(
η; γ

k

)
, 1 + ζ, ξ, ξ + 1

2 , 1;

∆
(
λ
k ;

ν
k

)
,∆
(
τ ; δ

k

)
, ζ,

1 + ζ + ξ

2
,
2 + ζ + ξ

2
;

zηηk
λ
k

2τ τλ
λ
k

]
.

(3.10)

On setting p = k = 1, results presented in Theorem 3.1–Theorem 3.4 reduce to the following form.

Corollary 3.5 Let x > 0;λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, τ, η ∈ R+, η < ℜ(λ) + τ ,
then for 0 < ℜ(ξ) < ℜ(ζ), the following formula holds true:∫ ∞

0

xξ−1(x+ a+
√
x2 + 2ax)−ζEγ,δ,η

λ,ν,τ

(
z

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζ Γ (δ) Γ(2ξ)

Γ (γ)
4Ψ4

[
(γ, η) , (ζ − ξ, 1), (1 + ζ, 1), (1, 1);
(ν, λ) ,

(
δ
k , τ
)
, (1 + ζ + ξ, 1), (ζ, 1);

z

a

]
.

(3.11)

Corollary 3.6 Let x > 0;λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, τ, η ∈ R+, η < ℜ(λ) + τ ,
then for 0 < ℜ(ξ) < ℜ(ζ), the following formula holds true:∫ ∞

0

xξ−1(x+ a+
√
x2 + 2ax)−ζEγ,δ,η

λ,ν,τ

(
xz

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζ Γ (δ) Γ(ζ − ξ)

Γ (γ)
4Ψ4

[
(γ, η) , (2ξ, 2), (1 + ζ, 1), (1, 1);
(ν, λ) , (δ, τ) , (1 + ζ + ξ, 2), (ζ, 1);

z

2

]
.

(3.12)

Corollary 3.7 Let x > 0;λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, τ, η ∈ R+, η < ℜ(λ) + τ ,
then, for 0 < ℜ(ξ) < ℜ(ζ), the following formula holds true:∫ ∞

0

xξ−1(x+ a+
√
x2 + 2ax)−ζEγ,δ,η

λ,ν,τ

(
z

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζ Γ(2ξ)Γ(1 + ξ)Γ(ζ − ξ)

Γ(ν)Γ(1 + ζ + ξ)Γ(ζ)

× η+3Fλ+τ+2

[
∆(η; γ) , ζ − ξ, 1 + ζ, 1;
∆ (λ; ν) ,∆(τ ; δ) , 1 + ζ + ξ, ζ;

zηη

aτ τλλ

]
.

(3.13)

Corollary 3.8 Let x > 0;λ, ν, γ, δ ∈ C, min{ℜ(λ), ℜ(ν), ℜ(γ),ℜ(δ)} > 0, τ, η ∈ R+, η < ℜ(λ) + τ ,
then, for 0 < ℜ(ξ) < ℜ(ζ), the following formula holds true:
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∫ ∞

0

xξ−1(x+ a+
√

x2 + 2ax)−ζEγ,δ,η
λ,ν,τ

(
xz

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζζ
Γ(2ξ)Γ(ζ − ξ)

Γ(ν)Γ(1 + ζ + ξ)

× η+4Fλ+τ+3

[
∆(η; γ) , 1 + ζ, ξ, ξ + 1

2 , 1;

∆ (λ; ν) ,∆(τ ; δ) , ζ,
1 + ζ + ξ

2
,
2 + ζ + ξ

2
;

zηη

2τ τλλ

]
.

(3.14)

On setting p = k = η = τ = 1, results presented in Theorem 3.1–Theorem 3.4 reduce to the following
form.

Corollary 3.9 Let x > 0;λ, ν, γ, δ ∈ C, ℜ(λ) > 0, ℜ(ν) > 0, ℜ(γ) > 0, ℜ(δ) > 0, then for 0 < ℜ(ξ) <
ℜ(ζ), the following formula holds true:∫ ∞

0

xξ−1(x+ a+
√
x2 + 2ax)−ζEγ,δ

λ,ν

(
z

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζ Γ (δ) Γ(2ξ)

Γ (γ)
4Ψ4

[
(γ, 1) , (ζ − ξ, 1), (1 + ζ, 1), (1, 1);
(ν, λ) , (δ, 1) , (1 + ζ + ξ, 1), (ζ, 1);

z

a

]
.

(3.15)

Corollary 3.10 Let x > 0;λ, ν, γ, δ ∈ C, ℜ(λ) > 0, ℜ(ν) > 0, ℜ(γ) > 0, ℜ(δ) > 0, then for 0 < ℜ(ξ) <
ℜ(ζ), the following formula holds true:∫ ∞

0

xξ−1(x+ a+
√
x2 + 2ax)−ζEγ,δ

λ,ν

(
xz

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζ Γ (δ) Γ(ζ − ξ)

Γ (γ)
4Ψ4

[
(γ, 1) , (2ξ, 2), (1 + ζ, 1), (1, 1);
(ν, λ) , (δ, 1) , (1 + ζ + ξ, 2), (ζ, 1);

z

2

]
.

(3.16)

Corollary 3.11 Let x > 0;λ, ν, γ, δ ∈ C, ℜ(λ) > 0, ℜ(ν) > 0, ℜ(γ) > 0, ℜ(δ) > 0, then, for 0 < ℜ(ξ) <
ℜ(ζ), the following formula holds true:∫ ∞

0

xξ−1(x+ a+
√
x2 + 2ax)−ζEγ,δ

λ,ν

(
z

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζ Γ(2ξ)Γ(1 + ξ)Γ(ζ − ξ)

Γ(ν)Γ(1 + ζ + ξ)Γ(ζ)
4Fλ+3

[
γ, ζ − ξ, 1 + ζ, 1;
∆ (λ; ν) , δ, 1 + ζ + ξ, ζ;

z

aλλ

]
.

(3.17)

Corollary 3.12 Let x > 0;λ, ν, γ, δ ∈ C, ℜ(λ) > 0, ℜ(ν) > 0, ℜ(γ) > 0, ℜ(δ) > 0, then, for 0 < ℜ(ξ) <
ℜ(ζ), the following formula holds true:

∫ ∞

0

xξ−1(x+ a+
√
x2 + 2ax)−ζEγ,δ

λ,ν

(
xz

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζζ
Γ(2ξ)Γ(ζ − ξ)

Γ(ν)Γ(1 + ζ + ξ)
5Fλ+4

[
γ, 1 + ζ, ξ, ξ + 1

2 , 1;

∆ (λ; ν) , δ, ζ,
1 + ζ + ξ

2
,
2 + ζ + ξ

2
;

z

2λλ

]
.

(3.18)

On setting p = k = η = τ = δ = 1, results presented in Theorem 3.1–Theorem 3.4 reduce to the
following form.

Corollary 3.13 Let x > 0;λ, ν, γ ∈ C, ℜ(λ) > 0, ℜ(ν) > 0, ℜ(γ) > 0, then for 0 < ℜ(ξ) < ℜ(ζ), the
following formula holds true:∫ ∞

0

xξ−1(x+ a+
√

x2 + 2ax)−ζEγ
λ,ν

(
z

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζ Γ(2ξ)

Γ (γ)
3Ψ3

[
(γ, 1) , (ζ − ξ, 1), (1 + ζ, 1);
(ν, λ) , (1 + ζ + ξ, 1), (ζ, 1);

z

a

]
.

(3.19)
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Corollary 3.14 Let x > 0;λ, ν, γ ∈ C, ℜ(λ) > 0, ℜ(ν) > 0, ℜ(γ) > 0, then for 0 < ℜ(ξ) < ℜ(ζ), the
following formula holds true:∫ ∞

0

xξ−1(x+ a+
√

x2 + 2ax)−ζEγ
λ,ν

(
xz

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζ Γ(ζ − ξ)

Γ (γ)
3Ψ3

[
(γ, 1) , (2ξ, 2), (1 + ζ, 1);
(ν, λ) , (1 + ζ + ξ, 2), (ζ, 1);

z

2

]
.

(3.20)

Corollary 3.15 Let x > 0;λ, ν, γ ∈ C, ℜ(λ) > 0, ℜ(ν) > 0, ℜ(γ) > 0, then, for 0 < ℜ(ξ) < ℜ(ζ), the
following formula holds true:∫ ∞

0

xξ−1(x+ a+
√

x2 + 2ax)−ζEγ
λ,ν

(
z

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζ Γ(2ξ)Γ(1 + ξ)Γ(ζ − ξ)

Γ(ν)Γ(1 + ζ + ξ)Γ(ζ)
3Fλ+2

[
γ, ζ − ξ, 1 + ζ;
∆ (λ; ν) , 1 + ζ + ξ, ζ;

z

aλλ

]
.

(3.21)

Corollary 3.16 Let x > 0;λ, ν, γ ∈ C, ℜ(λ) > 0, ℜ(ν) > 0, ℜ(γ) > 0, then, for 0 < ℜ(ξ) < ℜ(ζ), the
following formula holds true:

∫ ∞

0

xξ−1(x+ a+
√

x2 + 2ax)−ζEγ
λ,ν

(
xz

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζζ
Γ(2ξ)Γ(ζ − ξ)

Γ(ν)Γ(1 + ζ + ξ)
4Fλ+3

[
γ, 1 + ζ, ξ, ξ + 1

2 ;

∆ (λ; ν) , ζ,
1 + ζ + ξ

2
,
2 + ζ + ξ

2
;

z

2λλ

]
.

(3.22)

On setting p = k = η = τ = γ = δ = 1, results presented in Theorem 3.1–Theorem 3.4 reduce to the
following form.

Corollary 3.17 Let x > 0;λ, ν ∈ C, ℜ(λ) > 0, ℜ(ν) > 0, then for 0 < ℜ(ξ) < ℜ(ζ), the following
formula holds true: ∫ ∞

0

xξ−1(x+ a+
√

x2 + 2ax)−ζEλ,ν

(
z

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζΓ(2ξ)3Ψ3

[
(ζ − ξ, 1), (1 + ζ, 1), (1, 1) ;
(ν, λ) , (1 + ζ + ξ, 1), (ζ, 1);

z

a

]
.

(3.23)

Corollary 3.18 Let x > 0;λ, ν ∈ C, ℜ(λ) > 0, ℜ(ν) > 0, then for 0 < ℜ(ξ) < ℜ(ζ), the following
formula holds true: ∫ ∞

0

xξ−1(x+ a+
√

x2 + 2ax)−ζEλ,ν

(
xz

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζΓ(ζ − ξ)3Ψ3

[
(2ξ, 2), (1 + ζ, 1), (1, 1) ;
(ν, λ) , (1 + ζ + ξ, 2), (ζ, 1);

z

2

]
.

(3.24)

Corollary 3.19 Let x > 0;λ, ν ∈ C, ℜ(λ) > 0, ℜ(ν) > 0, then, for 0 < ℜ(ξ) < ℜ(ζ), the following
formula holds true:∫ ∞

0

xξ−1(x+ a+
√

x2 + 2ax)−ζEλ,ν

(
z

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζ Γ(2ξ)Γ(1 + ξ)Γ(ζ − ξ)

Γ(ν)Γ(1 + ζ + ξ)Γ(ζ)
3Fλ+2

[
ζ − ξ, 1 + ζ, 1;
∆ (λ; ν) , 1 + ζ + ξ, ζ;

z

aλλ

]
.

(3.25)
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Corollary 3.20 Let x > 0;λ, ν ∈ C, ℜ(λ) > 0, ℜ(ν) > 0, then, for 0 < ℜ(ξ) < ℜ(ζ), the following
formula holds true:

∫ ∞

0

xξ−1(x+ a+
√

x2 + 2ax)−ζEλ,ν

(
xz

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζζ
Γ(2ξ)Γ(ζ − ξ)

Γ(ν)Γ(1 + ζ + ξ)
4Fλ+3

[
1 + ζ, ξ, ξ + 1

2 , 1;

∆ (λ; ν) , ζ,
1 + ζ + ξ

2
,
2 + ζ + ξ

2
;

z

2λλ

]
.

(3.26)

On setting p = k = η = τ = γ = δ = ν = 1, results presented in Theorem 3.1–Theorem 3.4 reduce to
the following form.

Corollary 3.21 Let x > 0;λ ∈ C, ℜ(λ) ≥ 0 then for 0 < ℜ(ξ) < ℜ(ζ), the following formula holds true:∫ ∞

0

xξ−1(x+ a+
√

x2 + 2ax)−ζEλ

(
z

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζΓ(2ξ)3Ψ3

[
(ζ − ξ, 1), (1 + ζ, 1), (1, 1) ;
(1, λ) , (1 + ζ + ξ, 1), (ζ, 1);

z

a

]
.

(3.27)

Corollary 3.22 Let x > 0;λ ∈ C, ℜ(λ) ≥ 0, then for 0 < ℜ(ξ) < ℜ(ζ), the following formula holds true:∫ ∞

0

xξ−1(x+ a+
√
x2 + 2ax)−ζEλ

(
xz

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζΓ(ζ − ξ)3Ψ3

[
(2ξ, 2), (1 + ζ, 1), (1, 1) ;
(1, λ) , (1 + ζ + ξ, 2), (ζ, 1);

z

2

]
.

(3.28)

Corollary 3.23 Let x > 0;λ ∈ C, ℜ(λ) ≥ 0, then, for 0 < ℜ(ξ) < ℜ(ζ), the following formula holds
true: ∫ ∞

0

xξ−1(x+ a+
√

x2 + 2ax)−ζEλ

(
z

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζ Γ(2ξ)Γ(1 + ξ)Γ(ζ − ξ)

Γ(1 + ζ + ξ)Γ(ζ)
3Fλ+2

[
ζ − ξ, 1 + ζ, 1;
∆ (λ; 1) , 1 + ζ + ξ, ζ;

z

aλλ

]
.

(3.29)

Corollary 3.24 Let x > 0;λ ∈ C, ℜ(λ) ≥ 0, then, for 0 < ℜ(ξ) < ℜ(ζ), the following formula holds
true: ∫ ∞

0

xξ−1(x+ a+
√

x2 + 2ax)−ζEλ

(
xz

x+ a+
√
x2 + 2ax

)
dx

= 21−ξaξ−ζζ
Γ(2ξ)Γ(ζ − ξ)

Γ(1 + ζ + ξ)
4Fλ+3

[
1 + ζ, ξ, ξ + 1

2 , 1;

∆ (λ; 1) , ζ,
1 + ζ + ξ

2
,
2 + ζ + ξ

2
;

z

2λλ

]
.

(3.30)

4. Conclusion

In this paper, certain integral formulae involving a new generalization of Mittag-Leffler function

pE
γ,δ,η
k,λ,ν,τ (z) were estalished, which are expressed in terms of generalized Wright function and hypergeo-

metric function. Further some interesting special cases of our main findings are also developed. All the
findings and their special cases are new and general in nature.
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