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Nonlocal Boundary Value Problems for Functional Hybrid Differential Equations
Involving Generalized w—Caputo Fractional Operator

Hayat Malghi', Khalid Hilal', Ali El Mfadel*-! and Abdelaziz Qaffou’

ABSTRACT: In this manuscript , we establish the existence and uniqueness of solutions for boundary value
problems of nonlinear hybrid fractional differential equations involving generalized w—Caputo fractional deriva-
tives. The proofs are based on Krasnoselskii fixed point theorem and some basic concept of w—Caputo frac-
tional analysis. As application, an nontrivial example is given in the last part of this paper to illustrate our
theoretical results.
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1. Introduction

Fractional calculus is a useful tool for modeling and characterizing both discrete and continuous
processes in several domains of science and engineering, including mechanics, electricity, biology, control
theory, signal and image processing, and so on,(see [3,9,13,23,24]). Basic issues related to the different
fractional derivatives such as Riemann-Liouville [21], Caputo [2], Hilfer [19], Erdelyi-Kober [22] and
Hadamard [1] ),where the study of fractional differential equations have been of great object of extensive
study during recent years such as functional hybrid fractional differential equations which can be em-
ployed in modeling and describing non-homogeneous physical phenomena that take place in their form.
The authors in [10] proved the existence and uniqueness results for hybrid differential equations by using
the theory of inequalities, hybrid fixed point theorems and operator theory. The importance of fractional
hybrid differential equations lies in the fact that they include various dynamical systems as particular
cases. Furthermore, hybrid differential equations arise from a variety of different areas of applied math-
ematics and physics, in the deflection of a curved beam having a constant or varying cross section and
electromagnetic waves or gravity driven flows. We refer the readers to the articles [7,6,12] and references
therein for many works on this theory.
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Dhage and Lakshmikantham [12] discussed the following first order hybrid differential equation

4 () = gtu(t).  tes=D0.1]
’U,(t()) =ug € R.

results and some fundamental differential inequalities for hybrid differential equations initiating the
study of theory of such systems and proved utilizing the theory of inequalities, its existence of extremal
solutions and a comparison results.

Zhao, Sun, Han and Li [26] are discussed the following fractional hybrid differential equations involving
Riemann-Liouville differential operators

u(t
D? (788 ) = glt,u()),  te =0,

u(0) = 0.
where f € C(J x R,R\0) and g € C(J x R, R). and f satisfied some appropriate assumptions.

In [15], Ali E1 Mfadel, Said Melliani, M’hamed Elomari considered boundary value problems for hybrid
differential equations with fractional order involving Caputo differential operators of order 0 < 8 < 1

B,w u(t o o
D3 (7 ) = 9t u(®),  teJ =[0,T],

u(0) = 0.

Where T' > 0, f € C(J x R,R ~ {0}) and g € Cc(J x R,R). They established the existence theorem
for fractional hybrid differential equation, some fundamental differential inequalities are also established
and the existence of extremal solutions.

On the other hand, Khalid Hilal, Ahmed Kajouni [18] investigated some existence of positive solutions
of boundary value problems of fractional differential equations

u(t) ) _ 3
Dﬂ(m)—g(tw)), teJ=10,T],

u(0) wT)
AFu) T OFT Ty = ¢

Motivated by the above works, in this paper, we discuss the existence and uniqueness of maximal and
minimal solution of the following nonlinear w— Caputo fractional differential equations with Lipschitz
and Carathodory conditions

, t
Cpp (%) = g(t,u(t)), teJ=[0,T],
(1.1)

u(0) wT)
O Faon + O Tty = ¢
Where T > 0,0, 0, ¢ are real constants with 6 + o #0, f € C(J x R,R~ {0}) and g € C.(J x R, R).

Our paper is organized as follows. In Section 2, we give some basic definitions and properties of
w—fractional integral and w—Caputo fractional derivative which will be used in the rest of this paper.
In Section 3, we establish the existence result of solutions for w—Caputo fractional hybrid differential
by using some Lipschitz and Carathéodory conditions. In section 4, We discuss a fundamental result
relative to strict inequalities. In section 5, demonstrates the existence of maximal and minimal solutions.
In Section 6, we prove some comparison theorems of maximal and minimal solutions and we give an
illustrative example in section 7 followed by Conclusion in Secetion 8.
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2. Preliminaries

In this section, we give some notations, definitions and results on w-fractional derivatives and w-
fractional integrals, for more details we refer the reader to works [4,8,20].
Notations
Let J = [0,7] € R*, we also consider C.(J x R,R) the Caratheddory class of functions on J x R
i.e.h € Co(J x R,R) if and only if

1. the map t — ¢g(t,z(t)) is measurable for each x € R, and
2. the map u — g(¢,x(t)) is continuous for each ¢ € J.

We denote by C(J x R,R~ {0}) the space of continuous real-valued functions defined on J provided with
the topology of the supremum norm

| @ [|=sup | (t) | .
teJ

e We denote by L'(J,R) the space of Lebesgue integrable real-valued functions on J equipped with the
norm

T
E HLl:/O | 2(t) | dt.

Definition 2.1. [5] Let ¢ > 0, g € L*([J,R) and w € C™(J,R) such that w'(t) > 0 for allt € J.
The w-Riemann-Liouville fractional integral at order q of the function g is given by

I3g(t) = ﬁ / W () (w(t) — w(s))" g (s)ds.

Definition 2.2. [5] Let ¢ >0, g € C" }(J,R) and w € C"(J,R) such that w'(t) >0 for all t € J.
The w— Caputo fractional derivative at order q of the function g is given by

DL ) = s | )60 — ) gl )

Where

1 d\"
6= () 96 and n=ld+1.
And [q] denotes the integer part of the real number q.

Remark 2.3. In particular, if ¢ €]0,1[, then we have

C DR (1) = ﬁ / (w(t) — w(s))1 g/ (s)ds.
and
CDELgt) = L™ <z,((?))

1 1 d\ [, .
B @(w/—@a)/ow(s)(w(t)—w(s)) g(s)ds.

Proposition 2.4. [5] Let ¢ > 0, if g € C"~(J,R), then we have
1) CDIEIEE 9(1) = g(0).

w w n— (K] .
2) 1§ ODEE g(t) = g(t) — YopZp S (w(t) —w(0)*.
3) I is linear and bounded from C(J,R) to C(J,R).
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We define the multiplication in X by
(zy)(t) = z(t)y(t) for z,y € X.
Clearly, X = C(J;R) is a Banach algebra with respect to the above norm and multiplication in it.

Lemma 2.5. [11]Let S be a non-empty, closed conver and bounded subset of a Banach algebra X and
let A: X — X and B : S — X be two operators such that

1. A is Lipschitzian with a Lipschitz constant X,
B is completely continuous,
x=AxBy=x € S forally € S, and

AM < 1 where M =| B(S) ||= Sup{B(v) | v € S}.
Then the equation AxBx = x has a solution in S.

™ o e

We assume the following assumptions throughout the rest of our paper.
(H;1) The function u % is increasing on R almost every where fort t € J.
(Hz) There exists a constant L > 0 such that

| ft,z) = ft,y) IS L|xz—y| for all teJ and z,y€R

(H3) There exists a function h € L>(J,R)

|g(t,z) |< h(t) ae ted, forallxzelR.

3. Existence and uniqueness results

In this section, before we give the main result of our paper, we should prove the following fundamental
lemma.

Lemma 3.1. Suppose that hypothesis (Hy) holds and a,b,c are real canstants with 0 + o # 0.
Then, for any h € L*>®(J,R), then functionz € C(J,R) is a soulution of the

{ o ple (f(zggt_))) = h(t), teJ=10,T], 5.1)
070y + O FreCry = ©
if and anly if © satisfies the hybrid integral equation
t
z(t) = [f(t =(1))] (ﬁ/o W' (8)(w(t) = w(s))" " h(s)ds
1 o T , 5-1
o <W/o W (8)(@(T) — w(s))P~"h(s)ds — c)> . (3.2)

Proof. let xz(t) satisfies the equation (3.2), then we divide by f(¢,x(t)) and we apply the w—Caputo
fractional derivative CDgf to both sides of equation (3.2) and we use Proposition 2.4, we obtain

D3 (29 2) = 0w tw/sw —w(8))?~th(s)ds
2 (sram) = 2 (i [, =000 - vt

T
ET (ﬁ | e - w(s))ﬂlms)ds)). (5.)
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e T\ _¢ nowrawr iy _
D()+ (f(t,x)) - D0+ I()+ h(t) - h(t)v

C nG,w x(t) _
Dos (f(t,w))) = hlt).

We need to verify that the condition af(&f()o)) + bf(;g()T)) = ¢ in the problem 3.3. by definition, %

is continuous. Appliying the w— fractional, we obtain the first equation 3.2. Again,substituting t=0 and
t=T.

thus

X o T
f(0 (a(:)()O)) 0 i o (F(ﬁ) /0 W' (s)(w(T) = w(s))’ ' h(s)ds — c)

T
- )/0 W(8)(@(T) — w(s))?~2h(s)ds

0+0o \T(B)
then
2(0) z(T) Oo T - f
ef(O,a:(O) YT —m/o W' (8)(w(T) — w(s))’ " h(s)ds + e
T
+pr ) ) s
o2 T - "

B | ) o) has + 52

conversely, ¢ Dg;w (%) = h(t), by Proposition 1, we get
) =0 -

0@ ~ FO ) T o M)

then o o .
Uf(T x(T)) - Uf(O,x(O)) + I'(B) /0 W' (8)(w(T) — w(s))? " h(s)ds,
thus
z(T) z(0) ( o T B
a1 o)~ T 0000 T TR /O W'(8)(@(T) — w(s))?~*h(s)ds
implies that
T
f((;v(a?()())) T —|1— o (F(U/B) /0 W' () (w(T) — w(s))’ " h(s)ds — c)
Conseauently t
o10) = 1 (t.2(0)] | 557 [ /G0~ w06 he)s
T
o 41_ o (% /0 W' (s)(w(T) - w(s))ﬂflh(s)ds — c)] )

Hence equation (3.2) holds.
This completes the proof. 1
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Theorem 3.2. Assume that hypotheses (Hy) — (Hs) hold and 6 + o # 0. If

((T) — w(0))° || ]|~ o] e
L( NCESY <”|e+a|>+|e+a|><1’ (34

then the fractional hybrid differential equation (1) has a solution defined on J.
Proof. We define a subset S of X = C(J,R) defined by

S={zeX/|z|<N}.

where

fo (@) = w(@)? 11 b lla= (14 ) + lily)

N - )
P8 +1) — L (@(T) ~ w©)" | hllee (14 525) + 5y

and
fo = sup f(t,0).
teJ
It is easy te see that S is a closed, convex and bounded subset of the Banach space X. By using Lemma
3.1, the fractional hybrid differential equation (1.1) is equivalent to the following nonlinear fractional
hybrid integral equation

£(0) = 1, 2(0) (ﬁ [ e w6 s
1 o T , 51
—9+—0<W JRECEGEE) h(s)ds—c>). (3.5)

Define two operators A: X — X and B : S — X be two operators defined by

Ax(t) = f(t, (1)),

t T
Ba(t) = ﬁ/o W (5)(w(t) — w(s))P~Lh(s)ds — 9% <ﬁ/® w'(s)(w(T)—w(s))ﬁ1h(s)ds—c>.

We can transforme the nonlinear fractional hybrid integral equation (3.5) into the operator equation as
Ax(t)Bx(t) = x(t), teJ. (3.6)

Now, we will show that the operators A and B satisfy all the conditions of Lemma 2.5.
First, we prove that A is a Lipschitz operator on X with the Lipschitz constant A.
Let z,y € X, then by hypothesis (Hs)

| Azx(t) — By(t) |=[ f(t, x(t)) — f(t,y(@) [S A=) —y(t) | for all tel,
Taking supremum over ¢, we obtain
| Az — By |[< A ||z —vy |, forall z,ye X.

Secondly, we show the operator B is completely continuous.

For this purpose, it is enough to prove that the operator B is continuous and B(.S) is uniformly bounded
and equicontinuous.

Let us show that the operator B is continuous.
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Let x,, be a sequence in S converging to x € S, then by the Lebesgue dominated convergence theorem,
we have

i 1
nr1—1>rfoo an(t) = ml_l)rfoo [WA w (S))ﬁ 1g(s xn(s)ds
T
_ (%/0 w'( —w(s)?tg(s,zn(s))ds — c)]

= lim / W'( —w(s))?Lg(s, xp(s)ds

1
n—+oo I ﬂ 0

1 b T - s ;
B n»—>+oo€-|—0 W (w( )—w(s)) g(s,a:n(s)) s—Cl,

= L W' (s)(w(t) — w(s))?Lg(s, x(s)ds
= [r [ SO0 -l s x(5)

T
N 94_% (%/0 W' (8)(W(T) — w(s))?tg(s,2(s))ds — c) }
= Ba(t), for all teJ.

Wich shows that B is a continuous operator on S.
Next we show that B(S) is a uniformly bounded set in X.

Let x € S, then, by hypothesis (Hs), for all t € J

|Ba(t)] = 1) / W (8)(w(t) — w(s))*Lg(s, 2(s)ds

e

1 b T , B—1
Oto <W/o W (s)((T) —w(s)) 9(8,$(8))d8—6> '

IN
—
»—\g*—‘
o\&

w(T)—w(s))? b
Thus || Ba(t) [|< “RZE (| h 1 <1+ e ) + e

bounded on S Now, let us also show that B(S) is equicontinuous on J.

for all x € S This shows that B is uniformly
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Let x € B(S) and t1,ty € J such that ¢; < o, then we have

Ba(t) = Balt) = |z [ 60 wltn) — o) gt n(s)s.
g e et) () (s als)ds]
< Dl (1020 - ) - le) — wlt0)? |+t - ()

Since w is a continuous function, then we obatin

tlhan |Bx(t1) — Bx(t2)| = 0.
which shows that B(S) is equicontinuous.
Now the set B(S) is uniformly bounded and equicontinuous and by using Arzela—Ascoli Theorem [14]
we deduce that B(S) is compact, wich implies that the operator B is completely continuous.
Now it remains to show that the third assumption in Proposition 2.4 is verified.
Let x € X and y € S be arbitrary such that x = Az By, then by hypothesis (Hsz), we have

o0l = |irteao] (5 [ 6l o) his)as
- (ﬁ / () (T) - w(s))ﬂ—lms)ds) ts-c)]
< 1 5t0) - 160) 141500 | (LD e
- Y o i
< oo+ (CEEO g (14 2L ) 4 L)
< vien (CEEEE 1 (14 72 5) )

N fo(%nhm@ 'UL|>+ + |>’

taking supremum over ¢, we obtain
(0 o]
Jo (1“(/374(:1) A |z (1 + |9j_o>
|2 [I<

_|_
N (W(T)~w(0))# lo] le|
1 —L<W A llze <1+ 9+a) + |9+a|>

Since

B B . (w(T) — w(0))? |o| | c]|
M =| B(S) ||—Sup{B(m).mES}S—F(B+1) ||z~ (1+ |9+U|>+ 4o

then we get

(W(T) —w(0))” |o| | c|
AMSI@(—F(B_H) ||h|Lm<1+|9+ |)+|9+J|)<1.

Finally, all conditions of Lemma 2.5 are satisfied for the operators A and B. Hence the fractional hybrid
differential equation (1.1) has a solution defined on J. O
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4. Fractional hybrid differental inequalities

We discuss a fundamental result relative to strict inequalities
We begin with the definition of the class C,([0,T],R).

Definition 4.1. m € C,([0,T],R) means that m € C([0,T],R) and t*m(t) € Cp([0,T],R)

Lemma 4.2. Let m € Cp([0,T],R). suppose That for any t; € (0, +00) we have m(t1) = 0 and m(t) <0
for 0 <t <ty. Then it follows that
“DEEm(t) >0

Proof. Consider m € C,([0,T],R), such that m(t1) = 0 and m(t) < 0 for 0 < t < ¢;. Then, m(t) is
continuous on [0, 7] and t’m(t) is continuous on [0, T7.

since m(t) ant w(t) is continuous on [0, 7], given any ¢, such that 0 < ¢; < T, there exists a kq(t1) >
0,k2(t1) > 0 and h > 0 such that —k1(t1)(t1 —s) < m(t) —m(s) < ki(t1)(t1 — s) and —ko(t1)(t1 — 5) <
w(t) — w(s) < ka(t) (b1 — 5)

forO<t; —h<s<ti+h<T . Because we have

eDjemt) = e (s i) [ & O60 - (o) Pms)ds

t

set H(t) = [, w'(s)(w(t) — w(s))"Pm(s)ds and consider

0
t ti—h
H(t;) — H(ty —h) = /0 W' (8)(w(t1) — w(s))Pm(s)ds — /0 W' (8)(w(ty — h) — w(s))Pm(s)ds.
i ti—h
— / W' (8)(w(t1) — w(s))Pm(s)ds + / W'(8)(w(t1) — w(s))Pm(s)ds
ti—h 0
ti—h
- /0 W' (8)(w(ty — h) — w(s))Pm(s)ds.
ti—h
= [ Nl )~ ol = B) = (5 s
+ [ et - we) P ms)ds
Let -
I = / W (8)[(w(tr) —w(s)) ™ = (w(ty — h) — w(s)) " Jm(s)ds
0
and

= / Y (8)wlts — ) — w(s))Pm(s)ds.
ti—h
Since t; > t; — h and —f < 0 and w(t) is increasing, we have
(w(tr) —w(s))™? < (wlts = h) = w(s)) 7"

This, coupled with the fact that m(t) <0, 0 < ¢t < ¢y, implies that I; > 0.
Now, consider

= " W () w(ty — h) —w(s)) Pm(s)ds
b= [ Wl ) -l e

Using
—k1(t1)(t1 — s) <m(t) —m(s) < ki(ta)(t — s)

and
—ka(t1)(t1 — ) Sw(t) —w(s) < ka(t1)(tr — s)
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and the fact that m(t1) =0, for s € (t1 — h,t1 + h) we obtain, m(s) > +ki(t1)(t1 — s),
and

L > —kl(m/l W (8)(w(t) — w(s)) P (s — s)ds
t1—h
(ko(ty)) PHth—P+2

Thus, we have
(ko(tr)) PHih—P+2

—B+1
Then dividing through by h and taking limits as h — 0, we have

H(t1) — H(t1 — h) > —ki(t1)

[H() - H(h = h) (ka(t1))"P+1h541
1 - >
Jim, | F N
Since f € (0, 1), we conclude that dd—lz > 0, which implies that CDgfm(tl) >0. O

Theorem 4.3. Assume that hypothesis (Hy) holds. Suppose that there exist functions y, z € Cp([0,T],R)
such that

t)
CDﬁ’“’(L> <g(t,yt)) ae. teJ 4.1
o\ Tty ) =00 -
and 0
t
CDB’“’(Zi> >g(t,2(t) ae ted 4.2
0 <t <T, with one of the inequalities being strict. Then
y' < 2,

wherey® = t'Py(t)|i=o and zo = t'=P2(t)|;=0 implies
y(t) < z(t)
forallt e J.

Proof. Suppose that inequality (4.2) holds. Assume that the claim is false. Then, since y° < 2% and
t1=Py(t) and =P 2(t) are continuous functions, there exists ¢; such that 0 < t; < T with y(t1) = z(¢1)
and y(t) < z(t), 0 <t < t1. we pose

Y(t) = v and Z(t) = Ltz

We have Y (t1) = Z(t1), and by virtue of hypothesis (Hy), we get Y (t) < Z(t) for all 0 <t < ¢;.
Let m(t) =Y (t) — Z(t), 0 < t < t1, We find that m(t) < 0 and m(t1) = 0 with m € C,([0,1],R). Then
by lemma 3. We have CDg’fm(tl) >0, bay (4.1) and (4.2)

g(tiy(h)) 29 DIE (Y (t) 29 DG Z(8) > gltr, 2(0))-

This is acontradiction with y(¢1) = z(¢1).Thus the conclusion of the theorem and the proof is complet. O

Theorem 4.4. Asusum that hypothesis (Hy) holds and a, b, ¢ are real constans with 0 + o # 0. Suppose
that there exist functions y,z € Cp([0,T],R) such that

oppe( 20 z a.e
Dyt (f(t,z(t))) <g(t,z(t) ae teJ (4.3)



NONLOCAL BOUNDARY VALUE PROBLEMS FOR FUNCTIONAL HYBRID DIFFERENTIAL EQUATIONS 11

and
oo (2 z a.e
Dy (f(t,z(t))) >g(t,2(t) ae ted (4.4)
one The inequalities being strict, and if 6 > 0,0 < 0 and y(T') < z(T'), then
y(0) y(T) z(0) (1)
"F0o) T OFmpm) < F0.20) TR AD) )
implies
g y(t) < z(t) for all telJ (4.6)
Proof. We have
) (0 o), w0 (D)

+o )
f0,9(0))  f(Ty(T) — f(0,2(0))  f(T,2(T))
this implies
y(0) 2(0) 2(T) y(T)
0 — <o — .
(f(O, y(0))  f(0, 2(0))) (f(T7 z(T))  f(T, y(T)))
Since o < 0 and y(T) < 2(T) and by hypothesis (H;), then f(;,(z()T)) - f(ff’(j()T)) > 0.
This shows that f(g(y%)) - f(g(f()o)) < 0 since 8 > 0, and by hypothesis (H;) we have y(0) < z(0).
hence the application of Theoreme 4.3. yields that y(t) < z(t) O

Theorem 4.5. Assume that the conditions of theorem 4.J hold with inequalities 4.1 and J.2. Suppose
that there existes a real number M > 0 such that

M X X9
g(t,z1) —g(t,z2) < 1T () — (0P <f(t,x1) - f(b‘,xz)) aeteJ (4.7)
for all x1, x5 € R with x1 > x5. Then
y(0) y(T) z(0) 2(T)

5000 T ITT D) <0200 T 1))

provided that M < T'(1 4 B)(w(t) —w(0))??, then

y(t) < z(t), for all t € J.

Proof. We set f(ffz(:()t)) = f(fg()t)) +e(1 + (w(t) — w(0))P*! for small £ > 0 and let

Z.(t) = f(fgzi(:()t)) and Z(t) = % for t € J. So that we have

Z.(t) > Z(t) = 2(t) > 2(t).

Since

M T Z2
glt-m1) = g(tm) < ooy Sy (f(m) . f<f’x2>)
and

C nB,w Z(t) P
i (W,Z@)) > g(t,2(1))

for all t € J, one has

“DEeZ.(t)

CDECZ(t) +C D¥e(1 + (w(t) — w(0))*1)

> g(t,2(t) + (1 + B)(w(t) — w(0))*

> gt z(t) — T (w(t)]\_/[w(o))ﬂﬂ(Zs — Z) + €T (1 + B)(w(t) — w(0))*”
> g(t, () + e(T(1 + B)(w(t) — w(0))* — M)

> g(tvzs(t))
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provided M < T'(1 + 8)(w(t) — w(0))?”

Also, we have z.(0) > z(0) > y(0). Hence, the application of theorem 3.2 yields that y(t) < z-(¢) for all
teJ.

By the arbitrariness of £ > 0, taking teh limits as ¢ — 0, we have y(t) < z(t) for all t € J.

U

5. Existence of maximal and minimal solutions

In the section, we prove the existence of maximal and minimal solution for 1.1 on J = [0, T]. We need
the following fundamental defintion in what follows.

Definition 5.1. A solution r of 1.1 is said to be maximal if for any other solution = to 1.1 one has
x(t) < r(t) for all t € J. Similarly, a solution p of 1.1 is said to be minimal if p(t) < xz(t) for all t € J,
where z is any solution of 1.1 on J.

We discuss the case of maximal solution only, as the case of minimal solution is similar and can
be obtained with the same arguments with appropriate modifications. Given an arbitrarily small real
number € > 0, consider the following boundary value problem of order 0 < 5 < 1:

D (i) = oltx®) += te =0T,

(5.1)

z(0) o(T)
07wy T oFmaty ¢t e
An existence theorem for (5.1) can be stated as follows.

Theorem 5.2. Assume that hypotheses (H1) — (Hs) hold and a, b, ¢ are real constants with a +b # 0.
Suppose that inequality (3.4) holds. Then, for every small number € > 0, (5.1) has a solution defined on
J

Proof. By inequality (3.4), there exists 9 > 0 such that

W(T) = w(0))? || b || +e&Tze®)
(WD) ) 1A 3 (1+ o | >+|c|+5 -1
0+o|) [0+0]

rp+1)

for all 0 < € < gp. Now the rest of the proof is similar to Theorem 3.2 O

Our main existence theorem for maximal solution for (1.1) is the following.

Theorem 5.3. Assume that hypotheses (Hy) — (Hs) hold with the conditions of Theorem 4.4 and 0,0,c
are real constants with 0+o # 0. Furthermore, if condition (3.4) holds, then (1.1) has a mazimal solution
defined on J

Proof. Let {e,}§ be be a decreasing sequence of positive real numbers such that

lim ¢, =0,
n—oo

where g, is a positive real number satisfying the inequality

W(T) = (0N || b || 00 +eq@T—w(©)
L((() 0)7 I 2 [l +e0=—5 (1+ |0|) | ¢ | +eo -1

r'p+1) |0+o] |0+0|

The number g exists in view of inequality (3.4). By Theorem 5.2 , there exists a solution 7(t, €,,) defined
on J of the 1.1
Cpp (ﬂ%fgt))) = g(t,z(t)) + 20, teJ=[0,T],
(5.2)
z(0) =(T)
050ty T o7ty = ¢ F e
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Then any solution u of (1.1)

C nB,w U'(t) U
D0+ (f(t,u(t))) Sg(tv (t))a

and any of auxiliary probleme (5.2) satisfies

CDgf (%) =g(t,r(t,en)) +en > g(t,7r(t,en)),

where

u(T) - 7(0,en) to r(T,e,)
F0,u(0)) ~  f(T,u(T)) = f(0,7(0,en))  f(T,r(T,en))

By using Thorem 4.4 we have

u(t) < r(t,en).

for all t € J and ¢ € N, since {e,,} be decreasing sequence, then

B 7(0,e2) ” r(T,e2)
cte = e T TTLAT )
r(0,e1) r(T,e1)

= 500,20 TR AT )

=c+er

13

(5.3)

then by theorem 5.2, we have r(t,e2) < r(t,e1), Therefore, r(t,e,) is a decreasing sequence of positive

real numbers, and the limit

r(t) = lim r(t,ep)

n—oQ

(5.4)

exists. We show that the convergence in (5.4) is uniform on J. To finish, it is enough to prove that the
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sequence r(t, &, is equicontinuous in C(J,R). Let t1,ty € J with ¢; < to be arbitrary. Then

| r(t1,en) = 7(t2,€n) |

 f+o

O+ o

IN

+

X

'[f(tl,rm,sn))](ﬁ / "W (8)(@(tr) — w(8)P (g(s, 7(5,n)) + £n)ds

(8

)
! o ", T p-1 )d
F—)/o W () (w(T) —w(s)” “(g(s,r(s,en)) + &n)ds c—an
[f(tz,ruz,an))](ﬁ / " (8)(@(ta) — () (g5, 7(5,£0)) + En)d

T
! (L)/ W (8)(W(T) —w(s)? " Hg(s,7(s,€n)) + €n)ds —c—sn

N
trrttn el [ 6t = ol oo rls.c0) +20) ) s
el [ /60 lt2) — o9 gl 20)) + ) ) s
[Pt r(t1,20)) — Stz r(t2,20)

— (% [ )~ w6 glosrts.20) +sn>ds) ~e-e)
orertn 55 [ " S (5) ) — ()P (gl (5rea) + ) ) s
ety [ /) tt0) — 9 gl 20)) + ) ) s
Pt (t1,20)) — Stz (t2,20)

— (ﬁ [ ) -0 e + sn>ds> ~e-e)
Gtz (575 [ ) wlt) o9 gl e0)) ) )

[t r(ta,en)] (i [ 6)tta) = ) s r (s, + sn>)ds

fM( WP (k) — (1) — ((t) — w(t2))? | +eo(ta) —w<t1>>6)
7

LB+1)
| f(t1,r(t1,en)) — f(t2,7(t2,6n)) |
{(H iz +e)@(T)”  [0] ([ 7= +en)W(T)”  |c| +€n}

I'(B+1) |0+0|T(B+1) |0+o|]

Where fo = sup( .yesx-n,n | f(E 2)]-
Since f is continuous on a compact set J x [—N, N|, it is uniformly continuous there.

Hence,

flti,r(t1,en)) — f(to,r(ta,60)) — 0 as &1 —> Lo

uniformly for all n € N. Therefore, from the above inequality, it follows that

T(tlasn) - 'f'(t2,€n) — 0 as t1 — to

uniformly for all n € N. Therefore,

n—aoo

r(t,en) — r(t) for all teJ
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Next, we show that the function r(t) is a solution of (1.1) defined on J. Now, since r(t,e,) is a solution
of (5.2), we have

Pt en) = [f(tvﬂt»&n)”(ﬁ/o W (5)(@(t) = w(s))? " (g(s,7(5, €n)) + n)ds
1 o T , B—1 _ _
9+_0<m/0 W (8)(W(T) — w(5))P (g5, (5 €n)) + €n)ds — £n c)>

for all ¢ € J. Taking the limit as n — oo in the above equation yields
0 = O] (5 ] 60 - o) (o)
1 o T , B—1 B

for all ¢ € J. Thus, the function r is a solution of (1.1) on J. Finally, from inequality (5.4) it follows that
u(t) < r(t) for all t € J. Hence, (1.1) has a maximal solution on J

6. Comparison theorems

The main problem of the differential inequalities is to estimate a bound for the solution set for the
differential inequality related to the (1.1). In this section we prove that the maximal and minimal solutions
serve as the bounds for the solutions of the related differential inequality to (1.1) on .

Theorem 6.1. Assume that hypotheses (Hy)— (H3) and condition (3.4) hold and 0, o, ¢ are real constants
with 8 + o # 0. Suppose that there exists a real number M > 0 such that

M 1 To
g(t,x1) —g(t,z2) < 15 (w() — (0P <f(t,x1) — f(t,xz)) acteJ

for all x1,x9 € R with 9 > 1, where M < T'(1+4 B). Furthermore, if there exists a function u € C(J,R)
such that

B,w u(t _
CD()+ (f(t,’(u()t))) S g(tvu(t))’ te J - [0’ T]v

(6.1)

u(0) w(T)
O50uton T O Ty < ©
then
u(t) < r(t) (6.2)

for allt € J, where ris a mazimal solution of (1.1) on J.

Proof. Let € > 0 be arbitrarily small. By Theorem 5.3, r(t,¢) is a maximal solution of (5.1) so that the
limit
r(t) = lim r(t,¢) (6.3)

e—0

is uniform on J and the function r is a maximal solution of (1.1) on J. Hence, we obtain

Cpp (L) = glt,r(t,e)) +e, teJ=1[0,T]

ftr(te) (6.4)
r(0,e) r(T,e) o
Oty T O Frairay — ¢
From the above inequality it follows that
C nB,w T(t,{f)
D ——— | > g(t,r(t,e)), teJ=10,T],
0+ <f(t,'f'(t,€)) g( 'f’( E)) [ ] (6 5)
r(0,¢) r(T,e)

=c+e.

5 0.0(0.0) T FTLAT )
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Now we apply Theorem 4.5 to inequalities (6.1) and (6.5) and conclude that u(t) < r(¢,¢) for all ¢t € J.
This, in view of limit (6.3), further implies that inequality (6.2) holds on J. This completes the proof. O

Theorem 6.2. Assume that hypotheses (Hy)— (Hs) and condition (3.4) hold and 0, o, ¢ are real constants
with 8 + o # 0. Suppose that there exists a real number M > 0 such that

M 1 To
g(t,x1) —g(t,z2) < 15 (@) — w(0))P <f(t,m1) — f(t,xz)) acteJ

for all x1,z2 € R with x5 > 1, where M < T'(1 + B)(w(t) — w(0))22. Furthermore, if there exists a
function v € C(J,R) such that

me(ﬂgg—)ngwm, tes=[0.1],

@)
(6.6)
o(0) o(T)
Y500 T ) T
then
p(t) < v(t) (6.7)

for all t € J, where p is a minimal solution of (1.1) on J.

Note that Theorem 6.1 is useful to prove the boundedness and uniqueness of the solutions for (1.1)
on J. A result in this direction is as follows.

Theorem 6.3. Assume that hypotheses (Hy)—(Hs) and condition (3.4) hold and a, b, ¢ are real constants
with a + b # 0. Suppose that there exists a real number M > 0 such that

M X1 To
g(t,z1) —g(t,22) < 5 @) —w(0)FH (f(t,a:l) — f(t,x2)> aetecJ.

for all 1,72 € R with o > x1, where M < T'(1 4 B)(w(t) — w(0))?2. If an identically zero function is
the only solution of the differential equation

M

P60 = T G oy

o+ ™M

teJ=10,1],
(6.8)

Om(0) + om(T) = 0.
then (1.1) has a unique solution on J.

Proof. By Theorem 3.2, (1.1) has a solution defined on J. Suppose that there are two solutions u; and
ug of (1.1) existing on J with w3 > us. Define a function m : J — R by

ua (t) ua(t)
m(t) = -
= Fwm® 7w )
In view of hypothesis (H;), we conclude that m(¢) > 0. Then we have

- B w ul(t) UQ(t)
CD([;— m(t) - CD§+ <f(t,u1(t)) - f(tau?(t))>

_ oppef__w(t) o e u2(t)
- b (f(t, Ul(f))) Dot (f(t, U2(t))>’
= g(t7u1(t)) _g(taUQ(t))v

S TEn o e i)

1+ (w(t) —w(0)PE f(t, 1) f(t,m2) )]
M m(t)

T @) —woypa "
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for almost everywhere ¢ € J. Since

_ o w(0)  ue(0)
") = F 0 un(0)) (0, ua(0))

wn @ @

o Ul _ U

") = F (D) F T uaD))
and
9 ul(O) -I—U ul(T) _ 9 UQ(O) o UQ(T)
70,00) T TTm@) ~ F0.u0) T T ua(T)’

we have

Om(0) + om(T) = 0.

Now, we apply Theorem 6.1 with f(¢,2) = 0 and ¢ = 0 to get that m(t) < 0 for all ¢ € J, where an
identically zero function is the only solution of the differential equation (6.8) m(t) <0 is a contradiction
with m(¢t) > 0. Then we can get u; = us. This completes the proof. O

7. An illustrative example

In this section we give an example to illustrate our main result.
Consider the following hybrid fractional differential equation:

27t2 ”
cDg; (%) —g(tut), teJ=[01],

(7.1)
u(0) u(T)
70.u® + 7w = O
t2
where B =2, T =1, w(t) =t, g(t,u(t)) = Esm(u(t)) and

B ot lu(t)]
ftu®)) =g (1 + |u(t)|) '

It is clear that the assumption (H;) is satisfied.
To prove the assumption (Hs), let ¢t € J and u,v € R, then we have

9e:et (1 fﬁ)('m) B 9if <1 f&)l) ‘

94;; (11|ZL|(U)(|)|> <1J|:)TU)(|)|)
1 ’ u(t) = v(t) ‘
0] (L+]u@®]) X+ fo@)])]’

£t u(®) = f(E,0(8)] < iol (1) —v(0)],

Thus, the assumption (Hz) in holds true with L = -

[f(t,u(t) = £t 0(t))] =

)

F(tu(t) — £t o) < ]

|f (&, u(t) = ft0(0)] <

It remains to verify the assumption (Hs). Let ¢t € J and v € R, then we have

2

L sin(u(®)

l9(t, u(t)] = | 15

)

2
lg(t, u®))] < 75 Isin(u(®)],

2

t
gt u(®)] < 13-
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Wich implies that the assumption (Hg) is verified with h(t) = £
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12°

Moreover, we have

3L (@(@) —w(O)’ |~ _ 3 ((1=0)% x5
2 L(B+1) 20 INE)
1 1
= — ~ 0,027 < 1.
200 T TS

Finally, all the conditions of Theorem 3.2 are satisfied, thus the hybrid fractional problem (7.1) has a

solution on [0, 1].

w—

8. Conclusion

In this paper, we studied the existence results of hybrid fractional differential equations involving
Caputo fractional derivative of order 0 < 8 < 1. The existence theorems are proved by using some

Lipschitz and Carathéodory conditions. As application, an example is presented to illustrate the appli-
cability our main result.
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