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On T-hypersurfaces of Lorentzian para Kenmotsu manifolds
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ABSTRACT: The main purpose of this paper is to study transversal hypersurface (briefly, T-hypersurface) of
Lorentzian para Kenmotsu manifolds. It is proved that each T-hypersurface of Lorentzian almost paracontact
manifold admits an almost product Lorentzian metric structure (J,G). After that, we show that every %-
hypersurface of Lorentzian almost paracontact manifold also admits a Lorentzian (f, g, s, v, A)-structure and
we derive some results allied with relationship between induced almost product Lorentzian metric structure
(J, G) and induced Lorentzian (f, g, i, v, A)-structure. Example of T-hypersurface of Lorentzian para Kenmotsu
manifold admitting Lorentzian (f, g, i, v, \)-structure is also illustrated.
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1. Introduction

Hypersurfaces of an almost contact manifold have been studied by D. E. Blair [1], S. S. Eum [2], S. I.
Goldberg and K.Yano [3], G. D. Ludden [4] and others. In 1970, S. I. Goldberg and K. Yano [3] defined
noninvariant hypersurfaces of almost contact manifolds. Further, the concept of transversal hypersurface
is introduced by K. Yano in 1972 [12]. After that transversal hypersurfaces were investigated by several
authors in different ambient manifolds such as ([13], [14], [15]) and many others.

In 1976, I. Sato [17] studied a structure similar to the almost contact structure, namely almost
paracontact structure. In [16], T. Adati studied hypersurfaces of an almost paracontact manifold. The
study of Lorentzian almost paracontact manifolds was initiated by K. Matsumoto in 1989 [18]. Also he
introduced the notion of Lorentzian para-Sasakian (for short, LP-Sasakian) manifold. I. Mihai and R.
Rosca [21] defined the same notion independently and thereafter many authors ([19], [20], [22], [23])
studied Lorentzian para-Sasakian manifolds and their submanifolds.

The study of hypersurface has ample significance in general theory of relativity, black holes and
quantum mechanics ([5], [6], [7]). Therefore, several researchers showed their interest in studying the
geometry of hypersurface in different ambient spaces ([8],[9], [10], [11]).

In the present paper, we study transversal hypersurfaces, in short T-hypersurfaces of Lorentzian almost
paracontact manifold, that is, such hypersurfaces of Lorentzian almost paracontact manifold which never
contain the vector field £. Also, we obtain that every T-hypersurface of Lorentzian almost paracontact
manifold admits an almost product Lorentzian metric structure (J,G). After that, we show that every
transversal hypersurface of Lorentzian almost paracontact manifold also admits a Lorentzian (f, g, u, v, A)-
structure, then we find some results to obtain the relationship between induced almost product Lorentzian
metric structure (J,G) and induced Lorentzian (f, g, i, v, A)-structure. Further, we discuss about some
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properties of Lorentzian para Kenmotsu manifold, along with an example of transversal hypersurface of
Lorentzian para Kenmotsu manifold admitting Lorentzian (f, g, i, v, \)-structure.

2. Preliminaries

Let M be an n-dimensional differentiable manifold equipped with a triple (¢, £, n), where ¢ is a (1,1)
tensor field, £ is a vector field, 7 is a 1-form on M such that [25]

¢$*U=U+nU)E  n(E)=-1 (2.1)
which implies that
#(&) =0, nop=0, rank¢=n-—1 (2.2)
If M admits a Lorentzian metric g such that
90U, ¢V) = g(U, V) + n(U)n(V) (2.3)
then M is said to admit a Lorentzian almost paracontact structure (¢,&,7,g). Also,
90U, V) =g(U,¢V),  gU,§) =n(U),  g(§ &) =n(§) = -1 (2.4)

Consequently, we call (M, ¢, &, n, g) is an Lorentzian almost paracontact manifold with Lorentzian metric
g where, ¢ is the structural endomorphism, ¢ is the characteristic vector field and n is a 1-form.
Now, we define a manifold called the Lorentzian para-Kenmotsu manifold:

Definition 2.1 [2/] A Lorentzian almost paracontact manifold M with structure (¢,€,1,g) is called
Lorentzian para-Kenmotsu manifold if the operator of covariant differentiation V with respect to
the Lorentzian metric g satisfies the following condition:

(Vuo)V = —g(¢U, V)€ —n(V)oU (2.5)

for any vector fields U,V on M.
In the Lorentzian para-Kenmotsu manifold, we have

Vué=-U-n(U), (2.6)

(Vun)V = —g(U, V) =n(U)n(V), (2.7)

where V denotes the operator of covariant differentiation with respect to the Lorentzian metric g.

Further, on a Lorentzian para-Kenmotsu manifold M, the following relations hold:
L g(R(X,Y)Z,&) = n(R(X,Y)Z) = g(Y, Z)n(X) — (X, Z)n(Y)

2. R(&X)Y = g(X,Y)E —n(Y)X

3. RIX, ). =n(Y)X —n(X)Y

4. R(§ X)§ = X +n(X)¢

5. 8(X, &) = (n—1)n(X)

6. 5(§,¢) =—(n—-1)

7.Q¢=(n—1)¢

8. 5(¢X,¢Y) = S(X,Y) + (n—1)n(X)n(Y)

for any vector fields X,Y on M.

Definition 2.2 A differentiable manifold M of dimension n is said to be an almost product manifold,
if it admits a (1,1) tensor field J such that J? = I.
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3. - HYPERSURFACES

Let M be a Lorentzian almost paracontact manifold equipped with Lorentzian almost paracontact
structure (¢, &,7,g), where g is Lorentzian metric. Let M be an immersed hypersurface of M with in-
duced symmetric tensor field g. In view of casual character of vector fields of manifold, we have three
types of hypersurface, namely , pseudo-Riemannian, Riemannian and null (or lightlike) and metric g is a
non-degenerate or a degenerate metric according as M is pseudo-Riemannian (Riemannian) hypersurface
and lightlike hypersurface respectively. We assume that the structure vector field £ never belongs to the
tangent hyperplane of the hypersurface M. Such a hypersurface is called a transversal hypersurface,
briefly ¥-hypersurface of a Lorentzian almost paracontact manifold.

Example 3.1 Let M be a 7 dimensional real number space with coordinate system (z,y,z,t,u,v,s). In

M, we define

0 0 0 0
U:dS*d% 5:7%5 ¢(%):%+%7
0 0 0 0 0 0
QS(@iy) = oy ¢(%) =35 ¢(§) =30
0 0 0 0 0
¢(%) = o0 ¢(%) =3 ¢(%) =0

and
g =dr? +dy? +d2? +dt* + du® + dv® —n @0

then (¢,€,m,g) is Lorentzian almost paracontact structure in M.

Let M be hypersurface of M which is defined by s = x with the immersion i : M — M, then the set
{1 = (1,0,0,0,0,0,1), 2 = (0,1,0,0,0,0,0), a5 = (0,0,1,0,0,0,0), g = (0,0,0,1,0,0,0),
as = (0,0,0,0,1,0,0),a6 = (0,0,0,0,0,1,0)}
is a local basis for the tangent hyperplane of M and N = (1,0,0,0,0,0,—1) is the normal vector field
of the hypersurface. Since &) = %(al — N)i(p), it can be easily seen that the characteristic vector field
§i(p), P € M, is not tangent to M. Thus, M is a T-hypersurface of M with the characteristic vector field
§i(p), P € M, which is not tangent to the hypersurface.

Now, T-hypersurfaces never contain the structure vector field £ of the defining Lorentzian almost
paracontact structure. Thus, £ can be considered as affine normal to M. Now, £ and X € TM are
linearly independent, therefore we may write ¢ X as:

X = JX +w(X)E, (3.1)

where J is a tensor field of type (1, 1) and w is a 1-form on M.
Now, operating ¢ on (3.1) and with the help of equation (2.1), we have

J=1 (3.2)
and
wodJ=n (3.3)
which follows that:
NJX) = (wo J)JX
n(JX) = w(J2X)
(o J)X = w(X)
noJ =uw. (3.4)

In the account of (3.1), we have
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Theorem 3.1 Fach T-hypersurface of a Lorentzian almost paracontact manifold admits an almost prod-
uct structure J and a 1-form w.

Now, we assume that M admits a Lorentzian almost paracontact metric structure (¢,¢,7,g). Then
for every X,Y € T M, we obtain the following results:

9(0X,9Y) = g(JX + w(X)E, JY +w(Y)E)
=9(JX, JY) +w(Y)(no J)(X) +w(X)(no J)(Y) —w(X)w(Y)

In the account of equation (3.4), we have
9(0X,¢Y) = g(J X, JY) + w(X)w(Y) + w(X)w(Y) — w(X)w(Y)
=g9(JX,JY) +w(X)w(Y)
Using equation (2.3), we get

9(X,Y) +n(X)n(Y) = g(JX, JY) + w(X)w(Y)

9(JX,JY) = g(X,Y) + n(X)n(Y) — w(X)w(Y). (3.5)
Now, we define a new metric G on the transversal hypersurface given by:
G(X,Y) = g(¢6X,¢Y) = g(X,Y) + n(X)n(Y). (3.6)
So with the help of equation (3.5) we have

G(JX,JY) = g(JX,JY) +n(JX)n(JY)

9(X,Y) +n(X)n(Y) — w(X)w(Y) + (no J)(X)(no J)(Y)
g(X,Y) +n(X)n(Y) — w(X)w(Y) + w(X)w(Y)
=g9(X,Y) +n(X)n(Y)

= G(X,Y).

Hence, G is Lorentzian metric on M that is (J, G) is an almost product Lorentzian structure on transver-
sal hypersurface M of M.

Consequently, we can state the following theorem:

Theorem 3.2 Fach %-hypersurface of Lorentzian almost paracontact manifold admits an almost product
Lorentzian structure.

We now assume that M is orientable and consider a unit vector field N of M which is normal to M.
Then, the Gauss and Weingarten formulae are given by:

VXY = ny-f—h(X,Y)N (3.7)
and
VxN=-HX (3.8)

for any X,Y € TM and N € T*M respectively, where V is Levi Civita connection on M. Here V
represents the Levi-Civita connection on M with respect to Lorentzian metric g induced by g on M and
h is a second fundamental form related to H by

WX,Y) = g(HX,Y). (3.9)
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Also note that, the hypersurface M is totally geodesic in M if second fundamental form vanishes identi-
cally i.e. h=0.
Further, for any vector field X € TM, we define

X = fX + u(X)N, (3.10)
¢N = —U, (3.11)
§=V+AN, (3.12)
n(X) =v(X) (3.13)

where, n(N) = X = g(¢,N), f is (1,1)-type tensor field and p represents a non-zero 1-form and M is a
smooth function on M. Hence, it follows that A # 0, because if possible A = 0, then n(N) = g(N, &) =0,
which shows that ¢ is perpendicular to N, so we have £ € T'M, which contradicts the fact that M is a
transversal-hypersurface of M.

We obtain an induced Lorentzian structure (f, g, p, v, A)-structure [8] on transversal-hypersurface such
that

fP=l+puU+veV (3.14)

fU=-XV and fV=XU (3.15)

pof=XM and vof=-\u (3.16)

pwU) ==X\ -1, v(V)=-1-X and v({U)=0=puV) (3.17)
g X, 1Y) = g(X,Y) +v(X)u(Y) — p(X)u(Y) (3.18)

g(fX.Y) =g(X, fY),  g(X,U) = —p(X) and  g(X,V) =v(X) (3.19)

for all X,Y € TM, where A = n(N).
Thus, we have obtained the following result:

Theorem 3.3 Every T-hypersurface of Lorentzian almost paracontact manifold also admits a Lorentzian
(f, g, p, v, N)-structure.

Now, we find a relationship between the induced almost product Lorentzian structure (J, G) and induced
(f, g, , v, \)-structure on transversal hypersurface of Lorentzian almost paracontact manifold.

Theorem 3.4 If M be a T-hypersurface of Lorentzian almost paracontact manifold M equipped with
Lorentzian almost paracontact structure (¢,n,&,g), then we have

1
= — .2
W= H (3.20)
1
J=f-3naV, (3.21)

1
JU =V, (3.22)
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pod=upof=M,

JV = fV =AU,

and

Proof: As we know that,
pX =JX +w(X)§and E =V + AN
which implies that

X =JX +w(X)(V+AN)
= ¢X =JX +w(X)V +w(X)AN.

In account of equation (3.10), we have

FX 4+ p(X)N = JX 4+ w(X)V + w(X)AN.

On comparing normal and tangential parts respectively, we get

u(X) = Aw(X)

— w(X) = {u(X)

or

1
wzxu, VX eTM

which is equation (3.20) and

X =JX +w(X)V

using above result i.e. equation (3.20), we have

JX = fX — %u(X)V

1
or J:ffX/UX)V, vXeTM

which is equation (3.21).
Now, from equations (3.21),(3.15) and (3.17) we have

1
JU = fU — XM(U)v
=V — %(—)\2 -1V

1
= JU =V
A

(3.23)

(3.24)

(3.25)

(3.26)
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which is equation (3.22).
Now, from equation (3.21), (3.16) and (3.17) we get

(0 1)(X) = (o F)(X) — u(X)(V)
(o )(X) = (o NX) = W(X) (V) =0)
— (uoJ)=(nof)=Xv, VXeTM

which is equation (3.23).
Similarly, with the help of equations (3.21), (3.16) and (3.17) we get

1
J ==
vo M

which is equation (3.25).
Now, from (3.21) and (3.17), we get

JV = fV - %u(V)V

= JV =fV=\U

which is equation (3.24).
Now, using equations (3.4), (3.13), (3.19) and (3.20) in equation (3.6), we have

G(X,JY) = g(X,JY) +n(X)n(JY)
= 9(X, JY) +n(X)w(Y)

9(X, FY = Sp(V V) + n(X)e(Y)

= 90X, fY) = gp(V(X) 4 LX) frw = an(X) = (X))
— g(X, 1Y)
which is equation (3.26). O

4. Some Properties of T-Hypersurfaces

Firstly, we state the following lemma:

Lemma 4.1 Let M be a T-hypersurface with Lorentzian (f, g, u,v, \)-structure of Lorentzian almost
paracontact manifold M, then

(Vx®)Y = (Vx )Y — u(Y)HX + h(X,Y)U) + (Vxp)Y + h(X, fY))N, (4.1)
Vxé=(VxV = AHX)+ (h(X,V) + XA)N, (4.2)
(Vx¢)N = (=VxU + f(HX)) + (=h(X,U) + p(HX))N, (4.3)

since h(X,U) + p(HX) =0, we have (Vx¢)N = (=VxU + f(HX)) + 2u(HX)N
or, (Vx¢)N = (~VxU + f(HX)) — 2n(X,U)N
and

(Vxn)Y = (Vxv)Y —AW(X,Y), VX,Y e TM. (4.4)
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Theorem 4.1 Let M be a T-hypersurface with induced Lorentzian (f,g, u,v, \)-structure of Lorentzian
para Kenmotsu manifold M, then we have

(Vx )Y —p(Y)HX + h(X,Y)U = —g(fX,Y)V —v(Y)fX, (4.5)
(Vxp)Y +h(X, fY) = —v(Y)u(X) — Ag(fX,Y), (4.6)
VxV - AHX = -X —v(X)V, (4.7)
X, V)+ XX = - (X), (4.8)
—VxU+ f(HX) = -AfX + pu(X)V, h(X,U)=0 de uHX)=0 (4.9)
and
(Vxr)Y = Ah(X,Y) —g(X,Y) —v(X)v(Y) VX,Y e TM. (4.10)

Proof: Using equations (4.1), (2.5), (3.12), (3.10) and (3.13), we have

—g(f X, V)V +AN) —v(Y)f(X) = v(Y)u(X)N = (Vx /)Y —w(Y)HX + h(X,Y)U)
(Vxp)Y +h(X, fY))N.

+

Now, on comparing tangential and normal parts in above equation, we get the results (4.5) and (4.6)
respectively.
Now, from equations (4.2), (2.6), (3.13) and (3.12), we get

—X — p(X)E = (VxV — AHX) + (h(X,V) + XA)N
— X —p(X)(V+AN) = (VxV — AHX) + (h(X, V) + X\)N,

on comparing tangential and normal parts, we have the required results (4.7) and (4.8) respectively.
Similarly, using equations (2.5), (3.12) and (3.10) in (4.3), we get

(Vx¢)N = —g(¢X,N)& — n(N)pX
N = —

(
= (~VxU + f(HX)) - 2h(X,U) 9(X,oN)(V +AN) = A(fX + u(X)N)

w(X)(V 4+ AN) = AfX — Au(X)N
(X)W + A(X)N = AfX — Au(X)N
w(X)V = AfX

On comparing both sides we can easily obtain equation (4.9).
Further, since

(Vxn)Y =Vx{n(Y)} - n(VxY)
=Vx{g(Y,&)} —n(VxY)
=g(VxY,6) +g(Y,VxE&) —n(VxY)
= g(Y,Vx¢)
=g(Y, =X —n(X)¢)
=—g(Y,X) = n(X)n(Y).

Hence, we get the required equation (4.10) by using above the result and equation (4.4). O
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Theorem 4.2 If M is a T-hypersurface with Lorentzian (f,g,u,v, \)-structure of a Lorentzian para
Kenmotsu manifold M, then 2-form F on M is given by:

F(X)Y) =g(X, fY)
satisfies the following condition:

(VxE)Y, 2) + (Vy F)(2, X) + (V2 F)(X,Y) = 2[{g(fY, X)v(Z) + 9(f 2, Y v (X) + g(f X, Z2)v(Y)}
+ {(2)nX,Y) + p(Y)(X, Z) + W(X)h(Y, Z)}]

and consequently, 2-form F is not closed on M.

Proof: In the view of equations (3.9), (3.19), (4.5), we get

(VXF)(Yﬂ Z) = g(Y, (VXf)Z)

= g(Y,—g(fX,2)V —v(2)fX + p(Z2)HX — h(X, Z)U)
—9(fX, 2)g(Y,V) = g(Y, fX)v(Z) + (2)g(Y, HX) — g(Y,U)h(X, Z)
—9(fX, Z)v(Y) — g(Y, fX)v(Z) + p(Z2)h(X,Y) + p(Y)h(X, Z)

Similarly,

(VyF)(Z,X) = =g(fY, X)v(Z) = g(Z, Y )(X) + W(X)R(Y, Z) + p(Z)h(Y, X)
and

(VzF)(X,Y) = —g(fZ,Y)w(X) = g(X, fZ)v(Y) + n(Y)1(Z, X) + p(X)(Z,Y')
which gives

(VxE)Y, 2) + (Vy F)(Z2, X) + (V2 F)(X,Y) = 2[{g(fY, X)v(Z) + 9(f 2, Y )v(X) + g(f X, Z)v(Y)}
+ {(2)nX,Y) + p(Y)(X, Z) + W(X)h(Y, Z)}]

Now, we can easily see that
=(VxF)(Y,2) + (VyF)(Z, X) + (V2 F)(X,Y) #0
for any X, Y, Z € TM.
Hence, 2-form F' is not closed on M. |

5. Example of T-Hypersurface of Lorentzian Para Kenmotsu Manifold admitting a
(f, g, u, v, )\)-Structure

Let us consider a 5-dimensional manifold M® which is defined as follows:
M = {(z1, 22,3, 24,t) €ER® : £ > 0,0 < 1 < 1},

where (11,72, 73,74,t) are the standard coordinates in R®. Let e, e, e3,e4 and e5 be the vector fields
on M? given by
_ 4.0 _ 0 _ ;.0 _ 0 _
taml arg taibg t3x4 65 - tﬁ - g
Wthh are linearly mdependent at each point of M5. Let Lorentzian metric tensor, § on M? is defined

as follows:

_ta

§(€17€1) ]-a §(62,€2) = 13 §(63,63) =1
gleq,e4) =1, gles,es5) = —1, gler,e2) =0
(61, 63) O7 9(617 64) = 0, g(el, 65) =0
( ’63) 0, §(627€4) 0, §(62,65)=

gles,ea) =0,  gles,e5) =0,  glea,e5) =

Let 1 be the 1-form such that n(X) = §(X, e5) = §(X,£),VX € I'(TM°®). Now, we define the tensor field
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¢ of (1,1) type such that
pe; = —ea, pes = —eq, pes = —eu, pes = —es, pes = 0.
Then, we can easily see that

Q(Xaf):U(X)7 77(¢X):07
nes) =) =9(6.8) = gltg o) =—1,  res=¢)
P*X = X +n(X)¢
and

9(6X,0Y) = g(X,Y) +n(X)n(Y), VXY € I(TMP).

Thus, M5(¢,&,n, §) defines a Lorentzian almost paracontact manifold. By V, we denote the Levi-Civita
connection on M?3, then by direct computations, we get

le1,e2] =0 le1,e3] =0 le1,e4] =0 le1,e5] = —e1
[e2,e1] =0 [e2,e3] =0 [e2,e4] =0 [ea, e5] = —ea
[637 61] =0 [63, 62] =0 [637 64} = [63, 65] — —€3
[64, 61] =0 [64, 62] =0 [647 63} =0 [64, 65] = —€4
[65, 61] =€ [65, 62] = €2 [65, 63] = €3 [65,64] = €4

The Riemannian connection V of Lorentzian metric § is given by:
20(VxY,2) = Xg(Y,2)+Y§(Z, X) — Z§(X,Y) — (X, [Y, Z]) + (Y, [Z, X]) + §(Z, [X,Y])

which is Koszul’s formula. Using Koszul’s formula, we can easily find that:

v6161 = —€5 Veleg =0 Veleg =0 Vel €4 = 0 Vel €5 = —€1
v5261 =0 VQQGQ = —€5 v52€3 =0 ve264 =0 ve265 = —€2
Ve361 =0 V6362 =0 Ve3€3 — —€5 V6364 =0 V€3€5 — —€3
Ve,e1=0 Ve,e2 =0 Ve,e3 =0 Ve,e4 = —e5 Ve,65 = —€4
V6561 =0 v55€2 =0 v65€3 =0 ve564 =0 V6565 =0

Also, let X = 2?21 X'e; and we can easily verify that :

Vx§=—-X—n(X)g, (Vx)Y = —g(¢X,Y)§ —n(Y)opX

Hence, M®(¢,&,n,§) is a Lorentzian para Kenmotsu manifold.

Now, consider (M*, g), where M* = {(x1, 22, 23,74) € R* : 0 < 1 < 1}, be a hypersurface of M® which
is given by y : M* — M?® such that x(z1, 22,3, 74) = (21, 2,23, 24,logz1). Then, the local basis of
tangent hyperplane of M* is given by:

7] 10 0 0 0

Xi=—+—— -
! 0z + x1 Ot’ 2 Ozs’ Ozs’ 04
and the unit normal vector field N of hypersurface is given by

0 0

=ty
T ioZ om o

N

Here, it is clear that

=

|
o oo~
coo~=o
com~oo
o oo o
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which implies that Rank dx = Rank x. = 4 = dim of M?*. Further, we can see that &,,p € M* is
not tangent to the hypersurface. Therefore, M* is a transversal hypersurface of M. Also, we have

Z1

N)=——s =),
n(N) .
t.’L‘l 0 t 0

Vv

:lfxfaixl 17‘1:%&
and

t 0

B \/1—513%37&32.

Further, any tangent vector field of the transversal hypersurface M* can be expressed as X = 2?21 ;i X
where ¢;, 1 < i < 4 are smooth functions. Operating ¢ on both sides we obtain

U

¢ ) ) )
o 4N = FX + u(X)N

) 0 t.’II12
—F— )5 —Clg— —C4g— — 35— — C—F——
J1—22 0m Ory 0wy Oy 0\ /14220

where, p(X) = coxy and f is given by

X = —cy(1+ ‘?t

0 -(1+—72=) 0 0 0

-
~1 0 0 0 0
f=10 0 0 -1 0
0 0 -1 0 0
0 *\/tf? 0 0 0

Hence, M* is a T-hypersurface or transversal hypersurface of M® which admits (f, g, u, v, A)-structure.
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