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Regularity results for a singular elliptic equation involving variable exponents *

Hellal Abdelaziz and Rabah Mecheter

ABSTRACT: In this paper, we investigate the existence and regularity of nonnegative weak solutions for
specific class of nonlinear singular anisotropic elliptic problems with degenerate coercivity involving variable
exponents. We show that certain lower-order term contribute to the regularization of solutions, as well as the
regularization induced by a singular nonlinearity term. Our methodology employs an approximation technique
that integrates anisotropic variable exponent Sobolev spaces, truncation methods, compactness arguments,
and Schauder’s fixed-point theorem. These findings extend some previous results established under constant
exponents.
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1. Introduction

Let us consider the nonlinear anisotropic elliptic problem with variable exponents and degenerate
coercivity, involving a singular nonlinearity term of the form

N
_ Z D;(bi(z,u)a;(x, Du)) + F(z,u) = H(u)f + p in Q,
i=1 (L1)

u>0 in ,
u=0 on0f.

where Q is a bounded open domain in RY (N > 2) with Lipschitz boundary 952, u is a non-negative
bounded Radon measure on ©, and f is a non-negative function belonging to L' (Q) (or L™)(Q) ) with
m(-) > 1 being small.

We assume that the nonlinearity term H : RT™ — R™ is a continuous and possibly singular function,
such that

H(0)#0, T H(u):= H(+20) < +oc,
There exists M > 0, for all u € (0,400), such that : H(u) < M, (1.2)
M

There exists M > 0, such that : H(u) < ,
u’)’(x)

for all u € (0, 4+00), for all z € Q,.
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where v : Q — (0, 1) is continuous functions satisfies:

0 <~ :=miny(z) <y :=maxy(zr) <1, |Vy| € L®(Q), forall z € Q. (1.3)
e e

Suppose that a; : Q@ x RY — R, b : QxR — R, i =1,...,N, F: Q x R — R are Carathéodory

functions and satisfying

For a.e.x € , for allu € R, for all £,&’ € RN, and for all i =1,..., N the following:

a;i(z,€).& > alg[P), (1.4)
N .
jai e, ) <81+ g @) T, (1.5)
=1
(i) — asle,€)) - (& =€) > 0, & £ €, (1.6)
Cy
W < bi(x,u) < Ch, (1~7)
sup |F(z,u)| = gr(x) € LY(Q), VEk >0, (1.8)
jul <k
F(x,u) sign(u) > [u["®), (1.9)

where a, 3,4, and Cy are strictly nonnegative real numbers. -
Here, the variable exponents p; : @ — (1,00), 0 : @ — [0,00), i =1,...,N, 7: Q — (0,00) and
m: ) — (1,00) are continuous functions for all z € 2 such that

1 <p(x) <N, where L—ii ! (1.10)
e P N & |
ma {1 N b <mla) <), [VmleL¥@),  (11)
TENG@ - D+ (V- D@ - or (@) | |
where
o) Np(z) L P@ Ly
Np() = (N =P (o @) + 1) \oy()+1-()
7ile) = s oia), Vo € L¥@), [V € L¥@), 7o) = ot

As a prototype example, we consider the model problem

[ |Diufpi @) -2 .
Byl (|uu>+u|u|,(_)_1: I uma,
=1

In(e + |ul))o: ) 0]

(infe + ful) o)
uw>0 in ),
u=0 on Jf).

where 7 as in (1.3), 0; € C(Q), 0;(:) >0 foralli =1,..., N, r € C(Q), r(-) > 0, while f is a nonnegative
function in L1(£2), and p > 0 is a nonnegative bounded Radon measure.

Boundary value problems involving anisotropic operators have garnered considerable attention and
have arisen in several areas of science in recent years. Notably, important applications of this complex issue
in biology, physics, and image processing can be found in [3,10,11,34]. Another point worth mentioning
is that the study of both isotropic and anisotropic problems involving singular nonlinearities is still
developing slowly due to the very limited number of results available on this topic. For further information,
we refer to the seminal works in [7,9,12,15,23,25]. Additionally, for existence results related to problem
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(1.1), as well as some model equations with either isotropic or anisotropic principal parts, nonlinear
terms of lower order with variable nonlinearity, involving singular nonlinearity terms, and under different
regularity assumptions on the data using various methods, see, e.g., [22,32,36] and further references
therein.

In the present paper, we aim to extend results recently addressed in [6,33] to the anisotropic case,
focusing on singular elliptic problems with degenerate coercivity and variable exponents. Compared to
[14] and [16], the key feature of this work is the combination of an anisotropic degenerate operator with
lower-order terms involving variable exponents, singular nonlinearity term characterized by a nonnegative
function which has some Lebesgue regularity, and a nonnegative bounded Radon measure. Inspired by
[1,20,27], we prove the existence and regularity of nonnegative weak solutions to problem (1.1), noting that
classical methods cannot be directly applied in this setting. More precisely, we show that the presence of
certain lower-order terms has a regularizing effect on the solutions, as does the singular nonlinearity term.
Our regularity results depend on the summability of f, as well as on the values of p;(-), o;(-), 7(-), and
m(-), which are novel in the literature and have not been previously investigated in either the isotropic
or anisotropic case, as demonstrated in [8,17,21,37].

The proof of the existence and regularity results under assumptions (1.2)-(1.11) is essentially based on
deriving uniform estimates for suitable approximate solutions (u, ), and passing to the limit as n — +oc.
This strategy addresses two main challenges associated with this approach. Given the lower-order term
in the model problem (1.12), characterized by a singular nonlinearity term, namely ﬁ, where f is a
nonnegative function in L'(Q) (or L™ (Q)), with m(-) and ~(-) as defined in (1.3)-(1.11), and p is a
nonnegative bounded Radon measure on €2, the first challenge is to obtain suitable uniform estimates on
(tn)n and the partial derivatives (Duy,), for all i = 1,..., N, which are independent of n. The second
challenge involves passing to the limit in the degenerate nonlinear anisotropic vector field with variable
exponents

N i, |pi(x)—2 i

=30 (o)

i=1
The nonlinear term u|u|") =%, where p;(-) satisfies (1.10), o; € C(Q), o4(-) >0 for all i = 1,..., N, and
r € C(Q) with r(-) > 0, also presents challenges. To address these, we truncate the singular term ﬁ
to make it non-singular at the origin and study the behavior of approximate solutions (uy),. We em-
ploy Schauder’s fixed-point theorem to ensure the existence of (u,), and apply the anisotropic Sobolev
inequality, along with certain truncation techniques as in [2,28,30,31], to establish uniform estimates.
We believe that our gradient estimates (see Lemma 4.5) are new compared to those in [24]. Specifically,
if p;(1) > 1+ %, then the regularity provided in Theorem 3.3 is an improvement over that in

[24, Theorem 1]; see Remark 3.1. To prove Theorem 3.3, a key result (Lemma 4.5) involving an La0)
estimate for the solution to problem (1.1) is established. It is important to note that the results of
Theorems 3.3-3.4 are distinct from those in [33, Theorem 3.2] (and also in [32, Theorem 3.1]) due to the
degenerate coercivity of the anisotropic operator involving a singular nonlinearity term. According to
Remark 3.1, the results of Theorem 3.3 align with the regularity results of [6, Theorem 1.1] in the case of
constant exponents. Additionally, in the nonsingular case where v(-) — 0 and p = 0, similar results to
those in Theorems 3.1-3.2-3.5 can be found in [5,29] under different appropriate assumptions on the data.

This paper is organized as follows: In Section 2, we recall some basic properties of anisotropic spaces
with variable exponents and present an anisotropic Sobolev inequality. The main results are established
in Section 3. In Section 4, we provide some uniform estimates for the solutions of the approximate
problems. Finally, the proofs are presented in Section 5.

2. Mathematical background and auxiliary results

We first recall some definitions, facts, and basic properties of anisotropic spaces with variable expo-
nents. For further details on Lebesgue-Sobolev spaces with variable exponents, we refer to [4,13,18] and
the references therein. In this paper we denote
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CY(Q) = {p € C() : minp(z) > 0},

e

C4(Q) ={p € C(Q) : minp(z) > 1},

z€eQ

For any p € C{(Q), we denote

pT :=maxp(r) and p  :=minp(x).
€N €N

We define the Lebesgue space with variable exponent LP()(Q) as the set of all measurable functions
u : €2 — R for which the convex modular

(@) = [ JuP) da,

is finite.
The space Lp(')(Q) equipped with the norm

. u
”UHp(.) = ||U||L;D(-)(Q) = inf {If >0: pp(.)(E) < 1},

which called the Luxemburg norm. The space (LP() (), ||| p(.y) is a separable Banach space. Moreover,
if 1 <p~ <pT < o0, then Lp(')(Q) is uniformly convex, hence reflexive and its dual space is isomorphic

to LP'O)(Q) where ﬁ + ﬁ =1.

For all u € LPO)(Q) and v € LP'()(Q), the Hélder type inequality

/ uv dx
Q
holds.

We define also the Banach space

1 1
< (o= = Ml ol < 2l ol (2.1)

WO (Q) = {u e LPO(Q) : |[Vu| € L2V (Q)},
endowed with the norm
lullpey = lullwreo @) = lullpe) + 1Vl

The space (WP (Q), [|ully () is a Banach space. while
Wol’p(')(ﬂ) = {u € Wl’p(')(Q) :u =0 on 89}7

is Sobolev space with zero boundary values endowed with the norm || - [|; ). The space WO1 P (')(Q) is

separable and reflexive provided that 1 < p~ < p™ < +o00. For u € Wol’p(')(Q) with p € C,(Q), the
Poincaré inequality holds
[ullpcy < ClIVullp.), (2.2)

for some C' > 0 which depends on € and p(-). Therefore, ||Vul|,.) and [Jul; ;) are equivalent norms.
The following results will be use later.

Proposition 2.1 ([13]) If u,,u € LPO)(Q) and p™ < +o0, then the following properties hold:

o [[ullpy <1 (resp. =1,>1) <= pyy(u) <1 (resp. =1,>1),

1

=),

1
o

o min (py( ()", pp(y (W) 7™ ) < [lullpy < max (ppe)(u) 77, py(y (u)

. - + - +
o min (|ful5 ), lull ) < ppy () < max (Il ul? ) )
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o [[ullpey < ppey(u) +1,
o |un —ullpy = 0 <= ppry(un —u) = 0.

Remark 2.1 Asin [19], the following inequality

/ JulP@® do < C/ | DulP™ du,
Q Q

in general does not hold. So, thanks to Proposition 2.1 and (2.2), we get the following inequality
which will be used later

+
||Du||§(.)}. (2.3)

. - + = _
min{[Dulf: 1Dullf,} < [ Ju(@)P® do < max{ Dulfy

Next, we recall the definition of Marcinkiewicz space which called also 'weak Lebesgue space’.
Definition 2.1 ([26]) For 0 < ¢ < 400, the set

MI(Q) == {u: Q — R measurable : [u], = sup kmeas{z € Q : |u(z)| > E}Ve < oo},
k>0

is called a Marcinkiewicz space.
Note that if [2] < 0o and 0 < € < ¢ — 1, then it is easy to show that L1(Q) C M9(Q2) C LI7¢(Q).

In addition, another important aspect worth mentioning is the anisotropic Sobolev space with variable
exponents, which helps us study our problem (1.1).

Firstly, let p;(:) : Q@ — [1,+00), i = 1,..., N be continuous functions, we set 7() = (p1(4),...,pn (")
and py (z) = 11<nizi>§vpi(x), for all z € Q.

The anisotropic variable exponent Sobolev space Wl’?(')(Q) is defined as
WLPOQ) = {ue LP*0(Q) : D e LP#O(Q), i =1,...,N},
which is Banach space with respect to the norm

N
ullwr7 o) = lullpy ) + D 1 Diw

i=1

pi()-

We denote by Wol’?‘)(ﬂ) the closure of C§°(Q2) in Wl’ﬁ(')(ﬂ), and we define
WHPOQ) = WhPOQ) nWE(9).
If © is a bounded open set with Lipschitz boundary 02, then
Vifl’?(')(Q) ={ue Wl’?(')(Q) s uog = 0}.

It is well-known that in the constant exponent case, that is, when ?() =7 € [1,+00)V, Wol’?(Q) =
Vi/l*?(Q). However in the variable exponent case, in general W&’?(')(Q) C Vi/l*?(')(Q) and the smooth
functions are in general not dense in VT/L?(')(Q)7 but if for each i = 1,..., N, p; is log-Ho6lder continuous,
that is, there exists a nonnegative constant M such that

Ipi(e) — pily)| < —2

<———— Vr,ye, |z —y| <1
—Infz —y|

Then C§°(Q) is dense in Vi/'l’?(')(ﬂ)7 thus Wol’?(')(Q) = W1’7(')(Q). We set for all 2 € Q
_ N
p(z) = =N 1

21 pi@)
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6
we define Np(a) oo
7o) - {pr pa) <N
+00, for p(x) > N.
and denote
ph= ma ol (@) and p= = min py ()

For W* 7(')(9) we have the following compact embedding results
€ (CLQ)N. If g € C+(Q) and for all

Lemma 2.1 ([18]) Let Q@ € RN be a bounded domain, and ()
Then

z € Q, q(x) < max(py (z), p*(x)).
WP O(Q) e LIO(Q),

Lemma 2.2 ([18]) Let @ C RN be a bounded domain, and 7 C+ ()N, Suppose that
Ve e, py(e) <P(0). (2.4

Then the following Poincaré-type inequality holds
N
< CZ HDiU’”LPi(-)(Q), Yu € Wlﬁ( ( ),

i=1

(2.5)

||UHL1’+(')(Q)
Thus val [Diullric)(q) is an equivalent norm on

where C' is a positive constant independent of u

WLPO(Q).

Remark 2.2 The assumption (2.4) play a significant role in our investigation which provide us with
’?(')(Q), we have

1 7
Ll 00 N<z/ D

NP
The following embedding results for the anisotropic constant exponent Sobolev space are well-known

for all u € W1
(2.6)

Pi®) gy < N + HU||W1 FO(Q)

[35,39].
Lemma 2.3 Let¢; > 1, i = N, we pose § = (q1,---,9N)- Suppose u € Wolj(Q), and set

1_1 Z =% ifg <N,
q N any number in [1,+00) if g > N.

Then, there exists a constant C depending on N,p1,...,pn if § < N and also on s and || if § > N,
such that
i 1/N
lull 2oy < cH 1Dl oy
i=1
Lemma 2.4 Let Q) be a cube of RN with faces parallel to the coordinate planes and ¢; > 1, i=1,...,N.

Suppose u € Wt 7(@), and set

(2.7)

s=q° ifg<N,
€[1,+00) ifg> N.
Then, there exists a constant C depending on N,q1,...,qn if § < N and also on r and |Q| if s > N,

such that N
1/N
lullze@) < CT] (lullze @) + IDiullzas ) " - (2.8)
i=1
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For the notion of nonnegative weak solutions to problem (1.1), we will use through this paper, the
truncation function Ty, at height k£ (k > 0) and the associated function which denoted by

Ti(t) = max{ — k, min{k, t}}, or(8) = T (s) — Ti(s), (2.9)

It is obvious that T} and ¢y are Lipschitz functions satisfying |7y (s)| < k and |pg(s)| < 1.
We denote

761?(')((2) = {u : © — R measurable ; Ty (u) € Wl’?(')(Q), for every k > 0}~

Finally, we define the weak gradient of a measurable function u € 761

fact that Vi/l’?(')(ﬂ) C Whr-(Q).

7?(')(9). The proof due to the

Definition 2.2 Suppose thatu € 761’?(')(9). Fori=1,--- N, there exists a unique measurable function
v; . Q— R, such that

DTy, (u) = Vi - X{ju|<k}, almost everywhere in Q, for every k > 0, (2.10)

where x a denotes the characteristic function of a measurable set A. The functions v; are called the weak
partial derivatives of u and are still denoted D*u. Moreover, if u belongs to Wol’l(Q), then v; coincides
with the standard distributional derivative of u, that is v; = D'u.

Remark 2.3 A function u such that Ty (u) € WP (Q) for any k > 0, does not necessarily belong
to WO1 1((2) However, according to the above definition, it is possible to define its weak gradient,
still denoted by D'u, as the unique function v; which satisfies (2.10).

Throughout this paper, C' will denote a nonnegative constant that depends only on the data and may
vary from line to line.

3. Main results and approximation of problem (1.1)

Our aim is to prove the existence of nonnegative weak solutions to problem (1.1). The following is
the notion of solutions we will consider

Definition 3.1 Let (i) be a sequence of measures in the set of nonnegative bounded Radon measure.
We say (pn,) weakly converges to p, if for any continuous function ¢ € C2°(9)

/gad,un—>/<pdu as n — 4oo.
Q Q

Definition 3.2 If 0 < 4" < 1 and p is a nonnegative bounded Radon measure on . Then, we say A
function u € le(')(Q) is a nonnegative weak solution to problem (1.1) if the following conditions are
satisfied:

1. w is strictly positive on each compact set of 2, i.e., for every w CC 2, there exists C,, > 0 such
that: u(-) > Cy, >0 in w.

2. u € Wyt (), F(x, Du) € L*(), ai(x, Du) € LY(Q),Yi=1,...,N, H(u)f € L}, (Q).

loc
3. N
;/Qbi(x,u)ai(x, Du) - D'¢dx + /Q F(z,u) - ¢dx -
= H(u)f-¢>dx+/¢du.
Q

Q

for every ¢ € C§°(Q).
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The main results of the paper are the following theorems:

Theorem 3.1 Under the assumptions (1.2)-(1.10). If u is a nonnegative bounded Radon measure on
Q, and f € L™0)(Q) is a nonnegative function with m(-) as in (1.11), the variable exponents p; : Q —
(1,400), 0 : @ = [0,400) i =1,--- , N, and r : Q@ — (0,+00) are continuous functions such that (2.4)
holds and for all x € Q

L Zj(;z))jﬁ(x) <r(x), oy(x):= Jnax oi(x), (3.2)
where
[Vr[ € L=(Q), [Voi| e L™(Q), [Vq]e L™(Q),

Then, problem (1.1) has at least one solution u € W) (Q) N LrO™O/(Q) satisfying (3.1).

Theorem 3.2 Under the assumptions (1.2)-(1.10). If u is a nonnegative bounded Radon measure on
Q, and f € L™0)(Q) is a nonnegative function with m(-) as in (1.11), the variable exponents p; : Q —
(1,400), 0, : Q@ = [0,40) i =1,--- ,N, and r : Q — (0,+00) are continuous functions such that (2.4)
holds, for all x € Q and for alli =1,...,N

muﬂkﬁﬂwié;w@)<“@*“ﬁm% (3.3)

o4 (@)+1+7()
m(x) — 1

max (WHW (3.4)

pi(@)m(z) — 1 (o) + 1+ () (pi(x) — 1)) <r(z) <
where
o (z) = max o;(z), |Vr|€L®(Q), |VoileL®(Q), |Vy|eL®Q).

1<i<N

Then, problem (1.1) has at least one solution u € WLaO(Q) satisfying (3.1) where q;(-) are continuous
functions on Q satisfying

pi(z)m(z)r(z)
(x) + oi(2) + 1 +7()

1<Qi($):r ., VzeQ,i=1,...,N. (3.5)

Moreover, |u|™®)@)+1() ¢ L1(Q).

Theorem 3.3 Under the assumptions (1.2)-(1.10). If u is a nonnegative bounded Radon measure on €2,
and f € LY(Q) is a nonnegative function, the variable exponents p; : @ — (1,+00), a; : © — [0, +00)
i=1,---,N, and r: Q — (0,+00) are continuous functions such that (2.4) holds, for all z € Q and for
alli=1,...,N

oi(x) + 1+ () r(z)

1+ r(x) < pz(x) <1+ m, (36)
Ui(x)+1+7(z)- (x x () — r(x
max (pi(x)_l,(oz( ) + 1+ v(z))(pi(z) 1)> < r(z), (3.7)

where
|Vr| € L=(Q), [Voi| € L®(Q), [|Vq] € L¥(Q),

Then, problem (1.1) has at least one solution u € W) (Q) N L™O(Q) satisfying (3.1) where ¢;(-) are
continuous functions on Q satisfying

pi(x)r(z)
r(z) +oi(x) + 1+ (z)

1< gi(x) < , YxeQ,i=1,...,N, (3.8)
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Theorem 3.4 Under the assumptions (1.2)-(1.10). If pu is a nonnegative bounded Radon measure on (2,
and f € LY(Q) is a nonnegative function, the variable exponents p; : Q — (1,4+00), oy :  — [0, +00)

i=1,--,N, andr:Q — (0,+00) are continuous functions such that, for all x €
pi(z) <r(z), (3.9)
ﬁ(x)(N—l—aI—&—'y_) T)(w)(N—l—ai—!—W_)
<pi(z) < : (3.10)
N(pa) — 1ot ) (o7 +1-7) (W = ()
where
- e M + . .
N = rzne%vy(z), and o7 = 12&%}3\[212%0,@),
0<0(2) < p@) —1+7(2), [Voile LX(Q), [VA] € L¥(Q). (3.11)

Then, problem (1.1) has at least one solution u € WL4)(Q) satisfying (3.1) where ¢;(+) are continuous
functions on Q satisfying

N(B(e) —1- 07 +77 )pile)

ﬁ(m)(N— 1—o} +'y_)

1 <g(z) < , YrxeQ,i=1,...,N. (3.12)

Theorem 3.5 Under the assumptions (1.2)-(1.10). If u is a nonnegative bounded Radon measure on
Q, and f € L™ (Q) is a nonnegative function with m(-) = m as in (1.11), the variable exponents
it Q— (1,+00), 0; : Q= [0,+00), i = 1,--- ,N, and r : Q — (0,+00) are continuous functions such
that, for all x € Q, for alli=1,--- N

pi(x) < r(z), (3.13)

(z) (N —m(ot+1— w)) (z) (N —m(ot +1- 7*))

<pi(z) < — — , (3.14)
Nm(p(z) — 1= ot +97) m(o +1=7)(N = () = Np(a)(m — 1)
where
~ o~ mi + . ,
N = inelgv(a:), and o] = nax gleagal(m),

0 < 04 (r) < max (p(x) — 1+ ~(x); % -1+ ’y(x)) . |Voi| € L™(Q), [Vq] e L=(Q). (3.15)

Then, problem (1.1) has at least one solution u € What)(Q) satisfying (3.1) where ¢;(-) are continuous
functions on Q satisfying

Nm(ﬁ(m) -1- Ji —|—’y*)pi(x)

, YreQ, i=1,...,N. (3.16)
P@) (¥ = m(of +1-77)

1< qz(fﬂ) <

Remark 3.1
Ifp()=pi(-)=p=2,0i(-) =0,y — 0, and F(x,u) = 0, then the results of Theorem 3.4 coincide
with the regularity results of [33, Theorem 2.6].
If p(-) = pi() = p, 05() =0, v~ — 0, and F(x,u) = 0, then results of Theorem 3.4 coincide with
regularity results of [33, Theorem 3.2].
Ifp(-) = pi() = p, p =0, 05(:) = 0, F(z,u) = |u|""tu, and v(-) = 6 with take the vector field
- Z@Z\; O, (a(-)|8xi ’”_28%10, then results of Theorem 3.3 has been obtained in [6, Theorem 1.1].

If 5(-) = pi(-) = p(-), p =0, 0;(-) = 0, and F(z,u) = b(z)|u|/"")~'u then results of Theorem 3.3
coincide with regularity results of [24, Theorem 1].

If 4(-) = 0 and p = 0, then the results of Theorems 3.1-3.2-3.3-3.4 has been obtained in [5].
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Remark 3.2 Let f € L}(Q). Assume that for all z € Q, p(z) < N, and

(1+0i(z) = y(@))N@(z) =1 - 0f +77)
(1+o0f =)V = B(2))
for all i =1,..., N. Then, assumption (3.10) implies (3.7) and

r(x) >

pi(z)r(z) N(p(z) —1—of +7 )pi(x)
r(x) + oi(x) + 1+ v(x) p@)(N—-1—0cf+77)

, YzeQ,i=1,...,N.

So Theorem 3.3 improves Theorems 3.4-3.5 (and [5, Theorem 3.2]).

Nm (ﬁ(r)—l—di-S-’y’)m(r)

Remark 3.3 In Theorem 3.5. If m tends to be 1 and v~ tends to be 0, then
() (me<oi+1fr>)

N (ﬁ(m)*1*01>m(m)
B(x) (N—1—ai)

Remark 3.4 In Theorem 3.4, it is clear that the assumptions (1.10) and (3.10) imply that (2.4) holds
since we have

tends to be which is bound on ¢; obtained in [5].

p)(N—-1—0f+~7)
(0f +1—77)(N —B(2))
Remark 3.5 Observe that the assumptions (1.11), (3.2), and (2.4) guarantee that

<p*(z), Yz € Q.

r(x) > (op(z) +1+v(2)(pi(x) — 1), VreQ,i=1,...,N.
Remark 3.6 In Theorem 3.2, the assumptions (1.11) and (2.4) imply that the assumption (3.4) is

not empty since we have
1

— > i) -1 Q,i=1,...,N. 1
m(x)_1>pz(x) , VzeQ i=1,..., (3.17)

In order to prove our results, we will truncate the singular term H (u) so that it becomes non-singular at
the origin and study the behavior of a sequence u,, of solutions to the approximate problems.
Let {fn}nen, {tn}nen be sequences of functions satisfying

fn = Tn(f)a VNZL

0 < {futnen € CZ(Q), | fullzr < fllLr @),
fn — f strongly in L1(Q), asn — +oo, (3.18)

0 < {ptn}tnen € C2(Q), |l <C,
o — 1 as per Definition 3.1, as n — +o0.

Moreover, suppose that

. o T.(H(t)), fort>1, VYn2>1,
H(0) = tlgr(l)H(t), Hnt) = { min(H(0);n), otherwise, Vn >1, (3.19)
Let us consider the following scheme of approximation
N
-3 o (bi(x, T (un))ai (z, Dun)> ¥ F(z,u) = Hy(un)fn + pn in Q,
=t (3.20)
Uy >0 in
u, =0 on 0N

First, we need to show the existence of a weak solution to the problem 3.20. The proof relies on the
Schauder fixed-point theorem.



REGULARITY RESULTS FOR A SINGULAR ELLIPTIC EQUATION INVOLVING VARIABLE EXPONENTS 11

Theorem 3.6 Suppose that u is a nonnegative bounded Radon measure on Q, and f € LY(Q) is a
nonnegative function with (1.2) holds. Assume that v as in (1.3), r: Q — (0,+00), p; : © — (1,+00),
and o; : Q@ = [0,400) i = 1,..., N are continuous functions such that (2.4) holds. Then, there exists at
least one nonnegative weak solution u, € WHP()(Q) N L>®(Q) to problem 3.20 in the sense that

N
> /Q b, T (1)) 1s(, Dutn) D' s+ /Q P, un)é di o

:/QHn(un)fan/Qumdx,

for every ¢ € WHPO) (Q) N L>(Q).
In addition, there exists a constant C' > 0 depending on || f|| 11 (q), ||pllz1 (o) but not on u,, such that

£ un) 1) < C, (3.22)

and
/ || dz < C. (3.23)
Q

Moreover, the sequence (uy)y, is increasing with respect to n, u, > 0 in £, and for every w CC Q, there
exists C,, > 0 (independent of n ) satisfied

unp(x) > C, >0, for every x € w, for every n € N*. (3.24)

In particular, there exists the pointwise limit u of the sequence wu,, with u that satisfies (3.24). Furthermore,
for all v as in (1.3) and for all ¢ € CF(R), we have

/Hn(un)fn¢dx—>/H(u)f¢dx, as n — —+oo. (3.25)
Q Q

Proof: Let n € N be fixed, v € LP ()(Q) and consider the following non singular problem

N
= 3" D (b, Tu(w)ase, Dw)) + TP, w)) = Halol) fu + e in €,

(3.26)
w>0 in ),

w=0 on N

It follows from [18] that problem 3.26 admits at least one solution w,, € Wl’ﬁ(')(Q). Furthermore, since
the datum H,,(v)f, + pn is bounded, we have that w € L*°(Q) and there exists a positive constant v,
independents of v and w ( but possibly depending in n), such that ||w| 5 q) < v.

Our aim is to prove the existence of fixed point of the map
G:LP"OQ) — LPO(Q)

where G(v) = w € WHP0)(Q), and w the weak solution of (3.26).

we know that G is compact if and only of it is continuous and it maps every bounded subset of
LP"()(Q) into a relatively compact set.

we will show that G maps the ball B.(0) ¢ LP'()(Q) of radius C into itself, the constant C is
independent of v.

Thanks to the regularity of the datum H,, (v) f,, + pn, allows us to take w as test function in the weak
formulation of (3.26) which gives

N
;/Qbi(x,Tn(w))ai(x,Dlw) XDlwdx—i—/QTk(F(:E,w))wdx

:/Hn(\v|)fn~wdx+/unwdx,
Q Q
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By using (1.4), (1.7), (1.8), (1.9), (3.18), (3.19), and using that Ty (F(z,w)) > 0, we find

aC N ,
- Z/ |Diw[Pi®) dz §/ |w| dx.
=179 2

2
(n?+C(n))(1+n)%

Using Young’s inequality for all > 0, we obtain

N .
;/Q|Dw

Pi®@) gy < n/ lw|P- dz + Cs
Q
< nc4/ |Diwl|P- dax + Cs
Q
N .
<nCy Z/ |Diw[Pi®) da + Cs,
=179

where C3, C4, and C5 are nonnegative constants. Now, we can choose n = 1/(2C}), which gives

N
> / [Diw|?'® dz < C(n),
i=1 7%

with C'(n) is independent from v.
Thanks to (2.4), (2.6) and Lemma 2.1, we have

o]l s ) < Cllwllyprmor gy < Cl), (3.27)

for some constant C,, independent on v.
In particular, we have that the ball B := B¢, (0) of LP"()(Q) of large enough radius C,, is invariant

for the map G. Moreover, from the compact Sobolev embedding, we deduce that G is continuous and
compact on LP () ().

Indeed, first we prove that the map G is continuous in B. Let us choose a sequence v that converges
strongly to v in LP"()(Q), then the dominated convergence theorem gives

Hy(|ve]) fr + pin = Hp([V]) fro + g in Lﬁ*(')(Q)’

then we need to prove that G(v;) converge to G(v) in LP")(Q). By compactness we already know that
the sequence wy, = G(vy,) converge to some function w in LP")(€). So we only need to prove that
w = G(v).

Since the sequence wy is bounded in Wl’ﬁ(')(Q) and by uniqueness, we deduce the desired. Second we
need to check that the set é(B) is relatively compact, Let vx be a bounded sequence in B. and let
wy, = G(vy,). Analogously to (3.27), for any v, € LP ()(Q), we get

lwill Lo ) () = 1G] L7* ) () < Chs
for some constant (), independent on .
so that wy, = G(vy) is relatively compact in LP"()(Q). )
Thus, we can use Schauder’s fixed point theorem to prove the existence of u, € W1()(Q) solving
the problem:

N
=3 D (bil, T ()i, Dun) ) + Fla,wn) = Ho(Jual) fo + i in 2,
=1

(3.28)
up >0 in Q)

u, =0 on O£
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Using as a test function w,, = min{u,,0} , one has u,, > 0, ( a classical regularity results as in [38]).
For the estimation (3.22), since H,,(uy)fn + pn € L>(Q2). Then, the results in [18] provide us with
the existence of a function u € W1P0)(Q) N L") (Q), satisfying the weak formulation

N
Z/bi(x,Tn(un))ai(x,Dun)Digodx+/ F(z,up)pdx
=1 Q Q2 (329)
:/Hn(un)fngodx—i—/,uncpdx,

Q Q

for every ¢ € WHP0)(Q) N L2 (Q).
Let v > 0, we define the function g,(-) : R — R given by

_ ) sign(s) if [s| >,
o(s) = {s if |s] < v.

v

Taking g, (u,) in (3.29), by (1.2), (1.4),(1.7), and (1.9), we obtain

/ (- up)| do < CM + C, (3.30)

from this and (1.8), we get the result (3.22).
To prove (3.23), we choose ¢ = % as a test function in (3.21), we obtain

Tk (un Tk (un Tk (un
/ |un|r(m)$ dr < | H,(un)fn k(u )dx—l—/ n i (u )dx
Q Q

Q k k
M . T T,

< M| fllzr ) +C,
The assumption (3.18) and Fatou’s lemma implies that estimate (3.23) holds as k — 0.
Now, we will closely follow the proof of [ Lemma 4.2, [16] | and of [ Lemma 2, [24] | hence we will
omit the details, giving only a sketch of the passages.

By (1.6), (1.3) and the fact that 0 < f,, < f,41, we can prove that the sequence u,, is increasing with
respect to n. knowing that, for n € N* fixed, u,, € L*>°(£2). So, in particular for n = 1, we have that

N
_ ZDi (bi(x7T1(u1))ai($,DU1)) + F(z,u1) = Hi(u1) f1 + 1
i=1

fi
(llurllLos () + 1)
0.

Y

V@ T

vV

Since oy + p1 is not identically zero, we apply the strong maximum principle ( As in

1
([lur || oo () +1)7
[40] ), which ensures that, for all w CC , there exists C,, > 0 ( independent of n ) such that

ui(xz) > Cy, in w.

Thus, (3.24) holds, because u,, > u; for all n € N*. Since u, is increasing in n, we can define u as the
pointwise limit of w,,. It follows that u > u,, and by (3.24) we get, for every w CC €, there exists C,, > 0
(independent of n ) satisfied

u(z) > C, > 0, for every x € w, for every n € N*.



14 H. ABDELAZIZ AND R. MECHETER

Observe that for all v as in (1.3) and for all ¢ € C§°(Q), if w = {m eQ:|o| > O}, we get

J/V[\f||¢HLoo(Q)
min{037;03+}

If u = 400 then H(u)f¢ = 0 and that, for n — 400, we have
H,(up)frnd — H(u)f¢ ae in Q.
Therefore, by Lebesgue theorem, it follows that (3.25) holds.

This concludes the proof.

4. Uniform estimates

This section is devoted to obtaining some estimates for the sequence (uy), that do not depend on
n. As we showed in the previous section, u, belongs to L>(Q) for each fixed n € N. Consequently, this

allows us to assume that u, is a nonnegative solution of (3.20).

Lemma 4.1 Let p;(-), o;(-), r(-), v(-) and m(-) be restricted as in Theorem 3.1. Then, there exists a

constant C' > 0 such that

N .
;/Q|Dun

Pi(®) g 4 / g |9 g <
Q

Proof: Inserting ¢(z,u,) = ((1+ |u,[)Fo+ @@ — 1) sign(u,) into (3.20), gives

N
Z/bi(x,Tn(un))ai(m,Dun)Digodx—1—/ F(z,up)pdx
i=17% Q

:/Hn(un)fngodx—i—/,un(pdx.
Q Q

From (1.2), (1.4), (1.5), (1.7), (1.9), and the fact that for a.e. x € Q, foralli=1,..., N,

Dip(e, ) = Doy ()(1+ )+ In(1 + [u,]) sign(u,)
+ (14 0 (@) + (@) (L + fug )7+ 7@ D,
+ Diy(@) (1 + )7+ O (1 + fu, ) sign(u,),

we obtain

N
aCy(l+0. +77) Z / (1 + |un )@ | Djuy,
=179

< M/Q | f] ((1 + |Un|)1+a+(z)+’Y(m) — 1) dr + /Q | en | ((1 + ‘un‘)1+d+(m)+’y(z) B 1) da

1
pi (@)

N N
+ Oﬁz / 1+ |un|)1+a+(z)+v(m) In(1+ |un|)- | 1+ Z|Djun|pj(x) dz.,
i=1"%

j=1

1

where 0 := max mino;(z) and v~ := min~y(z).
+ ; DO 1
1<iSN zeQ €

(4.1)

P g 4 / nl"® (14 fun ) +o+ @) 1)
Q
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Using that |u,|"® > min{1,2"""" }(1 + |u,|)"® — 1, Proposition 2.1, and Young’s inequality and
since m/(-)(1 + o4 (z) +v(x)) < r(z) + 1 4+ o4 (z) + v(z), we have

N
> / (1+ |un])"@ | Diuy,
i=1 Q

P g3 [ (1 000 g
Q

m+ m-
< C + Cmax (117 s 115 ) )
“h®
+ 052/ 1+ |uy, |)1+o+ (z)+7(=) In(1+ Ju,|)- [ 1+ Z|D Uy, |p3(m) dz,

j=1
We can estimate the last term in (4.2) by applying Young’s inequality,

1—

N P (@)
(1 + [un)Ho+ @@ In(1 4 Ju,|) x [ 1+ Z|Djun|pj(x)
j=1
_ (1 + |u |)U+($)+1+p< 3 1n(1+ |un|)
P
N rit) (@) (i () =1)
X |1+ Z|Djun‘pj(m) (1 + |un|) pi (@) (43)
j=1

<O+ |un|)7(w)+pi(z)(o'+(w)+1)(ln(]_ + |un|))pi(:v) + (1+ |un|)7("”)

1
ACB

pi(z )’

v(z)
4052 1+ |un )™ | Dsun,

We combine (4.2) and (4.3) to obtain

N
> [+ )@ Dy,
i=1 7%

pi(x) d:L'-l—/(].-i— |un|)r(z)+1+a+(1)+’y(w) dr
Q

N (4.4)
<C+ CZ / (1 + |un|)"/(9¢)+pi(x)(0+(w)+1) ln(l + ‘unDPi(:c) dr = 1.
— /0
Thanks to Remark 3.5, we have r(z) > (o4 (z) + 1 + ~v(x))(pi(z) — 1), so
€
(04 () + 1+ (@) (ps(x) = 1) = (@) < ((04(2) + 1+ 7(@) (pil2) = 1) = r(2))" = e < 5 <0,
and (1 =+ |u,,|) @+ @+ @) @i (@) =) =r@)=F 1n(1 + |u,|)?i®) is bounded for all z € . We write
(1 4 |y, )Y@ FP@)E+@+D) 1 (1 4 |y, )P @)
=1+ |un|)r(m)+1+a+(a:)+w(z)+%(1 + |un|)(0+(:v)+1+7(r))(pi(I)fl)fr(w)f% In(1 + |un‘)m(w).
By another application of Young’s inequality, we obtain
1
I<; / (14 |u,|)r@Htoe@@) g 4 (4.5)
Q
Using (4.4) and (4.5), we obtain (4.1). O

Lemma 4.2 Suppose that the assumptions of Theorem 3.2 are satisfied. Then, there exists a constant
C > 0 such that

| Dy |Pi) ~(@)+m(@)r(z)
Z/ 1+ |U ‘ al(z )+1—v(z)—(m(z)—1)r(z) dx + Q |Un| dx S C. (46)
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Proof: We take ¢(z,u,) = ((1 4 |u,|)"@+m@=br@) — 1) sign(u,) as a test function in (3.20), by (1.2),
(1.4), (1.5), (1.7), (1.9), and the fact that for a.e. x € Qand foralli=1,...,N

Did(x,up) = Diry(x) (1 + |y, )Y+ @ =Dr@) giom (4,
Dym(z) (1 + |1y, ) Y@ T @=Dr@) giom (14, ) () In(1 + |un|)
( (@) = 1)(L + |uy )Y@+ =00 gion (,,) Dir(2) In(1 + [un))

(m(z) — 1)r(z)Dyu,

T U ju )@ @ D@y

we obtain

|D Up, pi(®)
CQZ/ 1+ |uy|)oi@+1=7(@)=(m(z)=1)r(z) du

+/ ) ((1+ )7 Hm@)=Dr(a) _ 1) .
Q

< [ 11 (4 Janl 707 1) i [ ] (L g0 1)
Q Q

1
p; ()

+Clsﬁz/ (1 un )7 OFDTIE I (1 4 u]) - | 1 +Z|D [P () da,
Jj=1

By dropping the positif term, the fact that |u,|"()> 21*T+(1 + |un|)") — 1, Proposition 2.1, and Young
inequality, we find

| Dyt [P+) 1 (@) +m(z)r(z)
Z/ 1+ |U | o'l (z)+1—v(z)—(m(z)—1)r(x) dx + 5 Q(l + |’LLnD dx

< Ci6 + Cre max (Hf”Tan(«)(Q)a ||f||?n_t<~>(9)) (4.7
o)

+CIGBZ/ 1+ |up |)’Y(ﬂc)+(m(9¢) Dr(=) In(1 + |uy|). 1+Z|D Uy ‘pj(x) da,

Jj=1
We can estimate the last term in (4.7) by application of Young’s inequality
1- Pi%"’:)

N
(1 + |un‘)7(w)+(m(o:)—1)r(w) ln(l + |un\) x |1+ Z|Djun‘pj(x)
Jj=1

A=~ (z)=(m(@)—)r(z)+o;(=))
= (]_ + |u |)01(T)+1— - pi () ]n(]_ + |un‘)

1——1 _
pi(x)
A—y(@)—(m(z)—1)r(z)+o;(=))(p;(=z)—1) (4 8)

N
x| 1+ DD (1+ fual)” it
j=1

< Cr(1+ |un|)v(w)+(m(x)—1)r(x)+(pi(:c)—l)(ai(af)Jrl)(1n<1 + |un|))m(w) +

_1
4C168

|l) 1Ln‘pl(x)
401652 (1 4 |uy|) 7@ +1=7(@)=(m(@)~1)r(z)’
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We combine (4.7) and (4.8), we obtain

N

3 | Dy, |Pi(®) 1 y(@)+m(z)s(z)

1 2/9 I+ a7 @7 5 /Q(l Flel “
P

N (4.9)
<O+ 0 / (14 [t )Y@+ (@) =)+ (i (@)= D)) +1)
- =179
x In(1 + |uy,| )P dz = J.
In view of (3.4), we observe that
(pi(z) — 1) (oi(x) + 1) < (pi(z) — 1)(0o4(z) + 1+ v(z)) < r(z), for all z € Q and for all i = 1,..., N.
which yield,

+ d;
(pi(x) = V(@) + 1) = r(@) < (@) = D0os(a) +1) = r(2)) =di < T <0.

so that, (14 |un|)(p7"(m)_l)(”i(x)‘*‘l)_r(m)_% In(1 + |u,|)?**) is bounded for all 2 € Q. This concludes that
(1+ |un‘)w(x)+(m(x)—1)r(x)+(m(x)—l)(oi(x)+1) In(1 + |un|)m(x) =1+ ‘un|)’v(x)+m(x)7“(x)+%
3 (14 |t ]) o@D @A) =@ =F 1(] 4 [y, [P+
< Oao(1 + Jup|)Y@Fm@r@+5

We get by Young’s inequality,
1
J<3 / (1 + |y )Y@ M@ @) do 4 Oy (4.10)
Q
Finally by (4.9) and (4.10), we obtain the estimation (4.6). O

Lemma 4.3 Let p;(-), oi(-), r(-), v(-) and m(-) be restricted as in Theorem 3.2. Then, there exists a
constant C' > 0 such that 4
HDlun”L%(')(Q) S 07 (411)

for all continuous functions q;(-) on Q satisfying (3.5).

Proof: Remark that r(z) < % and (3.5) imply ¢;(x) < p;(z). Using Young’s inequality, we
obtain

/ | Dy, | %) da

Q

:/ | Dyt | % *) (14 |unD(ai(x)+1—w<x)—(mu)—l)r(x))% dr
o (1+ |un|)<m:(x)+1—v<x)—<m<x)—1)r<x>>pogzg

C]z‘(x) |Diun|pi(“’)
< /Q (pi(:r)) (1+ |un|)Ui(I)Jrl*v(a:)*(m(w)*l)r(w) dx

) (oi(@)+1—7(x) = (m(x)—D)r(z))a; (z)
+ / (1- )1+ ) @ da,
Q pi(z)

and by (3.5) , we get

Q

- Cl/ | Dittn [P () dm+02/(1+ i )Y@+ .
- o (1+ |unl) Q

(%) o

(4.12)

oi(z)+1=7(z)—(m(z)-1)r(z)

Furthermore, by (4.12) and (4.6), we deduce the desert result. O
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Lemma 4.4 Let p; : Q — (1,00), 03 : Q2 — [0,00), i = 1,--- ,N, r: Q — (0,00), and v : Q — (0,1) be
continuous functions. Then, there exists a constant C > 0 such that

| D, |Pi ()
Z/ T )o@ de <C, VYv>1, (4.13)
; =z k ot )
/Q|D2Tk(un) Pi(@) gy < AL +(M||fHL1(Q) + ||u|\L1(Q)), i=1,...,N. (4.14)

Proof: Let v > 1, we define the function g,(-) : R — R given by

¢ dx
Qu(t):/o At

_ %((1 ) 1) sign (o)

L—n
Note that g, is a continuous function satisfies g, (0) = 0 and |0, (-)| < 1. We take g, (u,) as a test function
in (3.21) and using the assumptions (1.2), (1.4), and (1.7), we obtain

It is clear that
Ov (t)

|D U, pi(z) 1
Z/ 1+ |un| Ul(a:)+’y +v da < aCo (M||anL1(Q) + H,LLnHLl(Q)),

Thanks to this estimate, (3.18), and (3.19), we get (4.13).
In particular, there exists C' > 0 such that

Dju,|Pi
/ | 1"”|+ — dr<Cy, Vi=1,...,N. (4.15)
Q (1 + |un|)a++7 +v

Taking ¢ = T (up) in (3.21), we get

| DT (wy, ) [P (%) k
dr < M n .
e S ng (Ml + el @)
So that
) ‘ DiTk(un)V%(m) )
DTy, (un)[P*®) da = / | 1+ |Th(un)])7" @ da
e o 1+ [T (k)
k oF
< w(l +k)7+ (M||f||L1(Q) + ||M||L1(Q))-
which yields (4.14). O

The summability of v depends on the summability of f , which is stated in the next lemma.

Lemma 4.5 Let p;(-), o;(-), 7(-) and ¥(-) be restricted as in Theorem 3.3. Then, there exists a constant
C > 0 such that _
HDlunnLQi(')(Q) <C, (4.16)

for all continuous functions q;(-) on Q satisfying (3.8).

Proof: Observe that (3.8) implies that ¢;(z) < p;(x) for all z € Q,i=1,..., N. Let us write

D;u, qi(x) 4(®) (N
/ |Diun|qi(l) da :/ | ql't(Lm' _ _ (1+ |un‘)pi(m)( @) g,
Q (1 + ‘un‘)m(gl(aj)+7 +v)



REGULARITY RESULTS FOR A SINGULAR ELLIPTIC EQUATION INVOLVING VARIABLE EXPONENTS 19

Then, by (4.13) and Young’s inequality, we obtain

qi(®)(o;(x)+y " +v)

“@) gy < Cy 4 O / (1+ up|) “F e dg. (4.17)
Q

Q

(x)(pi(z)—g:(z))

The condition (3.8) guarantees that = e —o;(x) — v~ > 1. Choosing

r(x)(pi(z) — gi(v))
()

v = min min( fai(z:)fv*) >1.

1<i<N 2

Again, thanks to the choice of v and (3.8), we find

gu(@)(oi(@) + 7" +v) r(z), VreQ, Vi=1,...,N. (4.18)
pi(x) — ¢i()
Hence, it follows from (4.17), (4.18), and (3.23) that (4.16) holds. O

Lemma 4.6 Suppose that the assumptions of Theorem 3.4 are satisfied. Then, there exists a constant
C > 0 such that for all continuous functions ¢;(-), it =1,...,N on Q as in (3.12), we have

HDiun”Lqi(')(Q) <C, (4.19)
[l Lz 2 ) < C. (4.20)

Proof: First of all, the condition (3.10) give us

N(p(z) —1—of +v7)pi(x)

75 1 N s ey

, VYzeq,

Thanks to (3.12) and (1.10), we get ¢;(z) < p;(z) for allz € Q,i=1,...,N.

Case (a): In the first step, let ¢;” be a constant satisfying

Np —1—of+7 )p; 11 1
a < '@ £ T zpl i=1,... N, —=—-S5"—. (4.21)
p(IN-1-0f+7) P Nop
hat %= = - where - = LYV L
We can assume that = =5 W ere?—ﬁzizl e not, we set

O =max{q;" /p;, i=1,...,N}

and replace qi+ by ©p; . Observe that, since Op; > q;" , the fact that (D;u,) remains in a bounded set
of LOP: (Q) implies the result.

o o T N@ —1-0f+y")
From now on, we set ¢;” = Op;, © = 1= € (0, T-*(N—l—aiﬂ*)) C (0,1).
So (4.21) is equivalent to
1-0,_,, _ _ Ng*
( o) )q+ _0—14—’7 > 1, q+*:N—§+’

This implies that there exists 7 > 1 such that

1-0
(T)q+* — O'i +’Y_ >7 > 1.
That is

(cf—v + 7)(%) <gt. (4.22)
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Using Hoélder’s inequality and (4.15), we obtain

&+
D; i _
/|Diun|qi+ dxz/ [ Diuin | (1+ Jun )7 +70 dp
o @ (1+ fuy )+ 7+0

. N (S] _ 1-0
< (/ |D1un+ - d:c) (/(1+ |un|)(01*7 +T)%>
Q (1+ |uy ) o+ =77+ Q

_ o 1-©
<l [ )t ) T
Q

It follows that

1-6

M YN o I A
H(HDunHLq (Q) < Cj (/Q(H\un\) ¥ 17) :

i=1
By this estimate, (4.22), and Young’s inequality, we get

N

/N .
T (1Dl ) < o0+ [ ™) 7 (1.23)

i=1
Due to the anisotropic Sobolev inequality (2.7) with s = g™*, we see that

N(1-©)

N 1/N
[P CksIl (1Dsall ot ) < @)+ 2Co(unll e ) Y7 - (4.24)

Now, choose € = 1/(2Cs), we obtain

N

_— 4.25
o (4.25)

1 v
tnll v+ @y < Cs + Zlunllygee gy v =(1=6)

The condition (1.10) guarantees that v € (0,1). Consequently, the estimate (4.25) implies (4.20). There-
fore, by the estimate (4.23), we deduce that (4.19) holds. This completes the proof of the case (a).
Case (b): In the second, we suppose that (3.12) holds and

Np —1-of+7 )p;
p(N—1-0f+77)

g >

By the continuity of p;(-) and ¢;(-) on ©Q, there exists a constant A > 0 such that

N@(z)—1—0of +7)p;
max  ¢(z) < min (E)(Z) & __T_,Y )p,(z)’ Ve, (4.26)
z€B(z,\)NQ eBayme  PR)(N—-1—-0] +77)

where B(x,\) is a cube with center x and diameter . Note that Q is compact and therefore we can
cover it with a finite number of cubes (B;),=1,.., with edges parallel to the coordinate axes. Moreover,
there exists a constant > 0 such that

A> Q] =meas(Q) >n, Q=B;NQ forallj=1,... k.

We denote by qif ; the local maximum of ¢;(-) on Q; (respectively p;.; the local minimum of p;(-) on Q;),
such that

N(p; —1 -0 +7 )p;;
q:j <20 i,

P, (N—1—0f+7")

Y1
forall j=1,...,k, Z — (4.27)

By the anisotropic Sobolev inequality (2.8), we have

N
- <
il g, < Co LT (el

1/N
D;uy, . 4.28
LW%+H1MI(M) (4.28)
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Using (3.9), (3.23), (4.28), and the fact that q;,rj <p;; <r; =min, g r(r), we derive the estimate

€

N 1/N
ol g < Co ] (14 1Diwn ) 4.29
ol g, < Co TT (14 1Pl (4.29)

Moreover, arguing locally as in (4.23) and (4.24), we get

N 1/N 1
wll o+  <C (1+ Dyu,, ) <Cp+=llunl” .. 4.30
| ||qu+ (2;) 10};[1 | ||Lqi+'j(9j) H 2H HLq;r (Q;) ( )

with
i\ N
Vi = ( - j)ﬁ,
p; —4;
The assumption (1.10) implies that v; € (0,1). Hence, it follows from (4.30) that

/ ‘unﬁ;r* dr < Cip forj=1,... k,
Q

J

/ |Dzun
Q.

J

W dr < Chy for j=1,..., k. (4.31)

Since ¢i(z) < ¢;; and g*(x) < g} for all x € Q; and for j = 1,..., k, we conclude that

/ |ty |7 @) dx+/ | Dyt | %) da: < Cg,
Q; Q.

J J
So that
— k —
/ |t | ) dz +/ |Diun‘Qi(I) dr < Z (/ PSE =) dz +/ |Diun|(h'(fﬂ) dx) <C.
Q Q j=1 Y% 5
where C' is a constant independent of n. Thus, the proof is finished. O

Lemma 4.7 Let p;(-), 0i(-), v(-), m(-) and () be restricted as in Theorem 3.5. Then, there exists a
constant C' > 0 such that for all continuous functions q;(-), i=1,...,N on Q as in (3.16), we have

HDi“n”L%(')(Q) <C,

lunll Lz @) < C-

Proof: The proof is based on the similar arguments as in the proof of Lemma 4.6, with the application
of some additional techniques. Notably, the condition (3.14) ensures that

N (p(e) = 1= 0%+ )pil)

P)(N = m(et +1-77))

1< , YreQ,i=1,...,N.

Lemma 4.8 Let g, € L™(Q)) be a sequence of functions satisfies

gn — g strongly in L*(Q) as n — +oo.
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and assume that u,, a nonnegative weak solution of the problem

N
=3 D (bila, Tu(ua) i, Dun)) = gn - in 9,
i=1 (4.32)
up >0 in Q,

u, =0 on 0.
Suppose that:
(i) un is such that Tp(u,) € WHPO)(Q) for all k > 0.

(ii) w, converges almost everywhere in €} to some measurable function u which is finite almost every-
where, and such that Ty (u) EGWl’ﬁ(')(Q) for all k > 0 (note that (i) and (ii) imply that Ty (u,)
weakly converges to Ty,(u) in WHP0)(Q)).

(#1) uy, is bounded in M™(Q) for some r1 >0 and u € M™(Q).

(iv) There exists 0; >0 ,i=1,...,N such that |D;u,
|D;ul% € L™2(9).

Then, the previous choice allows to obtaining

% s bounded in L™(Q), for some ro > 1 and

D;u, = D;u, almost everywhere in  , foralli=1,... N.

Proof: The result in [18] provides the existence of a solution u, € W'#)(Q) to the problem (4.32).
Since our approach involves anisotropic variable exponents with a singular nonlinearity, we adapt some
techniques from [5], with modifications that allow us to achieve the desired result. O

Lemma 4.9 Let u, be a nonnegative weak solution to the problem 3.20, and suppose that w, converges
to u almost everywhere in Q. Then,

F(z,u,) — F(z,u) in L'(Q). (4.33)
Proof: To prove (4.33), we apply Vitali’s theorem. In one hand, since u,, converges to u almost every-
where in ) and F' is a Carathéodory function, we have

F(z,u,) — F(x,u) ae. in Q.

On the other hand, it is sufficient to establish the equi-integrability of F'(-,u,) on . Let us choose an
increasing, uniformly bounded Lipschitz function v.(t) which satisfies v. — x>k} sign(t) (k > 0), as
€ — 4o00. Specifying v (u,) as a test function in (3.21), we find

N
Z/ V. () bi (2, Ty (un ) )ai (22, Dy )| Dy, [Pi®) dz+/F(x,un)1/s(un)dz
=179 Q

:/Hn(un)fnya(un)dl"“/,Unllg(un) dx
Q Q

Recalling (1.2) and (3.18), as ¢ — +00, we get

/ F(x,uy)dz S/ Mf d:ch/ pdx (4.34)
{lun|>k} {lun|>k} {lun|>k}

Again let us take G C 2 as any measurable set. It follows from (1.8) and (4.34) that

/ F(x,uy)dr = / F(x,up) dm—l—/ F(z,u,)dz
G GN{|un|<k} Gn{lun|>Ek}

< meas(G)||grlz1 (o) —I—/ M fdx —I—/ pdx
{GN]un|>k} {GN|un|>k}

This inequality gives equi-integrability of F (-, u,) on €, which finish the proof of this Lemma. O
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5. Proof of main results

This section is dedicated to utilizing the uniform estimates from Section 4 to prove Theorems 3.1, 3.2,
3.3, 3.4, and 3.5.

5.1. Proof of theorems 3.3, 3.4, and 3.5

By Lemma 4.6 the sequence (u,) is bounded in W70 () where ¢;(-) is defined as (3.12). Without
loss of generality, we can therefore assume that

up, — u  weakly in Vc[/l”j(')(ﬂ),

un —u  strongly in L®(€), o= min mig (), (5.1)
IV e

U, — u a.e in Q.

It follows from (3.23) thus |ul[*(*) € L'(Q); furthermore, u € M* (). Then, there exists r; = s~ > 0
such that

lunllarrio) £ C and  u € M™(Q). (5.2)

Let g, = Hp(un) fr + pin — Tn(F(x,uy,)) € L®(Q), where u,, is a solution of (4.32). Then, from (4.14),
(4.19), (5.1), (5.2), and lemma 4.8 we can deduce that

D;u, — D;u a.e. in Q,foralli=1,..., N.

So, by (4.19), we have

2; ()
a;(x, Du,) — a;(z, Du) weakly in L»O-1(Q), Vi=1,...,N, (5.3)

where ¢; is defined as in (3.12). The choice of piq(i_g'zl > 1 is possible since we have (3.10). From (1.7)
and (5.1), we obtain
bi(z, Tn(upn)) = bi(z,u) weak™ in L=(Q). (5.4)

For any given ¢ € C§°(f2), using ¢ as a test function in (3.20), we have

N ,
i_zl/Qbi(x’T”(u”))ai(gg’Du”)DZ¢dx+/QF(:E’U”WCZ"E
- /Q Hoy () ftodo + /Q into da,
Letting n — 400 in (5.5), by (5.3), (5.4),(3.18), (3.25), (3.18), and (4.33), we obtain
N
i_zl/gbi(x,u)ai(x,Du)D%dx—i—/QF(x,u)(bdx

- [ Hsodo+ [ pods

In the proof of Theorem 3.3 (respectively Theorem 3.5), we replace (5.3) with

2; ()
ai(x, Duy,) — a;(x, Du) weakly in L»:O-T1(Q), Vi=1,..., N,

where ¢; is defined as in (3.8) (respectively (3.16)). The condition piq(i-().ll > 1 is satisfied due to (3.6)
(respectively (3.14)).
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5.2. Proof of theorems 3.1, 3.2

Since the proof of Theorem 3.2 is similar to that of Theorem 3.4, we provide only the proof of Theorem
3.1 here.
By Lemma 4.1, the sequence (uy) is bounded in W1#0)(Q). Consequently, we can extract a subsequence
(denote again by (uy)), such that

U, — u  weakly in WHPO(Q),

un, = u  strongly in LPO(Q), pg = 1g1i<rlN min p;(z),
SISV zeQ)

Uy, — u  a.e. in Q.
Following the argument in the proof of Theorem 3.4 and using (4.1), we conclude that
a;(z, Duy) — a;(z, Du) weakly in LPi0)(Q), Vi =1,...,N.
Thus, the proof of Theorem 3.1 is complete.
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